arXiv:hep-th/0512126 v2 17 Dec 2005

Preprint typeset in JHEP style - HYPER VERSION

D-branes in the diagonal SU(2) coset

Albrecht Wurtz

Karlstads Universitet Universitetsgatan 5 S – 651 88 Karlstad Email: albrecht.wurtz@kau.se

Abstract: The symmetry preserving D-branes in coset theories have previously been described as being centered around projections of products of conjugacy classes in the underlying Lie groups. Here, we investigate the coset where a diagonal action of SU(2) is divided out from SU(2) × SU(2). The corresponding target space is described as a (3- dimensional) pillow with four distinguished corners. It is shown that the (fractional) brane which corresponds to the fixed point that arises in the CFT description, is spacefilling. Moreover, the spacefilling brane is the only one that reaches all of the corners. The other branes are 3, 1 and 0 - dimensional.

Keywords: D-branes.

1. Introduction

In a Lagrangian description of CFT, one must impose boundary conditions for open worldsheets. These boundary conditions should be such that there is an action of the chiral symmetry algebra on open world-sheet correlators, in particular the resulting boundary CFT should be conformal. In free bosonic theories, this is achieved by simply imposing Neumann- or Dirichlet boundary conditions, cf. [1]. In curved backgrounds, the situation is more complicated. For instance in WZW models (describing strings propagating in Lie groups), the symmetry preserving D-branes are localized at certain conjugacy classes, cf. [2] [3].

On the other hand, one can describe D-branes from a perspective which is more oriented towards the algebraic description of CFT on the world-sheet. In that approach, one begins with imposing conformal invariance and other requirements on so-called boundary states [4]. Then, one can analyze the shapes of these boundary states. In free bosonic theories there is full agreement between these descriptions [5], but already in WZW models, the agreement is less direct [6].

A class of CFT models related to WZW models are the coset models. The relevant target spaces are adjoint quotients G/Ad(H), where H ⊂ G is an embedded Lie subgroup of the connected, simply connected Lie group G, cf. [7] [8]. The D-branes in the Lagrangian description are certain projected products of conjugacy classes [9]. In general, the CFT description of coset models involve a certain identification group [10] [11] [12]. In most of the literature on D-branes in such models, only situations where the identification group acts freely are considered, i. e. G_{id} has no fixed points. The aim of the present note is to perform a geometric analysis of a model where such fixed points do occur, with interest primarily on the branes that correspond to the fixed point. We consider the sigma model with target space the coset Q = SU(2) × SU(2) Ad(SU(2))

, (1.1)

which is the set of equivalence classes [g_1, g_2] with the equivalence relation

(g_1, g_2) ∼ (gg_1g^{−1}, gg_2g^{−1}) , (1.2)

and with g, g_1, g_2 ∈ SU(2). The sigma model on Q can be described as a gauged WZW model [9], which after choosing levels k, l, k + l ∈ Z_{>0} for the three occuring factors, corresponds to a coset CFT. The particular choice l = 1 gives the series of Virasoro minimal models. In the sequel, we shall think of both l and k as being large, so that we can make use of the existing results on boundary conditions in coset models [9], [14] at large level.

In the next section, the geometry of the target space is described. The space Q is a pillow, or a pinched cylinder, with four distinguished corners. We introduce coordinates and classify degenerate points, for which the stabilizer of the coset action (1.2) is larger than at generic points. In the third and final section, the geometry of the subsets where the branes are centered is discussed. The dimensionalities of the branes are derived, and the branes reaching the corners of Q are classified.

– 1 –

2. Target space geometry

An adjoint diagonal coset (1.1) can be parametrized as follows. The set Q consists of equivalence classes

[g_1, g_2] = [gg_1g^{−1}, gg_2g^{−1}] g, g_1, g_2 ∈ G . (2.1)

For any [g_1, g_2] we can choose a representative of g_1 ∼ t_1 in T_W = T/W , where T is a maximal torus and W is the Weyl group. It remains to determine where we can choose a representative of g_2 with the remaining ’gauge freedom’ S_{t1} . Henceforth, G will denote SU(2). The stabilizers at the center Z = {±e} are given by S_{±e} = G, and for other t_1 ∈ T_W /Z we have S_{t1} = T . This gives the fibration

Q = { (t, q) | t ∈ T_W , q ∈ T_W if t = ±e q ∈ G/Ad(T ) else } . (2.2)

Using the Pauli matrices σ_i with relations σ_iσ_j = δ_{ij} 1 + iϵ_{ijk} σ_k , one can parametrize group elements as

g(ψ, θ, ϕ) = cos ψ 1 + i sin ψ n̄ · σ̄ . (2.3)

Here n̄ = n̄(θ, ϕ) ∈ S^2 is given by the standard spherical coordinates θ and ϕ, and T_W is the interval parametrized by 0 ≤ ψ ≤ π. Note that we have g^{−1} = g(−ψ, θ, ϕ) = g(ψ, π−θ, π+ϕ) = g^† . (2.4) The geometry of the parafermion coset P F = G/Ad(T ) was described in [15] as a round disc. It can also be described as disc with two ‘corners’ [13]. Thus, we may think of Q as a pillow, or as a pinched cylinder [14] where the corners are pairwise connected by a singular line. The description above has an arbitrariness in that we could have equally well fixed ψ_2 ∈ T_W . Then, we could have a pinched cylinder with the singular line going between other pairs of corners, instead. Either way, (1.1) has four corners. In the bulk, it is three-dimensional. We choose as coordinates the angles ψ_1, ψ_2 and θ, where θ may be either θ_1 or θ_2. At the edges of the pillow, ψ_1, ψ_2 = 0, π, the coordinate θ has no meaning. The ambiguity in θ is the only ambiguity, we cannot get rid of ψ_1 and ψ_2 as coordinates (assuming a fixed choice of coordinates on the covering). In any case, the coordinates ϕ_1 and ϕ_2 are gauged away.

Stabilizers We can in a natural way think of Q as embedded in its covering G × G, via the above described coordinates. The stabilizer of the Ad(G)-action on an element (t, q) ∈ Q ⊂ G × G is given by those g ∈ G for which (t, q) = (gtg^{−1}, gqg^{−1}) , ⇔ g ∈ S_{(t,q)} = S_t ∩ S_q . (2.5) For t = ±e, S_t = G, else S_t = T . Since every element q ∈ G can be brought to T via conjugation; cqc^{−1} = t_q ∈ T with an element c ∈ G, it follows that the generic stabilizers

– 2 – are given by S_q = c^{−1}T c, with c ∈ G a fixed element (depending on q). Assume q /∈ T and let s ∈ S_{tq} , which equals T , then (c^{−1}sc)q(c^{−1}sc)^{−1} = c^{−1}st_q s^{−1}c = c^{−1}t_q c = q . (2.6) This shows c^{−1}T c ⊂ S_q. Likewise, one can show S_q ⊂ c^{−1}T c: Suppose a ∈ S_q, then aqa^{−1} = q ⇒ caqa^{−1}c^{−1} = t_q ⇒ ca(c^{−1}t_q c)a^{−1}c^{−1} = t_q ⇒ cac^{−1} ∈ S_{tq} = T , and it follows that c^{−1}T c = S_q. Indeed, one may choose T to be any maximal torus, and one could equally well have defined T = S_q. Note that for c ≠ ±e, we have c^{−1}T c ∩ T = Z, the center of the group. The analysis is summed up in the following table. t ∈ q ∈ S_t S_q S_t ∩ S_q (t, q) ∈ Q Z Z G G G corner

T \Z G T T edge/boundary T \Z Z T G T boundary/edge T \Z T T T boundary G\T T c T c^{−1} Z interior Note that the choice of the edges was arbitrary, so they must indeed have the same stabilizer as the rest of the boundary of Q (except for the corners). The corners are the most singular points, and have the largest stabilizer. 3. The projected conjugacy classes In the large level limit, the D-branes in the coset Q are localized at sets π_{Ad} (C_{abc}) defined as follows, cf. [13] for further notation and references. First, introduce the following notation for the conjugacy classes, C_x := {g(ψ, θ, ϕ) ∈ G| ψ = x} . (3.1) Second, define the operation ∗ on pairs of conjugacy classes, C_x ∗ C_y := {g = g_xg_y ∈ G| g_x ∈ C_x , g_y ∈ C_y} . (3.2) The set C_x ∗ C_y is invariant under Ad(G). Furthermore, introduce the sets C_{abc} := (C_a × C_b) ∗ C_c (3.3) := {(g_ag_c, g_bg_c) ∈ G × G| g_a ∈ C_a , g_b ∈ C_b , g_c ∈ C_c} ⊂ G × G . These sets are the ones that project to the coset branes. Note that they are fixed under the adjoint action;

– 3 –

(g, g) C_{abc} (g^{−1}, g^{−1}) = C_{abc} . (3.4)

By studying the sets C_{abc}, one can draw conclusions about the dimensionalities and other properties of the branes in Q. This is the topic of the rest of this note. First an observation. The simplest example of a set which is invariant under the diagonal Ad-action is the orbit of a point (p_1, p_2) ∈ G × G. If this is a generic point (projecting to the bulk of Q), the stabilizer is Z_2, thus the orbit Ad_G(p_1, p_2) is three-dimensional in G × G. The geometric picture of this orbit is that (ψ_1, ψ_2) are fixed, (ϕ_1, ϕ_2) take all values and we have a line in the (θ_1, θ_2)-plane. If instead (p_1, p_2) ∈ Z × Z, the orbit Ad_G(p_1, p_2) is zero- dimensional, and projects to a corner in Q. Thus, we shall need not only the dimensionalities of C_{abc} to find the dimensionalities of π_{Ad} (C_{abc}), we also need the information about the stabilizers.

Corners From (2.4) we learn that conjugacy classes C_x ⊂ SU(2) equal their own inverses; if g ∈ C, then g^{−1} ∈ C_x. For the ψ_1 = 0 edge to be contained in C_{abc} it is necessary that a = c because otherwise, C_c does not contain the inverse of C_a. The equation (2.4) tells us that this condition also is sufficient. Thus, the edge defined by ψ_1 = 0 is reached if and only if a = c. For reaching the edge ψ_1 = π, we ask: Given g ∈ C_a, we would like to have a g^′ ∈ C_c such that g(g^′)^{−1} = −1. This is equivalent to that C_c contains the inverses of (−1)C_a = C_{π−a}. But then, C_c = C_{π−a}. As argued above, the edges per se are not interesting, but it is useful to note that a corner is where two edges meet (now viewing Q as a pillow, rather than a pinched cylinder). The analysis described above leads to the following conclusions about the four corners (whose θ-coordinates are irrelevant).

· (0, 0) ∈ π_{Ad} ( C_{abc} ) if and only if a = b = c.

· (0, π) ∈ π_{Ad} ( C_{abc} ) if and only if (a = c and b = π − c).

· (π, 0) ∈ π_{Ad} ( C_{abc} ) if and only if (a = π − c and b = c). · (π, π) ∈ π_{Ad} ( C_{abc} ) if and only if (a = π − c and b = π − c).

In particular, if a brane contains two corners, it automatically contains all four. The fixed point brane (as mentioned in the introduction) is π_{Ad} (C_{f f f} ), with f = π/2. This is the unique brane that contains all four corners, and is therefore in some sense the most degenerate brane. We shall show that the fixed point brane fills up all of Q. However, it is not the only brane that is three- dimensional.

Dimensionality of the fractional branes It is instructive to first show that

C_f ∗ C_f = G . (3.5)

Note that (3.5) is equivalent to ∀ g ∈ G , ∃ u, w ∈ C_f : uw = g . (3.6) The product of two elements u and w on the equatorial conjugacy class

C_f := { g ∈ G | ψ_g = π 2 } ⊂ G (3.7)

– 4 – is computed using (2.3).

uw = n̄_u · n̄_w 1 − i σ̄ · (n̄_u × n̄_w) (3.8)

Take an arbitrary element g ∈ G. The following shows that there exist u, w ∈ C_f such that uw = g. Choose n̄_u ∈ S^2 and n̄_w ∈ S^2 in the plane perpendicular to n̄_g. Choose the angle between them such that n̄_u · n̄_w = cos ψ_g, and so that n̄_u × n̄_w points in the same direction as n̄_g. Since the product uw is a group element, we do not even need to check that |n̄_u × n̄_w| = sin ψ_g, and hence uw = g. This proves the claim (3.5).

The following argument shows that

C_{f f f} = G × G , (3.9)

which implies that the corresponding brane in the coset is spacefilling,

π_{Ad} (C_{f f f} ) = Q . (3.10)

First note that this is not an immediate consequence of (3.5), because the same factor w ∈ C_f occurs at two places; we need to prove that for all g_1, g_2 ∈ G, we can choose u, v, w ∈ C_f so that uw = g_1 and vw = g_2. A quick glance at (3.8) reveals that the choice of g_1 forces n̄_w ⊥ n̄_1. Given w, one may choose u ∈ C_f such that uw = g_1. Now it remains to prove that with n̄_w fixed in the plane ⊥ n̄_1 through the origin, and for any g_2 ∈ G, we can find v ∈ C_f so that vw = g_2. We need n̄_w also to lie in the plane through the origin ⊥ n̄_2. The two planes mentioned intersect at no less than two points on the sphere C_f . Choose n̄_w one of these points. Then choose n̄_v ⊥ n̄_2 such that n̄_w · n̄_v = cos ψ_2. It now follows vw = g_2. This proves the claim (3.9).

Dimensionality of generic branes We proceed to determine the dimensions of π_{ad}(C_{abf} ) for more general pairs a, b. The following argument shows that in the generic (nondegenerate) situation, that is when none of the labels a, b takes value 0, π, the set C_{abf} is sixdimensional in G × G, why the corresponding brane is three- dimensional in Q. One can parametrize conjugacy classes as

u = c_a 1 + i s_a n̄_u × σ̄ ∈ C_a , (3.11)

where c_a ≡ cos a and s_a ≡ sin a. With an analogous parametrization for v ∈ C_b, we need for g_1 = uw and g_2 = vw the following conditions,

cos ψ_1 = s_a n̄_u · n̄_w sin ψ_1 n̄_1 = c_a n̄_w + s_a n̄_u × n̄_w (3.12) cos ψ_2 = s_b n̄_v · n̄_w sin ψ_2 n̄_2 = c_b n̄_w + s_b n̄_v × n̄_w .

We immediately observe that in order for (g_1, g_2) ∈ C_{abf} , it is necessary that cos ψ_1 ≤ | sin a|, and that cos ψ_2 ≤ | sin b|. Assume that cos ψ_1 < | sin a|, and that cos ψ_2 < | sin b|, which is possible because we required a, b to be different from 0, π. (This implies n̄_u ·n̄_w ≠ 1 and n̄_v · n̄_w ≠ 1.) The rest of the argument aims to show that we now are in the interior of a 6- dimensional region.

– 5 –

Given allowed choice of angles ψ_1, ψ_2, we must keep the scalar products n̄_u · n̄_w and n̄_v · n̄_w fixed accordingly. We are still free to choose the vector n̄_w anywhere on S^2, and we are free to rotate the vectors n̄_u × n̄_w and n̄_v × n̄_w around the axis n̄_w.

Let us decide for a certain n̄_1. With the freedom we have, we can certainly find vectors n̄_u and n̄_w such that cos a n̄_w + sin a n̄_u × n̄_w points in the direction of n̄_1. Since uw is a group element, it is automatic that | sin ψ_1n̄_1| = | cos a n̄_w + sin a n̄_u × n̄_w|. Thus, we require that the three vectors n̄_1, n̄_w and n̄_u ×n̄_w lie in the same plane, and we fix the angle between them in this plane. We may rotate this plane, thus, we may rotate n̄_w around the axis n̄_1. Furthermore, the angle between these vectors is different from zero, because we assumed n̄_u · n̄_w ≠ 1, which implies n̄_u × n̄_w ≠ 0.

As we rotate the above mentioned plane, n̄_w sweeps out a (nondegenerate) circle, around each choice of n̄_w, the vector n̄_v × n̄_w sweeps out another nondegenerate circle. Thus, the vector n̄_2 is allowed to reach a 2-dimensional subset of S^2. This completes the proof; subject to the constraints cos ψ_1 < | sin a| and cos ψ_2 < | sin b|, g_1 = uw can take any value on the group, with enough freedom left to let g_2 sweep out a 3- dimensional subset of the group (varying ψ_2 and n̄_2). Thus, the generic set C_{abf} ⊂ G×G is six-dimensional.

Let a, b, c be an arbitrary nondegenerate triple of labels. These branes are 3- dimensional too. We have

g_1 = (c_a c_c − s_a s_c n̄_u · n̄_w)1 − i (s_a s_c n̄_u × n̄_w + c_a s_c n̄_w + c_c s_a n̄_u) · σ̄ g_2 = (c_b c_c − s_b s_c n̄_v · n̄_w )1 − i (s_b s_c n̄_v × n̄_w + c_b s_c n̄_w + c_c s_b n̄_v) · σ̄ .

So assume ψ_1, ψ_2 are within the appropriate range, and fix the scalar products n̄_u · n̄_w and n̄_v · n̄_w accordingly. The three vectors

c_c s_a n̄_u , c_a s_c n̄_w , s_a s_c n̄_u × n̄_w (3.13)

span a polyhedron, whose one corner is at the origin, and the opposite corner is at n̄_1. We may rotate this polyhedron around these two points, and the rest of the proof carries over analogously, showing that also these branes project to something three-dimensional in the coset Q.

Dimensionalities of degenerate branes In [6] and [13] it was argued that symmetrypreserving branes in WZW models are non- degenerate. Nevertheless, we shall for the remainder of this note study the corresponding degenerate branes in Q. The branes π_{Ad} (C_{abc}) where the second index b is degenerate were studied in [14]. To interpret these branes as branes in the Virasoro minimal model is not without complications. In order to do that, we need to fix one of the levels to the value l = 1, which forbids us to use results for the large level limit. At small level, the branes are smeared around nondegenerate conjugacy classes [6], [13]. Nevertheless, let us take b = 0 (the case b = π is analogous).

u = c_a 1 + i s_a n̄_u · σ̄ v = 1 w = c_c 1 + i s_c n̄_w · σ̄ g_1 = (c_a c_c − s_a s_c n̄_u · n̄_w)1 − i (s_a s_c n̄_u × n̄_w + c_a s_c n̄_w + c_c s_a n̄_u) · σ̄ g_2 = c_c1 − i s_c n̄_w · σ̄

– 6 –

We immediately see that the branes are localized along the slice ψ_2 = c. The last of the above equations fixes n̄_w = n̄_2. As before, ψ_1 has a certain allowed range. For fixed ψ_1, note that the scalar product n̄_u · n̄_w is fixed. Thus, n̄_1 takes a one- dimensional subset of values on S^2. To sum up, the set C_{a0c} is four-dimensional. If we project out the coordinates θ_2 and ϕ_2 on the set C_{a0c}, then n̄_1 takes values in a circle. Since we need to project out ϕ_1, the coordinate θ_1 is fixed. Thus, these branes π_{Ad} (C_{a0c}) are at most one-dimensional, extending only in the coordinate ψ_1.

If we also take a = 0, g_1 = c_c1 − i s_c n̄_w · σ̄, also ψ_1 is fixed; ψ_1 = c = ψ_2. Also note that n̄_1 = n̄_w = n̄_2. Thus, C_{00c} ⊂ G × G is two-dimensional and must project to a region where the stabilizer is at least one-dimensional, that is at the boundary of Q, which is at θ = 0, π. Thus, the branes π_{Ad} (C_{00c}) are pointlike.

If we consider C_{a00}, we have g_1 = 1c_a − i s_a n̄_u · σ̄, g_2 = 1. This projects to a point ψ_1 = a, ψ_2 = 0 on the edge of Q.

The case left to consider is C_{ab0}. We have g_1 = c_a 1 − i s_a n̄_u · σ̄, and g_2 = c_b 1 − i s_b n̄_v · σ̄. Thus, C_{ab0} is four-dimensional in the covering, and projects to a line that meets the boundary of the coset at both ends θ = 0, π.

4. Conclusions and outlook

In the non- simply connected Lie group SO(3) = SU(2)/Z_2, there are two fractional branes supported at the unorientable conjugacy class RP^2 ⊂ SO(3). The fundamental group of this conjugacy class is Z_2, and the two branes correspond to different choices of gerbe modules [2]. In the CFT description, these fractional branes correspond to boundary states that are labelled by the fixed point of the simple current group Z_2 of the SU(2) WZW model. In the model (1.1) that was investigated here, we have a comparable situation: The CFT description at levels k, l, k + l involves a Z_2 identification group, with the generator acting as (a, b, c) → (k−a, l−b, k+l−c) . (4.1) In this paper, the fixed point boundary states have been shown to be supported at the whole target. Other branes reach at most one of the singular points (corners). If there is a corresponding gerbe (module) structure for cosets, it seems to be unknown in the literature. Hopefully, the present investigations can be used as a guideline for future work in this direction.

Acknowledgements The author would like to thank J. Fuchs and C. Schweigert for helpful suggestions.

– 7 –

References

[1] J. Polchinski, String theory, Cambridge University Press, 1998 [2] K. Gawedzki, Abelian and non-Abelian branes in WZW models and gerbes, Commun.Math.Phys. 258 (2005) 23-73, hep-th/0406072 [3] A.Yu. Alekseev and V. Schomerus, D-branes in the WZW model,

Phys.Rev. D60 (1999) 061901, hep-th/9812193 [4] J. Cardy, Boundary conditions, fusion rules and the Verlinde formula,

Nucl. Phys. B 324 (1989) 581 [5] P. Di Vecchia, M. Frau, I. Pesandro, S. Sciuto, A. Lerda and R. Russo,

Classical p-branes from boundary state, Nucl.Phys. B507 (1997) 259, hep-th/9707068 [6] G. Felder, J. Fröhlich, J. Fuchs and C. Schweigert, The geometry of WZW branes, J. Geom. Phys. 34 (2000) 162, hep-th/9909030 [7] K. Gawedzki, A. Kupiainen, Coset construction from functional integrals, Nucl. Phys. B 320 (1989) 625, http://www-lib.kek.jp/cgi-bin/kiss prepri?KN=198811116&OF=4.

[8] D. Karabali, Q-H. Park, H. J. Schnitzer and Zhu Yang, A GKO construction based on a path integral formulation of gauged Wess-Zumino-Witten actions, Phys. Lett. B 216 (1989) 307 [9] K. Gawedzki, Boundary WZW, G/H, G/G and CS theories,

Annales Henri Poincare 3 (2002) 847, hep-th/0108044 [10] A.N. Schellekens and S. Yankielowicz, Field identification fixed points in the coset construction, Nucl. Phys. B334 (1990) 67, hep-th/9509105 [11] J. Fröhlich, J. Fuchs, I. Runkel, and C. Schweigert, Algebras in tensor categories and coset conformal field theories, Fortsch.Phys. 52 (2004) 672, hep-th/0309269 [12] J. Fuchs, A.N. Schellekens, and C. Schweigert, The resolution of field identification fixed points in diagonal coset theories, Nucl.Phys. B461 (1996) 371, hep-th/9509105 [13] J. Fuchs and A. Wurtz, On the geometry of coset branes,

Nucl.Phys. B724 (2005) 503, hep-th/0505117 [14] S. Fredenhagen and V. Schomerus, D-branes in coset models,

JHEP 0202 (2002) 005, hep-th/0111189 [15] J. Maldacena, G. Moore and N. Seiberg, Geometrical interpretation of D-branes in gauged WZW models, JHEP 0107 (2001) 046, hep-th/0105038

– 8 –