arXiv:hep-th/0512183 v1 15 Dec 2005

Higher Spin Particles with Bosonic

Counterpart of Supersymmetry

Sergey Fedoruk^∗, Jerzy Lukierski^†

∗Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Moscow Region, Russian Federation e-mail: fedoruk@theor.jinr.ru †Institute for Theoretical Physics, University of Wrocław pl. Maxa Borna 9, 50-204 Wrocław, Poland e-mail: lukier@ift.wroc.pl

Abstract

We propose the relativistic point particle models invariant under the bosonic counterpart of SUSY. The particles move along the world lines in four dimensional Minkowski space extended by N commuting Weyl spinors. The models provide after first quantization the non–Grassmann counterpart of chiral superfields, satisfying Klein–Gordon equation. Free higher spin fields obtained by expansions of such chiral superfields satisfy the N = 2 Bargman–Wigner equations in massive case and Fierz–Pauli equations in massless case.

1. Introduction. Higher spin fields (see e.g. [1]-[3]) were investigated recently mainly

due to their relations to string theory. For the description of higher spin fields the usual space–time is often extended by additional coordinates, e.g. commuting tensorial coordinates and/or commuting spinorial variables [1]-[6] having twistorial origin [7]. Higher spin fields do appear as component fields in expansions of fields with respect to additional coordinate variables. It appears that the system of all higher spin fields possesses symmetry which is an extension of standard Poincare or conformal symmetries. In four dimensional space–time the system of massless higher spin fields has Sp(8) symmetry or its supersymmetric extensions OSp(N|8) (N = 1, 2) (see e.g. [8]).

In this report which is based on our paper [9] we propose new particle models invariant under bosonic counterpart of SUSY. The quantization of these particles produce infinite number of higher spin fields with all spins (helicities in massless case). The particle model

∗On leave of absence from Ukrainian Engineering–Pedagogical Academy, Kharkov, Ukraine. †Supported by KBN grant 1P03B01828.

with a trace of ‘bosonic’ SUSY has been considered in [10] for description of the relativistic particle with fixed spin (helicity). The realizations of ‘even’ superalgebra was used also in [11] for the description of spectrum of the critical open N = 2 string in 2+2 dimensions.

The plan of our report is the following. In Sect. 2 we define the model describing the particle trajectory in the Minkowski space extended by N Weyl commuting spinors. We determine the complete set of constraints and classify them. In Sect. 3 and 4 using Gupta– Bleuler method we perform the quantization of the models. The wave function describing first–quantized theory satisfies the Klein–Gordon equation and the bosonic counterpart of chirality condition. In expansion of wave function with respect to commuting spinors the component fields describe (anti)self-dual field strenghts and in massless case satisfy the Fierz-Pauli equations. It appears that in the case of bosonic counterpart of N = 2 SUSY one can obtain also the linear Bargmann–Wigner equations for D = 4 higher spin fields. In last section we shall summarize obtained results and present some unsolved questions related with our framework.

2. Action with bosonic SUSY and the constraints. We describe the

classical mechanics of higher spin particles by the following action S = ∫ dτ L , L = −^1_{2e} (ω̇_μω̇^μ + e^2m^2) − im(a_{ij}λ̇^α_i λ_{αj} − ā_{ij}λ̄_{α̇j} ˙λ̄^{α̇}_i ) . (1)

The action (1) describes propagation of the particle in Minkowski space extended by commuting complex Weyl spinors coordinates λ^α_i (τ ), λ̄^{α̇}_i = (λ^α_i ). We shall consider N = 2 case (i = 1, 2) and N = 1 case (no internal subindices). The constant matrix a_{ij} is symmetric, a_{ij} = a_{ji}; if a_{ij} = −a_{ji} the last terms in (1) are total derivatives because a_{ij}λ̇^α_i λ_{αj} =^1_2 (a_{ij} λ^α_i λ_{αj} )^·. The variable e in Lagrangian (1) describes the einbein. Constant m is the mass of the particle.

The ω–form can be written in general case as follows

ω̇^μ = ẋ^μ − iκ_{ij} (λ̇^α_i σ^μ_{αβ̇}λ̄^{β̇}_j − λ^α_j σ^μ_{αβ̇} ˙λ̄^{β̇}_i ) (2)

where constant matrix κ_{ij} = κ_{ji} can be choose in the form κ_{ij} = ( 1 0 0 κ ) with real κ

by linear redefinitions of spinors λ^α_i in N = 2 internal space.

The action (1) is invariant under the following spinorial bosonic transformation

δx^μ = iκ_{ij} (λ^α_i σ^μ_{αβ̇}ε̄^{β̇}_j − ε^α_i σ^μ_{αβ̇}λ̄^{β̇}_j ) , δλ^α_i = ε^α_i , δλ̄^{α̇}_i = ε̄^{α̇}_i (3)

where ε^α_i is a constant commuting Weyl spinors. Conserved Noether spinorial charges corresponding to the transformations (3) are R_{αi} ≡ π_{αi} − iκ_{ij} p_α˙_βλ̄^{β̇}_j − ima_{ij} λ_{αj} , R̄_{α̇i} ≡ π̄_{α̇i} + iκ_{ij} λ^β_j p_{βα̇} + imā_{ij}λ̄_{α̇j} (4) where p_μ, π_{αi}, π̄_{α̇i} are the canonical momenta. Using the canonical Poisson brackets

{x^μ, p_ν } = δ^μ_ν , {λ^α_i , π_{βj}} = δ^α_β δ_{ij} , {λ̄^{α̇}_i , π̄˙_{βj} } = δ^{α̇}_{β̇} δ_{ij} (5) we obtain the PB algebra {R_{αi}, R̄˙_{βj} } = −2iκ_{ij} p_α˙_β , {R_{αi}, R_{βj} } = 2ima_{ij} ϵ_{αβ} , {R̄_{α̇i}, R̄˙_{βj} } = −2imā_{ij}ϵ_{α̇}˙_β (6) which is classical (Poisson bracket) realization of bosonic counterpart of N = 2 supersymmetry algebra with central charges Z_{ij} = ma_{ij}, Z̄_{ij} = mā_{ij}. Since the spinor variables are commuting and the Poisson brackets in (6) are even, the quantum realization of the algebra (6) is constructed in terms of the commutators

[R_{αi}, R̄˙_{βj} ] = 2κ_{ij} p_α˙_β , [R_{αi}, R_{βj} ] = −2ma_{ij} ϵ_{αβ} , [R̄_{α̇i}, R̄˙_{βj} ] = 2mā_{ij} ϵ_{α̇}˙_β (7)

in contrast to the algebra of anticommutators in standard N = 2 supersymmetry.

The model (1) has the following nontrivial constraints (we omit the constraint which implies pure gauge character of the einbein e)

T ≡ p^2 − m^2 ≈ 0 , (8) D_α ≡ π_{αi} + iκ_{ij} p_α˙_βλ̄^{β̇}_j + ima_{ij}λ_{αj} ≈ 0 , D̄_{α̇} ≡ π̄_{α̇i} − iκ_{ij} λ^β_j p_{βα̇} − imā_{ij}λ̄_{α̇j} ≈ 0 . (9) Nonvanishing Poisson brackets of the constraints (8)–(9) are {D_{αi}, D̄˙_{βj} } = 2iκ_{ij} p_α˙_β , {D_{αi}, D_{βj} } = −2ima_{ij} ϵ_{αβ} , {D̄_{α̇i}, D̄˙_{βj} } = 2imā_{ij} ϵ_{α̇}˙_β . (10) The constraint (8) T ≈ 0 is a first class constraint. For classifying of the spinor constraints (9) we look for the determinant of the matrix C = ( {D_{αi}, D_{βj} } {D_{αi}, D̄˙_{βj} } {D̄_{α̇i}, D_{βj} } {D̄_{α̇i}, D̄˙_{βj} } ) = ( −2ima_{ij}ϵ_{αβ} 2iκ_{ij} p_α˙_β −2iκ_{ij} p_{βα̇} 2imā_{ij}ϵ_{α̇}˙_β ) . (11)

If matrix (a_{ij} ) is diagonal it follows for N = 1, 2 that in massive case det C is always nonzero, therefore all the constraints (9) are of second class.

In case of antidiagonal matrix (a_{ij} ) the matrix (11) has vanishing determinant when κ = −|a_{12}|^2 < 0. Only in such a case the first class constraints are present in the model (1).^1 Thus in massive case if we wish to have spinorial first class constraints we should consider N ≥ 2 bosonic supersymmetry.

If N = 2 we shall consider a simple choice κ = −a_{12} = −1. In such a case the formulation (1) has an attractive interpretation if we pass to the commuting four–component

Dirac spinor ψ_a = ( λ_{α1} λ̄α̇_2 ) , ψ̄^a = (ψ^+γ_0)^a = (λ^α_2 , λ̄_{α̇1}), where a = 1, 2, 3, 4 is Dirac index.

The Lagrangian (1) takes the simple form

L = −^1_{2e} (ω̇_μω̇^μ + e^2m^2) − im( ˙ψ̄ψ − ψ̄ψ̇) , (12)

ω̇^μ = ẋ^μ + i( ˙ψ̄γ^μψ − ψ̄γ^μψ̇) . (13)

1We note that in case of usual N = 2 massive superparticle [12] when spinor variables are Grassmannian and the matrix (a_{ij}) is skew–symmetric, the first class constraints are present if κ = |a_{12}|^2 > 0.

In massless case (m = 0) the matrix (11) has vanishing determinant and even if N = 1 the half of the spinorial constraints are first class.

3. Gupta–Bleuler quantization of the model with N = 1 bosonic SUSY. We shall perform the quantization using Gupta–Bleuler technique what implies

the split of the second class constraints into complex–conjugated pairs, with holomorphic and antiholomorphic parts forming separately the subalgebras of first class constraints.

In massive N = 1 case the algebra (10) of the constraints (9) does not satisfy the Gupta–Bleuler requirements. However, the redefined constraints

D_α = D_α +^b_m p_α˙_βD̄^{β̇} , D̄_{α̇} = D̄_{α̇} +^b_m D^β p_{βα̇} (14)

have the following algebra (we take a_{11} = 1 without the loss of generality and we obtain b = 1 ± √ 2) {D_α, D_β } =^{2i}_m ϵ_{αβ}T , {D̄_{α̇}, D̄˙_β } = −^{2i}_m ϵ_{α̇}˙_βT , {D_α, D̄˙_β} = −8bip_α˙_β −^{2b2i}_{m2} p_α˙_β T (15)

i. e. are suitable for application of Gupta–Bleuler quantization method. The wave function which satisfies the Klein–Gordon constraint (8) and spinorial wave equations (D̄_{α̇}Ψ = 0 (chiral case) or D_αΨ = 0 (antichiral case)) provide the bosonic (non– Grassmann) counterpart of D = 4 N = 1 chiral superfield. It is possible to introduce new spinorial variables λ^{′α}, λ̄^{′α̇}, π^′_α, π̄^′_{α̇} via canonical transformation (see details in [9]) in which new constraints (14) have the form

D_α = π^′_α − 4bip_α˙_βλ̄^{′β̇} ≈ 0 , D̄_{α̇} = π̄^′_{α̇} + 4biλ^{′β}p_{βα̇} ≈ 0 . (16)

Solving chirality condition we obtain that the expansion of the wave function with respect to new spinorial variables contains infinite number space–time fields ψ_{α1···αn} (x) = ψ_{(α1···αn)}(x). They satisfy the Klein–Gordon equation (□ ≡ ∂_μ∂^μ)

(□ + m^2)ψ_{α1···αn} (x) = 0 (n = 1, 2, . . .) . (17)

In antichiral case do appear in the expansion of the wave function the infinite number of fields ψ̄_{(α̇1···α̇n)}(x) with dotted Weyl indices.

In massless N = 1 case the spinorial constraints

D_α = π_α + ip_α˙_βλ̄^{β̇} ≈ 0 , D̄_{α̇} = π̄_{α̇} − iλ^βp_{βα̇} ≈ 0 (18)

are the mixture of first and second class constraints. The spinorial bosonic first class constraints are obtained from (18) by the multiplication with p_α˙_β :

F^{α̇} = p^{α̇β}D_β ≈ 0 , F̄^α = D̄˙_β p^{β̇α} ≈ 0 . (19)

Unfortunately these constraints are reducible since

p_{αβ̇}F^{β̇} ≈ 0 F̄^βp_{βα̇} ≈ 0 . (20)

Irreducible separation of first and second class constraints is obtained by the projection of spinorial constraints (18) on spinors λ^α and λ̄_{α̇}p^{α̇α}. The constraints G ≡ λ^αD_α ≈ 0 , Ḡ ≡ D̄_{α̇}λ̄^{α̇} ≈ 0 (21) are second class whereas the constraints F ≡ λ̄_{α̇}p^{α̇α}D_α ≈ 0 , F̄ ≡ D̄_{α̇}p^{α̇α}λ_α ≈ 0 (22) are first class.

Because the spinors λ^α and λ̄_{α̇}p^{α̇α} are independent the pair of constraints G ≈ 0 and F ≈ 0 is equivalent to the constraints D_α ≈ 0. Similarly the constraints Ḡ ≈ 0 and F̄ ≈ 0 are equivalent to the constraints D̄_{α̇} ≈ 0. Thus we have two sets of the wave equations: ‘bosonic chiral’ case T Ψ = 0 , F Ψ = 0 , D̄_{α̇} Ψ = 0 (23) or ‘bosonic antichiral’ one T Ψ = 0 , F̄ Ψ = 0 , D_α Ψ = 0 . (24) In the representation p_μ = −i∂_μ , π_α = −i∂_α , π̄_{α̇} = −i ¯∂_{α̇} (25) the equations in chiral case

□ Ψ = 0 , D̄_{α̇} Ψ = (−i ¯∂_{α̇} − λ^β ∂_{βα̇}) Ψ = 0 , −iλ̄_{α̇}∂^{α̇α}D_α Ψ = −λ̄_{α̇}∂^{α̇α}∂_α Ψ = 0 give only the dependence of the wave function on left–chiral variables z_L ≡ (x^μ_L = x^μ + iλσ^μλ̄, λ^α) . (26) We obtain the expansion Ψ(x_L, λ) = ∞∑ n=0 λ^{α1} . . . λ^{αn} ϕ_{α1...αn} (x_L) . (27) The component fields are completely symmetric in spinor indices, ϕ_{α1...αn} = ϕ_{(α1...αn)} and satisfy Fierz–Pauli equations for component fields ∂^{β̇β} ϕ_{βα2...αn} = 0 . (28) Scalar component field satisfies only the d’Alembert equation □ ϕ = 0. The fields ϕ_{α1...αn} (x) in the expansion of the wave function (27) are self–dual field strenghts of massless particles with helicities n/2. In antichiral case we obtain analogously anti-self–dual field strenghts of massless particles.

4. Quantum states describing particles with N = 2 bosonic SUSY.

The constraints (8)–(9) at κ = −a_{12} = −1, written in Dirac notation, are the following T ≡ p^2 −m^2 ≈ 0 , D^a ≡ π^a +iψ̄^b(p̂−m)_b^a ≈ 0 , D̄_a ≡ π̄_a −i(p̂−m)_a^bψ_b ≈ 0 . (29) Here π^a and π̄_a are the conjugate momenta for ψ_a and ψ̄^a; its Poisson brackets are {ψ_a, π^b} = δ^b_a {ψ̄^a, π̄_b} = δ^a_b (30) where we use notation p̂ ≡ γ^μp_μ.

From nonvanishing Poisson brackets of the constraints {D̄_a, D^b} = −2i(p̂ − m)_a^b (31) we obtain directly that half of the spinorial constraints (29) are first class constraints. The projectors P_± ≡^1_{2m} (m ± p̂) define respectively the first class constraints F^a = D^b(p̂ + m)_b^a , F̄_a = (p̂ + m)_a^bD̄_b (32) and the second class G^a = D^b(p̂ − m)_b^a , Ḡ_a = (p̂ − m)_a^bD̄_b . (33) But due to the reducibility conditions F^b(p̂ − m)_b^a ≈ 0 (p̂ − m)_a^bF̄_b ≈ 0 (34) if T = p^2 − m^2 ≈ 0 the eight constraints (F^a, F̄_a) has only four (real) independent constraints. Analogously, the constraints (G^a, Ḡ_a) contain also four (real) independent constraints.

In a way depending on the choice of second class constraints imposed on the wave function, we obtain (see details in [9]) that the wave function satisfies or the ‘bosonic chiral’ equations T Ψ = 0 , D̄_a Ψ = 0 , F^a Ψ = 0 (35) or the ‘bosonic antichiral’ ones T Ψ = 0 , D^a Ψ = 0 , F̄_a Ψ = 0 . (36) In ‘bosonic chiral’ case the wave equations (□^2 + m^2)Ψ = 0 , −i[ ∂ ∂ψ̄^a − (i ^∂ + m)_a^bψ_b]Ψ = 0 , i ∂ ∂ψ_b (i ^∂ − m)_b^aΨ = 0 (37) have the general solution Ψ(x, ψ, ψ̄) = e^{ψ̄(i ^∂+m)ψ} ∞∑ n=0 ψ_{a1} · · · ψ_{an} ϕ^{a1···an} (x) (38) 6 where the component fields ϕ^{a1···an} (x) are completely symmetric with respect to all Dirac indices, ϕ^{a1···an} (x) = ϕ^{(a1···an)}(x), and satisfy the Dirac equations (i ^∂ − m)_{a1}^bϕ^{a1a2···an} (x) = 0 . (39) From (39) follows the Klein–Gordon equation (37). Finally we have obtained the Bargmann–Wigner fields describing massive particles of spins n/2.

5. Conclusions. We have considered the models of the relativistic point particles

propagating on fourdimensional Minkowski space extended by commuting Weyl spinors. The models are invariant under bosonic (non–Grassmann) counterpart of SUSY. The main results are the following:

• Higher spin fields emerge as the result of first quantization of the proposed models.

• In massless case one obtained infinite set of field strenghts with all helicities satisfying linear Fierz–Pauli equations.

• If we quantize the massive particle with N = 1 bosonic counterpart of SUSY we obtain the massive free fields with any spin which satisfy only Klein–Gordon equation. We stress however that the first order equations of motions are missing.

• For massive particle with N = 2 bosonic counterpart of SUSY we get after quantization the wave function described by Bargmann–Wigner equations.

Let us note that some questions still should be answered. For instance, we do not understand the relation of our formalism with the unfolded formulation of higher spin fields by Vasiliev (see e.g. [1]) and link with the formulation using tensorial coordinates (see e.g. [5]). Also in our approach appears nonstandard relation between spin and statistics: both integer and half–integer spin fields have the same bosonic statistic. Here one should add that the analogous situation with statistics appears also in higher spin fields theory formulated on twistor spaces [7], [13], [14].

Acknowledgments. The authors would like to thank the Organizers of the In-

ternational Workshop SQS’03 for their warm hospitality and additionally E.A. Ivanov for fruitful discussions and valuable comments. One of the author (J.L.) would like to thank the EPSRC and University of Durham, where this report was completed.

References

[1] M.A. Vasiliev, Phys. Rev. D66(2002)0660066; JHEP 12(2004)046.

[2] D. Sorokin, Introduction to the Classical Theory of Higher Spins, hep-th/0405069.

[3] X. Bekaert, S. Cnockaert, C. Iazeolla and M.A. Vasiliev, Nonlinear Higher Spin Theories in Various Dimensions, hep-th/0503128.

[4] I. Bandos and J. Lukierski, Mod. Phys. Lett. 14(1999)1257. [5] I. Bandos, X. Pasti, D. Sorokin and M. Tonin, JHEP 0411(2004)046. [6] I. Bandos, X. Bekaert, J.A. de Azcarraga, D. Sorokin and M. Tsulaia, JHEP 0505(2005)023.

[7] R. Penrose and M.A.H. MacCallum, Phys. Reports 6C(1972)241. [8] E. Ivanov and J. Lukierski, Phys. Lett. B 624(2005)304. [9] S. Fedoruk and J. Lukierski, Phys. Lett. B 632(2006)371. [10] S. Fedoruk and V.G. Zima, JETP Lett. 61(1995)251. [11] C. Devchand and O. Lechtenfeld, Nucl. Phys. B516(1998)255. [12] J.A. de Azcarraga and J. Lukierski, Phys. Lett. B113(1982)170. [13] S. Fedoruk and V.G. Zima, J. Kharkov Univerity 585(2003)39 (hep-th/0308154). [14] A. Bette, J.A. de Azcarraga, J. Lukierski and C. Miquel–Espanya, Phys. Lett.

B595(2004)491.