arXiv:hep-th/0512124 v3 9 Mar 2006

OCU-PHYS 238 hep-th/0512124

Toric Sasaki-Einstein manifolds

and Heun equations

Takeshi Oota^{1∗} and Yukinori Yasui^{2†}

1Osaka City University, Advanced Mathematical Institute (OCAMI) 3-3-138 Sugimoto, Sumiyoshi, Osaka 558-8585, Japan

2Department of Mathematics and Physics, Graduate School of Science, Osaka City University 3-3-138 Sugimoto, Sumiyoshi, Osaka 558-8585, Japan

Abstract

Symplectic potentials are presented for a wide class of five dimensional toric Sasaki-Einstein manifolds, including L^{a,b,c} which was recently constructed by Cvetič et al. The spectrum of the scalar Laplacian on L^{a,b,c} is also studied. The eigenvalue problem leads to two Heun’s differential equations and the exponents at regular singularities are directly related to the toric data. By combining knowledge of the explicit symplectic potential and the exponents, we show that the ground states, or equivalently holomorphic functions, have one-to-one correspondence with the integral lattice points in the convex polyhedral cone. The scaling dimensions of the holomorphic functions are simply given by the scalar products of the Reeb vector and the integral vectors, which are consistent with R-charges of the BPS states in the dual quiver gauge theories.

∗e-mail: toota@sci.osaka-cu.ac.jp
†e-mail: yasui@sci.osaka-cu.ac.jp

1 Introduction

Toric Sasaki-Einstein manifolds have been attracted much attention. Five dimensional toric Sasaki-Einstein manifolds X_5 can be used especially as the type IIB backgrounds whose near horizon geometries have the form AdS_5 × X_5. Recently, nontrivial infinite families of toric Sasaki-Einstein manifolds were explicitly constructed [1, 2, 3, 4] and many new insights [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19] were obtained for the AdS/CFT correspondence [20]. CFT duals to the toric Sasaki-Einstein manifolds are N = 1 superconformal quiver gauge theories in 3 + 1 dimensions [21, 22, 23]. In these cases, both the geometry and the gauge theory can be characterised by a common data, called a toric data. On the CFT side, the formalism to determine the quiver gauge theory from the toric data is now well established and the extracted data can be beautifully encoded in diagrams on a torus, called the brane tilings [24, 25, 17, 26]. However, on the gravity side, the procedure to obtain the metric from the toric data is still not established.

A Sasaki-Einstein manifold is a Riemannian manifold whose metric cone is Ricci-flat Kähler i.e. Calabi-Yau. So far, many works on Calabi-Yau manifolds have been done using the complex coordinates. However, Calabi-Yau or Kähler manifolds are also symplectic. As is discussed in [27], a real symplectic viewpoint can be useful in the Kähler toric geometry: for example, explicit construction of extremal Kähler metrics and spectral properties of the toric manifolds. Therefore, some aspects of the toric Sasaki-Einstein manifolds may become transparent in the symplectic coordinates [9]. The key object in the symplectic approach is the so called symplectic potential, which is not well studied object compared to the Kähler potential. In the first part of this paper, we study the symplectic potentials for various toric Sasaki-Einstein manifolds.

Then, we analyse the spectrum of the scalar Laplacian for the toric Sasaki-Einstein manifolds L^{a,b,c} [3, 4] since the four dimensional base spaces of L^{a,b,c} are the most general orthotoric Kähler-Einstein spaces [28, 10]. We will show that the eigenvalue problem leads to two Heun’s differential equations [29], and the exponents at the regular singularities are characterised by the toric data. Although there is some progress in the construction of Heun functions (see, for example, [30]), it is still difficult to solve Heun’s differential equations. The determination of the spectrum of L^{a,b,c} is also interesting as an eigenvalue problem of Heun’s. In this paper, we obtain some polynomial solutions, which correspond to the ground states and the first excited states.

Due to the AdS/CFT correspondence, there must be pairings between the ground states and the BPS operators in the dual quiver theories. By combining knowledge of the symplectic potential and the connection between the exponents and the toric data, the corresponding BPS operators can be naturally identified.

This paper is organised as follows. In the next section, after a brief review of the symplectic approach to the toric Sasaki-Einstein manifolds, we present the symplectic potentials for various cases. In section 3, we show how two Heun’s differential equations appear in the eigenvalue problem of the scalar Laplacians. In section 4, some polynomial type Heun functions are obtained. Relations between the ground states, holomorphic functions, and the BPS mesonic operators are argued in section 5. Section 6 is devoted to discussions. Appendix treats some details on the symplectic potential for L^{a,b,c}.

2 Toric Sasaki-Einstein manifolds

2.1 Review of symplectic approach

In this subsection, we briefly review the symplectic approach to the toric Sasaki-Einstein manifolds according to [9]. Let X_5 be a five dimensional compact Riemannian manifold with a metric g. The cone metric on C(X_5) = X_5 × R_+ is given by g_{C(X5 )} = dr^2 + r^2g (r > 0). Sasaki-Einstein manifolds can be defined as compact Einstein spaces whose metric cones are Ricci-flat Kähler (i.e. Calabi-Yau). The cone of a Sasaki-Einstein manifold is also regarded as a symplectic manifold with the symplectic form

ω = d ( r^2 2 η ) = rdr ∧ η + r^2 2 dη. (2.1)

Here η is the contact one-form which is dual to the distinguished Killing vector B, called the Reeb vector. The symplectic coordinates z = (ξ^1, ξ^2, ξ^3, ϕ_1, ϕ_2, ϕ_3) on C(X_5) can be chosen such that (r^2/2)η = ξ^idϕ_i =: ξ. (2.2)

The one-form ξ defined here is related to the symplectic form as ω = dξ = dξ^i ∧ dϕ_i.

A five dimensional toric Sasaki-Einstein manifold is a Sasaki-Einstein manifold with three U(1) isometries : G = T^3. The isometry group G acts as translations for the coordinates ϕ_i. Let g be its Lie algebra and g^∗ the dual vector space of g. The generators of g are ∂/∂ϕ_i (i = 1, 2, 3). The moment map for the T^3-action is given by

Φ : C(X_5) → g^∗ ∼= R^3, z → ξ = (ξ^1, ξ^2, ξ^3).

(2.3)

The image of the moment map is a convex polyhedral cone: Φ ( C(X_5) ) = { ξ ∈ g^∗ | ⟨v_A, ξ⟩ ≥ 0, A = 1, 2, . . . , D }, (2.4) where v_A = ( (v_A)_1, (v_A)_2, (v_A)_3 ) = (v_A)_i ∂ ∂ϕ_i , (v_A)_i ∈ Z. (2.5)

The pairing between the vector v_A and the one form ξ is given by ⟨v_A, ξ⟩ = (v_A)_iξ^i. Calabi-Yau conditions require that the vectors v_A (A = 1, 2, . . . , D) lie on a plane in the vector space g. By appropriate choice of basis, the first component of these vectors can be set to be one: v_A = (1, w_A) with w_A ∈ Z^2. The set of vectors {v_A} is called a toric data. Each subspace with ⟨v_A, ξ⟩ = 0 (A = 1, 2, . . . , D) is called a facet. Note that the Sasaki-Einstein manifold is a T^3-fibration over the hypersurface ⟨B, ξ⟩ = 1/2 in the polyhedral cone.

In the symplectic coordinates, the cone metric of the toric Sasaki-Einstein manifold can be expressed as g_{C(X5 )} = G_{ij} (ξ)dξ^i dξ^j + G^{ij} (ξ)dϕ_idϕ_j , (2.6)

G_{ij} G^{jk} = δ^k_i . (2.7)

The metric is a cone if and only if G_{ij} is homogeneous degree −1 in ξ^k . The Kähler condition implies that G_{ij} can be expressed by using a symplectic potential G:

G_{ij} (ξ) =

∂^2G(ξ) ∂ξ^i∂ξ^j . (2.8)

The direct problem, to obtain the symplectic potential and the toric data from the metric, is not so formidable task. On the other hand, the inverse problem, to obtain the Sasaki-Einstein metric from the toric data, is very difficult.

Suppose we only know a toric data and do not know the corresponding Sasaki-Einstein metric. In the symplectic approach, we should determine the symplectic potential. The moduli space of the symplectic potentials for the toric Sasakian manifolds^1 can be written as C_0 × H(1). Here C_0 is the interior of the dual polyhedral cone and it is identified with the space of the Reeb vectors B = (B_1, B_2, B_3). Also, H(1) is the space of smooth homogeneous degree one functions h on the polyhedral cone. The homogeneous one condition is required to guarantee that G_{ij} is homogeneous degree −1.

1Sasakian manifolds can be defined as compact spaces whose metric cones are Kähler.

We must determine two quantities B and h in order to obtain the Sasaki-Einstein metric. There is a well-established procedure to determine the Reeb vector B from the toric data. It is the Z-minimisation. This procedure is independent of the specification of h. For any toric data, the first component of the Reeb vector is fixed to be three: B_1 = 3.

The symplectic potential G can be written as follows

G = G^{can} + G^B + h, (2.9)

where G^{can} = D∑ A=1 1 2 ⟨v_A, ξ⟩ log⟨v_A, ξ⟩, (2.10)

G^B = 1 2 ⟨B, ξ⟩ log⟨B, ξ⟩ − 1 2 ⟨B^{can}, ξ⟩ log⟨B^{can}, ξ⟩, (2.11)

B^{can} := D∑ A=1 v_A. (2.12)

The canonical part G^{can}, which is completely fixed by the toric data, specifies the singular behaviour of G at the facets. By adding the second term G^B, the Reeb vector shifts from B^{can} to B. The third term h ∈ H(1) must be regular at the facets.

The Ricci-flatness condition is given by the Monge-Ampère equation det ( ∂^2G ∂ξ^i∂ξ^j ) = const × exp ( 2γ^i ∂G ∂ξ^i ) . (2.13)

Here γ^i are constants. In order that the corresponding metric is smooth, the constant vector γ = (γ^i) must be chosen as [27]

γ = (−1, 0, 0). (2.14)

In general, G^{can} + G^B is not a solution to the Monge-Ampère equation. So the discrepancy part h is necessary. In order to obtain the toric Sasaki-Einstein metric, we should solve this quite non-linear partial differential equation for h. In the subsequent subsections, several solutions to the Monge-Ampère equations are presented.

2.2 C(T^{1,1}) and C(T^{1,1}/Z_2)

The explicit homogeneous T^{1,1} metric was constructed in [31]. The T^{1,1} case is the first nontrivial example of toric Sasaki-Einstein/quiver duality [22].

The toric data for T^{1,1} is given by [23, 5]

v_1 = (1, 1, 1), v_2 = (1, 0, 1), v_3 = (1, 0, 0), v_4 = (1, 1, 0). (2.15)

The cone C(T^{1,1}) is the conifold. By the Z-minimisation, the Reeb vector is determined as B = (3, 3/2, 3/2) [9] and B^{can} =

∑_4 A=1 v_A = (4, 2, 2).

The toric data for T^{1,1}/Z_2 is given by [23]

v_1 = (1, 0, 1), v_2 = (1, 1, 0), v_3 = (1, 2, 1), v_4 = (1, 1, 2). (2.16)

The cone C(T^{1,1}/Z_2) in this case corresponds to the complex cone over the zeroth Hirzebruch surface F_0 . The Reeb vector is determined as B = (3, 3, 3) and B^{can} =

∑_4 A=1 v_A = (4, 4, 4).

For C(T^{1,1}) or C(T^{1,1}/Z_2), the canonically constructed symplectic potential G = G^{can} + G^B itself is a solution to the Monge-Ampère equation. One can check that it indeed satisfies the Monge-Ampère equation: det ( ∂^2G ∂ξ^i∂ξ^j ) = C ⟨B, ξ⟩ ⟨v_1, ξ⟩⟨v_2, ξ⟩⟨v_3, ξ⟩⟨v_4, ξ⟩ = const × exp ( −2 ∂G ∂ξ^1 ) . (2.17)

Here the constant C is 1/8 for C(T^{1,1}) and 1/2 for C(T^{1,1}/Z_2). The equation above is also valid for other choices of the toric data.

2.3 Symplectic potentials of C(Y^{p,q})

An infinite family of Sasaki-Einstein metrics with cohomogeneity one, called Y^{p,q}, was obtained in [1]^2.

The toric data of Y^{p,q} is given by [5]

v_1 = (1, −1, −p), v_2 = (1, 0, 0), v_3 = (1, −1, 0), v_4 = (1, −2, −p + q). (2.18)

From the Z-minimisation, the Reeb vector is determined as B = ( 3, −3, − 3 2 ( p − q + 1 3ℓ )) , (2.19)

where ℓ = q 3q^2 − 2p^2 + p √ 4p^2 − 3q^2

. (2.20)

2The positive integers p and q are assumed to be relatively prime. This ensures that Y^{p,q} is simplyconnected, and thus diffeomorphic to S^2 × S^3.

We find that a homogeneous regular solution is given by h = 1 2 ⟨B, ξ⟩ log ⟨v_5, ξ⟩ ⟨B, ξ⟩ + 1 2 ∑ A=1,3 ⟨v_A, ξ⟩ log ⟨B^{can}, ξ⟩ ⟨v_5, ξ⟩ + 1 2 ∑ A=2,4 ⟨v_A, ξ⟩ log ⟨B^{can}, ξ⟩ |⟨v_6, ξ⟩| , (2.21)

where additional vectors v_5 and v_6 are defined by v_5 := B − v_1 − v_3, v_6 := −v_2 − v_4, and B^{can} =

∑_4

A=1 v_A. The symplectic potential of C(Y^{p,q}) is summed up into a simple form

G(ξ) = G^{can} + G^B + h = 1 2 6∑ I=1 ⟨v_I , ξ⟩ log |⟨v_I , ξ⟩|. (2.22)

One can check that the symplectic potential (2.22) indeed satisfies the Monge-Ampère equation: det ( ∂^2G ∂ξ^i∂ξ^j ) = 1 32aℓ^2 ⟨v_6, ξ⟩^2 ⟨v_1, ξ⟩⟨v_2, ξ⟩⟨v_3, ξ⟩⟨v_4, ξ⟩⟨v_5, ξ⟩ = const × exp ( −2 ∂G ∂ξ^1 ) , (2.23)

where a = 1 2 − (p^2 − 3q^2) 4p^3 √ 4p^2 − 3q^2. (2.24)

This is one of our main results. The expression of the symplectic potential (2.22) and the Monge-Ampère relation (2.23) are valid not only for the choice (2.18) but also for other choices of the toric data of Y^{p,q} [7, 8], which are related to (2.18) by translations and SL(2, Z) rotations.

2.4 Symplectic potentials of C(L^{a,b,c})

Cohomogeneity two generalisation of the Y^{p,q} metric, called the L^{a,b,c} metric, was constructed in [3, 4].

The toric data of L^{a,b,c} is given by [17]

v_1 = (1, 1, 0), v_2 = (1, ak, b), v_3 = (1, −al, c), v_4 = (1, 0, 0), (2.25)

where the integers k, l are chosen such that ck+bl = 1. It holds that av_1−cv_2+bv_3−dv_4 = 0 with d = a + b − c.

The Reeb vector B can be obtained by using a solution of certain quartic equation [16]. But, it is difficult to write B in a concise form. We do not write it because the explicit form of the components B_i is not relevant for solving the Monge-Ampère equation. For an implicit expression, see (3.13).

We solved the Monge-Ampère equation for L^{a,b,c} cases. The solution is summarised as follows: the symplectic potential for C(L^{a,b,c}) can be written as G(ξ) = 1 2 ⟨B, ξ⟩ log⟨B, ξ⟩ + 1 2 3∑ m=1 ⟨v_{2m−1}, ξ⟩ log |x − x_m| + 1 2 3∑ m=1 ⟨v_{2m}, ξ⟩ log |y − y_m|, (2.26)

where two auxiliary vectors in g are introduced as

v_5 := B − v_1 − v_3, v_6 := B − v_2 − v_4. (2.27)

Here x and y are functions of ξ^i and are defined implicitly by ⟨v_2, ξ⟩ = r^2 4α (α − x)(1 − y), ⟨v_4, ξ⟩ = r^2 4β (β − x)(1 + y), ⟨B, ξ⟩ = r^2/2. (2.28)

Note that ⟨v_6, ξ⟩ = r^2 4αβ x(α + β + (α − β)y). (2.29)

The constants α, β, x_i, y_i (i = 1, 2, 3) obey certain consistency relations. One can set the constants y_i as follows:

y_1 = 1, y_2 = −1, y_3 = β + α β − α . (2.30)

The following relations should be hold: ⟨v_1, ξ⟩ = r^2 4 (α + β + (α − β)y − 2x_1) (x_1 − x_2)(x_1 − x_3)

(x − x_1), ⟨v_3, ξ⟩ = r^2 4 (α + β + (α − β)y − 2x_2) (x_2 − x_1)(x_2 − x_3)

(x − x_2), ⟨v_5, ξ⟩ = r^2 4 (α + β + (α − β)y − 2x_3) (x_3 − x_1)(x_3 − x_2)

(x − x_3),

(2.31)

and further d⟨B, ξ⟩ ∧ d⟨v_I , ξ⟩ ∧ d⟨v_J , ξ⟩ = (B, v_I , v_J )dξ^1 ∧ dξ^2 ∧ dξ^3 =: r^4ρ^2 16αβ K_{IJ} dr^2 ∧ dx ∧ dy, (2.32)

d⟨v_I , ξ⟩∧d⟨v_J , ξ⟩∧d⟨v_K , ξ⟩ = (v_I , v_J , v_K)dξ^1 ∧dξ^2 ∧dξ^3 =: r^4ρ^2 16αβ L_{IJK} dr^2 ∧dx∧dy. (2.33)

Here ρ^2 = (1/2)(α + β) + (1/2)(α − β)y − x and (u, v, w) is the determinant of the 3 × 3 matrix whose rows are equal to the components of u, v and w, respectively. So we have a set of over-determined consistency conditions for α, β and x_i. For example, (v_I , v_J , v_K )L_I ′_J ′_K′ = (v_I ′ , v_J ′ , v_K′ )L_{IJK} , I, J, K, I^′, J^′, K^′ = 1, 2, . . . , 6. (2.34) Some useful relations obtained from (2.34) are

x_1 x_2 = − (v_1, v_5, v_6) (v_3, v_5, v_6) , x_3 x_2 = − (v_1, v_5, v_6) (v_1, v_3, v_6)

, (2.35)

α − x_2 x_2 = (v_2, v_3, v_4) (v_3, v_4, v_6) , β − x_2 x_2 = (v_2, v_3, v_4) (v_2, v_3, v_6)

. (2.36)

The constant x_2 can be scaled to be one. Then these relations allow us to represent the set of parameters in terms of the toric data.

The symplectic potential (2.26) satisfies the Monge-Ampère equation and reproduces the L^{a,b,c} metric. See Appendix for details. We note that in the α = β limit, the symplectic potential (2.26) goes to the symplectic potential (2.22) for Y^{p,q} up to irrelevant linear terms in ξ^j .

2.5 The suspended pinch point

As an application of the previous subsection, we can explicitly write down the symplectic potential of the suspended pinch point (SPP) model. The toric data is given by [23]

v_0 = (1, 0, 0), v_1 = (1, −1, 0), v_2 = (1, 1, 0), v_3 = (1, 1, 1), v_4 = (1, 0, 1). (2.37) Note that v_1 − v_2 + 2v_3 − 2v_4 = 0. The subset {v_1, v_2, v_3, v_4} is another toric data for L^{1,2,1}. In this case, the blow-up vector v_0 is irrelevant for the symplectic potential and one can identify the metric for the SPP model with the L^{1,2,1} metric. Using the vectors {v_A}^4_{A=1} for the Z-minimisation, the Reeb vector is determined as [9] B = ( 3, 1 2 (3 − √ 3), 3 − √ 3 ) . (2.38)

Then, by setting x_2 = 1, (2.35) and (2.36) fix the parameters as follows:

x_1 = − 1 2 + 1 2 √ 3, x_2 = 1, x_3 = 1 + √ 3, α = 3 2 + 1 2 √ 3, β = √ 3. (2.39)

From (2.28), we have

r^2 2 = ⟨B, ξ⟩ = 3ξ^1 + 1 2 (3 − √ 3)ξ^2 + (3 − √ 3)ξ^3, x = (3/2)(1 + √ 3)ξ^1 + (1/4)(−3 + 2 √ 3)ξ^2 + √ 3ξ^3 − (1/2)(3 − √ 3) √ D 3ξ^1 + (1/2)(3 − √ 3)ξ^2 + (3 − √ 3)ξ^3 , y = −(3 + 2 √ 3)ξ^1 − (2 + √ 3)ξ^2 − (1 + √ 3)ξ^3 + 2 √ D 3ξ^1 + (1/2)(3 − √ 3)ξ^2 + (3 − √ 3)ξ^3 , (2.40)

where

D = 3(2 + √ 3)(ξ^1)^2 + 1 8 (14 + 3 √ 3)(ξ^2)^2 + 4(ξ^3)^2 + 3 2 (3 + √ 3)ξ^1ξ^2 + 3(3 + √ 3)ξ^1ξ^3 + 4ξ^2ξ^3.

(2.41) By substituting these expressions into (2.26), we obtain the symplectic potential for the SPP model.

3 Scalar Laplacian and Heun’s differential equations

In this section, we study the scalar Laplacian for the L^{a,b,c} metric. The eigenvalue equation can be separated into the ordinary differential equations for each variables x, y, ϕ, ψ, τ . The differential equations for the angle variables ϕ, ψ, τ can be solved in a trivial manner. For x and y variables, these are Fuchsian type and are shown to be Heun’s differential equations [29].

The L^{a,b,c} metric is given by [3, 4] (see also Appendix)

ds^2 = (dτ + σ)^2 + ρ^2 4Δ_x dx^2 + ρ^2 Δ_θ dθ^2 + Δ_x ρ^2 ( sin^2 θ α dϕ + cos^2 θ β dψ )_2 + Δ_θ sin^2 θ cos^2 θ ρ^2 ( α − x α dϕ − β − x β dψ )_2 , (3.1)

where σ = (α − x) α sin^2 θdϕ + (β − x) β cos^2 θdψ, (3.2)

Δ_x = x(α − x)(β − x) − μ = (x − x_1)(x − x_2)(x − x_3), (3.3)

ρ^2 = Δ_θ − x, Δ_θ = α cos^2 θ + β sin^2 θ. (3.4)

Three real roots of Δ_x are chosen such that 0 < x_1 < x_2 < x_3. It is convenient to change the coordinate θ to y by setting y = cos 2θ. The coordinates x and y have the ranges x_1 ≤ x ≤ x_2 and −1 ≤ y ≤ 1.

The scalar Laplacian for the L^{a,b,c} metric (3.1) is given by

□_{(5)} = 4 ρ^2 ∂ ∂x ( Δ_x ∂ ∂x ) + 4 ρ^2 ∂ ∂y ( Δ_y ∂ ∂y ) + ∂^2 ∂τ^2 + α^2β^2 ρ^2Δ_x ( (β − x) β ∂ ∂ϕ + (α − x) α ∂ ∂ψ − (α − x)(β − x) αβ ∂ ∂τ )_2

+ α^2β^2 ρ^2Δ_y ( (1 + y) β ∂ ∂ϕ − (1 − y) α ∂ ∂ψ − (α − β)(1 − y^2) 2αβ ∂ ∂τ )_2 . (3.5)

Here Δ_y := (1 − y^2)Δ_θ = (1/2)(1 − y^2)(α + β + (α − β)y). By using (2.30), it also can be written as

□_{(5)} =

∂^2 ∂τ^2 + 4 ρ^2 ∂ ∂x ( Δ_x ∂ ∂x ) + Δ_x ρ^2 ( 1 x − x_1 v_1 + 1 x − x_2 v_3 + 1 x − x_3 v_5

)_2

+ 4 ρ^2 ∂ ∂y ( Δ_y ∂ ∂y ) + Δ_y ρ^2 ( 1 y − y_1 v_2 + 1 y − y_2 v_4 + 1 y − y_3 v_6

)_2 , (3.6)

where v_1 = −ℓ_1, v_3 = −ℓ_2, v_5 = −ℓ_3. (3.7)

v_2 = ∂ ∂ϕ , v_4 = ∂ ∂ψ , v_6 = ∂ ∂τ − ∂ ∂ϕ − ∂ ∂ψ . (3.8)

Here ℓ_i = c_i ∂ ∂τ + a_i ∂ ∂ϕ + b_i ∂ ∂ψ , (3.9)

a_i = αc_i x_i − α , b_i = βc_i x_i − β , c_i = (α − x_i)(β − x_i) 2(α + β)x_i − αβ − 3x^2_i . (3.10)

Note that

av_1 − cv_2 + bv_3 − dv_4 = 0, v_1 + v_3 + v_5 = B, v_2 + v_4 + v_6 = B. (3.11)

Here B = ∂ ∂τ = B_i ∂ ∂ϕ_i (3.12)

is the Reeb vector for L^{a,b,c}. More explicitly,

B = (B_1, B_2, B_3) = ( 3, − 1 + aka_1 c_1 , − ba_1 c_1 ) . (3.13)

3.1 Heun’s differential equations

The eigenfunctions of the scalar Laplacian, □_{(5)}Ψ = −EΨ, have the form

Ψ = exp (iN_τ τ + iN_ϕϕ + iN_ψψ) F (x)G(y). (3.14)

Here N_τ , N_ϕ, N_ψ are constants. They are related to constants N^i as N_τ τ + N_ϕϕ + N_ψψ = N^iϕ_i. The coordinates ϕ_i are assumed to be 2π-periodic. Then N^i ∈ Z(i = 1, 2, 3). It is convenient to introduce the following 1-form:

N := N_ϕdϕ + N_ψdψ + N_τ dτ = N^idϕ_i. (3.15)

For the toric data (2.25), the explicit relations between these constants are given by

N_ϕ = ⟨v_2, N⟩ = N^1 + akN^2 + bN^3, N_ψ = ⟨v_4, N⟩ = N^1, N_τ = ⟨B, N⟩ = B_iN^i. (3.16) N_ϕ and N_ψ take values in integers, while N_τ generally takes a value in R.

The differential equations for F and G can be written as

d^2F dx^2 + ( 1 x − x_1 + 1 x − x_2 + 1 x − x_3 ) dF dx + Q_xF = 0, (3.17)

d^2G dy^2 + ( 1 y − y_1 + 1 y − y_2 + 1 y − y_3 ) dG dy + Q_y G = 0, (3.18)

where

Q_x = 1 Δ_x ( μ_x − 1 4 Ex − 3∑ i=1 α^2_i Δ^′_x(x_i) x − x_i ) , Q_y = 1 H_y ( μ_y − 1 4 Ey − 3∑ i=1 β^2_i H^′(y_i) y − y_i ) . (3.19) Here α_i := − 1 2 (a_iN_ϕ + b_iN_ψ + c_iN_τ ), (3.20)

β_1 := 1 2 N_ϕ, β_2 := 1 2 N_ψ, β_3 := 1 2 (N_τ − N_ϕ − N_ψ), (3.21)

H_y :=

2Δ_y β − α = (y − y_1)(y − y_2)(y − y_3), (3.22)

μ_x := 1 4 C − 1 2 N_τ (αN_ϕ + βN_ψ) + 1 4 (α + β)N^2_τ , (3.23) μ_y := 1 2(β − α) ( −C + ( α + β 2 ) E + 2(αN_ϕ + βN_ψ)N_τ − (α + β)N^2_τ ) , (3.24)

and C is a constant. These differential equations for F and G are the Fuchsian type with four regular singularities at x = x_1, x_2, x_3, ∞, and at y = y_1, y_2, y_3, ∞, respectively. Therefore, they are Heun’s differential equations [29]. For the first Heun’s differential equation, the exponents are ±α_i at x = x_i (i = 1, 2, 3), while −λ and λ + 2 at x = ∞. For the second, the exponents are ±β_i at y = y_i (i = 1, 2, 3), while −λ and λ + 2 at y = ∞. Here we put E = 4λ(λ + 2).

We find that the exponents at x = x_i and y = y_i are related to the toric data as

⟨v_1, N⟩ = 2α_1, ⟨v_3, N⟩ = 2α_2, ⟨v_5, N⟩ = 2α_3, (3.25)

⟨v_2, N⟩ = 2β_1, ⟨v_4, N⟩ = 2β_2, ⟨v_6, N⟩ = 2β_3. (3.26)

These are important relations which will be useful to discuss properties of the eigenfunctions. Note that from (3.20) and (3.21), α_1 + α_2 + α_3 = β_1 + β_2 + β_3 = (1/2)N_τ .

Heun’s differential equations (3.17) and (3.18) can be converted into the standard forms by the coordinate transformations

x̃ = x − x_1 x_2 − x_1 , ỹ = y − y_1 y_2 − y_1

, (3.27)

with the rescalings^3

F (x) = x̃^{α1} (1 − x̃)^{α2} (a_x − x̃)^{α3} f(x̃), a_x := x_3 − x_1 x_2 − x_1

, (3.28)

G(y) = ỹ^{β1} (1 − ỹ)^{β2} (a_y − ỹ)^{β3} g(ỹ), a_y := y_3 − y_1 y_2 − y_1

. (3.29)

The resulting two standard form of Heun’s differential equations are

d^2f dx̃^2 + ( γ_x x̃ + δ_x x̃ − 1 + ϵ_x x̃ − a_x ) df dx̃ + α̂β̂x̃ − k_x x̃(x̃ − 1)(x̃ − a_x) f = 0, (3.30)

d^2g dỹ^2 + ( γ_y ỹ + δ_y ỹ − 1 + ϵ_y ỹ − a_y ) dg dỹ + α̂β̂ỹ − k_y ỹ(ỹ − 1)(ỹ − a_y) g = 0, (3.31)

3Here, for simplicity, we assume that α_1, α_2, β_1, and β_2 are all positive. All negative case can be treated by replacing the powers in (3.28) and (3.29): α_i → −α_i, β_i → −β_i. Otherwise various relations between the constants a_i, b_i, and c_i (3.10) cannot be used and the analysis becomes very complicated. We will comment on this assumption later. See section 5.

where α̂ = −λ + 1 2 N_τ , β̂ = 2 + λ + 1 2 N_τ . (3.32)

γ_x = 2α_1 + 1, δ_x = 2α_2 + 1, ϵ_x = 2α_3 + 1, (3.33)

γ_y = 2β_1 + 1, δ_y = 2β_2 + 1, ϵ_y = 2β_3 + 1, (3.34)

and the accessory parameters are given by

k_x = (α_1 + α_3)(α_1 + α_3 + 1) − α^2 + a_x [ (α_1 + α_2)(α_1 + α_2 + 1) − α^2_3 ] − μ̃_x, (3.35)

k_y = (β_1 + β_3)(β_1 + β_3 + 1) − β^2_2 + a_y [ (β_1 + β_2)(β_1 + β_2 + 1) − β^2_3 ] − μ̃_y . (3.36)

Here μ̃_x := 1 x_2 − x_1 ( μ_x − 1 4 Ex_1 ) , μ̃_y := 1 y_2 − y_1 ( μ_y − 1 4 Ey_1 ) . (3.37)

Note that the parameters α̂ and β̂ are common for both Heun’s differential equations. With some work, the accessory parameters are summarised as follows:

k_x = 1 x_2 − x_1

(C̃ − α̂β̂x_1), k_y = 1 β − α (C̃ − α̂β̂α). (3.38)

Here C̃ := 1 2 (α + β)N_τ − 1 2 (αN_ϕ + βN_ψ) − 1 4 C. (3.39)

In the following, C̃ will be treated as an undetermined constant.

3.2 Comments on the Y^{p,q} limit

For α = β limit, the L^{a,b,c} metric reduces to the Y^{p,q} metric. In this limit, y_3 goes to ∞ and the differential equation for the y-system (3.18) becomes

d^2G dy^2 + ( 1 y − 1 + 1 y + 1 ) dG dy + 2∑ i=1 ( − β^2_i (y − y_i)^2 + Q^{(1)}_i y − y_i ) G = 0, (3.40)

where Q^{(1)}_1 = −Q^{(1)}_2 = 1 8 (α^{−1}C − E + N^2_τ − 2N_ϕN_ψ). (3.41)

This differential equation is the Fuchsian type with three regular singularities at ±1, ∞. The exponents are ±β_i at y = y_i (i = 1, 2) and −J, J + 1 at y = ∞. Here J is defined by

J(J + 1) = β^2_1 + β^2_2 − 2Q^{(1)}_1 = 1 4 [ E − α^{−1}C − (N_τ − N_ϕ − N_ψ)(N_τ + N_ϕ + N_ψ ) ] . (3.42)

One can solve the differential equation in terms of Gauss’ hypergeometric function:

G(y) = (y − y_1)^{β1} (y − y_2)^{β2} F ( α̃, β̃, γ̃; (1/2)(1 − y) ) , (3.43)

where α̃ = β_1 + β_2 − J, β̃ = β_1 + β_2 + J + 1, γ̃ = 1 + 2β_1. (3.44) When α̃ is a non-positive integer, the hypergeometric function becomes a Jacobi polynomial. The constant J here is the exact SU(2)-spin J in [32].

4 Polynomial solutions

In this section, the spectrum of the scalar Laplacian (3.5) of L^{a,b,c} is investigated. The L^{a,b,c} family contains T^{1,1} and Y^{p,q} as special cases. The case of T^{1,1} was studied in [33] and the case of Y^{p,q} in [11, 32].

The spectrum can be determined by solving the two Heun’s differential equations. In principle, one can obtain local power-series solutions of Heun’s by solving three-term recursion relations. But it is not easy to write the power series in a compact manner. Also, the local solutions should be regular functions at the regular singularities 0 and 1. Such regular solutions are called the Heun functions [29]. The regular solutions of polynomial type appear when the three-term recursion relations terminate at certain degree. We study the polynomial solutions for the two Heun’s differential equations.

4.1 Recursion relations

For λ =^1_2 N_τ +n (n ∈ Z_{≥0}), the parameters α̂ and β̂ take values as α̂ = −n, β̂ = N_τ +n+2, and a polynomial solution of degree n may be possible:

f(x̃) = n∑ m=0 d_mx̃^m, g(ỹ) = n∑ m=0 e_mỹ^m. (4.1)

Since the parameters α̂ and β̂ are common for both Heun’s differential equations, the degree of both polynomials must be equal, if there exist.

The coefficients d_m and e_m satisfy the following three-term recursion relations:

−k_xd_0 + a_xγ_xd_1 = 0, P_md_{m−1} − (Q^{(x)}_m + k_x)d_m + R^{(x)}_m d_{m+1} = 0, (m = 1, 2, . . . , n − 1), P_nd_{n−1} − (Q^{(x)}_n + k_x)d_n = 0.

(4.2)

−k_y e_0 + a_yγ_y e_1 = 0, P_me_{m−1} − (Q^{(y)}_m + k_y )e_m + R^{(y)}_m e_{m+1} = 0, (m = 1, 2, . . . , n − 1), P_ne_{n−1} − (Q^{(y)}_n + k_y )e_n = 0.

(4.3)

Here P_m = (m − 1 + α̂)(m − 1 + β̂), Q^{(x)}_m = m ( (m − 1 + γ_x)(1 + a_x) + a_xδ_x + ϵ_x ) , Q^{(y)}_m = m ( (m − 1 + γ_y )(1 + a_y) + a_yδ_y + ϵ_y ) , R^{(x)}_m = (m + 1)(m + γ_x)a_x, R^{(y)}_m = (m + 1)(m + γ_y )a_y.

(4.4)

The requirement for existence of nontrivial solutions can be written in the following form:

det(M^{(n)}_x − k_x) = 0, det(M^{(n)}_y − k_y ) = 0. (4.5) Here M^{(n)}x and M^{(n)}y are (n + 1) × (n + 1) matrices whose matrix elements can be read from (4.2) and (4.3) respectively. These relations (4.5) are two algebraic equations for one constant C̃ which is hidden in the accessory parameters k_x and k_y . They impose quite strong restrictions on C̃.

4.2 Constant solutions (n = 0)

For n = 0, let us set C̃ = 0. Then k_x = k_y = 0 and we have constant solutions with the eigenvalues E = N_τ (N_τ + 4). (4.6) The constant solutions obtained here are trivial ones to Heun’s differential equations. However, due to the rescaling factors in (3.28) and (3.29), these correspond to nontrivial eigenfunctions of the scalar Laplacian. These are closely related to holomorphic functions on the cone C(X_5). In the next section, we will discuss this point in detail.

4.3 n = 1

Next, let us examine the first excited states (n = 1). The polynomial conditions (4.5) for this case k_x(k_x + Q^{(x)}_1 ) − a_xγ_xP_1 = 0, k_y (k_y + Q^{(y)}_1 ) − a_yγ_y P_1 = 0, (4.7)

yield the same algebraic equation for C̃:

C̃^2 + 2νC̃ + αβ(N_τ + 3)(N_τ − N_ϕ − N_ψ + 1) = 0, (4.8)

where ν := 1 2 α(N_τ + 2 − N_ϕ) + 1 2 β(N_τ + 2 − N_ψ). (4.9)

Therefore, if C̃ = −ν ± √ ν^2 − αβ(N_τ + 3)(N_τ − N_ϕ − N_ψ + 1), (4.10)

then there exist polynomial solutions of degree one for both x and y systems. The eigenvalues of the scalar Laplacian are given by

E = (N_τ + 2)(N_τ + 6). (4.11)

4.4 Comments for n ≥ 2

We comment on the cases for n ≥ 2. For n = 2, we can show that

(x_1 − x_2)^3 det(M^{(2)}_x − k_x) − (α − β)^3 det(M^{(2)}_y − k_y ) = 4μ(N_τ + 4)(N_τ + 5). (4.12)

Therefore, det(M^{(2)}x − k_x) and det(M^{(2)}y − k_y ) cannot vanish simultaneously, and so the polynomial solutions for both x and y systems are not allowed in this case.

For n = 3, the following relation holds

(x_1 − x_2)^4 det(M^{(3)}_x − k_x) − (α − β)^4 det(M^{(3)}_y − k_y ) = 12μ(N_τ + 6) ( 2(N_τ + 6)C̃ + 3(α + β)(N_τ + 4)(N_τ + 5) − 3(N_τ + 5)(αN_ϕ + βN_ψ) ) . (4.13)

If there is a constant C̃ such that both det(M^{(3)}x − k_x) and det(M^{(3)}y − k_y ) vanish, the right-handed side of the equation above must be zero. But it seems that

C̃ = −3(N^τ + 5)

2(N_τ + 6) ( (α + β)(N_τ + 4) − (αN_ϕ + βN_ψ) ) (4.14) is not a solution of det(M^{(3)}x − k_x) = 0 or det(M^{(3)}y − k_y ) = 0. So there is no simultaneous polynomial solution.

In general, for n ≥ 2, det(M^{(n)}_x − k_x) = 0 and det(M^{(n)}_y − k_y ) = 0 give two different algebraic equations for one constant C̃. It seems that they do not have a common solution and hence there is no simultaneous polynomial solution of degree n for both x and y systems. We have to search for the Heun functions of non-polynomial type at least for one Heun’s.

5 Holomorphic functions and BPS mesons

In subsection 4.2, we determined the constant solutions to Heun’s differential equations. Up to a normalisation constant, the corresponding eigenfunctions are summarised as

Ψ^{(0)}[N] = e^{iN iϕi} (x − x_1)^{α1} (x_2 − x)^{α2} (x_3 − x)^{α3} (1 − y)^{β1} (1 + y)^{β2} ( 1 − (y/y_3) )_{β3} . (5.1)

In deriving the solutions above, we have assumed that

α_1 ≥ 0, α_2 ≥ 0, β_1 ≥ 0, β_2 ≥ 0. (5.2)

With this assumption, the ground states (5.1) are regular in the regions x_1 ≤ x ≤ x_2, −1 ≤ y ≤ 1. Note that (5.2) are sufficient conditions for the eigenfunctions (5.1) of the scalar Laplacian being regular.

Anyway, let us discuss the relation between the solution (5.1) and holomorphic functions. Since C(X_5) is a Kähler cone, any holomorphic function w satisfies the Laplace equation □_{(6)}w = 0. By restricting to the base space X_5, the holomorphic function with the scaling dimension Δ becomes an eigenfunction of □_{(5)} with eigenvalue E = Δ(Δ + 4). The scaling dimension of the holomorphic function is defined by r(∂/∂r)w = Δw.

In the symplectic approach to the Calabi-Yau cones, there is a way to construct the holomorphic coordinates by using a symplectic potential G. The holomorphic coordinates are given by [9]

w_i := const × exp ( ∂G(ξ) ∂ξ^i + iϕ_i ) , i = 1, 2, 3. (5.3)

The coordinates w_i are periodic functions under the shift ϕ_i → ϕ_i + 2π. In these holomorphic coordinates, the holomorphic (3, 0)-form Ω is given by Ω = dw_1 ∧ dw_2 ∧ dw_3/(w_2w_3).

Since we know the symplectic potential (2.26), we can write down the explicit form of the holomorphic coordinates on C(L^{a,b,c}). From (A.2), and with an appropriate choice of the normalisation, we have w_i = r^{Bi} e^{iϕi} (x − x_1)^{(1/2)(v1)i} (x_2 − x)^{(1/2)(v3)i} (x_3 − x)^{(1/2)(v5)i}

× (1 − y)^{(1/2)(v2)i} (1 + y)^{(1/2)(v4)i} ( 1 − y y_3

)_{(1/2)(v6)i} . (5.4)

The scaling dimension of w_i is equal to the i-th component of the Reeb vector B, and so the dimension Δ_N of a holomorphic function Ψ[N] := w^{N 1}_1 w^{N 2}_2 w^{N 3}_3 is given by

Δ_N = ⟨B, N⟩ = B_iN^i = N_τ . (5.5)

Recalling (2.28) and (2.31), we see that the facets ⟨v_A, ξ⟩ = 0 (A = 1, 2, 3, 4) correspond to x = x_1, y = 1, x = x_2 and y = −1, respectively. The necessary condition for the regularity of Ψ[N] at the facets requires ⟨v_A, N⟩ ≥ 0, A = 1, 2, 3, 4. (5.6) Therefore, there exists a holomorphic function to each integral lattice point (N^1, N^2, N^3) in the polyhedral cone. This fact is well-known in toric geometry. Using (3.25), (3.26) and (3.15), we can see that the restriction gives the eigenfunction (5.1),

Ψ^{(0)}[N] = w^{N 1}_1 w^{N 2}_2 w^{N 3}_3 | | |_{r=1}. (5.7)

The eigenvalue is given by E = Δ_N (Δ_N + 4) = N_τ (N_τ + 4), which is consistent with (4.6).

The AdS/CFT implies that these eigenfunctions correspond to the BPS mesonic operators with the R-charge (2/3)Δ_N . For general L^{a,b,c}, it is difficult to treat all integral points in the polyhedral cone.

One obvious integral point is (N^1, N^2, N^3) = (1, 0, 0) =: u_0. This vector lies in the polyhedral cone for any toric data. Therefore, it is natural to identify its dual with the short BPS meson operator O_β with the R-charge 2, which exists for any toric superconformal quiver gauge theory [34, 16]. The eigenfunction is given by

Ψ^{(0)}[u_0] = e^{iϕ1} 3∏ m=1 (x − x_m)^{1/2} ( 1 − y y_m )_{1/2} . (5.8)

Other manifest possibilities are four vectors pointing at the directions along the four edges of the polyhedral cone: u_1 := v_1 × v_2 = (b, −b, ak − 1), u_2 := v_2 × v_3 = (a, b − c, −a(k + l)), u_3 := v_3 × v_4 = (0, c, al), u_4 := v_4 × v_1 = (0, 0, 1).

(5.9)

Note that they obey a linear relation:

acu_1 − bcu_2 + bdu_3 − adu_4 = 0. (5.10)

Here we assume that the vectors u_i are primitive, i.e., whose components do not have a common factor. If these vectors are not primitive, which are related to the orbifolds of the Sasaki-Einstein manifolds, more careful treatment is needed. But we do not argue this subtle point. The corresponding eigenfunctions are explicitly given by Ψ^{(0)}[u_1] = e^{ibϕ1−ibϕ2 +i(ak−1)ϕ3} × (x_2 − x)^{(1/2)d}(x_3 − x)^{(1/2)⟨v5,u1 ⟩}(1 + y)^{(1/2)b} ( 1 − (y/y_3) )_{(1/2)⟨v6,u1⟩} , Ψ^{(0)}[u_2] = e^{iaϕ1+i(b−c)ϕ2−ia(k+l)ϕ3} × (x − x_1)^{(1/2)d}(x_3 − x)^{(1/2)⟨v5,u2 ⟩}(1 + y)^{(1/2)a} ( 1 − (y/y_3) )_{(1/2)⟨v6,u2 ⟩} , Ψ^{(0)}[u_3] = e^{icϕ2+ialϕ3} × (x − x_1)^{(1/2)c}(x_3 − x)^{(1/2)⟨v5,u3 ⟩}(1 − y)^{(1/2)a} ( 1 − (y/y_3) )_{(1/2)⟨v6,u3 ⟩} , Ψ^{(0)}[u_4] = e^{iϕ3} × (x_2 − x)^{(1/2)c}(x_3 − x)^{(1/2)⟨v5,u4 ⟩}(1 − y)^{(1/2)b} ( 1 − (y/y_3) )_{(1/2)⟨v6,u4⟩} .

(5.11)

It is natural to identify primary operators related to these four integral points u_i (i = 1, 2, 3, 4) with the four extremal BPS meson operators O_{LD}, O_{RD}, O_{RU} and O_{LU} , respectively [16]. They also correspond to four (p, q)-branes [16, 17], whose (p, q)-charges can be read from the second and the third components of u_i : (p, q) = (−(u_i)^2, −(u_i)^3). Classical counterparts are the four massless BPS geodesics considered in [16]^4. Using the notation of [17] for the fundamental chiral fields, the R-charges of the extremal BPS mesons are related to the toric data as follows:

R[O_{LD}] = dR[Z]+bR[U_2] = 2 3 ⟨B, v_1 ×v_2⟩, R[O_{RD}] = dR[Y ]+aR[U_2] = 2 3 ⟨B, v_2 ×v_3⟩,

R[O_{RU} ] = cR[Y ] + aR[U_1] = 2 3 ⟨B, v_3 × v_4⟩, R[O_{LU} ] = cR[Z] + bR[U_1] = 2 3 ⟨B, v_4 × v_1⟩. (5.12) By comparing the powers of (x − x_1)^{1/2}, (x_2 − x)^{1/2}, (1 − y)^{1/2}, (1 + y)^{1/2} in (5.11) with the coefficients of R[Y ], R[Z], R[U_1], R[U_2] in (5.12), we find the relation between the Reeb vector and the R-charges of the distinguished bifundamental fields Y , U_1, Z, U_2: 2 3 B = R[Y ]v_1 + R[U_1]v_2 + R[Z]v_3 + R[U_2]v_4. (5.13)

4The conditions y = ±1 in our notation seem to correspond to the positions y = ∓1 where the massless BPS geodesics stay [16].

The Reeb vector B can be determined by the Z-minimisation, while the R-charges can be computed by the a-maximisation [35]. This relation connects the charges in the gauge theory to the geometric object B, and is a consequence of the AdS/CFT correspondence.

6 Summary and Discussion

In this paper, we have presented the symplectic potentials for a wide class of toric Sasaki- Einstein manifolds.

The spectrum of the scalar Laplacian for L^{a,b,c} is investigated. The eigenvalue problem leads to two Heun’s differential equations, which are correlated through one constant C̃. We find that the exponents at the regular singularities can be nicely characterised by the toric data.

What is the physical interpretation of C̃? The eigenvalue equations are separated into five ordinary differential equations. There are four manifestly constant quantities. Three are related to the three U(1) isometries. The fourth is E, which is the “energy.” The physical meaning of these four constants are clear. The fifth constant C̃ appears through the separation of variables for x and y. C̃ is not a Noether charge. Originally, the L^{a,b,c} metrics were reduced from the Kerr-AdS black holes [3, 4]. This way of generating Sasaki- Einstein manifolds was started out with [36], where the special case Y^{p,q} was studied. The integrability property of geodesics and eigenvalue equations on the black holes is guaranteed by the existence of a symmetric rank two Killing tensor [37]. Therefore, there may be a connection between the constant C̃ and the Killing tensor.

The ground states can be obtained as a restriction of the holomorphic functions on the Calabi-Yau cone. Some families of holomorphic functions were constructed for Y^{p,q}[11]. But the analysis was done in rather ad hoc manner. By combining knowledge of the explicit symplectic potential (2.26) and the relationship between the exponents and the toric data (3.25), (3.26), we have shown that the eigenfunctions (5.1) or the holomorphic functions w^{N 1}_1 w^{N 2}_2 w^{N 3}_3 have one-to-one correspondence with integral points (N^1, N^2, N^3) in the convex polyhedral cone. The holomorphic functions have the scaling dimensions B_iN^i. The corresponding values of R-charges (2/3)B_iN^i are consistent with the results of the dual quiver gauge theories. For certain BPS operators, the corresponding integers (−N^2, −N^3) are found to be equal to the (p, q)-charges of the (p, q)-web of 5-branes [38]. Moreover, the powers of (x − x_1)^{1/2}, (x_2 − x)^{1/2}, (1 − y)^{1/2}, (1 + y)^{1/2} are closely related to the numbers of the “constituent” bifundamental fields Y , Z, U_1, U_2, respectively. So there may be more physical explanation of these eigenfunctions.

In addition to the ground states, we constructed the first excited eigenfunctions. Due to the difficulties for obtaining the Heun functions, the determination of the full spectrum for L^{a,b,c} is still an open problem.

Acknowledgements

We would like to thank Y. Hashimoto, H. Kihara and M. Sakaguchi for discussions. This work is supported by the 21 COE program “Constitution of wide-angle mathematical basis focused on knots.” The work of Y.Y. is supported by the Grant-in Aid for Scientific Research (No. 17540262 and No. 17540091) from Japan Ministry of Education.

A Details on the symplectic potential for L^{a,b,c}

In this appendix, we show that the symplectic potential (2.26) is indeed a solution to the Monge-Ampère equation for L^{a,b,c}. The key relations, obtained from (2.28), (2.29) and (2.31), are ⟨v_1, ξ⟩ x − x_1 + ⟨v_3, ξ⟩ x − x_2 + ⟨v_5, ξ⟩ x − x_3 = 0, ⟨v_2, ξ⟩ y − 1 + ⟨v_4, ξ⟩ y + 1 + ⟨v_6, ξ⟩ y − y_3 = 0. (A.1)

Using these relations, we have (up to an irrelevant constant) ∂G ∂ξ^i = 1 2 B_i log⟨B, ξ⟩ + 1 2 (v_1)_i log |x − x_1| + 1 2 (v_3)_i log |x − x_2| + 1 2 (v_5)_i log |x − x_3| + 1 2 (v_2)_i log |y − 1| + 1 2 (v_4)_i log |y + 1| + 1 2 (v_6)_i log |y − y_3|.

(A.2)

Recall that B_1 = 3, and (v_I )_1 = 1, for I = 1, 2, . . . , 6. Then (A.2) for i = 1 leads to 2 ∂G ∂ξ^1 = log | |⟨B, ξ⟩^3(x − x_1)(x − x_2)(x − x_3)(1 − y^2)(y − y_3) | | . (A.3)

By differentiating (A.2) once more, we have

∂^2G ∂ξ^i∂ξ^j = B_iB_j 2⟨B, ξ⟩ + 1 2 [ (v_1)_i x − x_1 + (v_3)_i x − x_2 + (v_5)_i x − x_3 ] ∂x ∂ξ^j + 1 2 [ (v_2)_i y − 1 + (v_4)_i y + 1 + (v_6)_i y − y_3 ] ∂y ∂ξ^j . (A.4)

Contraction with dξ^idξ^j yields

∂^2G ∂ξ^i∂ξ^j dξ^idξ^j = (d⟨B, ξ⟩)^2 2⟨B, ξ⟩ + 1 2 [ d⟨v_1, ξ⟩ x − x_1 + d⟨v_3, ξ⟩ x − x_2 + d⟨v_5, ξ⟩ x − x_3 ] dx + 1 2 [ d⟨v_2, ξ⟩ y − 1 + d⟨v_4, ξ⟩ y + 1 + d⟨v_6, ξ⟩ y − y_3 ] dy. (A.5)

From (A.1), the following relations can be obtained d⟨v_1, ξ⟩ x − x_1 + d⟨v_3, ξ⟩ x − x_2 + d⟨v_5, ξ⟩ x − x_3 = [ ⟨v_1, ξ⟩ (x − x_1)^2 + ⟨v_3, ξ⟩ (x − x_2)^2 + ⟨v_5, ξ⟩ (x − x_3)^2 ] dx = r^2ρ^2 2Δ_x dx, (A.6)

d⟨v_2, ξ⟩ y − 1 + d⟨v_4, ξ⟩ y + 1 + d⟨v_6, ξ⟩ y − y_3 = [ ⟨v_2, ξ⟩ (y − 1)^2 + ⟨v_4, ξ⟩ (y + 1)^2 + ⟨v_6, ξ⟩ (y − y_3)^2 ] dy = r^2ρ^2 2Δ_y dy. (A.7)

Here

Δ_x = (x − x_1)(x − x_2)(x − x_3), Δ_y = 1 2 (1 − y^2) ( (α + β) + (α − β)y ) . (A.8)

Substitution of (A.6) and (A.7) into (A.5) yields

∂^2G ∂ξ^i∂ξ^j dξ^idξ^j = dr^2 + r^2ρ^2 4Δ_x dx^2 + r^2ρ^2 4Δ_y dy^2. (A.9)

Note that the Jacobian of the coordinate transformation (2.28) from (ξ^1, ξ^2, ξ^3) to (r, x, y) is proportional to r^5ρ^2. From (A.9) and the Jacobian, one can show that det ( ∂^2G ∂ξ^i∂ξ^j ) ∝ 1 r^6Δ_xΔ_y ∝ 1 ⟨B, ξ⟩^3(x − x_1)(x − x_2)(x − x_3)(1 − y^2)(y − y_3)

. (A.10)

Hence, with (A.3), we have det ( ∂^2G ∂ξ^i∂ξ^j ) = const × exp ( −2 ∂G ∂ξ^1 ) , (A.11)

which implies that (2.26) is a solution to the Monge-Ampère equation. Moreover, (A.9) implies that the symplectic potential (2.26) indeed reproduces the L^{a,b,c} metric (3.1) by setting y = cos 2θ.

References

[1] J.P. Gauntlett, D. Martelli, J. Sparks and D. Waldram, “Sasaki-Einstein metrics on S^2 × S^3,” Adv. Theor. Math. Phys. 8 (2004) 711-734, hep-th/0403002.

[2] J.P. Gauntlett, D. Martelli, J.F. Sparks and D. Waldram, “A New Infinite Class of Sasaki-Einstein Manifolds,” hep-th/0403038.

[3] M. Cvetič, H. Lü, D.N. Page and C.N. Pope, “New Einstein-Sasaki Spaces in Five and Higher Dimensions,” Phys. Rev. Lett. 95 (2005) 071101, hep-th/0504225.

[4] M. Cvetič, H. Lü, D.N. Page and C.N. Pope, “New Einstein-Sasaki and Einstein Spaces from Kerr-de Sitter,” hep-th/0505223.

[5] D. Martelli and J. Sparks, “Toric Geometry, Sasaki-Einstein Manifolds and a New Infinite Class of AdS/CFT Duals,” hep-th/0411238.

[6] M. Bertolini, F. Bigazzi and A.L. Cotrone, “New checks and subtleties for AdS/CFT and a-maximization,” JHEP 0412 (2004) 024, hep-th/0411249.

[7] S. Benvenuti, S. Franco, A. Hanany, D. Martelli and J. Sparks, “An Infinite Family of Superconformal Quiver Gauge Theories with Sasaki-Einstein Duals,” JHEP 0506 (2005) 064, hep-th/0411264.

[8] A. Hanany, P. Kazakopoulos and B. Wecht, “A New Infinite Class of Quiver Gauge Theories,” JHEP 0508 (2005) 054, hep-th/0503177.

[9] D. Martelli, J. Sparks and S.T. Yau, “The geometric dual of a-maximisation for toric Sasaki-Einstein manifolds,” hep-th/0503183.

[10] D. Martelli and J. Sparks, “Toric Sasaki-Einstein metrics on S^2 × S^3,” Phys. Lett.

B621 (2005) 208-212, hep-th/0505027.

[11] D. Berenstein, C.P. Herzog, P. Ouyang and S. Pinansky, “Supersymmetry breaking from a Calabi-Yau singularity,” JHEP 0509 (2005) 084, hep-th/0505029.

[12] D. Gepner and S.S. Pal, “Branes in L^{(p,q,r)},” Phys. Lett. B622 (2005) 136-140,

hep-th/0505039.

[13] S. Franco, A. Hanany, F. Saad and A.M. Uranga, “Fractional Branes and Dynamical Supersymmetry Breaking,” hep-th/0505040.

[14] S. Benvenuti and M. Kruczenski, “Semiclassical strings in Sasaki-Einstein manifolds and long operators in N = 1 gauge theories,” hep-th/0505046.

[15] M. Bertolini, F. Bigazzi and A.L. Cotrone, “Supersymmetry breaking at the end of a cascade of Seiberg dualities,” Phys. Rev. D72 (2005) 061902, hep-th/0505055.

[16] S. Benvenuti and M. Kruczenski, “From Sasaki-Einstein spaces to quivers via BPS geodesics: L^{p,q|r},” hep-th/0505206.

[17] S. Franco, A. Hanany, D. Martelli, J. Sparks, D. Vegh and B. Wecht, “Gauge Theories from Toric Geometry and Brane Tilings,” hep-th/0505211.

[18] A. Butti, D. Forcella and A. Zaffaroni, “The dual superconformal theory for L^{p,q,r} manifolds,” JHEP 0509 (2005) 018, hep-th/0505220.

[19] A. Butti and A. Zaffaroni, “R-charges from toric diagrams and the equivalence of a-maximization and Z-minimization,” hep-th/0506232.

[20] J. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2 (1998) 231-252; Int. J. Theor. Phys. 38 (1999) 1113-1133,

hep-th/9711200;

S.S. Gubser, I.R. Klebanov and A.M. Polyakov, “Gauge theory correlators from noncritical string theory,” Phys. Lett. B428 (1998) 105-114, hep-th/9802109; E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2 (1998) 253-291, hep-th/9802150;

O. Aharony, S.S. Gubser, J.M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories, string theory and gravity,” Phys. Rept. 323 (2000) 183-386, hep-th/9905111.

[21] M.R. Douglas and G.W. Moore, “D-branes, Quivers, and ALE Instantons,”

hep-th/9603167;

M.R. Douglas, B.R. Greene and D.R. Morrison “Orbifold Resolution by D-Branes,” Nucl. Phys. B506 (1997) 84-106, hep-th/9704151;

C. Beasley, B.R. Greene, C.I. Lazaroiu and M.R. Plesser, “D3-branes on partial resolutions of abelian quotient singularities of Calabi-Yau threefolds,” Nucl. Phys. B566 (2000) 599-640, hep-th/9907186;

B. Feng, A. Hanany and Y.-H. He, “D-brane gauge theories from toric singularities and toric duality,” Nucl. Phys. B595 (2001) 165-200, hep-th/0003085.

[22] I.K. Klebanov and E. Witten, “Superconformal Field Theory on Threebranes at a Calabi-Yau Singularity,” Nucl. Phys. B536 (1998) 199-218, hep-th/9807080.

[23] D.R. Morrison and M.R. Plesser, “Non-Spherical Horizons, I,” Adv. Theor. Math.

Phys. 3 (1999) 1-81, hep-th/9810201.

[24] A. Hanany and J.D. Kennaway, “Dimer models and toric diagrams,”

hep-th/0503149.

[25] S. Franco, A. Hanany, K.D. Kennaway, D. Vegh and B. Wecht, “Brane dimers and quiver gauge theories,” hep-th/0504110.

[26] A. Hanany and D. Vegh, “Quivers, Tilings, Branes and Rhombi,” hep-th/0511063.

[27] V. Guillemin, “Kähler Structures on Toric Varieties,” J. Diff. Geom. 40 (1994) 285- 309;

M. Abreu, “Kähler Geometry of Toric Varieties and Extremal Metrics,” Int. J. Math. 9 (1998) 641-651, dg-ga/9711014;

M. Abreu, “Kähler geometry of toric manifolds in symplectic coordinates,”

math.DG/0004122;

M. Abreu, “Kähler metrics on toric orbifolds,” J. Diff. Geom. 58 (2001) 151-187,

math.DG/0105112.

[28] V. Apostolov, D.M.J. Calderbank and P. Gauduchon, “The geometry of weakly selfdual Kähler surfaces,” Compositio Math. 135 (2003) 279-322, math.DG/0104233.

[29] A. Ronveaux (ed.), Heun’s Differential Equations, Oxford University Press (1995).

[30] G. Valent, “Heun functions versus elliptic functions,” math-ph/0512006.

[31] P. Candelas and X.C. de la Ossa, “Comments on Conifolds,” Nucl. Phys. B342 (1990) 246-268.

[32] H. Kihara, M. Sakaguchi and Y. Yasui, “Scalar Laplacian on Sasaki-Einstein Manifolds Y^{p,q},” Phys. Lett. B621 (2005) 288-294, hep-th/0505259.

[33] S.S. Gubser, “Einstein manifolds and conformal field theories,” Phys. Rev. D59 (1999) 025006, hep-th/9807164.

[34] S. Benvenuti and A. Hanany, “Conformal manifolds for the conifold and other toric field theories,” JHEP 0508 (2005) 024, hep-th/0502043.

[35] K. Intriligator and B. Wecht, “The Exact Superconformal R-Symmetry Maximizes a,” Nucl. Phys. B667 (2003) 183-200, hep-th/0304128.

[36] Y. Hashimoto, M. Sakaguchi and Y. Yasui, “Sasaki-Einstein Twist of Kerr-AdS Black holes,” Phys. Lett. B600 (2004) 270-274, hep-th/0407114.

[37] H.K. Kunduri and J. Lucietti, “Integrability and the Kerr-(A)dS black hole in five dimensions,” Phys. Rev. D71 (2005) 104021, hep-th/0502124.

[38] O. Aharony and A. Hanany, “Branes, superpotentials and superconformal field fixed points,” Nucl. Phys. B504 (1997) 239-271, hep-th/9704170;

O. Aharony, A. Hanany and B. Kol, “Webs of (p, q) 5-branes, five dimensional field theories and grid diagrams,” JHEP 9801 (1998) 002, hep-th/9710116; N.C. Leung and C. Vafa, “Branes and toric geometry,” Adv. Theor. Math. Phys. 2 (1998) 91-118, hep-th/9711013.