arXiv:hep-th/0512086v2 6 Feb 2008

hep–th/0512086 CPHT-RR034.0605 LPTENS-05/39

Renormalization-group flows and charge transmutation in string theory^∗

Domenico Orlando^{1,2}, P.Marios Petropoulos^1 and Konstadinos Sfetsos^{3,1}

1 Centre de Physique Théorique de l’École Polytechnique^† 91128 Palaiseau, France

2 Laboratoire de Physique Théorique de l’École Normale Supérieure^‡ 24 rue Lhomond, 75231 Paris Cedex 05, France 3 Department of Engineering Sciences, University of Patras, 26110 Patras, Greece

Abstract We analyze the behaviour of heterotic squashed-Wess–Zumino–Witten backgrounds under renormalization-group flow. The flows we consider are driven by perturbation creating extra gauge fluxes. We show how the conformal point acts as an attractor from both the target-space and world-sheet points of view. We also address the question of instabilities created by the presence of closed time-like curves in string backgrounds.

∗Partially supported by the EU under the contracts MEXT-CT-2003-509661, MRTN-CT-2004-005104 and MRTN-CT-2004-503369

†Unité mixte du CNRS et de l’École Polytechnique, UMR 7644. ‡Unité mixte du CNRS et de l’École Normale Supérieure, UMR 8549.

Contents

1 Introduction 1

2 Squashed wzw models 2

3 RG-flows for compact groups: geometric approach 4 3.1 The parameter space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 3.2 The renormalization group flow . . . . . . . . . . . . . . . . . . . . . . . 5

4 RG-flows for compact groups: CFT approach 8

5 Conclusions 10

1 Introduction

The purpose of this note is to analyze the behavior of certain string backgrounds under world-sheet renormalization-group flows. In our set-up, these flows are driven by worldsheet operators, which create, in the target space–time, extra U(1), electric or magnetic, gauge fields and push the string off criticality.

World-sheet renormalization group has been investigated both from the general conformal field theory (cft) and from the geometrical, target space viewpoints [1, 2]. The motivations are diverse: study the stability of the background against off-critical excursions, search for new critical string backgrounds, eventually explore string theory off-shell, etc.

In the presence of “impurities” such as branes or orbifold fixed points in non-compact target spaces, or when background electric or magnetic fields are switched on, tachyons may in general appear [3, 4]. World-sheet renormalization-group techniques are then useful for investigating the relaxation process of the original unstable vacuum, towards a new, stable infrared fixed point. Such relaxation is usually a tachyon condensation [5, 6, 7], that can be accompanied by emission of particles (in the form e.g. of charged pairs) [8, 9].

The presence of closed time-like curves can also trigger decays. It was argued years ago [10] that gravitational solutions with such chronological pathologies might naturally evolve towards chronologically safe backgrounds. This has been recast more recently in the framework of string vacua [11, 12] with some preliminary results. It is clear that one would gain insight by studying renormalization-group flows in an appropriately chosen parameter space for families of string backgrounds.

World-sheet renormalization group can be studied directly at the level of the twodimensional cft. Any relevant operator can be used to leave the conformal point, and the necessary tools are in principle available for computing the beta-functions and determining the flows. This procedure is usually perturbative. It turns out that it is trustful [1] in determining the new conformal point in the IR only when the operators responsible for the flow are marginally relevant (conformal dimensions Δ = Δ̄ = 1, but only at first order in the deformation parameter), or almost relevant (conformal dimensions Δ = Δ̄ = 1 − ε). In the case of deformations with irrelevant operators we return back to the conformal point towards the IR. In the framework of Wess–Zumino–Witten (wzw) models [13] (which capture e.g. the S^3 and AdS_3 spaces with NS background fluxes), such operators exist only at large level k. Hence, their operator product expansions involve a plethora of fields, and the actual computation of their beta function is very intricate. In order to overcome this difficulty, we will here use an alternative method, more geometric and based on target-space techniques.

This note is organized as follows. In section 2 we present a quick review of the heterotic squashed wzw models [14, 15]. Then in section 3 we introduce a perturbation and study the system as the rg flow, in the corresponding two-dimensional σ-model, takes it back to the conformal point. In section 4 we show that this is consistent with the cft results.

2 Squashed wzw models

One of the most appealing properties of wzw models is that they allow for both an exact cft bidimensional description and a simple spacetime interpretation in terms of group manifolds. Current-current deformations allow to explore their moduli space, leading in general to models that keep the integrability properties but may lack a nice spacetime description. Special attention is deserved by the asymmetric deformations in which the two currents come from different sectors of the theory; in this case, in fact, together with the nice cft properties, the spacetime geometry remains simple to describe in terms of squashed groups.

To be more concrete consider a heterotic swzw model on a group G of dimension d and rank r. The asymmetric current-current deformation is realized by adding the operator O = √ kk_g 2π ∫ d^2 z r∑ a,b=1 c_{ab} ( J^a(z) − i k f^a_{mn}ψ^mψ^n ) J̄^b(z̄), (1)

where J^a are currents in the Cartan torus T ⊂ G, ψ^m are the fermionic superpartners and J̄^a are anti-holomorphic currents belonging to the gauge sector. The engineering dimension of the operator is obviously (1, 1) and, as it has been shown in [16], O is truly marginal (i.e. at every order in deformation) for any value of the parameter matrix c_{ab}, since the currents commute. In other words, with the aid of O, we reach an r-dimensional space of exact cft’s.

As described in [15], the background fields corresponding to the new sigma–model can be read using a technique bearing many resemblances to a Kaluza–Klein reduction^1 and consist in a metric, a Kalb–Ramond field and a U(1)^r (chromo-)magnetic field. As announced above the description remains simple and the all-order exact expression can be given in terms of Maurer–Cartan currents J^m on G as follows:

d s^2 = ∑ μ∈G/T J^μJ^μ + ( 1 − h^2 ) ∑ a∈T J^aJ^a, H_{[3]} =^1_2 f_{μνρ}J^μ ∧ J^ν ∧ J^ρ μ ∈ G/T, F^a = h √_k k_g f a μν J^μ ∧ J^ν μ ∈ G/T , a ∈ T , (2)

where we chose c_{ab} = hδ_{ab}. In particular we see that the metric is the one of a squashed group i.e. we still have the structure of a T fibration over G/T but the radius of the fiber changes with h. A special value of the deformation parameter is singled out: for h < 1 the metric is positive definite, while for h > 1 the signature changes. The apparently singular h = 1 value can nevertheless be reached by a limiting procedure whose geometrical interpretation is the trivialization of the fiber. We end up with an exact cft on a G/T background sustained by a (chromo-)magnetic field.

The simplest example is given by G = SU(2) where we have (in Euler coordinates)

1It would be a genuine reduction if we had done the construction in type ii or in a bosonic theory. In this case the current J̄^a would just be the anti-holomorphic derivative of an internal coordinate X^a.

the following background fields:

d s^2 = d θ^2 + d ψ^2 + d ϕ^2 + cos θ d ψ d ϕ − h^2 (d ψ + cos θ d ϕ)^2 , B = cos θ d ψ ∧ d ϕ , A = 2h (d ψ + cos θ d ϕ) , (3)

corresponding, in the h → 1 limit, to a S^2 geometry.

3 RG-flows for compact groups: geometric approach

We present here the geometric, target-space techniques for analyzing rg flows in twodimensional theories. These techniques apply to any compact group. We will however expand on the case of SU(2) since it captures all the relevant features.

3.1 The parameter space

The model that we have presented in the previous section is conformal; for this reason we expect to find it as a fixed point in an rg flow. To verify this claim let us introduce a two-parameter family of σ models generalizing the exact backgrounds of Eq. (2); a possible choice consists in adding a new magnetic field, this time coming from a higher dimensional right sector. Explicitly

d s^2 = ∑ μ∈G/T J^μJ^μ + ( 1 − h^2 ) ∑ a∈T J^aJ^a, H_{[3]} =^{h̄}_{2h} f_{μνρ}J^μ ∧ J^ν ∧ J^ρ μ ∈ G/T, F^a =^{h+h̄}_2 √_k k_g f a μν J^μ ∧ J^ν μ ∈ G/T , a ∈ T , F̄ a =^{h−h̄}_2 √_k k_g f a μν J^μ ∧ J^ν μ ∈ G/T , a ∈ T (4)

and in particular for SU(2):

d s^2 = d θ^2 + d ψ^2 + d ϕ^2 + cos θ d ψ d ϕ − h^2 (d ψ + cos θ d ϕ)^2 , B =^{h̄} cos θ d ψ ∧ d ϕ , A = ( h + h̄ ) (d ψ + cos θ d ϕ) , Ā = (h − h̄) (d ψ + cos θ d ϕ) , (5)

where h̄ is a new parameter, describing the deviation from the conformal point. It is clear that the above background reduces to the one in Eq. (3) in the h̄ → h limit. In particular we see that the metric is unchanged, the Kalb–Ramond field has a different normalization and a new field Ā appears. This configuration can be described in a different way: the geometry of a squashed sphere supports two covariantly constant magnetic fields with charge Q = h + h̄ and Q̄ = h − h̄; the rg flow will describe the evolution of these two charges from a generic ( Q, Q̄ ) to (2h, 0), while the sum Q + Q̄ = 2h remains constant. In this sense the phenomenon can be interpreted as a charge transmutation of Q̄ into Q. The conservation of the total charge is in fact a consequence of having chosen a perturbation that keeps the metric and only changes the antisymmetric part of the background.

We can also see the background in Eq.(4) from a higher dimensional perspective where only the metric and the Kalb-Ramond field are switched on. Pictorially:

g = g_{wzw} hJ_a hJ_a 1 B = h̄ h B_{wzw} h̄J_a −h̄J_a 0 (6)

where g_{wzw} and B_{wzw} are the usual metric and Kalb–Ramond fields for the wzw model on the group G. More explicitly in the SU(2) case:

g = 1 0 0 0 0 1 cos θ h 0 cos θ 1 h cos θ 0 h h cos θ 1 B = 0 0 0 0 0 0^{h̄} cos θ h̄ 0 −^{h̄} cos θ 0 h̄ cos θ 0 −h̄ −h̄ cos θ 0 (7)

where the fourth entry represents the bosonized internal current. In particular this clarifies the stated right-sector origin for the new gauge field Ā. This higher dimensional formalism is the one we will use in the following rg analysis.

3.2 The renormalization group flow

The σ-model in Eq. (6) is not conformal for generic values of the parameters h and h̄; this is why it makes sense to study its behaviour under the rg flow. Following a dimensionalregularization scheme (see [17, 18, 2] and for various applications [19, 20, 21, 22]) we consider the action S = 1 2λ ∫ d^2z (g_{mn} + B_{mn}) ∂ X^m ¯∂ X^n, (8) where g and B are the fields in Eq. (6). The beta-equations at two-loop order in the expansion in powers of the overall coupling constant l and the field redefinitions for the internal coordinates X^i turn out to be:

β_λ∗ =^{d λ∗}_{d t} = −^{λ∗2}_{4π} ( 1 −^{h̄2}_{h2} ) ( 1 +^{λ∗}_{8π} ( 1 − 3^{h̄2}_{h2} )) , β_h =^{d h}_{d t} =^{λ∗h}_{8π} (1 − h^2) ( 1 −^{h̄2}_{h2} ) ( 1 +^{λ∗}_{8π} ( 1 − 3^{h̄2}_{h2} )) , β¯_h =^{d h̄}_{d t} = −^{λ∗h̄}_{8π} (1 + h^2) ( 1 −^{h̄2}_{h2} ) ( 1 +^{λ∗}_{8π} ( 1 − 3^{h̄2}_{h2} )) , X^i = X^i −^{λ∗}_{16} (1 − h^2) ( 1 − 4^{h̄2}_{h2} + 3^{h̄4}_{h4} ) , (9)

where λ^∗ = λg^∗, g^∗ being the dual Coxeter number, is the effective coupling constant (λ^∗ = Nλ for G = SU(N)). The contributions at one- and two-loop order are clearly separated. In the following we will concentrate on the one-loop part and we will comment on the two-loop result later. Let us then consider the system:

β_λ∗ =^{d λ∗}_{d t} = −^{λ∗2}_{4π} ( 1 −^{h̄2}_{h2} ) , β_h =^{d h}_{d t} =^{λ∗h}_{8π} (1 − h^2) ( 1 −^{h̄2}_{h2} ) , β¯_h =^{d h̄}_{d t} = −^{λ∗h̄}_{8π} (1 + h^2) ( 1 −^{h̄2}_{h2} ) . (10)

This can be integrated by introducing the parameter z = h̄/h which makes one of the equations redundant. The other two become:

λ̇∗ = −^{λ∗2}_{4π} (1 − z2),

ż = −^{λ∗z}_{4π} (1 − z^2) .

(11)

By inspection one easily sees that λ̇/λ = ż/z, implying λ(t) = Cz(t), where C is a constant. This was to be expected since C is proportional to the normalization of the topological wz term. Since we are dealing with a compact group it turns out that C is, as in [13], quantized with: C_k = 2π k , k ∈ N . (12) Now it’s immediate to separate the system and find that z(t) is defined as the solution to the implicit equation: − t 2k = 1 z_0 − 1 z(t) + log [ (z(t) + 1) (z_0 − 1) (z(t) − 1) (z_0 + 1) ] (13)

with the initial condition z(0) = z_0. A similar expression was found in [23, 13]. The reason for this is, as pointed out previously [24], that the conformal model (h̄ = h) in its higher-dimensional representation (the one in Eq. (6)) coincides with a G × H wzw model after a suitable local field redefinition.

As it is usually the case in the study of non-linear dynamics, a better understanding of the solution is obtained by drawing the rg flow. In a (z, λ^∗) plane, the trajectories are

(a) (z, λ) plane (b) (h, h̄) plane

Figure 1: Flow lines for the deformed (non-conformal) squashed wzw model in (a) the (z, λ) and (b) the (h, h̄) planes. The arrows point in the negative t direction, i.e. towards the infrared; in (a) we see how the squashed wzw model z = 1 appears as an ir fixed point, in (b) how perturbing the conformal h̄ = h model by increasing h̄ leads to a a new fixed point corresponding to a value of h closer to 1.

straight lines through the origin and only a discrete set of them are allowed. Moreover the line z = 1 is an ir fixed-point locus. This situation is sketched in Fig. 1(a). Just as expected the z = h̄/h = 1 point, corresponding to the initial exact model described in Sec. 2, is an ir fixed point for the rg flow.

Further insights can be gained if we substitute the condition λ^∗ = C_kh̄/h into the system (10) thus getting: d h d t =^{h̄}_{4k} (1 − h^2) ( 1 −^{h̄2}_{h2} ) , d h̄ d t = −^{h̄2}_{4kh} (1 + h^2) ( 1 −^{h̄2}_{h2} ) . (14)

The flow diagram for this system in the ( h, h̄ ) plane, Fig. 1(b), shows how the system relaxes to equilibrium after a perturbation. In particular we can see how increasing h̄ leads to a a new fixed point corresponding to a value of h closer to 1.

We would like to pause for a moment and put the above results in perspective. The target-space of the sigma-model under consideration is a squashed three-sphere with two different magnetic fields. Along the flow, a transmutation of the two magnetic charges occurs: the system is driven to a point where one of the magnetic charges vanishes. This fixed point is an ordinary squashed-wzw (of the type studied in Sec. 2), that supports a single magnetic charge.

As we pointed out in Sec. 2, in the squashed-wzw, the magnetic field is bounded by a critical value, h = 1. As long as h ≤ 1, the geometry is a genuine squashed three-sphere.

For h > 1, the signature becomes Lorentzian and the geometry exhibits closed timelike curves. Although of limited physical interest, such a background can be used as a laboratory for investigating the fate of chronological pathologies along the lines described above. In particular we see that under the perturbation we are considering the model shows a symmetry between the h > 1 and h < 1 regions. In fact the presence of closed time-like curves doesn’t seem to make any difference, but for the fact that regions with different signatures are disconnected, i.e. the signature of the metric is preserved under the rg flow. It is clear that these results are preliminary. To get a more reliable picture for closed time-like curves, one should repeat the above analysis in a wider parameter space, where other rg motions might appear and deliver a more refined stability landscape.

4 RG-flows for compact groups: CFT approach

In order to make contact with genuine cft techniques, we must identify the relevant operators which are responsible for the (h, h̄) deformation of the G×H original wzw model (H = U(1)^{rank G}). At lowest approximation, all we need is their conformal dimensions in the unperturbed theory.

Following [1], let L_0 be the unperturbed (conformal) action and O_i the operators of conformal dimension Δ_i. Consider the perturbed model, with Lagrangian

L = L_0 + g^iO_i . (15)

The tree-level beta-functions read:

β^i(g) = (Δ_i − 1)g^i , (16)

where g^i is supposed to be small, for the perturbative expansion of β^i to hold^2.

The G × H primary operator we need can be written as follows: O = ∑ ßa,b ⟨t^{ßa}gt^{ßb}g^{−1}⟩ ⟨t^{ßa} ∂ gg^{−1}⟩ ⟨t^{ßb}g^{−1} ¯∂ g⟩ = ∑ ßa,b Φ^{ßab}J^{ßa}J̄^{ßb} , (17)

where Φ^{ßab} is a primary field transforming in the adjoint representation of the left and right groups G. As such, the total conformal dimensions are [25]

Δ = Δ̄ = 1 + g^∗ g^∗ + k

, (18)

2One should be very careful in the choice of signs in these formulae. In [1] the time variable, in fact, describes the evolution of the system towards the infrared and as such it is opposite with respect to the t = log μ convention that we used in the previous section (as in [13]).

where g^∗ is the dual Coxeter number and as such the operator is irrelevant (in the infrared).

Specializing this general construction to our case we find that the action for the fields in Eq. (6) is: L = k 4π { L_0 + ( h h̄ − 1 ) ∑ ßa,b Φ^{ßab}J^{ßa}J̄^{ßb} + h h̄ ( h + h̄ ) ∑ i J^{ai}J̄^i + h h̄ ( h − h̄ ) ∑ i,ßa J^iΦ^{ai ßa}J̄^{ßa} } , (19) where ßa runs over all currents, i over the internal currents in H and J^{ai} is the wzw current of the Cartan subalgebra of G coupled to the internal J̄^i. The extra terms can be interpreted as combinations of operators in the G × H model. The beta-functions are thus computed following Eq. (16) with the coupling g = h/h̄ − 1. We obtain d d t ( h h̄ − 1 ) | | | |_{h̄=h} = g^∗ g^∗ + k ( h h̄ − 1 ) + · · · = ( g^∗ k − g^{∗2} k^2 ) ( h h̄ − 1 ) + · · · , (20)

where the dots after the first equality denote higher order terms in the (h/h̄−1)-expansion and after the second equality, in addition to that, higher order terms in the 1/k-expansion. This result is the same as the one in [25] since, as we have mentioned, there is the a local field redefinition that maps this model at the conformal point to the G × H wzw model. The above result is to be compared with the results following from Eq. (20) when they are expanded around h = h̄. We obtain: d d t ( h h̄ − 1 ) | | | |_{h̄=h} = ( g^∗ k − g^{∗2} k^2 ) ( h h̄ − 1 ) + 1 2 ( − g^∗ k + 7 g^{∗2} k^2 ) ( h h̄ − 1 )_2

+ · · · . (21)

We see that these results agree to first order in the coupling h/h̄ − 1.

The extra information that we obtain from this calculation is about the interpretation for the two-loop beta-function we described in the previous section. The one-loop corrections to (16) are of the form C_{ijk} g^i g^j, where C_{ijk} are related to the three-point function of the unperturbed theory [1]. This coefficient is a measure of the dimension of the operator O_i in the theory perturbed by the set of all operators. Such a computation goes beyond the scope of the present note. Nevertheless, (21) predicts the coefficient of the term (h/h̄ − 1)^2 to second order in the 1/k-expansion and it seems that such a computation is feasible from the cft viewpoint at least as a series expansion in 1/k.

5 Conclusions

In this work, we have analyzed the phase space of squashed wzw models, away from the original conformal point. Our analysis is given in detail for the compact group SU(2) and can be generalized to any compact group. We have restricted ourselves to deviations from the conformal point, generated by switching on simultaneously two distinct magnetic (or electric) fields. The corresponding backgrounds may have interesting interpretation in terms of NS5-branes. We have investigated the phase diagram using geometrical, targetspace techniques, as well as standard cft renormalization-group methods. Our results can be summarized as follows: the squashed-wzw models are found, as expected, as ir fixed points in the rg flow, and this result is confirmed from both a target space and world-sheet point of view. The field theory interpretation of this flow consists in what we have called charge transmutation. One U(1) charge transforms into another U(1) while the total charge is conserved. For large values of the parameter h the backgrounds under consideration contain closed time-like curves. These do not seem to change the behaviour of the flow and the model remains stable, at least under the deformation we consider.

This charge transmutation enters the class of phenomena that are expected to take place when a metastable string background jumps to a stable one through a non-critical path. These include tachyon condensation, particle production and other interesting physical phenomena: the rg flow around the conformal point is a tool to get information on the dynamics of the relaxation. Our geometrical tools are well-fitted to describe the latter provided we allow for more parameters in the phase space. A generalization of our approach may also allow to address more thoroughly the issue of instabilities triggered by the presence of closed time-like curves. Of course this is all very preliminary and in particular much still remains to be done in clarifying the link between energy minimization and time evolution in non-compact and time-dependent backgrounds. A first step in this direction consists in investigating non-compact groups, like SL(2, R), for which some aspects (e.g. related to Zamolodchikov’s C-theorem) of the underlying theory remain obscure.

Acknowledgments We would like to thank C. de Calan, E. Kiritsis, C. Kounnas, N. Toumbas, J. Troost and especially V. Dotsenko for illuminating discussions.

P.M. P. and D. O. acknowlegde Patras University for kind hospitality as well partial financial support by the INTAS contract 03-51-6346 Strings, branes and higher-spin gauge fields and the EU under the contracts MEXT-CT-2003-509661, MRTN-CT-2004-005104 and MRTN-CT-2004-503369 and by the Agence Nationale pour la Recherche, France, contract 05-BLAN-0079-01.

K. S. acknowledges partial financial support by the CNRS, the EU under the contract MRTN-CT-2004-005104, the INTAS contract 03-51-6346 Strings, branes and higher-spin gauge fields, as well as the Greek Ministry of Education programs ΠYΘAΓOPAΣ with contract 89194 and EΠAN with code-number B.545.

Based on a talk given by D. Orlando at the RTN meeting “Constituents, Fundamental Forces and Symmetries of the Universe” in Corfu, Greece, 20–26 September 2005.

References

[1] A. B. Zamolodchikov, ’irreversibility’ of the flux of the renormalization group in a 2-d field theory, JETP Lett. 43 (1986) 730–732.

[2] D. H. Friedan, Nonlinear models in two + epsilon dimensions, Ann. Phys. 163 (1985) 318.

[3] J. G. Russo and A. A. Tseytlin, Magnetic backgrounds and tachyonic instabilities in closed superstring theory and m-theory, Nucl. Phys. B611 (2001) 93–124, [hep-th/0104238].

[4] E. Kiritsis and C. Kounnas, Infrared regularization of superstring theory and the one loop calculation of coupling constants, Nucl. Phys. B442 (1995) 472–493, [hep-th/9501020].

[5] J. R. David, M. Gutperle, M. Headrick, and S. Minwalla, Closed string tachyon condensation on twisted circles, JHEP 02 (2002) 041, [hep-th/0111212].

[6] J. A. Harvey, D. Kutasov, E. J. Martinec, and G. W. Moore, Localized tachyons and rg flows, hep-th/0111154.

[7] D. Z. Freedman, M. Headrick, and A. Lawrence, On closed string tachyon dynamics, hep-th/0510126.

[8] C. Bachas and M. Porrati, Pair creation of open strings in an electric field, Phys.

Lett. B296 (1992) 77–84, [hep-th/9209032].

[9] B. Pioline and J. Troost, Schwinger pair production in ads(2), JHEP 03 (2005) 043, [hep-th/0501169].

[10] S. W. Hawking, The chronology protection conjecture, Phys. Rev. D46 (1992) 603–611.

[11] D. Israël, Quantization of heterotic strings in a Gödel/anti de Sitter spacetime and chronology protection, JHEP 01 (2004) 042, [hep-th/0310158].

[12] M. S. Costa, C. A. R. Herdeiro, J. Penedones, and N. Sousa, Hagedorn transition and chronology protection in string theory, Nucl. Phys. B728 (2005) 148–178, [hep-th/0504102].

[13] E. Witten, Nonabelian bosonization in two dimensions, Commun. Math. Phys. 92 (1984) 455–472.

[14] D. Israël, C. Kounnas, D. Orlando, and P. M. Petropoulos, Electric / magnetic deformations of s**3 and ads(3), and geometric cosets, Fortsch. Phys. 53 (2005) 73–104, [hep-th/0405213].

[15] D. Israel, C. Kounnas, D. Orlando, and P. M. Petropoulos, Heterotic strings on homogeneous spaces, Fortsch. Phys. 53 (2005) 1030–1071, [hep-th/0412220].

[16] S. Chaudhuri and J. A. Schwartz, A criterion for integrably marginal operators, Phys. Lett. B219 (1989) 291.

[17] H. Osborn, General bosonic sigma models and string effective actions, Ann. Phys.

200 (1990) 1.

[18] L. Alvarez-Gaume, D. Z. Freedman, and S. Mukhi, The background field method and the ultraviolet structure of the supersymmetric nonlinear sigma model, Ann. Phys. 134 (1981) 85.

[19] J. Balog, P. Forgacs, Z. Horvath, and L. Palla, Perturbative quantum (in)equivalence of dual sigma models in two-dimensions, Nucl. Phys. Proc. Suppl. 49 (1996) 16–26, [hep-th/9601091].

[20] J. Balog, P. Forgacs, N. Mohammedi, L. Palla, and J. Schnittger, On quantum t-duality in sigma models, Nucl. Phys. B535 (1998) 461–482, [hep-th/9806068].

[21] K. Sfetsos, Poisson-lie t-duality beyond the classical level and the renormalization group, Phys. Lett. B432 (1998) 365–375, [hep-th/9803019].

[22] K. Sfetsos, Duality-invariant class of two-dimensional field theories, Nucl. Phys.

B561 (1999) 316–340, [hep-th/9904188].

[23] E. Braaten, T. L. Curtright, and C. K. Zachos, Torsion and geometrostasis in nonlinear sigma models, Nucl. Phys. B260 (1985) 630.

[24] E. Kiritsis and C. Kounnas, Infrared behavior of closed superstrings in strong magnetic and gravitational fields, Nucl. Phys. B456 (1995) 699–731, [hep-th/9508078].

[25] V. G. Knizhnik and A. B. Zamolodchikov, Current algebra and wess-zumino model in two dimensions, Nucl. Phys. B247 (1984) 83–103.