arXiv:hep-th/0512087 v2 14 Mar 2006

Supersymmetric Branes on AdS_5 × Y^{p,q} and their Field Theory Duals

Felipe Canoura^{∗ 1}, José D. Edelstein^{∗† 2}, Leopoldo A. Pando Zayas^{‡ 3}, Alfonso V. Ramallo^{∗ 4} and Diana Vaman^{‡ 5}

∗Departamento de Física de Partículas, Universidade de Santiago de Compostela and Instituto Galego de Física de Altas Enerxías (IGFAE) E-15782 Santiago de Compostela, Spain

†Centro de Estudios Científicos (CECS) Casilla 1469, Valdivia, Chile

‡ Michigan Center for Theoretical Physics Randall Laboratory of Physics, The University of Michigan Ann Arbor, MI 48109-1040, USA

ABSTRACT

We systematically study supersymmetric embeddings of D-brane probes of different dimensionality in the AdS_5 × Y^{p,q} background of type IIB string theory. The main technique employed is the kappa symmetry of the probe’s worldvolume theory. In the case of D3- branes, we recover the known three-cycles dual to the dibaryonic operators of the gauge theory and we also find a new family of supersymmetric embeddings. The BPS fluctuations of dibaryons are analyzed and shown to match the gauge theory results. Supersymmetric configurations of D5-branes, representing domain walls, and of spacetime filling D7-branes (which can be used to add flavor) are also found. We also study the baryon vertex and some other embeddings which break supersymmetry but are nevertheless stable.

US-FT-3/05 CECS-PHY-05/15 MCTP-05-99 NSF-KITP-05-107 hep-th/0512087 December 2005

1canoura@fpaxp1.usc.es 2edels@fpaxp1.usc.es 3lpandoz@umich.edu 4alfonso@fpaxp1.usc.es 5diana@neu.physics.lsa.umich.edu

1 Introduction

The Maldacena conjecture provides a unique window into the strongly coupled physics of gauge theories in terms of a string theory [1, 2]. A crucial ingredient in the AdS/CFT correspondence is the state/operator correspondence. It provides the basis for explicit computations. Calculationally, it is convenient to consider the limit of large ’t Hooft coupling where the supergravity approximation is valid. More precisely, chiral operators of the CFT are in correspondence with the modes of supergravity in the dual background. However, much information is contained in the stringy sector of the correspondence and some of it crucially survives the large ’t Hooft limit.

For example, as discovered by Witten [3] in discussing the duality in the case of N = 4 super Yang–Mills (SYM) theory with gauge group SO(2N) and its dual AdS_5 × RP^5, the gravity side must contain branes, just to accommodate a class of chiral operators of the gauge theory. The study of branes wrapped in the gravity theory becomes an intrinsic part of the correspondence. It has been extended and understood in a variety of situations. For example, a vertex connecting N fundamental strings –known as the baryon vertex– can be identified with a baryon built out of external quarks, since each string ends on a charge in the fundamental representation of SU(N). Such an object can be constructed by wrapping a D5-brane over the whole five-dimensional compact manifold [3]. Also, domain walls in the field theory side can be understood as D5-branes wrapping 2-cycles of the internal geometry [3, 4]. In quantum field theories that arise in D3-branes placed at conical singularities, an object of particular interest is given by D3-branes wrapped on supersymmetric 3-cycles; these states are dual to dibaryons built from chiral fields charged under two different gauge groups of the resulting quiver theory [3, 4, 5, 6]. In the absence of a string theory formulation on backgrounds with Ramond-Ramond forms, probe D-branes of various dimensions provide valuable information about the spectrum. More generally, finding particular situations where a semiclassical description captures nontrivial stringy information is an important theme of the AdS/CFT correspondence recently fueled largely by BMN in [7], but having its root in the work of Witten [3] and in considerations of the Wilson loop as a classical string in the supergravity background [8].

Given a Sasaki-Einstein five-dimensional manifold X^5 one can consider placing a stack of N D3-branes at the tip of the (Calabi–Yau) cone over X^5. Taking the Maldacena limit then leads to a duality between string theory on AdS_5 × X^5 and a superconformal gauge theory living in the worldvolume of the D3-branes [9]. When the Sasaki–Einstein manifold is the T^{1,1} space –the Calabi–Yau cone being nothing but the conifold– we have the so-called Klebanov–Witten model [10], which is dual to a four-dimensional N = 1 superconformal field theory with gauge group SU(N) × SU(N) coupled to four chiral superfields in the bifundamental representation. Important aspects of this duality, relevant in the context of this article, have been further developed in [4, 5, 11]. The supersymmetry of D-brane probes in the Klebanov–Witten model was studied in full detail in ref.[12].

Recently, a new class of Sasaki-Einstein manifolds Y^{p,q}, p and q being two coprime positive integers, has been constructed [13, 14]. The infinite family of spaces Y^{p,q} was shown to be dual to superconformal quiver gauge theories [15, 16]. The study of AdS/CFT in these geometries has shed light in many subtle aspects of superconformal field theories in four dimensions. Furthermore, the correspondence successfully passed new tests such as those related to the fact that the central charge of these theories, as well as the R-charges of the fundamental fields, are irrational numbers [17].

In this paper we perform a systematic classification of supersymmetric branes in the AdS_5 × Y^{p,q} geometry and study their field theoretical interpretation. It is worth reminding that the spectrum of IIB supergravity compactified on Y^{p,q} is not known due to various technical difficulties including the general form of Heun’s equation. Therefore, leaving aside the chiral primaries, very little is known about the gravity modes dual to protected operators in the field theory. Our study of supersymmetric objects in the gravity side is a way to obtain information about properties of these operators in the gauge theory side. They comprise interesting physical objects of these theories such as the baryon vertex, domain walls, the introduction of flavor, fat strings, etc. It is very remarkable that we are able to provide precise information about operators with large conformal dimension that grows like N. Moreover, we can also extract information about excitations of these operators.

The main technique we employ to determine the supersymmetric embeddings of D-brane probes in the AdS_5 × Y^{p,q} background is kappa symmetry [18] and follows the same systematics as in the analysis performed in ref.[12] for the case of the AdS_5 × T^{1,1} background. Our approach is based on the existence of a matrix Γ_κ which depends on the metric induced on the worldvolume of the probe and characterizes its supersymmetric embeddings. Actually, if ϵ is a Killing spinor of the background, only those embeddings such that Γ_κ ϵ = ϵ preserve some supersymmetry [19]. This kappa symmetry condition gives rise to a set of first-order BPS differential equations whose solutions, if they exist, determine the embedding of the probe and the fraction of the original background supersymmetry that it preserves. The configurations found by solving these equations also solve the equations of motion derived from the Dirac-Born-Infeld action of the probe and, actually, we will verify that they saturate a bound for the energy, as it usually happens in the case of worldvolume solitons [20].

The first case we study is that of D3-branes. We are able to find in this case the threecycles introduced in refs. [15, 16, 21] to describe the different dibaryonic operators of the gauge theory. Moreover, we also find a general class of supersymmetric embeddings of the D3-brane probe characterized by a certain local holomorphicity condition. Contrary to what happens in the case of T^{1,1}, globally it turns out that these embeddings, in general, do not define a three-cycle but a submanifold with boundaries. We also study the fluctuations of the D3-brane probe around a dibaryonic configuration and we successfully match the emerging results with those of the corresponding quiver theory. We also find stable nonsupersymmetric configurations of D3-branes wrapping a two-dimensional submanifold of Y^{p,q} that define a one dimensional object in the gauge theory that could be interpreted as a fat string.

Our analysis continues with the study of D5-brane probes. We find embeddings in which the D5-brane wraps a two-dimensional submanifold and creates a domain wall in AdS_5. When crossing these domain walls the rank of the gauge group factors of the quiver gets shifted [4], this leading to their identification as fractional branes [22]. We also study other stable configurations that break supersymmetry completely but are nevertheless interesting enough. One of these configurations is the baryon vertex, in which the D5-brane wraps the entire Y^{p,q} space. Besides, we also consider the case of D5-branes wrapping a twodimensional submanifold when a nonvanishing worldvolume flux is present as well as the setting with D5-branes on three-cycles of Y^{p,q}.

Finally we turn to the case of D7-brane probes. According to the original proposal of ref.[23], the embeddings in which the D7-branes fill completely the gauge theory directions are specially interesting. These spacetime filling configurations can be used as flavor branes, i.e. as branes whose fluctuations can be identified with the dynamical mesons of the gauge theory (see refs.[24]-[33] for the analysis of the meson spectrum in different theories). Moreover, we show that the configurations in which the D7-brane wraps the entire Y^{p,q} are also supersymmetric.

The organization of the paper is as follows. In section 2 we review some properties of the Y^{p,q} space and the corresponding Calabi–Yau cone that we call CY^{p,q}, including the local complex coordinates of the latter. We discuss the corresponding type IIB supergravity solution and present the explicit form of its Killing spinors. We also present the general condition satisfied by supersymmetric embeddings of D-brane probes on this background. Section 3 discusses embeddings of D3-branes on various supersymmetric cycles. We reproduce the three-cycles considered previously in the literature and find a new family of supersymmetric embeddings. Section 3 also contains an analysis of the excitations of wrapped D3-branes and we find perfect agreement with the corresponding field theory results. Section 4 deals with supersymmetric D5-branes which behave as domain walls, while in section 5 we discuss the spacetime filling embeddings of D7-branes. For completeness, we consider other possible embeddings, such as the baryon vertex, in section 6. We conclude and summarize our results in section 7.

2 The Y^{p,q} space and brane probes

Let us consider a solution of IIB supergravity given by a ten-dimensional space whose metric is of the form:

ds^2 = ds^2_{AdS5} + L^2 ds^2_Y p,q (2.1)

where ds^2_{AdS5} is the metric of AdS_5 with radius L and ds^2_Y p,q is the metric of the Sasaki- Einstein space Y^{p,q}, which can be written as [13, 14]: ds^2_Y p,q = 1 − cy 6 (dθ^2 + sin^2 θ dϕ^2) + 1 6 H^2(y) dy^2 +

H^2(y) 6 (dβ − c cos θdϕ)^2 + 1 9 [ dψ + cos θdϕ + y(dβ − c cos θdϕ) ]^2 , (2.2)

H(y) being given by: H(y) = √ a − 3y^2 + 2cy^3 3(1 − cy) . (2.3)

The metrics ds^2_Y p,q are Sasaki-Einstein, which means that the cones CY^{p,q} with metric dr^2 + r^2ds^2_Y p,q are Calabi-Yau manifolds. The metrics in these coordinates neatly display some nice local features of these spaces. Namely, by writing it as

ds^2_Y p,q = ds^2_4 + [ 1 3 dψ + σ ]_2

, (2.4)

it turns out that ds^2_4 is a Kähler–Einstein metric with Kähler form J_4 =^1_2 dσ. Notice that this is a local splitting that carries no global information. Indeed, the pair (ds^2_4, J_4) is not in general globally defined. The Killing vector^∂_{∂ψ} has constant norm but its orbits do not close (except for certain values of p and q, see below). It defines a foliation of Y^{p,q} whose transverse leaves, as we see, locally have a Kähler–Einstein structure. This aspect will be important in later discussions.

These Y^{p,q} manifolds are topologically S^2 × S^3 and can be regarded as U(1) bundles over manifolds of topology S^2 × S^2. Its isometry group is SU(2) × U(1)^2. Notice that the metric (2.2) depends on two constants a and c. The latter, if different from zero, can be set to one by a suitable rescaling of the coordinate y, although it is sometimes convenient to keep the value of c arbitrary in order to be able to recover the T^{1,1} geometry, which corresponds to c = 0^1. If c ≠ 0, instead, as we have just said we can set c = 1 and the parameter a can be written in terms of two coprime integers p and q (we take p > q) as follows: a = 1 2 − p^2 − 3q^2

4p^3 √ 4p^2 − 3q^2 . (2.5)

Moreover, the coordinate y ranges between the two smaller roots of the cubic equation

Q(y) ≡ a − 3y^2 + 2cy^3 = 2c 3∏ i=1 (y − y_i) , (2.6)

i.e. y_1 ≤ y ≤ y_2 with (for c = 1):

y_1 = 1 4p ( 2p − 3q − √ 4p^2 − 3q^2 ) < 0 , y_2 = 1 4p ( 2p + 3q − √ 4p^2 − 3q^2 ) > 0 . (2.7)

In order to specify the range of the other variables appearing in the metric, let us introduce the coordinate α by means of the relation:

β = −(6α + cψ) . (2.8)

Then, the coordinates θ,ϕ,ψ and α span the range: 0 ≤ θ ≤ π , 0 < ϕ ≤ 2π , 0 < ψ ≤ 2π , 0 < α ≤ 2πℓ , (2.9) where ℓ is (generically an irrational number) given by: ℓ = − q 4p^2 y_1 y_2 = q 3q^2 − 2p^2 + p √ 4p^2 − 3q^2

, (2.10)

1If c = 0, we can set a = 3 by rescaling y → ξy, β → ξ^{−1}β, and a → ξ^2a. If we further write y = cos θ̃ and β = ϕ̃, and choose the period of ψ to be 4π, the metric goes to that of T^{1,1}.

the metric (2.2) being periodic in these variables. Notice that, whenever c ≠ 0, the coordinate β is non-periodic: the periodicities of ψ and α are not congruent, unless the manifold is quasiregular, i.e., there exists a positive integer k such that

k^2 = 4p^2 − 3q^2 . (2.11)

For quasi-regular manifolds, ds^2_4 in (2.4) corresponds to a Kähler–Einstein orbifold. Notice that ℓ becomes rational and it is now possible to assign a periodicity to ψ such that β ends up being periodic. If we perform the change of variables (2.8) in (2.2), we get ds^2_Y p,q = 1 − cy 6 (dθ^2 + sin^2 θ dϕ^2) + 1 6 H^2(y) dy^2 + v(y) 9 (dψ + cos θdϕ)^2 +

+ w(y) [ dα + f(y) (dψ + cos θdϕ) ]^2 , (2.12)

with v(y), w(y) and f(y) given by v(y) = a − 3y^2 + 2cy^3 a − y^2 , w(y) = 2(a − y^2) 1 − cy , f(y) = ac − 2y + y^2c 6(a − y^2)

. (2.13)

Concerning the AdS_5 space, we will represent it by means of four Minkowski coordinates x^α (α = 0, 1, 2, 3) and a radial variable r. In these coordinates, the AdS_5 metric takes the standard form: ds^2_{AdS5} = r^2 L^2 dx^2_{1,3} +

L^2 r^2 dr^2 . (2.14)

The ten-dimensional metric (2.1) is then a solution of the equations of motion of type IIB supergravity if, in addition, we have N units of flux of the self-dual Ramond-Ramond fiveform F^{(5)}. This solution corresponds to the near-horizon region of a stack of N coincident D3-branes extended along the Minkowski coordinates and located at the apex of the CY^{p,q} cone. The explicit expression of F^{(5)} is:

g_s F^{(5)} = d^4x ∧ dh^{−1} + Hodge dual , (2.15)

where h(r) is the near-horizon harmonic function, namely: h(r) = L^4 r^4

. (2.16)

The quantization condition of the flux of F^{(5)} determines the constant L in terms of g_s, N, α^′ and the volume Vol(Y^{p,q}) of the Sasaki-Einstein space:

L^4 =

4π^4 Vol(Y^{p,q}) g_s N (α^′)^2 , (2.17)

where Vol(Y^{p,q}) can be computed straightforwardly from the metric (2.2), with the result (for c = 1):

Vol(Y^{p,q}) = q^2 3p^2

2p + √ 4p^2 − 3q^2 3q^2 − 2p^2 + p √ 4p^2 − 3q^2 π^3 . (2.18)

2.1 Quiver theories for Y^{p,q} spaces

The gauge theory dual to IIB on AdS_5 × Y^{p,q} is by now well understood. Here we quote some of the results that are directly relevant to our discussion. We follow the presentation of ref. [16].

The quivers for Y^{p,q} can be constructed starting with the quiver of Y^{p,p} which is naturally related to the quiver theory obtained from C^3 /Z_{2p}. The gauge group is SU(N)^{2p} and the superpotential is constructed out of cubic and quartic terms in the four types of bifundamental chiral fields present: two doublets U^α and V^β and two singlets Y and Z of a global SU(2). Namely, W = q∑ i=1 ϵ_{αβ}(U^α_i V^β_i Y_{2i−1} + V^α_i U^β_{i+1}Y_{2i}) + p∑ j=q+1 ϵ_{αβ}Z_j U^α_{j+1}Y_{2j−1}U^β_j . (2.19)

Greek indices α, β = 1, 2 are in SU(2), and Latin subindices i, j refer to the gauge group where the corresponding arrow originates. Equivalently, as explained in [21], the quiver theory for Y^{p,q} can be constructed from two basic cells denoted by σ and τ , and their mirror images with respect to a horizontal axis, σ̃ and τ̃ (see Fig.1). Gluing of cells has to respect the orientation of double arrow lines corresponding to the U fields. For example, the quiver Y^{4,2} is given by σσ̃τ τ̃ . More concrete examples and further discussion can be found in [16, 21].

Here we quote a result of [16] which we will largely reproduce using a study of wrapped branes. The global U(1) symmetries corresponding to the factors appearing in the isometry group of the Y^{p,q} manifold are identified as the R-charge symmetry U(1)_R and a flavor symmetry U(1)_F . There is also a baryonic U(1)_B that becomes a gauge symmetry in the gravity dual. The charges of all fields in the quiver with respect to these Abelian symmetries is summarized in Table 1.

Field number R − charge U(1)_B U(1)_F Y p + q^{−4p2+3q2 +2pq+(2p−q)} √_{4p2−3q2} 3q^2 p − q −1 Z p − q^{−4p2+3q2 −2pq+(2p+q)} √_{4p2−3q2} 3q^2 p + q +1 U^α p^{2p(2p−} √_{4p2−3q2)} 3q^2 −p 0 V^β q^{3q−2p+} √_{4p2−3q2} 3q q +1

Table 1: Charges for bifundamental chiral fields in the quiver dual to Y^{p,q} [16].

Figure 1: The basic cells σ (upper left) and τ (upper right). Y^{p,q} quivers are built with q σ and p − q τ unit cells. The cubic terms in the superpotential (2.19) come from closed loops of the former and the quartic term arises from the latter. The quiver for Y^{4,2} is given by σσ̃τ τ̃ (bottom).

It is worth noting that the above assignment of charges satisfies a number of conditions. For example, the linear anomalies vanish Tr U(1)_B = Tr U(1)_F = 0, as well as the cubic t’ Hooft anomaly Tr U(1)^3_B .

2.2 Complex coordinates on CY^{p,q}

We expect some of the supersymmetric embeddings of probes that will be studied in the present paper to be related to the complex coordinates describing CY^{p,q}. The relevant coordinates were introduced in [15]. (Here we follow the notation of [34].) The starting point in identifying a good set of complex coordinates is the following set of closed one-forms [15]:

η^1 = 1 sin θ dθ − idϕ , η̃^2 = − dy H(y)^2 − i(dβ − c cos θdϕ) , η̃^3 = 3 dr r + i[dψ + cos θdϕ + y(dβ − c cos θdϕ)] , (2.20)

in terms of which, the metric of CY^{p,q} can be rewritten as

ds^2 = r^2 (1 − cy) 6 sin^2θ |η^1|^2 + r^2

H(y)^2 6 |η̃^2|^2 + r^2 9 |η̃^3|^2 . (2.21)

Unfortunately, η̃^2 and η̃^3 are not integrable. It is however easy to see that integrable oneforms can be obtained by taking linear combinations of them:

η^2 = η̃^2 + c cos θ η^1 , η^3 = η̃^3 + cos θ η^1 + y η̃^2 . (2.22)

We can now define η^i = dz_i/z_i for i = 1, 2, 3, where

z_1 = tan θ 2 e^{−iϕ} , z_2 =

(sin θ)^c f_1(y) e^{−iβ} , z_3 = r^3 sin θ f_2(y) e^{iψ} , (2.23)

with f_1(y) and f_2(y) being given by:

f_1(y) = exp (∫ 1 H(y)^2 dy ) , f_2(y) = exp (∫ y H(y)^2 dy ) . (2.24)

By using the form of H(y) written in eq.(2.3) it is possible to provide a simpler expression for the functions f_i(y), namely: 1 f_1(y) = √ (y − y_1)^{1y1} (y_2 − y)^{1y2} (y_3 − y)^{1y3} , 1 f_2(y) = √ Q(y) = √ 2c √ (y − y_1) (y_2 − y) (y_3 − y) , (2.25)

where Q(y) has been defined in (2.6), y_1 and y_2 are given in eq.(2.7) and y_3 is the third root of the polynomial Q(y) which, for c = 1, is related to y_{1,2} as y_3 =^3_2 − y_1 − y_2. The holomorphic three-form of CY^{p,q} simply reads

Ω = − 1 18 e^{iψ}r^3 √ Q(y) 3 sin θ η^1 ∧ η^2 ∧ η^3 = − 1 18 √ 3 dz_1 ∧ dz_2 ∧ dz_3 z_1z_2

. (2.26)

Notice that coordinates z_1 and z_2 are local complex coordinates on the transverse leaves of Y^{p,q} (2.4) with Kähler–Einstein metric ds^2_4. They are not globally well-defined as soon as z_2 is periodic in β –which is not a periodic coordinate. Besides, they are meromorphic functions on CY^{p,q} (the function z_1 is singular at θ = π while z_2 has a singularity at y = y_1). A set of holomorphic coordinates on Y^{p,q} was constructed in [35].

2.3 Killing spinors for AdS_5 × Y^{p,q}

The AdS_5 × Y^{p,q} background preserves eight supersymmetries, in agreement with the N = 1 superconformal character of the corresponding dual field theory, which has four ordinary supersymmetries and four superconformal ones. In order to verify this statement, and for later use, let us write explicitly the form of the Killing spinors of the background, which are determined by imposing the vanishing of the supersymmetric variations of the dilatino and gravitino. The result of this calculation is greatly simplified in some particular basis of frame one-forms, which we will now specify. In the AdS_5 part of the metric we will choose the natural basis of vielbein one-forms, namely: e^{xα} = r L dx^α , (α = 0, 1, 2, 3) , e^r = L r . (2.27)

Moreover, in the Y^{p,q} directions we will use the following frame:

e^1 = − L √ 6 1 H(y) dy , e^2 = − L √ 6 H(y) (dβ − c cos θ dϕ) , e^3 = L √ 6 √ 1 − c y dθ , e^4 = L √ 6 √ 1 − c y sin θ dϕ, e^5 = L 3 (dψ + y dβ + (1 − c y) cos θ dϕ) . (2.28)

In order to write the expressions of the Killing spinors in a compact form, let us define the matrix Γ_∗ as:

Γ_∗ ≡ iΓ_x0_x1_x2_x3 . (2.29)

Then, the Killing spinors ϵ of the AdS_5 × Y^{p,q} background can be written in terms of a constant spinor η as^2: ϵ = e^{− i2 ψ} r^{− Γ∗2} ( 1 + Γ_r 2L^2 x^α Γ_xα (1 + Γ_∗ ) ) η . (2.30)

The spinor η satisfies the projections :

Γ_{12} η = −iη , Γ_{34} η = iη , (2.31)

which show that this background preserves eight supersymmetries. Notice that, since the matrix multiplying η in eq.(2.30) commutes with Γ_{12} and Γ_{34}, the spinor ϵ also satisfies the conditions (2.31), i.e.:

Γ_{12} ϵ = −iϵ , Γ_{34} ϵ = iϵ . (2.32)

In eq.(2.30) we are parameterizing the dependence of ϵ on the coordinates of AdS_5 as in ref.[36]. In order to explore this dependence in detail, it is interesting to decompose the constant spinor η according to the different eigenvalues of the matrix Γ_∗:

Γ_∗ η_± = ±η_± . (2.33)

Using this decomposition we obtain two types of Killing spinors:

e^{i2 ψ} ϵ_− = r^{1/2} η_− ,

e^{i2 ψ} ϵ_+ = r^{−1/2} η_+ + r^{1/2} L^2

Γ_r x^α Γ_xα η_+ . (2.34)

2Note that this spinor differs from the one of [12] by a rotation generated by e^{− i2 ψ Γ34} . This rotation accounts for the difference between both frames.

The four spinors ϵ_− are independent of the coordinates x^α and Γ_∗ϵ_− = −ϵ_−, whereas the ϵ_+’s do depend on the x^α’s and are not eigenvectors of Γ_∗. The latter correspond to the four superconformal supersymmetries, while the ϵ_−’s correspond to the ordinary ones. Notice also that the only dependence of these spinors on the coordinates of the Y^{p,q} space is through the exponential of the angle ψ in eq.(2.34).

In addition to the Poincare coordinates (x^α, r) used above to represent the AdS_5 metric, it is also convenient to write it in the so-called global coordinates, in which ds^2_{AdS5} takes the form:

ds^2_{AdS5} = L^2 [ − cosh^2 ρ dτ^2 + dρ^2 + sinh^2 ρ dΩ^2_3 ] , (2.35)

where dΩ^2_3 is the metric of a unit three-sphere parameterized by three angles (α^1, α^2, α^3):

dΩ^2_3 = (dα^1)^2 + sin^2 α^1 ( (dα^2)^2 + sin^2 α^2 (dα^3)^2 ) , (2.36)

with 0 ≤ α^1, α^2 ≤ π and 0 ≤ α^3 ≤ 2π. In order to write down the Killing spinors in these coordinates, we will choose the same frame as in eq.(2.28) for the Y^{p,q} part of the metric, while for the AdS_5 directions we will use: e^τ = L cosh ρ dτ , e^ρ = Ldρ , e^{α1} = L sinh ρ dα^1 ,

e^{α2} = L sinh ρ sin α^1 dα^2 ,

e^{α3} = L sinh ρ sin α^1 sin α^2 dα^3 . (2.37)

If we now define the matrix γ_∗ ≡ Γ_τ Γ_ρ Γ_α1_α2_α3 , (2.38)

then, the Killing spinors in these coordinates can be written as [37]:

ϵ = e^{− i2 ψ} e^{−i ρ2 Γργ∗} e^{−i τ2 Γτ γ∗} e^{− α12 Γα1ρ} e^{− α22 Γα2α1} e^{− α32 Γα3 α2} η , (2.39)

where η is a constant spinor that satisfies the same conditions as in eq.(2.31).

2.4 Supersymmetric probes on AdS_5 × Y^{p,q}

In the remainder of this paper we will consider Dp-brane probes moving in the AdS_5 × Y^{p,q} background. If ξ^μ (μ = 0, · · · , p) are a set of worldvolume coordinates and X^M denote ten-dimensional coordinates, the embedding of the brane probe in the background geometry will be characterized by the set of functions X^M (ξ^μ), from which the induced metric on the worldvolume is determined as:

g_{μν} = ∂_μX^M ∂_ν X^N G_{M N} , (2.40) where G_{M N} is the ten-dimensional metric. Let e^M be the frame one-forms of the tendimensional metric. These one-forms can be written in terms of the differentials of the coordinates by means of the coefficients E^M_N :

e^M = E^M_N dX^N . (2.41)

From the E^M_N ’s and the embedding functions X^M (ξ^μ) we define the induced Dirac matrices on the worldvolume as:

γ_μ = ∂_μ X^M E^N_M Γ_N , (2.42)

where Γ_N are constant ten-dimensional Dirac matrices.

The supersymmetric embeddings of the brane probes are obtained by imposing the kappasymmetry condition:

Γ_κ ϵ = ϵ , (2.43)

where ϵ is a Killing spinor of the background and Γ_κ is a matrix that depends on the embedding. In order to write the expression of Γ_κ for the type IIB theory it is convenient to decompose the complex spinor ϵ in its real and imaginary parts, ϵ_1 and ϵ_2. These are Majorana–Weyl spinors. They can be subsequently arranged as a two-dimensional vector

ϵ = ϵ_1 + iϵ_2 ←→ ϵ = ( ϵ_1 ϵ_2 ) . (2.44)

The dictionary to go from complex to real spinors is straightforward, namely: ϵ^∗ ←→ τ_3 ϵ , iϵ^∗ ←→ τ_1 ϵ , iϵ ←→ − iτ_2 ϵ , (2.45) where the τ_i (i = 1, 2, 3) are nothing but the Pauli matrices. If there are not worldvolume gauge fields on the D-brane, the kappa symmetry matrix of a Dp-brane in the type IIB theory is given by [18]:

Γ_κ = 1 (p + 1)! √ −g ϵ^{μ1···μp+1} (τ_3)^{p−32} iτ_2 ⊗ γ_{μ1 ···μp+1} , (2.46)

where g is the determinant of the induced metric g_{μν} and γ_{μ1···μp+1} denotes the antisymmetrized product of the induced Dirac matrices (2.42). To write eq.(2.46) we have assumed that the worldvolume gauge field A is zero. This assumption is consistent with the equations of motion of the probe as far as there are no source terms in the action which could induce a non-vanishing value of A. These source terms must be linear in A and can only appear in the Wess-Zumino term of the probe action, which is responsible for the coupling of the probe to the Ramond-Ramond fields of the background. In the case under study only F^{(5)} is non-zero (see eq.(2.15)) and the only linear term in A is of the form ∫ A ∧ F^{(5)}, which is different from zero only for a D5-brane which captures the flux of F^{(5)}. This only happens for the baryon vertex configuration studied in subsection 6.5. In all other cases studied in this paper one can consistently put the worldvolume gauge field to zero. Nevertheless, even if one is not forced to do it, in some cases we can switch on the field A to study how this affects the supersymmetric embeddings. In these cases the expression (2.46) for Γ_κ is no longer valid and we must use the more general formula given in ref.[18].

The kappa symmetry condition Γ_κ ϵ = ϵ imposes a new projection to the Killing spinor ϵ which, in general, will not be compatible with those already satisfied by ϵ (see eq.(2.32)). This is so because the new projections involve matrices which do not commute with those appearing in (2.32). The only way of making these two conditions consistent with each other is by requiring the vanishing of the coefficients of those non-commuting matrices, which will give rise to a set of first-order BPS differential equations. By solving these BPS equations we will determine the supersymmetric embeddings of the brane probes we are looking for. Notice also that the kappa symmetry condition must be satisfied at any point of the probe worldvolume. It is a local condition whose global meaning, as we will see in a moment, has to be addressed a posteriori. This requirement is not obvious at all since the spinor ϵ depends on the coordinates (see eqs. (2.30) and (2.39)). However this would be guaranteed if we could reduce the Γ_κ ϵ = ϵ projection to some algebraic conditions on the constant spinor η of eqs.(2.30) and (2.39). The counting of solutions of the algebraic equations satisfied by η will give us the fraction of supersymmetry preserved by our brane probe.

3 Supersymmetric D3-branes on AdS_5 × Y^{p,q}

Let us now apply the methodology just described to find the supersymmetric configurations of a D3-brane in the AdS_5 × Y^{p,q} background. The kappa symmetry matrix in this case can be obtained by putting p = 3 in the general expression (2.46):

Γ_κ = − i 4! √ −g ϵ^{μ1 ···μ4} γ_{μ1 ···μ4} , (3.1) where we have used the rule (2.45) to write the expression of Γ_κ acting on complex spinors. Given that the Y^{p,q} space is topologically S^2×S^3, it is natural to consider D3-branes wrapping two- and three-cycles in the Sasaki–Einstein space. A D3-brane wrapping a two-cycle in Y^{p,q} and extended along one of the spatial directions of AdS_5 represents a fat string. We will study such type of configurations in section 6 where we conclude that they are not supersymmetric, although we will find stable non-supersymmetric embeddings of this type.

In this section we will concentrate on the study of supersymmetric configurations of D3- branes wrapping a three-cycle of Y^{p,q}. These objects are pointlike from the gauge theory point of view and, on the field theory side, they correspond to dibaryons constructed from the different bifundamental fields. In what follows we will study the kappa symmetry condition for two different sets of worldvolume coordinates, which will correspond to two classes of cycles and dibaryons.

3.1 Singlet supersymmetric three-cycles

Let us use the global coordinates of eq.(2.35) to parameterize the AdS_5 part of the metric and let us consider the following set of worldvolume coordinates: ξ^μ = (τ, θ, ϕ, β), (3.2) and the following generic ansatz for the embedding: y = y(θ, ϕ, β), ψ(θ, ϕ, β). (3.3) The kappa symmetry matrix in this case is: Γ_κ = −iL cosh ρ √ −g Γ_τ γ_{θϕβ} . (3.4)

The induced gamma matrices along the θ, ϕ and β directions can be straightforwardly obtained from (2.42), namely: 1 L γ_θ = √ 1 − c y √ 6 Γ_3 + 1 3 ψ_θ Γ_5 − 1 √ 6 H y_θ Γ_1, 1 L γ_ϕ = cH cos θ √ 6 Γ_2 + √ 1 − c y √ 6 sin θ Γ_4 + 1 3 (ψ_ϕ + (1 − c y) cos θ) Γ_5 − 1 √ 6 H y_ϕ Γ_1, 1 L γ_β = − H √ 6 Γ_2 + 1 3 (ψ_β + y) Γ_5 − 1 √ 6 H y_β Γ_1, (3.5)

where the subscripts in y and ψ denote partial differentiation. By using this result and the projections (2.32) the action of the antisymmetrized product γ_{θϕβ} on the Killing spinor ϵ reads: − i L^3 γ_{θϕβ} ϵ = [ a_5 Γ_5 + a_1Γ_1 + a_3Γ_3 + a_{135} Γ_{135} ] ϵ , (3.6)

where the coefficients on the right-hand side are given by:

a_5 = 1 18 [ (y + ψ_β) [ (1 − cy) sin θ + c y_θ cos θ] +

+ [ ψ_ϕ + (1 − cy) cos θ ] y_θ − ψ_θy_ϕ − c cos θψ_θy_β ] , a_1 = − 1 − cy 6 √ 6 sin θ [ y_β H − iH ] ,

a_3 = − √ 1 − cy 6 √ 6 [ y_ϕ + c cos θy_β − i sin θy_θ ] ,

a_{135} = √ 1 − cy 18 [ sin θ H [ψ_θ y_β − (y + ψ_β) y_θ ] + H[ψ_ϕ + (1 + cψ_β) cos θ ] +

+ i H [ (ψ_ϕ + (1 − cy) cos θ )y_β − (y + ψ_β) y_ϕ ] − iH sin θψ_θ ] . (3.7)

As discussed at the end of section 2, in order to implement the kappa symmetry projection we must require the vanishing of the terms in (3.6) which are not compatible with the projection (2.32). Since the matrices Γ_1, Γ_3 and Γ_{135} do not commute with those appearing in the projection (2.32), it follows that we must impose that the corresponding coefficients vanish, i.e.:

a_1 = a_3 = a_{135} = 0 . (3.8)

Let us concentrate first on the condition a_1 = 0. By looking at its imaginary part:

H(y) = 0 , (3.9)

which, in the range of allowed values of y, means:

y = y_1 , or y = y_2 . (3.10)

If H(y) = 0, it follows by inspection that a_1 = a_3 = a_{135} = 0. Notice that ψ can be an arbitrary function. Moreover, one can check that: √ −g | |_{BP S} = L^4 cosh ρ a_5|_{BP S} . (3.11)

Thus, one has the following equality:

Γ_κ ϵ|_{BP S} = Γ_τ Γ_5 ϵ , (3.12)

and, therefore, the condition Γ_κϵ = ϵ becomes equivalent to

Γ_τ Γ_5 ϵ = ϵ . (3.13)

As it happens in the T^{1,1} case [12], the compatibility of (3.13) with the AdS_5 structure of the spinor implies that the D3-brane must be placed at ρ = 0, i.e. at the center of AdS_5. Indeed, as discussed at the end of section 2, we must translate the condition (3.13) into a condition for the constant spinor η of eq.(2.39). Notice that Γ_τ Γ_5 commutes with all the matrices appearing on the right-hand side of eq.(2.39) except for Γ_ργ_∗. Since the coefficient of Γ_ργ_∗ in (2.39) only vanishes for ρ = 0, it follows that only at this point the equation Γ_κ ϵ = ϵ can be satisfied for every point in the worldvolume and reduces to:

Γ_τ Γ_5 η = η . (3.14)

Therefore, if we place the D3-brane at the center of the AdS_5 space and wrap it on the threecycles at y = y_1 or y = y_2, we obtain a^1_8 supersymmetric configuration which preserves the Killing spinors of the type (2.39) with η satisfying (2.31) and the additional condition (3.14).

The cycles we have just found have been identified by Martelli and Sparks as those dual to the dibaryonic operators det(Y ) and det(Z), made out of the bifundamental fields that, as the D3-brane wraps the two-sphere whose isometries are responsible for the global SU(2) group, are singlets under this symmetry [15]. For this reason we will refer to these cycles as singlet (S) cycles. Let us recall how this identification is carried out. First of all, we look at the conformal dimension Δ of the corresponding dual operator. Following the general rule of the AdS/CFT correspondence (and the zero-mode corrections of ref.[5]), Δ = LM, where L is given by (2.17) and M is the mass of the wrapped three-brane. The latter can be computed as M = T_3 V_3, with T_3 being the tension of the D3-brane (1/T_3 = 8π^3(α^′)^2g_s) and

V_3 the volume of the three-cycle. If g_C is the determinant of the spatial part of the induced metric on the three-cycle C, one has:

V_3 = ∫ C √ g_C d^3ξ . (3.15)

For the singlet cycles S_i at y = y_i (i = 1, 2) and ψ=constant, the volume V_3 is readily computed, namely: V^{Si}_3 =

2L^3 3 ( 1 − cy_i ) | y_i | (2π)^2 ℓ . (3.16)

Let us define λ_1 = +1, λ_2 = −1. Then, if Δ^S_i ≡ Δ^{Si} , one has:

Δ^S_i = N 2q^2 [ − 4p^2 + 3q^2 + 2λ_i pq + (2p − λ_i q) √ 4p^2 − 3q^2 ] . (3.17)

As it should be for a BPS saturated object, the R-charges R_i of the S_i cycles are related to Δ^S_i as R_i =^2_3 Δ^S_i . By comparing the values of R_i with those determined in [16] from the gauge theory dual (see Table 1) one concludes that, indeed, a D3-brane wrapped at y = y_1 (y = y_2) can be identified with the operator det(Y ) (det(Z)) as claimed. Another piece of evidence which supports this claim is the calculation of the baryon number, that can be identified with the third homology class of the three-cycle C over which the D3-brane is wrapped. This number (in units of N) can be obtained by computing the integral over C of the pullback of a (2, 1) three-form Ω_{2,1} on CY^{p,q}: B(C) = ±i ∫ C P [ Ω_{2,1} ]_C , (3.18)

where P [· · ·]_C denotes the pullback to the cycle C of the form that is inside the brackets. The sign of the right-hand side of (3.18) depends on the orientation of the cycle. The explicit expression of Ω_{2,1} has been determined in ref.[21]:

Ω_{2,1} = K ( dr r + i L e^5 ) ∧ ω , (3.19)

where e^5 is the one-form of our vielbein (2.28) for the Y^{p,q} space, K is the constant K = 9 8π^2

(p^2 − q^2) , (3.20)

and ω is the two-form: ω = − 1 (1 − cy)^2 L^2 [ e^1 ∧ e^2 + e^3 ∧ e^4 ] . (3.21)

Using (θ, ϕ, β) as worldvolume coordinates of the singlet cycles S_i,

P [ Ω_{2,1} ]_{Si} = −i K 18 y_i 1 − cy_i sin θ dθ ∧ dϕ ∧ dβ , (3.22)

Then, changing variables from β to α by means of (2.8), and taking into account that α ∈ [0, 2πℓ], one gets: ∫

S_i

P [ Ω_{2,1} ]_{Si} = −i

8π^2 3 Kℓy_i 1 − cy_i . (3.23)

After using the values of y_1 and y_2 displayed in (2.7), we arrive at:

B(S_1) = −i ∫ S_1

P [ Ω_{2,1} ]_{S1} = p − q ,

B(S_2) = i ∫ S_2

P [ Ω_{2,1} ]_{S2} = p + q . (3.24)

Notice the perfect agreement of B(S_1) and B(S_2) with the baryon numbers of Y and Z displayed in Table 1.

3.2 Doublet supersymmetric three-cycles

Let us now try to find supersymmetric embeddings of D3-branes on three-cycles by using a different set of worldvolume coordinates. As in the previous subsection it is convenient to use the global coordinates (2.35) for the AdS_5 part of the metric and the following set of worldvolume coordinates: ξ^μ = (τ, y, β, ψ) . (3.25) Moreover, we will adopt the ansatz: θ(y, β, ψ) , ϕ(y, β, ψ) . (3.26) The kappa symmetry matrix Γ_κ in this case takes the form: Γ_κ = −iL cosh ρ √ −g Γ_τ γ_{y β ψ} , (3.27)

and the induced gamma matrices are: 1 L γ_y = − 1 √ 6H Γ_1 + cH cos θ √ 6 ϕ_yΓ_2 + √ 1 − cy √ 6 (θ_y Γ_3 + ϕ_y sin θ Γ_4) + 1 − c y 3 cos θϕ_y Γ_5 , 1 L γ_β = H √ 6 (−1 + c cos θ ϕ_β) Γ_2 + √ 1 − c y √ 6 θ_β Γ_3 + √ 1 − c y √ 6 sin θ ϕ_β Γ_4 + 1 3 ( y + (1 − c y) cos θ ϕ_β ) Γ_5 , (3.28) 1 L γ_ψ = cH cos θ √ 6 ϕ_ψ Γ_2 + √ 1 − c y √ 6 (θ_ψ Γ_3 + sin θ ϕ_ψ Γ_4) + 1 3 (1 + (1 − c) cos θϕ_ψ) Γ_5 .

By using again the projections (2.32) one easily gets the action of γ_{y β ψ} on the Killing spinor − i L^3 γ_{y β ψ} ϵ = [ c_5 Γ_5 + c_1 Γ_1 + c_3 Γ_3 + c_{135} Γ_{135} ] ϵ , (3.29) where the different coefficients appearing on the right-hand side of (3.29) are given by:

c_5 = 1 18 [ − 1 − cos θ(ϕ_ψ − cϕ_β ) + (1 − cy) sin θ [ θ_y (ϕ_β − yϕ_ψ) − ϕ_y (θ_β − yθ_ψ) ] ] , c_1 = − 1 − cy 6 √ 6 sin θ [ θ_β ϕ_ψ − θ_ψϕ_β H + iH (θ_y ϕ_ψ − θ_ψϕ_y ) ] ,

c_3 = − √ 1 − cy 6 √ 6 [ θ_ψ − c cos θ (θ_ψϕ_β − θ_βϕ_ψ) + i sin θϕ_ψ ] ,

c_{135} = − √ 1 − cy 18 [ sin θ H (ϕ_β − yϕ_ψ) + H ( θ_y + cos θ [ θ_y (ϕ_ψ − cϕ_β) − ϕ_y (θ_ψ − cθ_β) ])

+iH sin θ ϕ_y − i H [ θ_β − yθ_ψ + (1 − cy) cos θ(θ_βϕ_ψ − θ_ψϕ_β ) ]] . (3.30)

Again, we notice that the matrices Γ_1, Γ_3 and Γ_{135} do not commute with the projections (2.32). We must impose:

c_1 = c_3 = c_{135} = 0 . (3.31) From the vanishing of the imaginary part of c_3 we obtain the condition:

sin θ ϕ_ψ = 0 . (3.32)

One can solve the condition (3.32) by taking sin θ = 0, i.e. for θ = 0, π. By inspection one easily realizes that c_1, c_3 and c_{135} also vanish for these values of θ and for an arbitrary function ϕ(y, β, ψ). Therefore, we have the solution θ = 0, π , ϕ = ϕ(y, β, ψ) . (3.33) Another possibility is to take ϕ_ψ = 0. In this case one readily verifies that c_1 and c_3 vanish if θ_ψ = 0. Thus, let us assume that both ϕ and θ are independent of the angle ψ. From the vanishing of the real and imaginary parts of c_{135} we get two equations for the functions θ = θ(y, β) and ϕ = ϕ(y, β), namely:

θ_y + sin θ H^2 ϕ_β + c cos θ (ϕ_y θ_β − θ_y ϕ_β) = 0 ,

θ_β − H^2 sin θϕ_y = 0 . (3.34)

If the BPS equations (3.34) hold, one can verify that the kappa symmetry condition Γ_κ ϵ = ϵ reduces, up to a sign, to the projection (3.13) for the Killing spinor. As in the case of the S three-cycles studied in subsection 3.1, by using the explicit expression (2.39) of ϵ in terms of the global coordinates of AdS_5, one concludes that the D3-brane must be placed at ρ = 0. The corresponding configuration preserves four supersymmetries.

In the next subsection we will tackle the problem of finding the general solution of the system (3.34). Here we will analyze the trivial solution of this system, namely:

θ = constant , ϕ = constant . (3.35)

This kind of three-cycle was studied in ref.[21] by Herzog, Ejaz and Klebanov (see also [16]), who showed that it corresponds to dibaryons made out of the SU(2) doublet fields U^α. In what follows we will refer to it as doublet (D) cycle. Let us review the arguments leading to this identification. First of all, the volume of the D cycle (3.35) can be computed with the result: V^D_3 =

L^3 3 (2π)^2 (y_2 − y_1) ℓ . (3.36)

By using the values of y_1 and y_2 (eq.(2.7)), L (eq.(2.17)) and ℓ (eq.(2.10)) we find the following value of the conformal dimension:

Δ^D = N p q^2 ( 2p − √ 4p^2 − 3q^2 ) . (3.37)

By comparison with Table 1, one can verify that the corresponding R-charge, namely 2/3 Δ^D , is equal to the R-charge of the field U^α multiplied by N. We can check this identification by computing the baryon number. Since, in this case, the pullback of Ω_{2,1} is:

P [ Ω_{2,1} ]_D = i K 3(1 − cy)^2 dy ∧ dα ∧ dψ (3.38) we get: B(D) = −i ∫ D P [ Ω_{2,1} ]_D = −p , (3.39)

which, indeed, coincides with the baryon number of U^α written in Table 1.

3.2.1 General integration

Let us now try to integrate in general the first-order differential system (3.34). With this purpose it is more convenient to describe the locus of the D3-brane by means of two functions y = y(θ, ϕ), β = β(θ, ϕ). Notice that this is equivalent to the description used so far (in which the independent variables were (y, β)), except for the cases in which (θ, ϕ) or (y, β) are constant. The derivatives in these two descriptions are related by simply inverting the Jacobian matrix, i.e.: ( y_θ y_ϕ β_θ β_ϕ ) = ( θ_y θ_β ϕ_y ϕ_β )_{−1} . (3.40)

By using these equations the first-order system (3.34) is equivalent to:

β_θ = y_ϕ H^2 sin θ

, β_ϕ = c cos θ − sin θ H^2 y_θ . (3.41)

These equations can be obtained directly by using θ and ϕ as worldvolume coordinates. Interestingly, in this form the BPS equations can be written as Cauchy–Riemann equations and, thus, they can be integrated in general. This is in agreement with the naive expectation that, at least locally, these equations should determine some kind of holomorphic embeddings. In order to verify this fact, let us introduce new variables u_1 and u_2, related to θ and y as follows: u_1 = log ( tan θ 2 ) , u_2 = log

( (sin θ)c

f_1(y) ) . (3.42)

By comparing the above expressions with the definitions of z_1 and z_2 in eq.(2.23), one gets:

u_1 − iϕ = log z_1 , u_2 − iβ = log z_2 . (3.43)

The relation between u_1 and θ leads to du_1 = dθ/ sin θ, from which it follows that: ∂u_2 ∂u_1 = c cos θ − sin θ H^2 y_θ , ∂β ∂u_1 = sin θ β_θ , (3.44)

and it is easy to demonstrate that the BPS equations (3.41) can be written as: ∂u_2 ∂u_1 = ∂β ∂ϕ , ∂u_2 ∂ϕ = − ∂β ∂u_1 , (3.45)

these being the Cauchy–Riemann equations for the variables u_2 − iβ = log z_2 and u_1 − iϕ = log z_1. Then, the general integral of the BPS equations is

log z_2 = f(log z_1) , (3.46)

where f is an arbitrary (holomorphic) function of log z_1. By exponentiating eq.(3.46) one gets that the general solution of the BPS equations is a function z_2 = g(z_1), in which z_2 is an arbitrary holomorphic function of z_1. This result is analogous to what happened for T^{1,1} [12]. The appearance of a holomorphic function in the local complex coordinates z_1 and z_2 is a consequence of kappa symmetry or, in other words, supersymmetry. But one still has to check that this equation makes sense globally. We will come to this point shortly. The simplest case is that in which log z_2 depends linearly on log z_1, namely

log z_2 = n(log z_1) + const. , (3.47)

where n is a constant. By exponentiating this equation we get a relation between z_2 and z_1 of the type:

z_2 = C z^n_1 , (3.48) where C is a complex constant. If we represent this constant as C = Ce^{−iβ0} , the embedding (3.48) reduces to the following real functions β = β(ϕ) and y = y(θ):

β = nϕ + β_0 ,

f_1(y) = C

( sin θ )^c ( tan^θ_2

)_n . (3.49)

This is a nontrivial embedding of a probe D3-brane on AdS_5 × Y^{p,q}. Notice that in the limit c → 0 one recovers the results of [12]. For c ≠ 0, a key difference arises. As we discussed earlier, z_2 is not globally well-defined in CY^{p,q} due to its dependence on β. As a consequence, eqs.(3.48)–(3.49) describe a kappa-symmetric embedding for the D3-brane on Y^{p,q} but it does not correspond to a wrapped brane. The D3-brane spans a submanifold with boundaries.^3

3In this respect, notice that it might happen that global consistency forces, through boundary conditions, the D3-brane probes to end on other branes.

The only solution corresponding to a probe D3-brane wrapping a three-cycle is z_1 = const. which is the one obtained in the preceding subsection.

In order to remove β while respecting holomorphicity^4, we seem to be forced to let z_3 enter into the game. The reason is simple, any dependence in β disappears if z_2 enters through the product z_2z_3. This would demand embeddings involving the radius that we did not consider. In this respect, it is interesting to point out that this is also the conclusion reached in [35] from a different perspective: there, the complex coordinates corresponding to the generators of the chiral ring are deduced and it turns out that all of them depend on z_1, z_2z_3 and z_3. It would be clearly desirable to understand these generalized wrapped D3-branes in terms of algebraic geometry, following the framework of Ref.[11] which, in the case of the conifold, emphasizes the use of global homogeneous coordinates. Unfortunately, the relation between such homogeneous coordinates and the chiral fields of the quiver theory is more complicated in the case of CY^{p,q}.

3.3 The calibrating condition

Let us now verify that the BPS equations we have obtained ensure that the three-dimensional submanifolds we have found are calibrated. First, recall that the metric of the Y^{p,q} manifold can be written as (2.4),

ds^2_Y p,q = ds^2_4 + [ 1 3 dψ + σ ]_2 , where σ is a one-form given by σ = 1 3 [ cos θdϕ + y(dβ − c cos θdϕ) ] . (3.51)

The Kähler form J_4 of the four-dimensional Kähler-Einstein space is just

J_4 = 1 2 dσ = 1 L^2

[ e^1 ∧ e^2 − e^3 ∧ e^4 ] , (3.52)

where the e^i’s are the forms of the vielbein (2.28). From the Sasaki-Einstein space Y^{p,q} we can construct the Calabi-Yau cone CY^{p,q}, whose metric is just given by: ds^2_{CY} p,q = dr^2 +r^2 ds^2_Y p,q . The Kähler form J of CY^{p,q} is just:

J = r^2 J_4 + r L dr ∧ e^5 , (3.53)

4One might think that a possible caveat to this problem is to choose a different slicing of Y^{p,q} as the one in (2.12), where the metric is written as a U(1) bundle coordinatized by α (the base not being a Kähler–Einstein manifold). The complex coordinates of the slice are

z̃_1 = z_1 , z̃_2 = G(y) sin θe^{iψ} , (3.50)

where G^′(y)/G(y) = 3/ √ w(y)q(y). However, a ‘holomorphic’ ansatz of the form z̃_1 = z̃^m_2 would be related to an embedding of the form ϕ = ϕ(ψ) and θ = θ(y), which is a particular case of (3.26) albeit it is not kappa symmetric. These complex coordinates z̃_1 and z̃_2 have nothing to do with the complex structure of the Calabi-Yau manifold and, as such, kappa symmetry is not going to lead to a holomorphic embedding in terms of them.

whose explicit expression in terms of the coordinates is: J = − r^2 6 (1−cy) sin θdθ∧dϕ + 1 3 rdr∧(dψ +cos θdϕ) + 1 6 d(r^2y)∧(dβ − c cos θdϕ) . (3.54) Given a three-submanifold in Y^{p,q} one can construct its cone D, which is a four-dimensional submanifold of CY^{p,q}. The calibrating condition for a supersymmetric four-submanifold D of CY^{p,q} is just: P [ 1 2 J ∧ J ] D = Vol(D) , (3.55)

where Vol(D) is the volume form of the divisor D. Let us check that the condition (3.55) is indeed satisfied by the cones constructed from our three-submanifolds. In order to verify this fact it is more convenient to describe the embedding by means of functions y = y(θ, ϕ) and β = β(θ, ϕ). The corresponding BPS equations are the ones written in (3.41). By using them one can verify that the induced volume form for the three-dimensional submanifold is: vol = 1 18 | | | (1 − cy) sin θ + c cos θyθ + βθyϕ − yθβϕ | | |_{BP S} dθ ∧ dϕ ∧ dψ . (3.56) By computing the pullback of J ∧ J one can verify that the calibrating condition (3.55) is indeed satisfied for:

Vol(D) = −r^3 dr ∧ vol , (3.57)

which is just the volume form of D with the metric ds^2_{CY} p,q having a particular orientation. Eq. (3.55) is also satisfied for the cones constructed from the singlet and doublet threecycles of sections 3.1 and 3.2. This fact is nothing but the expression of the local nature of supersymmetry.

3.4 Energy bound

The dynamics of the D3-brane probe is governed by the Dirac-Born-Infeld lagrangian that, for the case in which there are not worldvolume gauge fields, reduces to: L = − √ −g , (3.58)

where we have taken the D3-brane tension equal to one. We have checked that any solution of the first-order equations (3.34) or (3.41) also satisfies the Euler-Lagrange equations derived from the lagrangian density (3.58). Moreover, for the static configurations we are considering here the hamiltonian density H is, as expected, just H = −L. We are now going to verify that this energy density satisfies a bound, which is just saturated when the BPS equations (3.34) or (3.41) hold. In what follows we will take θ and ϕ as independent variables. For an arbitrary embedding of a D3-brane described by two functions β = β(θ, ϕ) and y = y(θ, ϕ) one can show that H can be written as: H = √ Z^2 + Y^2 + W^2 , (3.59) where Z, Y and W are given by: Z = L^4 18 [ (1 − cy) sin θ + c cos θy_θ + y_ϕβ_θ − y_θ β_ϕ ] ,

Y = L^4 18 √ 1 − cy H [ β_ϕ − c cos θ + sin θ H^2 y_θ ] ,

W = L^4 18 √ 1 − cy H [ sin θ β_θ − y_ϕ H^2 ] . (3.60)

Obviously one has: H ≥ | Z | . (3.61) Moreover, since Y|_{BP S} = W|_{BP S} = 0 , (3.62)

the bound saturates when the BPS equations (3.41) are satisfied. Thus, the system of differential equations (3.41) is equivalent to the condition H = | Z | (actually Z ≥ 0 if the BPS equations (3.41) are satisfied). Moreover, for an arbitrary embedding Z can be written as a total derivative, namely: Z = ∂ ∂θ Z^θ + ∂ ∂ϕ Z^ϕ . (3.63)

This result implies that H is bounded by the integrand of a topological charge. The explicit form of Z^θ and Z^ϕ is:

Z^θ = −

L^4 18 [ (1 − cy) cos θ + y β_ϕ ] ,

Z^ϕ =

L^4 18 y β_θ . (3.64)

In this way, from the point of view of the D3-branes, the configurations satisfying eq. (3.41) can be regarded as BPS worldvolume solitons.

3.5 BPS fluctuations of dibaryons

In this section we study BPS fluctuations of dibaryon operators in the Y^{p,q} quiver theory. We start with the simplest dibaryon which is singlet under SU(2), say det Y . To construct excited dibaryons we should replace one of the Y factors by any other chiral field transforming in the same representation of the gauge groups. For example, replacing Y by Y U^αV^βY , we get a new operator of the form

ϵ_1ϵ^2(Y U^αV^βY )Y · · · Y , (3.65)

where ϵ_1 and ϵ^2 are abbreviations for the completely anti-symmetric tensors for the respective SU(N) factors of the gauge group. Using the identity ϵ^{a1···aN} ϵ_{b1···bN} = ∑ σ (−1)^σ δ^{a1}_{σ(b1)} · · · δ^{aN}_{σ(bN )} , (3.66) the new operator we get can factorize into the original dibaryon and a single-trace operator

Tr(U^αV^βY ) det Y . (3.67)

Indeed for singlet dibaryons, a factorization of this sort always works. This fact seems to imply, at least at weak coupling, that excitation of a singlet dibaryon can be represented as graviton fluctuations in the presence of the original dibaryon.

For the case of dibaryon with SU(2) quantum number the situation is different. Consider, for simplicity, the state with maximum J_3 of the SU(2)

ϵ_1ϵ^2(U^1 · · · U^1) = det U^1, (3.68)

we can replace one of U^1 factors by U^1 O, where O is some operator given by a closed loop in the quiver. As the case of singlet dibaryon, this kind of excitation is factorizable since all SU(2) indices are symmetric. So this kind of operator should be identified with a graviton excitation with wrapped D3-brane in the dual string theory. However if the SU(2) index of the U field is changed in the excitation, i.e. U^1 → U^2 O, then the resulting operator cannot be written as a product of the original dibaryon and a meson-like operator. Instead it has to be interpreted as a single particle state in AdS. Since the operator also carries the same baryon number, the natural conclusion is that the one-particle state is a BPS excitation of the wrapped D3-brane corresponding to the dibaryon [5].

In order to classify all these BPS excitations of the dibaryon, we have to count all possible inequivalent chiral operators O that transform in the bifundamental representation of one of the gauge group factors of the theory. In Y^{p,q} quiver gauge theory, these operators correspond to loops in the quiver diagram just like the mesonic chiral operators discussed in [38]. The simplest ones are operators with R-charge 2. They have been thoroughly discussed in [39]. They are given by short loops of length 3 or 4 in the quiver, precisely as those operators entering in the superpotential (2.19). They are single trace operators of the form (in what follows we omit the trace and the SU(2) indices) UV Y , V UY or Y UZU (see the upper quiver in Fig.2). Since they are equivalent in the chiral ring, we can identify them as a single operator O_1. It transforms in the spin^1_2 ⊗^1_2 = 0 ⊕ 1 representation of the global SU(2). The scalar component vanishes in the chiral ring. Thus, we end up with a spin 1 chiral operator with scaling dimension Δ = 3. Its U(1)_F charge vanishes.

There are also two classes of long loops in the quiver. The first class, whose representative is named O_2, has length 2p, winds the quiver from the left to the right and is made of p U type operators, q V type operators and p − q Z type operators. For example, in Y^{4,2}, a long loop of this class is V UV UZUZU (middle quiver in Fig.2). It transforms in the spin 1 2 ⊗ ... ⊗^1_2 =^{p+q}_2 ⊕ . . . representation of SU(2). The dots amount to lower dimensional representations that vanish in the chiral ring. The resulting operator, O_2, has spin^{p+q}_2 . There is another class of long loops which has length 2p − q, running along the quiver in the opposite direction, build with p Y type operators and p − q U type operators. We name its representative as O_3. In the case of Y^{4,2}, it is an operator like Y UY Y Y U (bottom quiver in Fig.2). SU(2) indices, again, have to be completely symmetrized, the spin being^{p−q}_2 . Long loops wind around the quiver and this leads to a nonvanishing value of Q_F [38]. The baryonic charge vanishes for any of these loops. We summarize in Table 2 the charge assignments

Figure 2: Loops in the Y^{4,2} quiver representing mesonic operators in the chiral ring. There are short loops such as UV Y , V UY or Y UZU (upper), longest loops as V UV UZUZU (middle) and long loops like Y UY Y Y U (bottom). The representative of each class in the chiral ring is, respectively, O_1, O_2 and O_3.

for the three kinds of operators O_i [38]. We can see that these operators satisfy the BPS condition Δ =^3_2 Q_R. In fact, they are the building blocks of all other scalar BPS operators. The general BPS excitation corresponds to operators of the form O = 3∏ i=1 O^{ni}_i . (3.69)

It is interesting to notice that the spectrum of fluctuations of a dibaryon must coincide with the mesonic chiral operators in the Y^{p,q} quiver theory. This would provide a nontrivial test of the AdS/CFT correspondence. We show this result explicitly via an analysis of open string fluctuation on wrapped D3-branes.

Now we are interested in describing the excitations of dibaryon operators from the dual string theory. For those excitations that are factorizable, the dual configurations are just the multi-particle states of graviton excitations in the presence of a dibaryon. The correspondence of graviton excitation and mesonic operator were studied in [38][40]. What we are really interested in are those non-factorizable operators that can be interpreted as open string excitations on the D-brane. This can be analyzed by using the Dirac-Born-Infeld action of the D3-brane. In what follows we will focus on the dibaryon made of U fields, which corresponds to the three-cycle D studied in subsection 3.2 which, for convenience, we will

Operator Q_R Q_F Spin

O_1 2 0 1

O_2 p + q −^1_{3ℓ} p^{p+q}_2

O_3 p − q +^1_{3ℓ} −p^{p−q}_2

Table 2: Charges assignments for the mesonic operators O_i that generate the chiral ring.

parameterize with the coordinates (y, ψ, α). The analysis of the dibaryon made of V field is similar. For our purpose we will use, as in eq. (2.35), the global coordinate system for the AdS_5 part of the metric and we will take the Y^{p,q} part as written in eq. (2.12). We are interested in the normal modes of oscillation of the wrapped D3-brane around the solution corresponding to some fixed worldline in AdS_5 and some fixed θ and ϕ on the transverse S^2. For such a configuration, the induced metric on the dibaryon is:

L^{−2}ds^2_{ind} = −dτ^2 + 1 wv dy^2 + v 9 dψ^2 + w(dα + fdψ)^2 , (3.70)

where the functions v(y), w(y) and f(y) have been defined in eq. (2.13) (in what follows of this subsection we will take c = 1).

The fluctuations along the transverse S^2 are the most interesting, since they change the SU(2) quantum numbers and are most readily compared with the chiral primary states in the field theory. Without lost of generality, we consider fluctuations around the north pole of the S^2, i.e. θ_0 = 0. Instead of using coordinates θ and ϕ, it is convenient to go from polar to Cartesian coordinates: ζ^1 = θ sin ϕ and ζ^2 = θ cos ϕ. As a further simplification we perform a shift in the coordinate ψ. The action for the D3-brane is: S = −T_3 ∫ d^4ξ √ − det g + T_3 ∫ P [C_{(4)}] . (3.71)

Let us expand the induced metric g around the static configuration as g = g_{(0)} + δg, where g_{(0)} is the zeroth order contribution. The corresponding expansion for the action takes the form:

S = S_0 −

T_3 2 ∫ d^4ξ √ − det g_{(0)} Tr [g^{−1}_{(0)} δg] + T_3 ∫ P [C_{(4)}] , (3.72)

where S_0 = −T_3 ∫ d^4ξ √ − det g_{(0)}. Note that the determinant of the induced metric at zeroth order is a constant: √ −det(g_{(0)}) =^1_3 L^4. The five-form field strength is

F_5 = (1 + ∗) 4 √ det(G_Y p,q )L^4dθ ∧ dϕ ∧ dy ∧ dψ ∧ dα . (3.73) Moreover, using that √ det(G_Y p,q ) =^{1−y}_{18} sin θ, we can choose the four-form Ramond-Ramond field to be

C_4 = 2 9 (1 − y)L^4(cos θ − 1) dα ∧ dy ∧ dψ ∧ dϕ , (3.74) which is well defined around the north pole of S^2. At quadratic order, the four form C_4 is

C_4 = − √ −det g_{(0)} 1 − y 3 ϵ_{ij} ζ^i dζ^j ∧ dα ∧ dy ∧ dψ . (3.75) The contribution from the Born-Infeld part of the effective action is:

Tr [g^{−1}_{(0)} δg] = G_{ij} g^{μν}_{(0)} (∂_μζ^i∂_ν ζ^j ) + 2g^{μν}_{(0)} G_{μi} ∂_ν ζ^i, (3.76)

where G is the metric of the background, i, j denote the components of G along the ζ^{1,2} directions and the indices μ, ν refer to the directions of the worldvolume of the cycle. The non-vanishing components of G are: G_{ij} = 1 − y 6 L^2δ_{ij} , G_{ψi} = − 1 2 ( wf^2 + v 9 ) L^2ϵ_{ij} ζ^j , G_{αi} = − wf 2 L^2ϵ_{ij} ζ^j . (3.77)

Using these results one can verify that the effective Lagrangian is proportional to: ∑ i L^2 1 − y 6 g^{μν}_{(0)}(∂_μζ^i∂_ν ζ^i) + 2g^{μν}_{(0)} G_{μi} ∂_ν ζ^i +

2(1 − y) 3 ϵ_{ij} ζ^i ∂_τ ζ^j . (3.78)

The equations of motion for the fluctuation are finally given by

L^2 6 ∂_μ ( (1 − y) g^{μν}_{(0)} ∂_ν ζ^i ) + 2∂_ν (g^{μν}_{(0)} G_{μi}) −

2(1 − y) 3 ϵ_{ij} ∂_τ ζ^j = 0 . (3.79)

Introducing ζ^± = ζ^1 ± iζ^2, the equations of motion reduce to ( ∇^2 − 1 − y 6 ∂^2_τ ) ζ^± ± i 2(1 − y) 3 ∂_τ ζ^± ± i∂_ψζ^± = 0 , (3.80)

where ∇^2 is the laplacian along the spatial directions of the cycle for the induced metric g_{(0)}. The standard strategy to solve this equation is to use separation of variables as

ζ^± = exp(−iωτ ) exp ( i m ℓ α ) exp(inψ) Y^{k±}_{mn} (y) . (3.81)

Plugging this ansatz into the equation of motion, we find 1 1 − y d dy [ (1 − y)w(y)v(y) d dy Y^{k±}_{mn} (y) ] (3.82) = [(9f 2(y) v(y) + 1 w(y) )m2 ℓ^2 − 18f(y) v(y) m ℓ n + 9 v(y) n^2 − ω(ω ± 4) ± 6n 1 − y ] Y^{k±}_{mn} (y) . The resulting equation has four regular singularities at y = y_1, y_2, y_3 and ∞ and is known as Heun’s equation (for clarity, in what follows we omit the indices in Y ) [41]:

d^2 dy^2 Y^± +

(^3∑ i=1 1 y − y_i ) d dy Y^± + q(y)Y^± = 0, (3.83) where, in our case q(y) = 2 Q(y) [ μ − y 4 ω(ω ± 4) − 1 2 3∑ i=1 α^2_i Q^′(y_i) y − y_i ] , μ = 3 32 ( m ℓ + 2n)( m ℓ − 6n) + 1 4 ω(ω ± 4) ∓ 3n 2 , (3.84)

with Q(y) being the function defined in eq.(2.6). Now, given that the R-symmetry is dual to the Reeb Killing vector of Y^{p,q}, namely 2∂/∂ψ −^1_3 ∂/∂α, we can use the R-charge Q_R = 2n − m/3ℓ instead of n as quantum number. The exponents at the regular singularities y = y_i are then given by

α_i = ± 1 2 (1 − y_i)(m/ℓ + 3Q_R y_i) Q^′(y_i)

. (3.85)

The exponents at y = ∞ are −^ω_2 and^ω_2 + 2 for Y^+, while −^ω_2 + 2 and^ω_2 for Y^−. We can transform the singularity from {y_1, y_2, y_3, ∞} to {0, 1, b =^{y1 −y3}_{y1 −y2} , ∞} by introducing a new variable x, defined as: x = y − y_1 y_2 − y_1

. (3.86)

It is also convenient to substitute Y = x^{|α1|}(1 − x)^{|α2|}(b − x)^{|α3|} h(x) , (3.87) which transforms equation (3.83) into the standard form of the Heun’s equation

d^2 dx^2 h(x) + (C x + D x − 1 + E x − b ) d dx h(x) + ABx − k x(x − 1)(x − b) h(x) = 0. (3.88)

Here the Heun’s parameters are given by A = − ω 2 + 3∑ i=1 |α_i| , B = ω + 4 2 + 3∑ i=1 |α_i| , C = 1 + 2|α_1| , D = 1 + 2|α_2| , E = 1 + 2|α_3| , (3.89) and k = (|α_1| + |α_3|)(|α_1| + |α_3| + 1) − |α_2|^2 + b [ (|α_1| + |α_2|)(|α_1| + |α_2| + 1) − |α_3|^2 ] − μ̃ , μ̃ = − 1 y_1 − y_2 ( μ − y_1 4 ω(ω + 4) )

= p q [1 6 (1 − y_1)ω(ω + 4) − 3 16 Q_R ( Q_R + 4m 3ℓ ) − 1 2 ( Q_R + m 3ℓ )] , b = 1 2 ( 1 + √ 4p^2 − 3q^2 q ) . (3.90)

We only presented the equation for Y^+; the corresponding equation for Y^− can be obtained by replacing ω with ω − 4 and changing the sign of the last term in (3.90).

Now let us discuss the solutions to this differential equation. For quantum number Q_R = 2N (which implies m = 0), we find all α_i equal to N/2. If we set ω = 3N, the Heun’s parameters A and k both vanish. The corresponding solution h(x) is a constant function. Similarly if ω = −3N − 4, then B and k vanish which also implies a constant h(x). The complete solution of ζ^± in these two cases is given by ζ^±_1 = e^{±i(−3N τ +N ψ)} 3∏ i=1 (y − y_i)^{N/2} ,

ζ^±_2 = e^{±i((3N +4)τ +N ψ)} 3∏ i=1 (y − y_i)^{N/2} . (3.91)

These constant solutions represent ground states with fixed quantum numbers and, since they have the lowest possible dimension for a given R-charge, they should be identified with the BPS operators. Indeed, in the solutions (3.91) the energy is quantized in units of 3L^{−1}, and 3 is precisely the conformal dimension of O_1. This provides a perfect matching of AdS/CFT in this setting.

The situation for quantum numbers Q_R = N(p ± q ∓ 1/3ℓ) and m = ±N is similar to the case we have just discussed. The solutions for h(x) are constant with ω = Np 2 ( 3 ± 2p − √ 4p^2 − 3q^2 q ) , (3.92) and ω = − Np 2 ( 3 ± 2p − √ 4p^2 − 3q^2 q ) − 4. (3.93)

We can see the conformal dimension satisfies Δ =^3_2 Q_R. So all these solutions are BPS fluctuations which should correspond to the operators O_2 and O_3.

An interesting comment is in order at this point. Notice that the dibaryon excitations should come out with the multiplicities associated to the SU(2) spin (see Table 2) of the O_i operators. However, in order to tackle this problem, we would need to consider at the same time the fluctuation of the D3-brane probes and the zero-mode dynamics corresponding to their collective motion along the sphere with coordinate θ and ϕ (see ref.[5] for a similar discussion in the conifold case). This is an interesting problem that we leave open.

4 Supersymmetric D5-branes in AdS_5 × Y^{p,q}

In this section we will study the supersymmetric configurations of D5-branes in the AdS_5 × Y^{p,q} background. First of all, notice that in this case Γ_κ acts on the Killing spinors ϵ as:

Γ_κ ϵ = i 6! √ −g ϵ^{μ1 ···μ6} γ_{μ1 ···μ6} ϵ^∗ , (4.1) where we have used the relation (2.45) to translate eq. (2.46). The appearance of the complex conjugation on the right-hand side of eq. (4.1) is crucial in what follows. Indeed, the complex conjugation does not commute with the projections (2.32). Therefore, in order to construct an additional compatible projection involving the ϵ → ϵ^∗ operation we need to include a product of gamma matrices which anticommutes with both Γ_{12} and Γ_{34}. As in the D3-brane case just analyzed, this compatibility requirement between the Γ_κ ϵ = ϵ condition and (2.32) implies a set of differential equations whose solutions, if any, determine the supersymmetric embeddings we are looking for.

We will carry out successfully this program only in the case of a D5-brane extended along a two-dimensional submanifold of Y^{p,q}. In analogy with what happens with the conifold [4], one expects that these kinds of configurations represent a domain wall in the gauge theory side such that, when one crosses one of these objects, the gauge groups change and one passes from an N = 1 superconformal field theory to a cascading theory with fractional branes. The supergravity dual of this cascading theory has been obtained in ref. [21]. In the remainder of this section we will find the corresponding configurations of the D5- brane probe. Moreover, in section 6 we will find, based on a different set of worldvolume coordinates, another embedding of this type preserving the same supersymmetry as the one found in the present section and we will analyze the effect of adding flux of the worldvolume gauge fields. In section 6 we will also look at the possibility of having D5-branes wrapped on a three-dimensional submanifold of Y^{p,q}. These configurations are not supersymmetric, although we have been able to find stable solutions of the equations of motion. The case in which the D5-brane wraps the entire Y^{p,q} corresponds to the baryon vertex. In this configuration, studied also in section 6, the D5-brane captures the flux of the RR five-form, which acts as a source for the electric worldvolume gauge field. We will conclude in section 6 that this configuration cannot be supersymmetric, in analogy with what happens in the conifold case[12].

4.1 Domain wall solutions

We want to find a configuration in which the D5-brane probe wraps a two-dimensional submanifold of Y^{p,q} and is a codimension one object in AdS_5. Accordingly, let us place the probe at some constant value of one of the Minkowski coordinates (say x^3) and let us extend it along the radial direction. To describe such an embedding we choose the following set of worldvolume coordinates for a D5-brane probe

ξ^μ = (t, x^1, x^2, r, θ, ϕ) , (4.2)

and we adopt the following ansatz: y = y(θ, ϕ) , β = β(θ, ϕ) , (4.3) with x^3 and ψ constant. The induced Dirac matrices can be computed straightforwardly from eq. (2.42) with the result: γ_xμ = r L Γ_xμ , μ = 0, 1, 2 , γ_r = L r Γ_r , 1 L γ_θ = − 1 √ 6 H y_θ Γ_1 − H √ 6 β_θ Γ_2 + √ 1 − cy √ 6 Γ_3 + y 3 β_θ Γ_5 , 1 L γ_ϕ = − 1 √ 6 H y_ϕ Γ_1 + H √ 6 ( c cos θ − β_ϕ) Γ_2 + √ 1 − cy √ 6 sin θ Γ_4 (4.4) + 1 3 [y β_ϕ + (1 − cy) cos θ] Γ_5 .

From the general expression (4.1) one readily gets that the kappa symmetry matrix acts on the spinor ϵ as:

Γ_κ ϵ = i √ −g r^2 L^2

Γ_x0_x1_x2_r γ_{θϕ} ϵ^∗ . (4.5)

By using the complex conjugate of the projections (2.32) one gets: 6 L^2 γ_{θϕ} ϵ^∗ = [ b_I + b_{15} Γ_{15} + b_{35} Γ_{35} + b_{13} Γ_{13} ] ϵ^∗ , (4.6)

where the different coefficients are: b_I = −i [ (1 − cy) sin θ + c cos θ y_θ + y_ϕβ_θ − y_θ β_ϕ ] ,

b_{15} = − √ 2 3 1 H [ (1 − cy) cos θ y_θ + y (β_ϕ y_θ − β_θ y_ϕ) ] − i √ 2 3 H cos θ β_θ ,

b_{35} = √ 2 3 √ 1 − cy [ (1 − cy) cos θ + yβ_ϕ ] + i √ 2 3 √ 1 − cy y sin θβ_θ , b_{13} = √ 1 − cy [ y_ϕ H − Hβ_θ sin θ ] + i √ 1 − cy [ sin θ H y_θ − H (c cos θ − β_ϕ) ] . (4.7)

As discussed above, in this case the action of Γ_κ involves the complex conjugation, which does not commute with the projections (2.32). Actually, the only term on the right-hand side of (4.6) which is consistent with (2.32) is the one containing Γ_{13}. Accordingly, we must require:

b_I = b_{15} = b_{35} = 0 . (4.8)

From the vanishing of the imaginary part of b_{15} we get:

β_θ = 0 , (4.9)

while the vanishing of the real part of b_{15} leads to:

β_ϕ = − 1 − cy y cos θ . (4.10)

Notice that b_{35} is zero as a consequence of equations (4.9) and (4.10) which, in particular imply that:

β = β(ϕ) . (4.11) Moreover, by using eq. (4.9), the condition b_I = 0 is equivalent to (1 − cy) sin θ + (c cos θ − β_ϕ)y_θ = 0 , (4.12) and plugging the value of β_ϕ from (4.10), one arrives at: y_θ = −(1 − cy) y tan θ . (4.13) In order to implement the kappa symmetry condition at all points of the worldvolume the phase of b_{13} must be constant. This can be achieved by requiring that the real part of b_{13} vanishes, which for β_θ = 0 is equivalent to the condition y_ϕ = 0, i.e.: y = y(θ) . (4.14) The equation (4.13) for y(θ) is easily integrated, namely: y 1 − cy = k cos θ , (4.15)

where k is a constant. Moreover, by separating variables in eq. (4.10), one concludes that: β_ϕ = m , (4.16) where m is a new constant. Plugging (4.15) into eq. (4.10) and using the result (4.16) one concludes that the two constants m and k must be related as: km = −1 , (4.17) which, in particular implies that k and m cannot vanish. Thus, the embedding of the D5- brane becomes β = mϕ + β_0 , y = − cos θ m − c cos θ . (4.18)

Notice that the solution (4.18) is symmetric under the change m → −m, θ → π − θ and ϕ → 2π − ϕ. Thus, from now on we can assume that m ≥ 0.

It is now straightforward to verify that the BPS equation are equivalent to impose the following condition on the spinor ϵ:

Γ_x0_x1_x2_{r13}ϵ^∗ = σϵ , (4.19) where σ is: σ = sign

( cos θ y ) = −sign ( m − c cos θ ) . (4.20)

Obviously, the only valid solutions are those which correspond to having a constant sign σ along the worldvolume. This always happens for m/c ≥ 1. In this case the minimal (maximal) value of θ is θ = 0 (θ = π) if |m − c||y_1| > 1 (|m − c||y_2| > 1). Otherwise the angle θ must be restricted to lie in the interval θ ∈ [θ_1, θ_2], where θ_1 and θ_2 are given by:

θ_i = arccos [ my_i cy_i − 1 ] , (i = 1, 2) . (4.21)

Notice that, similarly to what we obtained in the previous section, eq.(4.18) implies that the configuration we arrived at does not in general correspond to a wrapped brane but to a D5-brane that spans a two-dimensional submanifold with boundaries.

Let us now count the number of supersymmetries preserved by our configuration. In order to do so we must convert eq. (4.19) into an algebraic condition on a constant spinor. With this purpose in mind let us write the general form of ϵ as the sum of the two types of spinors written in eq. (2.34), namely:

e^{i2 ψ} ϵ = r^{− 12} η_+ + r^{12} ( x̄3 L^2

Γ_{rx}3 η_+ + η_− ) + r^{12} L^2 x^p Γ_{rx}p η_+ , (4.22)

where x̄^3 is the constant value of the coordinate x^3 in the embedding and the index p runs over the set {0, 1, 2}. By substituting eq. (4.22) on both sides of eq. (4.19), one can get the conditions that η_+ and η_− must satisfy. Indeed, let us define the operator P as follows:

P ϵ ≡ iσe^{iψ0} Γ_{rx}3 Γ_{13} ϵ^∗ . (4.23)

Then, one can check that eq. (4.19) is equivalent to:

P η_+ = η_+ ,

(1 + P ) η_− = −

2x̄^3 L^2

Γ_{rx}3 η_+ . (4.24)

As P^2 = 1, we can classify the four spinors η_− according to their P-eigenvalue as: P η^{(±)}_− = ±η^{(±)}_− . We can now solve the system (4.24) by taking η_+ = 0 and η_− equal to one of the two spinors η^{(−)}_− of negative P-eigenvalue. Moreover, there are other two solutions which correspond to taking a spinor η^{(+)}_− of positive P-eigenvalue and a spinor η_+ related to the former as: η_+ =

L^2 x̄^3

Γ_{rx}3 η^{(+)}_− . (4.25)

Notice that, according to the first equation in (4.24), the spinor η_+ must have positive Peigenvalue, in agreement with eq. (4.25). All together this configuration preserves four supersymmetries, i.e. one half of the supersymmetries of the background, as expected for a domain wall.

4.2 The calibrating condition

For any two-dimensional submanifold L of Y^{p,q} one can construct its three-dimensional cone L ⊂ CY^{p,q}. The holomorphic (3, 0) form Ω of CY^{p,q} can be naturally used to calibrate such submanifolds. Indeed, L is called a special Lagrangian submanifold of CY^{p,q} if the pullback of Ω to L is, up to a constant phase, equal to the volume form of L, namely:

P [ Ω ]_L = e^{iλ} Vol (L) , (4.26)

where λ is constant on L. If the cone L is special Lagrangian, its base L is said to be special Legendrian. It has been argued in ref. [42] that the supersymmetric configurations of a D5-brane extended along a two-dimensional submanifold L of a Sasaki-Einstein space are those for which L is special Lagrangian. Let us check that this is indeed the case for the embeddings (4.18). First of all, we notice that the expression of Ω written in (2.26) can be recast as:

Ω = e^{iψ} r^2 Ω_4 ∧ [ dr + i r L e^5 ] , (4.27)

where Ω_4 is the two-form:

Ω_4 = 1 L^2

( e^1 + ie^2 ) ∧ ( e^3 − ie^4 ) . (4.28)

In eqs. (4.27) and (4.28) e^1, · · ·, e^5 are the vielbein one-forms of (2.28). Moreover, the volume form of L can be written as:

Vol (L) = r^2dr ∧ Vol (L) . (4.29)

For our embeddings (4.18) one can check that:

Vol (L) = H 6 | | cos θ y | | √1 − cy [ 1 + (1 − cy) y^2 H^2 tan^2 θ ] dθ ∧ dϕ . (4.30) It is now straightforward to verify that our embeddings (4.18) satisfy (4.26) with e^{iλ} = −iσe^{iψ}, where σ is the constant sign defined in (4.20) (recall that in our ansatz (4.3) the angle ψ is constant). Thus, we conclude that L is special Legendrian, as claimed. Moreover, one can check that:

P [ J ]_L = 0 . (4.31)

4.3 Energy bound

Let us consider a generic embedding y = y(θ), β = β(ϕ) and let us define the following functions of θ and y

Δ_θ ≡ −y(1 − cy) tan θ , Δ_ϕ ≡ − 1 − cy y cos θ . (4.32)

In terms of these functions the BPS equations (4.10) and (4.13) are simply y_θ = Δ_θ and β_ϕ = Δ_ϕ. We have checked that any solution of this first-order equations also solves the

Euler-Lagrange equations derived from the Dirac-Born-Infeld lagrangian (3.58). Moreover, the hamiltonian density H = √ −g satisfies a BPS bound as in (3.61), where Z is a total derivative. To prove this statement, let us notice that H can be written as: H = r^2 6 H √ 1 − cy | | | y cos θ | | | √ Δ^2_ϕ + (1 − cy) cos^2 θ y^2H^2 y^2_θ ×

× √ (c cos θ − β_ϕ)^2 + cos^2 θ H^2y^2(1 − cy)

Δ^2_θ +

2y^2 3H^2

(β_ϕ − Δ_ϕ)^2 . (4.33)

Let us now rewrite H as H = |Z| + S, where Z = r^2 6 H √ 1 − cy y cos θ

[ cos2 θ y^2H^2

Δ_θ y_θ − (c cos θ − β_ϕ)Δ_ϕ ] . (4.34)

One can check that |Z|_{|BP S} = √ −g_{|BP S} . Moreover, for arbitrary functions y = y(θ) and β = β(ϕ), one can verify that Z is a total derivative, namely: Z = ∂ ∂θ Z^θ + ∂ ∂ϕ Z^ϕ . (4.35)

In order to write the explicit expressions of Z^θ and Z^ϕ, let us define the function g(y) as follows: g(y) ≡ − ∫ √ 1 − cy H(y) dy . (4.36)

Then one can verify that eq. (4.35) is satisfied for Z^θ and Z^ϕ given by:

Z^θ = r^2 6 sin θ g(y) ,

Z^ϕ = r^2 6 [ − cos θ g(y) ϕ + H(y) √ 1 − cy (cϕ cos θ − β) ] . (4.37)

One can prove that H ≥ | Z | is equivalent to:

cos^2 θ y^2(1 − cy) [ Δ_ϕ Δ_θ + (1 − cy) (c cos θ − β_ϕ) y_θ

]_2 + 2y^2 3 [ Δ^2_ϕ +

(1 − cy) cos^2 θ y^2H^2 y^2_θ ] [ β_ϕ − Δ_ϕ ]^2 ≥ 0 , (4.38)

which is always satisfied. Moreover, by using that (c cos θ − β_ϕ)_{|BP S} = cos θ/y, one can prove that this inequality is saturated precisely when the BPS differential equations are satisfied.

5 Supersymmetric D7-branes in AdS_5 × Y^{p,q}

For a D7-brane the kappa symmetry matrix (2.46) takes the form:

Γ_k = − i 8! √ −g ϵ^{μ1...μ8} γ_{μ1 ...μ8} , (5.1) where, again, we have used the rules of eq.(2.45) to write the expression of Γ_k acting on complex spinors. The D7-branes which fill the four Minkowski spacetime directions and extend along some holographic non-compact direction can be potentially used as flavor branes, i.e. as branes whose fluctuations can be identified with the dynamical mesons of the gauge theory. In this section we will find a family of these configurations which preserve four supersymmetries. In section 6 we will determine another family of supersymmetric spacetime filling configurations of D7-branes and we will also demonstrate that there are embeddings in which the D7-brane wraps the entire Y^{p,q} space and preserve two supersymmetries.

5.1 Spacetime filling D7-brane

Let us choose a system of worldvolume coordinates motivated by the spacetime filling character of the configuration that we are trying to find, namely: ξ = (t, x^1, x^2, x^3, y, β, θ, ϕ). (5.2) The ansatz we will adopt for the embedding is: ψ = ψ(β, ϕ), r = r(y, θ). (5.3) In this case the general expression of Γ_κ (eq. (5.1)) reduces to:

Γ_κ = −i r^4 L^4 √ −g Γ_x0_{···x}3 γ_{yβθϕ} . (5.4)

In order to implement the Γ_κ ϵ = ϵ condition we require that the spinor ϵ is an eigenvector of the matrix Γ_∗ defined in eq. (2.29). Then, according to eq. (2.34), Γ_∗ϵ = −ϵ, i.e. ϵ is of the form ϵ_− and, therefore, it satisfies:

Γ_x0_{···x}3 ϵ_− = iϵ_− . (5.5)

Moreover, as ϵ_− has fixed ten-dimensional chirality, the condition (5.5) implies:

Γ_{r5}ϵ_− = −iϵ_− . (5.6)

By using the projection (5.5), one immediately arrives at:

Γ_κ ϵ_− = r^4 L^4 √ −g γ_{yβθϕ} ϵ_− . (5.7)

The induced gamma matrices appearing on the right-hand side of eq. (5.7) are: 1 L γ_y = − 1 √ 6H Γ_1 + 1 r r_y Γ_r, 1 L γ_θ = √ 1 − c y √ 6 Γ_3 + 1 r r_θΓ_r , 1 L γ_β = − H √ 6 Γ_2 + 1 3 (ψ_β + y) Γ_5, 1 L γ_ϕ = cH cos θ √ 6 Γ_2 + √ 1 − c y √ 6 sin θΓ_4 + 1 3 (ψ_ϕ + (1 − c y) cos θ) Γ_5 . (5.8)

After using eqs. (2.32) and (5.6), the action of γ_{yβθϕ} on ϵ can be written as: 1 L^4 γ_{yβθϕ} ϵ_− = [ d_I + d_{15} Γ_{15} + d_{35} Γ_{35} + d_{13}Γ_{13} ] ϵ_− , (5.9)

where the different coefficients are given by:

d_I = 1 − cy 36 sin θ + 1 − cy 18 sin θ (y + ψ_β) r_y r − 1 18 [ (1 + cψ_β) cos θ + ψ_ϕ ] r_θ r , d_{15} = i 1 − cy 6 √ 6 H sin θ [ r_y r − y + ψ_β 3H^2 ] ,

d_{35} = −i √ 1 − cy 6 √ 6 [ sin θ r_θ r + 1 3 ( (1 + cψ_β) cos θ + ψ_ϕ ) ] ,

d_{13} = √ 1 − cy 18 H [ sin θ y + ψ_β H^2 r_θ r + ( (1 + cψ_β) cos θ + ψ_ϕ) r_y r ] . (5.10)

As the terms containing the matrices Γ_{15}, Γ_{35} and Γ_{13} give rise to projections which are not compatible with those in eq. (2.32), we have to impose that: d_{15} = d_{35} = d_{13} = 0 . (5.11) From the vanishing of d_{15} and d_{35} we obtain the following first-order differential equations r_y = Λ_y , r_θ = Λ_θ , (5.12) where we have defined Λ_y and Λ_θ as:

Λ_y = r 3H^2

(y + ψ_β) ,

Λ_θ = − r 3 sin θ [ (1 + cψ_β ) cos θ + ψ_ϕ ] . (5.13)

Notice that the equations (5.12) imply that d_{13} = 0. One can also check that r^4 d_I = √ −g if the first-order equations (5.12) hold and, therefore, one has indeed that Γ_κϵ_− = ϵ_−. Thus, any Killing spinor of the type ϵ = ϵ_−, with ϵ_− as in eq. (2.34), satisfies the kappa symmetry condition if the BPS equations (5.12) hold. Therefore, these configurations preserve the four ordinary supersymmetries of the background and, as a consequence, they are 1/8 supersymmetric.

5.2 Integration of the first-order equations

Let us now obtain the general solution of the system (5.12). Our first observation is that, according to (5.3), the only dependence on the coordinates β and ϕ appearing in eqs. (5.12) and (5.13) comes from the derivatives of ψ. Therefore, for consistency with the assumed dependence of the functions of the ansatz (5.3), ψ_ϕ and ψ_β must be constants. Thus, let us write:

ψ_ϕ = n_1 , ψ_β = n_2 , (5.14)

which can be trivially integrated, namely:

ψ = n_1 ϕ + n_2 β + constant . (5.15)

It is now easy to obtain the function r(θ, y). The equations to integrate are:

r_y = r 3H^2

(y + n_2) , r_θ = − r 3 sin θ [ (1 + cn_2) cos θ + n_1 ] . (5.16)

Let us first integrate the equation for r_θ in (5.16). We get: r(y, θ) = A(y) [ sin^θ_2

]^{1+n}1^{+cn}2_3 [ cos^θ_2

]^{1−n}1^{+cn}2_3 , (5.17)

with A(y) a function of y to be determined. Plugging this result in the equation for r_y in (5.16), we get the following equation for A: 1 A dA dy = 1 3 y + n_2 H^2

, (5.18)

which can be integrated immediately, namely:

A^3(y) = C [ f_1(y) ]_{n2} f_2(y) , (5.19)

with C a constant and f_1(y) and f_2(y) being the functions defined in (2.24). Then, we can write r(y, θ) as:

r^3(y, θ) = C [ f_1(y) ]_{n2} f_2(y) [ sin^θ_2

]_{1+n1 +cn2} [ cos^θ_2

]_{1−n1+cn2} . (5.20)

Several comments concerning the solution displayed in eqs. (5.15) and (5.20) are in order. First of all, after a suitable change of variable it is easy to verify that for c = 0 one recovers from (5.15) and (5.20) the family of D7-brane embeddings in AdS_5 × T^{1,1} found in ref. [12]. Secondly, the function r(y, θ) in (5.20) always diverges for some particular values of θ and y, which means that the probe always extends infinitely in the holographic direction. Moreover, for some particular values of n_1 and n_2 there is a minimal value of the coordinate r, which depends on the integration constant C. This fact is important when one tries to use these D7-brane configurations as flavor branes, since this minimal value of r provides us with an energy scale, which is naturally identified with the mass of the dynamical quarks added to the gauge theory. It is also interesting to obtain the form of the solution written in eqs. (5.15) and (5.20) in terms of the complex variables z_i defined in (2.23). After a simple calculation one can verify that this solution can be written as a polynomial equation of the form:

z^{m1}_1 z^{m2}_2 z^{m3}_3 = constant , (5.21)

where the m_i’s are constants and m_3 ≠ 0.^5 The relation between the m_i’s of (5.21) and the n_i’s of eqs. (5.15) and (5.20) is:

n_1 = m_1 m_3

, n_2 = m_2 m_3

. (5.22)

Notice that when n_2 = m_2 = 0 the dependence on β disappears and the configuration is reminiscent of its analog in the conifold case [12]. When n_2 ≠ 0 the D7-brane winds infinitely the ψ-circle.

5.3 Energy bound

As it happened in the case of D3- and D5-branes, one can verify that any solution of the first-order equations (5.12) also solves the equations of motion. We are now going to check that there exists a bound for the energy which is saturated by the solutions of the first-order equations (5.12). Indeed, let r(y, θ) and ψ(β, ϕ) be arbitrary functions. The hamiltonian density H = √ −g in this case can be written as: H = r^2 6 sin θ √( r^2_θ + (1 − cy) [ H^2 r^2_y + r^2 6 ]) ( Λ^2_θ + (1 − cy) [ H^2 Λ^2_y + r^2 6 ]) , (5.23)

where Λ_y and Λ_θ are the functions displayed in eq. (5.13). Let us rewrite this function H as Z + S, where Z is given by: Z = r^2 6 sin θ [ r_θ Λ_θ + (1 − cy) ( H^2 r_y Λ_y + r^2 6 )] . (5.24)

One can prove that Z is a total derivative:

Z = ∂_θ Z^θ + ∂_y Z^y , (5.25)

where Z^θ and Z^y are:

Z^θ = − r^4 72 [ ψ_ϕ + (1 + cψ_β) cos θ ] ,

Z^y = r^4 72 (1 − cy) (y + ψ_β) sin θ . (5.26)

5It is natural to expect a condition of the form f(z_1, z_2, z_3) = 0, where f is a general holomorphic function of its arguments. However, in order to be able to solve the problem analytically we started from a restrictive ansatz (5.3) that, not surprisingly, leads to a particular case of the expected answer.

Moreover, when Z is given by (5.24), one can demonstrate the bound (3.61). Actually, one can show that the condition H ≥ |Z| is equivalent to the inequality:

(r_θ − Λ_θ )^2 + H^2 (1 − cy) (r_y − Λ_y )^2 +

H^2 r^2

(r_θ Λ_y − r_y Λ_θ )^2 ≥ 0 , (5.27)

which is always satisfied and is saturated precisely when the BPS equations (5.12) are satisfied. Notice also that Z_{|BP S} is positive.

6 Other interesting possibilities

Let us now look at some other configurations of different branes and cycles not considered so far. We first consider D3-branes extended along one of the Minkowski coordinates and along a two-dimensional submanifold of Y^{p,q}. These configurations represent “fat” strings from the point of view of the gauge theory. We verify in subsection 6.1 that an embedding of this type breaks completely the supersymmetry, although there exist stable non-supersymmetric fat strings. In subsection 6.2 we find a new configuration of a D5-brane wrapping a twodimensional submanifold, whereas in subsection 6.3 we add worldvolume flux to the domain wall solutions of section 4. In subsection 6.4 we consider the possibility of having D5- branes wrapping a three-cycle. We show that such embeddings cannot be supersymmetric, even though stable solutions of the equations of motion with these characteristics do exist. In subsection 6.5 we analyze the baryon vertex configuration (a D5-brane wrapping the entire Y^{p,q} space) and we verify that such embedding breaks supersymmetry completely. In subsection 6.6 we explore the existence of spacetime filling supersymmetric configurations of D7-branes by using a set of worldvolume coordinates different from those used in section 5. Finally, in subsection 6.7 we show that a D7-brane can wrap the whole Y^{p,q} space and preserve some fraction of supersymmetry.

6.1 D3-branes on a two-submanifold

Let us take a D3-brane which is extended along one of the spatial directions of the worldvolume of the D3-branes of the background (say x^1) and wraps a two-dimensional cycle. The worldvolume coordinates we will take are

ξ^μ = (x^0, x^1, θ, ϕ) , (6.1)

and we will look for embeddings with x^2, x^3, r and ψ constant and with y = y(θ, ϕ) , β = β(θ, ϕ) . (6.2) In this case the kappa symmetry matrix acts on ϵ as:

Γ_κ ϵ = − i √ −g r^2 L^2

Γ_x0_x1 γ_{θϕ} ϵ . (6.3)

The expressions of γ_θ and γ_ϕ are just those given in eq. (4.5). Moreover, γ_{θϕ} ϵ can be obtained by taking the complex conjugate of eq. (4.6): 6 L^2 γ_{θϕ} ϵ = [ b^∗_I + b^∗_{15} Γ_{15} + b^∗_{35} Γ_{35} + b^∗_{13} Γ_{13} ] ϵ , (6.4)

where the b’s are given in eq. (4.7). Since now the complex conjugation does not act on the spinor ϵ, the only possible projection compatible with those of the background is the one originated from the term with the unit matrix in the previous expression. Then, we must require:

b_{15} = b_{35} = b_{13} = 0 . (6.5)

The conditions b_{15} = 0 and b_{35} = 0 are equivalent and give rise to eqs. (4.9) and (4.10), which can be integrated as in eq. (4.18). Moreover, the condition b_{13} = 0 leads to the equation: y H^2 y_θ = cot θ . (6.6)

The integration of this equation can be straightforwardly performed in terms of the function f_2(y) defined in eq. (2.24) and can be written as: 1 √ a − 3y^2 + 2cy^3

= k sin θ , (6.7)

with k being a constant of integration, which should be related to the constant m in eq. (4.18). However, the dependence of y on θ written in the last equation does not seem to be compatible with the one of eq. (4.18) (even for c = 0). Thus, we conclude that there is no solution for the kappa symmetry condition in this case.

If we forget about the requirement of supersymmetry it is not difficult to find solutions of the Euler-Lagrange equations of motion of the D3-brane probe. Indeed, up to irrelevant global factors, the lagrangian for the D3-brane considered here is the same as the one corresponding to a D5-brane extended along a two-dimensional submanifold of Y^{p,q}. Thus, the embeddings written in eq. (4.18) are stable solutions of the equations of motion of the D3-brane which represent a “fat string” from the gauge theory point of view.

6.2 More D5-branes wrapped on a two-cycle

Let us consider a D5-brane wrapped on a two-cycle and let us choose the following set of worldvolume coordinates: ξ^μ = (x^0, x^1, x^2, r, θ, y). The embeddings we shall consider have x^3 and ψ constant and ϕ = ϕ(θ, y), β = β(θ, y). For this case, one has:

Γ_κ ϵ = i √ −g r^2 L^2

Γ_x0_x1_x2_r γ_{θy} ϵ^∗ . (6.8)

The induced gamma matrices are: 1 L γ_θ = H √ 6 ( − β_θ + c cos θϕ_θ ) Γ_2 + √ 1 − cy 6 ( Γ_3 + sin θϕ_θ Γ_4 ) +

+ 1 3 ( yβ_θ + (1 − cy) cos θ ϕ_θ ) Γ_5 , 1 L γ_y = − 1 √ 6H Γ_1 + H √ 6 ( − β_y + c cos θϕ_y ) Γ_2 + √ 1 − cy 6 sin θϕ_y Γ_4 + + 1 3 ( yβ_y + (1 − cy) cos θϕ_y ) Γ_5 . (6.9)

Then, one has 6 L^2 γ_{θy} ϵ^∗ = ( f_I + f_{15}Γ_{15} + f_{35}Γ_{35} + f_{13}Γ_{13} ) ϵ^∗ , (6.10)

where the different coefficients are given by: f_I = −i ( (1 − cy) sin θ ϕ_y − c cos θϕ_θ + β_θ ) ,

f_{15} = √ 2 3 1 H ( yβ_θ + (1 − cy) cos θϕ_θ ) + i √ 2 3 H cos θ ( β_y ϕ_θ − β_θ ϕ_y ) , (6.11)

f_{35} = √ 2 3 √ 1 − cy [( yβ_y + (1 − cy) cos θϕ_y ) − i y sin θ ( β_y ϕ_θ − β_θ ϕ_y )] , f_{13} = √ 1 − cy [( 1 H + H sin θ ( β_y ϕ_θ − β_θ ϕ_y ) ) − i (sin θ H ϕ_θ − H(β_y − c cos θϕ_y ) )] . The BPS conditions in this case are the following:

f_I = f_{15} = f_{35} = 0 . (6.12)

From the vanishing of f_I we get the equation:

β_θ + (1 − cy) sin θ ϕ_y − c cos θϕ_θ = 0 . (6.13)

Moreover, the vanishing of f_{15} and f_{35} is equivalent to the equations:

yβ_θ + (1 − cy) cos θϕ_θ = 0 ,

yβ_y + (1 − cy) cos θ ϕ_y = 0 ,

β_y ϕ_θ − β_θ ϕ_y = 0 . (6.14)

Notice that this system of equations is redundant, i.e. the first two equations are equivalent if one uses the last one. Substituting the value of β_θ as given by the first equation in (6.14) into (6.13), one can get a partial differential equation which only involves derivatives of ϕ, namely:

cot θ ϕ_θ − y(1 − cy) ϕ_y = 0 . (6.15)

By using in (6.15) the last equation in (6.14), one gets:

cot θ β_θ − y(1 − cy) β_y = 0 . (6.16)

Eqs. (6.15) and (6.16) can be easily integrated by the method of separation of variables. One gets ϕ = A [ y (1 − cy) cos θ ]_α + ϕ^0 ,

β = α 1 − α A [ y (1 − cy) cos θ ]_{α−1} + β^0 , (6.17)

where A, α, ϕ^0 and β^0 are constants of integration and we have used eq. (6.14) to relate the integration constants of ϕ and β. However, in order to implement the condition Γ_κ ϵ = ϵ, one must require the vanishing of the imaginary part of f_{13}. This only happens if ϕ and β are constant, i.e. when A = 0 in the above solution. One can check that this configuration satisfies the equation of motion.

6.3 D5-branes on a two-submanifold with flux

We now analyze the effect of adding flux of the worldvolume gauge field F to the configurations of section 4^6. Notice that we now have a non-zero contribution from the Wess-Zumino term of the action, which is of the form:

L_{W Z} = P [ C^{(4)} ] ∧ F . (6.18)

Let us suppose that we switch on a worldvolume gauge field along the angular directions (θ, ϕ). We will adopt the ansatz:

F_{θϕ} = q K(θ, ϕ) , (6.19)

where q is a constant and K(θ, ϕ) a function to be determined. The relevant components of P [ C^{(4)} ] are P [ C^{(4)} ]_x0_x1_x2_r = h^{−1} ∂x^3 ∂r , (6.20)

where h = L^4/r^4. It is clear from the above expression of L_{W Z} that a nonvanishing value of q induces a dependence of x^3 on r. In what follows we will assume that x^3 = x^3(r), i.e. that x^3 only depends on r. Let us assume that the angular embedding satisfies the same equations as in the case of zero flux. The Lagrangian density in this case is given by: L = −h^{− 12} √ 1 + h^{−1} (x^′)^2 √ g_{θθ} g_{ϕϕ} + q^2 K^2 + q h^{−1}x^′K , (6.21)

6A nice discussion of supersymmetric configurations with nonzero gauge field strengths by means of kappa symmetry can be found in Ref.[43].

where g_{θθ} and g_{ϕϕ} are elements of the induced metric, we have denoted x^3 simply by x and the prime denotes derivative with respect to r. The equation of motion of x is: − √ g_{θθ} g_{ϕϕ} + q^2 K^2 √ 1 + h^{−1} (x^′)^2 h^{− 32} x^′ + q h^{−1} K = constant . (6.22)

Taking the constant on the right-hand side of the above equation equal to zero, we get the following solution for x^′: x^′(r) = q h^{12} K(θ, ϕ) √g_{θθ} g_{ϕϕ} . (6.23)

Notice that the left-hand side of the above equation depends only on r, whereas the righthand side can depend on the angles (θ, ϕ). For consistency the dependence of K(θ, ϕ) and √g_{θθ} g_{ϕϕ} on (θ, ϕ) must be the same. Without lost of generality let us take K(θ, ϕ) to be:

L^2 K(θ, ϕ) = √ g_{θθ} g_{ϕϕ} , (6.24)

where the factor L^2 has been introduced for convenience. Using this form of K, the differential equation which determines the dependence of x^3 on r becomes:

x^′(r) = q r^2

, (6.25)

which can be immediately integrated, namely:

x(r) = x̄^3 − q r . (6.26)

Moreover, the expression of K can be obtained by computing the induced metric along the angular directions. It takes the form: K(θ) = σ √ 1 − cy 6H(y) [ H^2(y) + (1 − cy)y^2 tan^2 θ

] cos θ y , (6.27)

where y = y(θ) is the function obtained in section 4 and σ = sign ( cos θ/y ) . Actually, notice that K only depends on the angle θ and it is independent of ϕ.

We are now going to verify that the configuration just found is supersymmetric. The expression of Γ_κ in this case has an additional term due to the worldvolume gauge field. Actually, it is straightforward to check that in the present case

Γ_κ ϵ = i √ − det(g + F ) r^3 L^3

Γ_x0_x1_x2 [ γ_r γ_{θϕ} ϵ^∗ − γ_r F_{θϕ} ϵ ] . (6.28)

Notice that γ_r is given by: γ_r = L r ( Γ_r + r^2 L^2 x^′ Γ_x3 ) . (6.29)

For the angular embeddings we are considering it is easy to prove from the results of section 4 that:

γ_{θϕ} ϵ^∗ = −iσL^2K(θ) Γ_{13} ϵ^∗ . (6.30)

By using this result and the value of F_{θϕ} (eq. (6.19)), one easily verifies that:

Γ_κ ϵ = − i 1 +^{q2}_{L4}

Γ_x0_x1_x2_r [ iσΓ_{13} ϵ^∗ + q L^2 iσ Γ_{rx}3 Γ_{13} ϵ^∗ + q L^2 ϵ + q^2 L^4

Γ_{rx}3 ϵ ] . (6.31)

By using the explicit dependence of x on r (eq. (6.26)), one can write the Killing spinor ϵ evaluated on the worldvolume as:

e^{i2 ψ} ϵ = r^{− 12} ( 1 − q L^2

Γ_{rx}3 ) η_+ + r^{12} ( x̄3 L^2

Γ_{rx}3 η_+ + η_− ) + r^12 L^2 x^p Γ_{rx}p η_+ , (6.32)

where the constant spinors η_± are the ones defined in eq. (2.33). Remarkably, one finds that the condition Γ_κϵ = ϵ is verified if η_+ and η_− satisfy the same system (4.24) as is the case of zero flux.

6.4 D5-branes wrapped on a three-cycle

We will now try to find supersymmetric configurations of D5-branes wrapping a three cycle of the Y^{p,q} space. Let us choose the following set of worldvolume coordinates ξ^μ = (x^0, x^1, x^2, y, β, ψ) and consider an embedding with x^3 and r constant, θ = θ(y, β) and ϕ = ϕ(y, β). In this case:

Γ_κ ϵ = i √ −g r^3 L^3

Γ_x0_x1_x2 γ_{yβψ} ϵ^∗ . (6.33)

The value of γ_{yβψ} ϵ^∗ can be obtained by taking the complex conjugate of eq. (3.29). As c_1 = c_3 = 0 when θ_ψ = ϕ_ψ = 0, we can write: i L^3 γ_{yβψ} ϵ^∗ = [ c^∗_5 Γ_5 + c^∗_{135} Γ_{135} ] ϵ^∗ . (6.34)

The only possible BPS condition compatible with the projections satisfied by ϵ is c_5 = 0, which leads to a projection of the type

Γ_x0_x1_x2 Γ_{135} ϵ^∗ = λϵ , (6.35)

where λ is a phase. Notice that, however, as the spinor ϵ contains a factor e^{− i}2^ψ, the two sides of the above equation depend differently on ψ due to the complex conjugation appearing on the left-hand side (λ does not depend on ψ). Thus, these configurations cannot be supersymmetric. We could try to use another set of worldvolume coordinates, in particular one which does not include ψ. After some calculation one can check that there is no consistent solution.

For the ansatz considered above the lagrangian density of the D5-brane is, up to irrelevant factors, the same as the one obtained in subsection 3.2 for a D3-brane wrapping a threedimensional submanifold of Y^{p,q}. Therefore any solution of the first-order equations (3.34) gives rise to an embedding of a D5-brane which solves the equations of motion and saturates an energy bound. This last fact implies that the D5-brane configuration is stable, in spite of the fact that it is not supersymmetric.

6.5 The baryon vertex

If a D5-brane wraps the whole Y^{p,q} space, the flux of the Ramond-Ramond five form F^{(5)} that it captures acts as a source for the electric worldvolume gauge field which, in turn, gives rise to a bundle of fundamental strings emanating from the D5-brane. This is the basic argument of Witten’s construction of the baryon vertex [3], which we will explore in detail now. In this case the probe action must include the worldvolume gauge field F in both the Born-Infeld and Wess-Zumino terms. It takes the form: S = −T_5 ∫ d^6ξ √ − det(g + F ) + T_5 ∫ d^6ξ A ∧ F^{(5)} , (6.36)

where T_5 is the tension of the D5-brane and A is the one-form potential for F ( F = dA). In order to analyze the contribution of the Wess-Zumino term in (6.36) let us rewrite the expression (2.15) of F^{(5)} as:

F^{(5)} =

L^4 27 (1 − cy) sin θ dy ∧ dβ ∧ dθ ∧ dϕ ∧ dψ + Hodge dual , (6.37)

where, for simplicity we are taking the string coupling constant g_s equal to one. Let us also choose the following set of worldvolume coordinates: ξ^μ = (x^0, y, β, θ, ϕ, ψ) . (6.38) It is clear from the expressions of F^{(5)} in (6.37) and of the Wess-Zumino term in (6.36) that, for consistency, we must turn on the time component of the field A. Actually, we will adopt the following ansatz:

r = r(y) , A_0 = A_0(y) . (6.39) The action (6.36) for such a configuration can be written as: S = T_5L^4 108 V_4 ∫ dx^0dy L_{ef f} , (6.40)

where the volume V_4 is :

V_4 = 6 ∫ dα dψ dϕ dθ sin θ = 96π^3 ℓ , (6.41)

and the effective lagrangian density L_{ef f} is given by: L_{ef f} = (1 − cy) [ − H √ r^2 H^2

+ 6 (r^′)^2 − 6 (F_x0_y )^2 + 4A_0 ] . (6.42)

Notice that, for our ansatz (6.39), the electric field is F_x0_y = −∂_y A_0. Let us now introduce the displacement field, defined as: D(y) ≡ ∂L_{ef f} ∂F_x0_y = 6(1 − cy)HF_x0_y √_{r2} H^2 + 6 (r

′)^2 − 6 (F_x0_y)^2

. (6.43)

From the equations of motion of the system it is straightforward to determine D(y). Indeed, the variation of S with respect to A_0 gives rise to the Gauss’ law: dD(y) dy = −4(1 − cy) , (6.44)

which can be immediately integrated, namely: D(y) = −4 ( y − cy^2 2 ) + constant . (6.45)

By performing a Legendre transform in (6.40) we can obtain the energy of the configuration: E = T_5L^4 108 V_4 ∫ dy H , (6.46)

where H is given by: H = (1 − cy) H √ r^2 H^2

+ 6 (r^′)^2 − 6 (F_x0_y )^2 + D(y) F_x0_y . (6.47)

Moreover, the relation (6.43) between D(y) and F_x0_y can be inverted, with the result:

F_x0_y = 1 6 √_{r2} H^2 + 6 (r

′)^2 √_{D2} 6 + (1 − cy)^2 H^2

D . (6.48)

Using the relation (6.48) we can rewrite H as: H = √ D^2 6 + (1 − cy)^2 H^2 √ r^2 H^2

+ 6 (r^′)^2 , (6.49)

where D(y) is the function of the y coordinate displayed in (6.45). The Euler-Lagrange equation derived from H is a second-order differential equation for the function r(y). This equation is rather involved and we will not attempt to solve it here. In a supersymmetric configuration one expects that there exists a first-order differential equation for r(y) whose solution also solves the equations of motion. This first-order equation has been found in ref.[44] for the AdS_5 × S^5 background. We have not been able to find such first-order equation in this AdS_5 × Y^{p,q} case. A similar negative result was obtained in [12] for the AdS_5 × T^{1,1} background. This result is an indication that this baryon vertex configuration is not supersymmetric. Let us check explicitly this fact by analyzing the kappa symmetry condition. The expression of Γ_κ when the worldvolume gauge field is non-zero can be found in ref.[18]. In our case Γ_κ ϵ reduces to:

Γ_κ ϵ = − i √ − det( g + F ) [ r L Γ_x0 γ_{yβθϕψ} ϵ^∗ − F_x0_y γ_{βθϕψ} ϵ ] . (6.50)

The two terms on the right-hand side of (6.50) containing the antisymmetrized products of gamma matrices can be written as: γ_{yβθϕψ} ϵ^∗ = L^5 108 (1 − cy) sin θ ( Γ_5 − √ 6 H r^′ r Γ_{r15} ) ϵ^∗ ,

γ_{βθϕψ} ϵ = − L^4 18 √ 6 (1 − cy) H sin θ Γ_{15} ϵ . (6.51)

By using this result, we can write Γ_κ ϵ as:

Γ_κ ϵ = − i L^4 (1 − cy) √ − det( g + F ) sin θ [ r 108 Γ_x0 Γ_5 ϵ^∗ + H 18 √ 6 ( F_x0_y Γ_{15} ϵ − r^′ Γ_x0_{r15} ϵ^∗ )] . (6.52)

In order to solve the Γ_κ ϵ = ϵ equation we shall impose, as in ref.[45], an extra projection such that the contributions of the worldvolume gauge field F_x0_y and of r^′ in (6.52) cancel each other. This can be achieved by imposing that Γ_x0_r ϵ^∗ = ϵ and that F_x0_y = r^′. Notice that the condition Γ_x0_r ϵ^∗ = ϵ corresponds to having fundamental strings in the radial direction, as expected for a baryon vertex configuration. Moreover, as the spinor ϵ has fixed tendimensional chirality, this extra projection implies that iΓ_x0 Γ_5 ϵ^∗ = −ϵ which, in turn, is needed to satisfy the Γ_κ ϵ = ϵ equation. However, the condition Γ_x0_r ϵ^∗ = ϵ is incompatible with the conditions (2.32) and, then, it cannot be imposed on the Killing spinors. Thus, as in the analysis of [12], we conclude from this incompatibility argument (which is more general than the particular ansatz we are adopting here) that the baryon vertex configuration breaks completely the supersymmetry of the AdS_5 × Y^{p,q} background.

6.6 More spacetime filling D7-branes

Let us adopt ξ^μ = (x^0, x^1, x^2, x^3, y, β, ψ, r) as our set of worldvolume coordinates for a D7- brane probe and let us consider a configuration with θ = θ(y, β) and ϕ = ϕ(y, β). In this case:

Γ_κ = − i √ −g r^4 L^4

Γ_x0_x1_x2_x3 γ_{yβψr} . (6.53)

Let us take ϵ = ϵ_−, where Γ_∗ϵ_− = −ϵ_−(see eq. (2.34)). As γ_r =^L_r Γ_r , we can write: r L^4 γ_{yβψr} ϵ_− = −[c_5 + c_{135} Γ_{13} ] ϵ_− , (6.54)

where the coefficients c_5 and c_{135} are exactly those written in eq. (3.30) for the D (doublet) three-cycles. The BPS condition is just c_{135} = 0, which leads to the system of differential equations (3.34). Thus, in this case the D7-brane extends infinitely in the radial direction and wraps a three-dimensional submanifold of the Y^{p,q} space of the type studied in subsection 3.2. These embeddings preserve four supersymmetries.

6.7 D7-branes wrapped on Y^{p,q}

Let us take a D7-brane which wraps the entire Y^{p,q} space and is extended along two spatial directions. The set of worldvolume coordinates we will use in this case are ξ^μ = (x^0, x^1, r, θ, ϕ, y, β, ψ) and we will assume that x^2 and x^3 are constant. The matrix Γ_κ in this case is: Γ_κ = − i √ −g γ_x0_x1_{rθϕyβψ} . (6.55)

Acting on a spinor ϵ of the background one can prove that

Γ_κ ϵ = iΓ_x0_x1_{r5} ϵ , (6.56)

which can be solved by a spinor ϵ_− = r^12 e^{− i}2^ψ η_−, with η_− satisfying the additional projection Γ_x0_x1_{r5} η_− = −iη_−. Thus this configuration preserves two supersymmetries.

7 Summary and Conclusions

Let us briefly summarize the results of our investigation. Using kappa symmetry as the central tool, we have systematically studied supersymmetric embeddings of branes in the AdS_5 × Y^{p,q} geometry. Our study focused on three kinds of branes D3, D5 and D7.

D3-branes: This is the case that we studied most exhaustively. For D3-branes wrapping three-cycles in Y^{p,q} we first reproduced all the results present in the literature. In particular, using kappa symmetry, we obtained two kinds of supersymmetric cycles: localized at y_1 and y_2 [15] and localized in the round S^2 [16, 21]. For these branes we found perfect agreement with the field theory results. Moreover, we also found a new class of supersymmetric embeddings of D3-branes in this background. They do not correspond to dibaryonic operators since the D3-brane does not wrap a three-cycle. The field theory interpretation of these new embeddings is not completely clear to us due to various issues with global properties. We believe that they might be a good starting point to find candidates for representatives of the integer part of the third homology group of Y^{p,q}, just like the analogous family of cycles found in [5, 12] were representative of the integer part H_3(T^{1,1}, ZZ ). It would be important to understand these wrapped D3-branes in terms of algebraic geometry as well as in terms of operators in the field theory dual, following the framework of Ref.[11] which, in the case of the conifold, emphasizes the use of global homogeneous coordinates. It is worth stressing that such global homogeneous coordinates exist in any toric variety [46] but the relation to the field theory operators is less clear in CY^{p,q}. We analyzed the spectrum of excitations of a wrapped D3-brane describing an SU(2)-charged dibaryon and found perfect agreement with the field theory expectations. We considered other embeddings and found that a D3-brane wrapping a two-cycle in Y^{p,q} is not a supersymmetric state but, nevertheless, it is stable. In the field theory this configuration describes a fat string.

D5-branes: The embedding that we paid the most attention to is a D5-brane extended along a two-dimensional submanifold in Y^{p,q} and having codimension one in AdS_5. In the field theory this is the kind of brane that represents a domain wall across which the rank of the gauge groups jumps. Alternatively, when we allow the D5-brane to extend infinitely in the holographic direction, we get a configuration dual to a defect conformal field theory of the type analyzed in ref. [47] for the AdS_5 × S^5 background. We showed explicitly that such configuration preserves four supersymmetries and saturates the expected energy bound. For this configuration we also considered turning on a worldvolume flux and found that it can be done in a supersymmetric way. The flux in the worldvolume of the brane provides a bending of the profile of the wall, analogously to what happens in AdS_5 ×S^5 [48] and AdS_5 ×T^{1,1} [12]. We showed the consistency of similar embeddings in which the D5-brane wraps a different two-dimensional submanifold in Y^{p,q}. We also considered D5-branes wrapping three-cycles. This configuration also looks like a domain wall in the field theory dual but it does not have codimension one in AdS_5 and, although it cannot be supersymmetric, it is stable. Finally, we considered a D5-brane wrapping the whole Y^{p,q}, which corresponds to the baryon vertex. We verified that, as in the case of T^{1,1}, it is not a supersymmetric configuration.

D7-branes: With the aim of introducing mesons in the corresponding field theory, we considered spacetime filling D7-branes. We explicitly showed that such configurations preserve four supersymmetries and found the precise embedding in terms of the radial coordinate. We found an interpretation of the embedding equation in terms of complex coordinates. We also analyzed other spacetime filling D7-brane embeddings. Finally, we considered a D7-brane that wraps Y^{p,q} and is codimension two in AdS_5. This configuration looks, from the field theory point of view, as a string and preserves two supersymmetries.

We would like to comment on various approximations made in the paper and point out some interesting open problems. We believe that our analysis, though carried out in the case of Y^{p,q} manifolds, is readily adaptable to other Sasaki-Einstein spaces. In particular, the form of the spinor for L^{a,b,c} is essentially the same as in our case, namely ϵ^{−iψ/2}η, where ψ is the coordinate on the U(1) fiber in the canonical presentation of Sasaki-Einstein spaces as a U(1) bundle over a Kähler-Einstein base, and η is a constant spinor satisfying two projections generically written as Γ_{12}η = −iη and Γ_{34}η = iη. Note that this structure comes from the Kähler base and is universal.

Part of our analysis of some branes could be made more precise. In particular, it would be interesting to understand the new family of supersymmetric embeddings of D3-branes in terms of algebraic geometry as well as in terms of operators in the field theory. We did not present an analysis of the spectrum of excitations for all of the branes. In particular, we would like to understand the excitations of the spacetime filling D7-branes and the baryon vertex better. We hope that understanding the conformal case will provide the basis for future analysis of deformed theories including the confining ones. For example, as shown by [26] and [29], the spacing of mass eigenvalues for the mesons in the confining case inherits properties of the related conformal theory.

We would like to point out that fully matching the spectrum of wrapped branes with field theory states is largely an ongoing problem. In particular, there are various embeddings that originate from branes of different dimensionality wrapping different cycles which should be distinguishable from the field theory point of view. It would be interesting to understand to what extent the topological data of the space determine the kind of supersymmetric branes that are allowed. Let us finish with a wishful statement. We have found a large spectrum of supersymmetric wrapped branes and also non-supersymmetric but stable branes. In analogy with the situation for strings in flat space and orbifolds one wonders whether there is a sort of holographic K-theory which accounts for all the possible branes in a given background.

We hope to return to these issues in the near future.

Acknowledgments

We are thankful to J. Liu and J. Shao for collaboration at early stages of this project. We are grateful to Sergio Benvenuti, Ami Hanany, Dario Martelli and Peter Ouyang for comments and to M. Mahato for various checks. We would also like to thank David Mateos, Carlos Núñez and Peter Ouyang for insightful comments on the manuscript. F.C. and J.D.E. wish to thank the Theory Division at CERN for hospitality while this work was being completed. The research of L.A.P.Z. and D.V. was supported in part by Department of Energy under grant DE-FG02-95ER40899 to the University of Michigan and the National Science Foundation under Grant No. PHY99-07949 to the Kavli Institute for Theoretical Physics. J.D.E. has been supported in part by ANPCyT under grant PICT 2002 03-11624, and by the FCT grant POCTI/FNU/38004/2001. The work of F.C., J.D.E. and A.V.R. was supported in part by MCyT, FEDER and Xunta de Galicia under grant FPA2005-00188 and by the EC Commission under grants HPRN-CT-2002-00325 and MRTN-CT-2004-005104. Institutional support to the Centro de Estudios Científicos (CECS) from Empresas CMPC is gratefully acknowledged. CECS is a Millennium Science Institute and is funded in part by grants from Fundación Andes and the Tinker Foundation.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200].

[2] For a review see, O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories, string theory and gravity,” Phys. Rept. 323 (2000) 183 [arXiv:hep-th/9905111].

[3] E. Witten, “Baryons and branes in anti de Sitter space,” JHEP 9807 (1998) 006 [arXiv:hep-th/9805112].

[4] S. S. Gubser and I. R. Klebanov, “Baryons and domain walls in an N = 1 superconformal gauge theory,” Phys. Rev. D 58 (1998) 125025 [arXiv:hep-th/9808075].

[5] D. Berenstein, C. P. Herzog and I. R. Klebanov, “Baryon spectra and AdS/CFT correspondence,” JHEP 0206 (2002) 047 [arXiv:hep-th/0202150].

[6] S. Gukov, M. Rangamani and E. Witten, “Dibaryons, strings, and branes in AdS orbifold models,” JHEP 9812 (1998) 025 [arXiv:hep-th/9811048].

[7] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 super Yang Mills,” JHEP 0204 (2002) 013 [arXiv:hep-th/0202021].

[8] J. M. Maldacena, “Wilson loops in large N field theories,” Phys. Rev. Lett. 80 (1998) 4859 [arXiv:hep-th/9803002];

S. J. Rey and J. T. Yee, “Macroscopic strings as heavy quarks in large N gauge theory and anti-de Sitter supergravity,” Eur. Phys. J. C 22 (2001) 379 [arXiv:hep-th/9803001].

[9] S. S. Gubser, “Einstein manifolds and conformal field theories,” Phys. Rev. D 59 (1999) 025006 [arXiv:hep-th/9807164].

[10] I. R. Klebanov and E. Witten, “Superconformal field theory on threebranes at a Calabi- Yau singularity,” Nucl. Phys. B 536 (1998) 199 [arXiv:hep-th/9807080].

[11] C. E. Beasley, “BPS branes from baryons,” JHEP 0211 (2002) 015 [arXiv:hep-th/0207125].

[12] D. Arean, D. Crooks and A. V. Ramallo, “Supersymmetric probes on the conifold,” JHEP 0411 (2004) 035 [arXiv:hep-th/0408210].

[13] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, “Supersymmetric AdS(5) solutions of M-theory,” Class. Quant. Grav. 21 (2004) 4335 [arXiv:hep-th/0402153].

[14] J. P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, “Sasaki-Einstein metrics on S(2) x S(3),” Adv. Theor. Math. Phys. 8 (2004) 711 [arXiv:hep-th/0403002].

[15] D. Martelli and J. Sparks, “Toric geometry, Sasaki-Einstein manifolds and a new infinite class of AdS/CFT duals,” arXiv:hep-th/0411238.

[16] S. Benvenuti, S. Franco, A. Hanany, D. Martelli and J. Sparks, “An infinite family of superconformal quiver gauge theories with Sasaki–Einstein duals,” JHEP 0506 (2005) 064 [arXiv:hep-th/0411264].

[17] M. Bertolini, F. Bigazzi and A. L. Cotrone, “New checks and subtleties for AdS/CFT and a-maximization,” JHEP 0412 (2004) 024 [arXiv:hep-th/0411249].

[18] M. Cederwall, A. von Gussich, B. E. W. Nilsson, P. Sundell and A. Westerberg, “The Dirichlet super-p-branes in ten-dimensional type IIA and IIB supergravity,” Nucl. Phys. B 490 (1997) 179 [arXiv:hep-th/9611159];

E. Bergshoeff and P. K. Townsend, “Super D-branes,” Nucl. Phys. B 490 (1997) 145 [arXiv:hep-th/9611173];

M. Aganagic, C. Popescu and J. H. Schwarz, “D-brane actions with local kappa symmetry,” Phys. Lett. B 393 (1997) 311 [arXiv:hep-th/9610249]; “Gauge-invariant and gauge-fixed D-brane actions,” Nucl. Phys. B 495 (1997) 99 [arXiv:hep-th/9612080].

[19] K. Becker, M. Becker and A. Strominger, “Five-branes, membranes and nonperturbative string theory,” Nucl. Phys. B 456 (1995) 130 [arXiv:hep-th/9507158]; E. Bergshoeff, R. Kallosh, T. Ortin and G. Papadopoulos, “kappa-symmetry, supersymmetry and intersecting branes,” Nucl. Phys. B 502 (1997) 149 [arXiv:hep-th/9705040]; E. Bergshoeff and P. K. Townsend, “Solitons on the supermembrane,” JHEP 9905 (1999) 021 [arXiv:hep-th/9904020].

[20] J. P. Gauntlett, J. Gomis and P. K. Townsend, “BPS bounds for worldvolume branes,” JHEP 9801 (1998) 003 [arXiv:hep-th/9711205].

[21] C. P. Herzog, Q. J. Ejaz and I. R. Klebanov, “Cascading RG flows from new Sasaki- Einstein manifolds,” JHEP 0502 (2005) 009 [arXiv:hep-th/0412193].

[22] I. R. Klebanov and N. A. Nekrasov, “Gravity duals of fractional branes and logarithmic RG flow,” Nucl. Phys. B 574 (2000) 263 [arXiv:hep-th/9911096].

[23] A. Karch and E. Katz, “Adding flavor to AdS/CFT,” JHEP 0206 (2002) 043 [arXiv:hep-th/0205236].

[24] M. Kruczenski, D. Mateos, R. C. Myers and D. J. Winters, “Meson spectroscopy in AdS/CFT with flavour,” JHEP 0307 (2003) 049 [arXiv:hep-th/0304032]; T. Sakai and J. Sonnenschein, “Probing flavored mesons of confining gauge theories by supergravity,” JHEP 0309 (2003) 047 [arXiv:hep-th/0305049];

X.-J. Wang and S. Hu, “Intersecting branes and adding flavors to the Maldacena-Núñez background”, J. High Energy Phys. 0309 (2003) 017 [arXiv: hep-th/0307218]; C. Nuñez, A. Paredes and A. V. Ramallo, “Flavoring the gravity dual of N = 1 Yang- Mills with probes,” JHEP 0312 (2003) 024 [arXiv:hep-th/0311201]; S. Hong, S. Yoon, M. J. Strassler, “Quarkonium from the fifth dimension”, J. High Energy Phys. 0404 (2004) 046 [arXiv: hep-th/0312071];

I. Kirsch and D. Vaman, “The D3/D7 background and flavor dependence of Regge trajectories,” Phys. Rev. D 72 (2005) 026007 [arXiv:hep-th/0505164].

[25] P. Ouyang, “Holomorphic D7-branes and flavored N=1 gauge dynamics”, Nucl. Phys.

B699 (2004) 207, hep-th/0311084.

[26] T. S. Levi and P. Ouyang, “Mesons and flavor on the conifold” [arXiv: hep-th/0506021].

[27] M. Kruczenski, D. Mateos, R. C. Myers and D. J. Winters, “Towards a holographic dual of large-N(c) QCD,” JHEP 0405 (2004) 041 [arXiv:hep-th/0311270]; J. L. F. Barbon, C. Hoyos, D. Mateos and R. C. Myers, “The holographic life of the eta’,” JHEP 0410 (2004) 029 [arXiv:hep-th/0404260];

J. L. Hovdebo, M. Kruczenski, D. Mateos, R. C. Myers and D. J. Winters, “Holographic mesons: Adding flavor to the AdS/CFT duality,” Int. J. Mod. Phys. A 20 (2005) 3428.

[28] J. Babington, J. Erdmenger, N. Evans, Z. Guralnik and I. Kirsch, “Chiral symmetry breaking and pions in non-supersymmetric gauge/gravity duals”, Phys. Rev. D69 (2004) 066007, [arXiv:hep-th/0306018];

N. J. Evans and J. P. Shock, “Chiral dynamics from AdS space,” Phys. Rev. D 70 (2004) 046002 [arXiv:hep-th/0403279];

N. Evans, J. Shock and T. Waterson, “D7 brane embeddings and chiral symmetry breaking,” JHEP 0503 (2005) 005 [arXiv:hep-th/0502091];

J. Erdmenger, J. Grosse and Z. Guralnik, “Spectral flow on the Higss branch and AdS/CFT duality”, hep-th/0502224.

[29] S. Kuperstein, “Meson spectroscopy from holomorphic probes on the warped deformed conifold,” JHEP 0503 (2005) 014 [arXiv:hep-th/0411097].

[30] T. Sakai and S. Sugimoto, “Low energy hadron physics in holographic QCD,” Prog.

Theor. Phys. 113, 843 (2005) [arXiv:hep-th/0412141]; “More on a holographic dual of QCD,” arXiv:hep-th/0507073.

[31] B. A. Burrington, J. T. Liu, L. A. Pando Zayas and D. Vaman, “Holographic duals of flavored N = 1 super Yang-Mills: Beyond the probe approximation,” JHEP 0502 (2005) 022 [arXiv:hep-th/0406207].

[32] D. Arean, A. Paredes and A. V. Ramallo, “Adding flavor to the gravity dual of noncommutative gauge theories,” JHEP 0508 (2005) 017 [arXiv:hep-th/0505181].

[33] K. Peeters, J. Sonnenschein and M. Zamaklar, “Holographic decays of large-spin mesons,” JHEP 0602, 009 (2006) [arXiv:hep-th/0511044];

A. L. Cotrone, L. Martucci and W. Troost, “String splitting and strong coupling meson decay,” [arXiv:hep-th/0511045].

[34] B. A. Burrington, J. T. Liu, M. Mahato and L. A. Pando Zayas, “Towards supergravity duals of chiral symmetry breaking in Sasaki-Einstein cascading quiver theories,” JHEP 0507 (2005) 019 [arXiv:hep-th/0504155].

[35] D. Berenstein, C. P. Herzog, P. Ouyang and S. Pinansky, “Supersymmetry breaking from a Calabi-Yau singularity,” JHEP 0509 (2005) 084 [arXiv:hep-th/0505029].

[36] H. Lu, C. N. Pope and P. K. Townsend, “Domain walls from anti-de Sitter spacetime,” Phys. Lett. B 391 (1997) 39 [arXiv:hep-th/9607164].

[37] M. T. Grisaru, R. C. Myers and O. Tafjord, “SUSY and Goliath,” JHEP 0008 (2000) 040 [arXiv:hep-th/0008015];

see, also, H. Lu, C. N. Pope and J. Rahmfeld, “A construction of Killing spinors on S**n,” J. Math. Phys. 40, 4518 (1999) [arXiv:hep-th/9805151].

[38] S. Benvenuti and M. Kruczenski, “Semiclassical strings in Sasaki-Einstein manifolds and long operators in N = 1 gauge theories,” arXiv:hep-th/0505046.

[39] S. Benvenuti and A. Hanany, “Conformal manifolds for the conifold and other toric field theories,” JHEP 0508 (2005) 024 [arXiv:hep-th/0502043].

[40] H. Kihara, M. Sakaguchi and Y. Yasui, “Scalar Laplacian on Sasaki-Einstein manifolds Y(p,q),” Phys. Lett. B 621 (2005) 288 [arXiv:hep-th/0505259].

[41] A. Ronveaux, Heun’s Differential Equation, Oxford University Press, 1995.

[42] S. Yamaguchi, “AdS branes corresponding to superconformal defects,” JHEP 0306 (2003) 002. [arXiv:hep-th/0305007].

[43] M. Marino, R. Minasian, G. W. Moore and A. Strominger, “Nonlinear instantons from supersymmetric p-branes,” JHEP 0001 (2000) 005 [arXiv:hep-th/9911206].

[44] Y. Imamura, ‘Supersymmetries and BPS configurations on Anti-de Sitter space,” Nucl.

Phys. B 537 (1999) 184 [arXiv:hep-th/9807179];

C. G. . Callan, A. Guijosa and K. G. Savvidy, “Baryons and string creation from the fivebrane worldvolume action,” Nucl. Phys. B 547 (1999) 127 [arXiv:hep-th/9810092]; B. Craps, J. Gomis, D. Mateos and A. Van Proeyen, “BPS solutions of a D5-brane world volume in a D3-brane background from superalgebras,” JHEP 9904 (1999) 004 [arXiv:hep-th/9901060];

J. M. Camino, A. V. Ramallo and J. M. Sanchez de Santos, “Worldvolume dynamics of D-branes in a D-brane background,” Nucl. Phys. B 562 (1999) 103 [arXiv:hep-th/9905118].

[45] J. Gomis, A. V. Ramallo, J. Simon and P. K. Townsend, “Supersymmetric baryonic branes,” JHEP 9911 (1999) 019 [arXiv:hep-th/9907022].

[46] D. A. Cox, “The Homogeneous Coordinate Ring of a Toric Variety”, J. Algebraic Geom.

4 (1995) 17 [arXiv:alg-geom/9210008].

[47] O. DeWolfe, D. Z. Freedman and H. Ooguri, “Holography and defect conformal field theories,” Phys. Rev. D 66 (2002) 025009 [arXiv:hep-th/0111135].

[48] K. Skenderis and M. Taylor, “Branes in AdS and pp-wave spacetimes,” JHEP 0206 (2002) 025 [arXiv:hep-th/0204054].