arXiv:hep-th/0512189 v2 19 Dec 2005

Preprint typeset in JHEP style. - HYPER VERSION ITEP-TH-110/05

PUPT-2188

Black hole entropy and topological strings on generalized CY manifolds

Vasily Pestun^∗

Physics Department, Princeton University, Princeton NJ, 08544

Abstract: The H. Ooguri, A. Strominger and C. Vafa conjecture Z_{BH} = |Z_{top}|^2 is extended for the topological strings on generalized CY manifolds. It is argued that the classical black hole entropy is given by the generalized Hitchin functional, which defines by critical points a generalized complex structure on X. This geometry differs from an ordinary geometry if b_1(X) ≠ 0. In a critical point the generalized Hitchin functional equals to Legendre transform of the free energy of generalized topological string. The examples of T^6 and T^2 × K3 are considered in details.

∗On leave of absence from ITEP, 117259, Moscow, Russia

Contents

1. Introduction 1

2. A review 3

3. A generalization of the OSV conjecture 5

4. Examples: T^6 and T^2 × K3 8

5. Conclusion 14

1. Introduction

In [1] H. Ooguri, A. Strominger and C. Vafa (OSV) suggested a relation between the black hole entropy and the topological string partition function symbolically written as Z_{BH} = |Z_{top}|^2. In [2] N. Nekrasov and in [3] R. Dijkgraaf et. al explained that at the classical level the black hole entropy and the topological strings partition function are related to a certain Hitchin functional [4] for real three-forms, which defines by critical points a CY structure on a real six-dimensional manifold X, so Z_{hit} = Z_{BH} = |Z_{top}|^2. The important relation between Hitchin functional [4] and the quantization of the topological B-model [5] was shown in [6] by A. Gerasimov and S. Shatashvili. Moreover, in [6] was also suggested to use the generalized Hitchin functional [7], whose degrees of freedom are extended by one-forms and five-forms on X. The necessity to turn on forms of all ranks was proposed in [2] in the perspective of a certain seven-dimensional topological theory. See [8] for topological strings in generalized complex space [7, 9].

The whole construction is about compactifications with (at least) N = 2 supersymmetry. The usual ones are compactifications on Calabi-Yau manifolds. Then one has the A-model and the B-model [10], parameterized by symplectic or complex structures. They are each examples of generalized complex structures [7,9] and each can be described by a suitable Hitchin functional [4, 7]. The black hole entropy in the supergravity approximation is equal to the Hitchin functional [1–3].

At the one-loop level, however, to reproduce the first quantum correction to the Hitchin functional, one needs to use the generalized Hitchin functional, as was shown in [11]. In other words, for Calabi-Yau compactification, at tree level, only the modes of the ordinary Hitchin functional are turned on, but at one-loop level, to get the right quantum correction, one needs to allow the extra fields of the generalized Hitchin functional to run around in the loop.

The present paper is devoted to answering the following question: Is it possible to find a situation in which it is necessary to use the generalized Hitchin functional at tree level in order to reproduce the supergravity approximation to the black hole entropy? This will happen if the extra fields of the generalized Hitchin functional have expectation values at tree level.

In other words, it will happen in the case of a compactification with at least N = 2 supersymmetry that cannot be described as compactification on a complex manifold (B-model) or a symplectic manifold (A-model) – compactification that requires the language of a generalized complex structure. Concretely, this will happen in compactifications of N ≥ 2 supersymmetry on a manifold X with b_1(X) nonzero.

There is a consistent supergravity analysis of N = 2 supersymmetric compactifications with b_1(X) nonzero and using generalized complex geometry [12–18]. In this paper, we will show that in this situation, the generalized Hitchin functional reproduces the supergravity approximation to the black hole entropy, generalizing the results of OSV for the Kahler case.

However, actual examples of the framework of [12–18] are apparently not yet known. To give concrete examples of our calculations, therefore, we will consider the examples of X = T^6 and X = T^2 ×K3, which certainly do have b_1(X) nonzero. They have more than N = 2 supersymmetry, so it may be the case that at the loop level, they cannot be described by the generalized Hitchin functional (but require some further extension of it with additional fields related to the higher supersymmetry). However, at tree level compactification on T^6 or T^2 × K3 has a consistent truncation with N = 2 supersymmetry that includes deformations best described by generalized complex geometry. In this paper, we will show that in this subspace of the T^6 and T^2 × K3 moduli space, the black hole entropy at tree level is described by the generalized Hitchin functional. We hope that in the future examples will be found illustrating the ideas of the framework of [12–19] with N = 2 supersymmetry.

For generalized complex space, the necessary formalism of topological strings – topological J -model – is presented in [8], see also [17,20–30]. The generalized Hitchin functional in [7], and the compactifications of type II string theory on generalized CY manifolds are studied in [13–18]. For recent developments on black hole entropy see [31–47] and on generalized complex structures in string theory see [23,27–30,48– 51].

In sec. 2 we briefly review the standard logic, in sec. 3 we show that it is easily generalized. In sec. 4 we illustrate an emergence of the generalized Hitchin functional for T^6 and T^2 × K3 compactifications. The sec. 5 concludes the note.

2. A review

The relation between Z_{BH} and Z_{top} comes from considering a compactification of the physical type II string on a Calabi-Yau threefold X. See [52] for a comprehensive review of the subject and the complete list of references.

The resulting low energy effective theory is N = 2 four-dimensional supergravity. It contains the N = 2 gravitational multiplet, the universal hypermultiplet and a number of vector and hyper multiplets depending on the geometry of X. For type IIA string h^{1,1} vector multiplets correspond to the complexified Kahler moduli of X, and h^{2,1} hyper multiplets correspond to the complex moduli of X. For type IIB string the structure is reversed. The low energy effective action for vector multiplets is fully specified by a single holomorphic^1 function, the prepotential F(X^I ). The X^I are scalar components of the vector multiplets, they describe moduli of the CY manifold X. The prepotential F(X) defines a structure of the special Kahler geometry on the corresponding moduli space.

On the one hand, the physical string amplitudes on X, which compute F(X), can be formulated in the language of topological strings [5,53]. Namely, F(X) is just the classical free energy of the topological string. The higher genus amplitudes give the terms

I_g = ∫ d^4θ W^{2g}F_g(X^I ), (2.1)

where X^k are the N = 2 chiral superfields constructed from the vector multiplets, and W is the N = 2 chiral superfield for the Weyl multiplet W^{ij}_{μν} = T^{ij}_{μν} −R_{μνlρ}θ^iσ_{lρ}θ^j +· · · (with T being the graviphoton field, so the expansion in components of (2.1) gives terms R^2T^{2g−2}).

On the other hand, the four-dimensional N = 2 supergravity admits BPS black hole solutions [39, 47, 54]. These BPS black hole solutions are generalizations of the extremal Reissner-Nordstrom black holes in Einstein-Maxwell theory with M = |Q|. The Reissner-Nordstrom black hole has the metric

ds^2 = −dt^2(1 − 2M/r + Q^2/r^2) + dr^2(1 − 2M/r + Q^2/r^2)^{−1} + r^2dΩ^2. (2.2)

There is a bound |Q| ≤ M. When the bound M = Q is reached, the solution becomes BPS solution. The BPS solution preserves N = 1 supersymmetry. Moreover, the near horizon geometry of such a solution is given by the Bertotti-Robinson metric AdS_2 × S^2. In coordinates, where horizon is located at r = 0, the metric is given by

ds^2 = − r^2 Q^2 dt^2 +

Q^2 r^2

(dr^2 + r^2dΩ^2). (2.3)

1In homogeneous special coordinates, F is a homogeneous function of weight 2.

The radius of this black hole is r_0 = M = |Q| = |Z|, where we also introduced the central charge of N = 2 algebra for such a BPS object. The Bekenstein-Hawking- Wald entropy [55–58] is given by the familiar formula S = 1 4 Area = πr^2_0 = π|Q|^2. (2.4)

In the full N = 2 supergravity we turn on the abelian vector multiplets. Each one has a complex scalar X^I and magnetic and electric fields F^+_{μν}^I , G^+_{μν}^I . In the language of special Kahler geometry, it is convenient to organize the fields into pairs (X^I , F_I := ∂_I F) and (F^+, G^+) that transform linearly under Sp(2n + 2, R) duality group, actually broken to Sp(2n + 2, Z): ( X^I F_I ) ( F^+_{μν}^I G^+_{μν I} ) . (2.5)

The black hole can carry magnetic and electric charges (p^I , q_I ), and the solution is given by the usual^1_{r2} law in the metric ds^2 = −e^{2g(r)}dt^2 + e^{2f (r)}[dr^2 + r^2dΩ^2]

iF^I_{23} = i e^{−2f (r)} r^2 p^I , iG_{23I} = i e^{−2f (r)} r^2 q_I . (2.6)

It is convenient to introduce the central charge field Z = e^{K/2}(p^I F_I − q_I X^I ), where the Kahler potential e^{−K} = 2 Im(X^IF̄_I ). The supersymmetry condition gives the solution for the metric in terms of Z, so we have e^{2g(r)} = e^{−2f (r)} = e^{−K r2}_{|Z|2} . From the Wald formula for the entropy one obtains again

S = π|Z|^2. (2.7)

Since Z is expressed in terms of the scalars (X^I , F_I ) and the charges (p^I , q_I ) we still need to find (X^I , F_I ) in terms of (p^I , q_I ) and then plug into (2.7). The relation is given by the so called attractor equations^2 [39, 47, 60–63] Z̄ ( X^I F_I ) − Z (¯ X^I F̄_J ) = ie^{−K/2} ( p^I q_J ) . (2.8)

So we have the formula for the entropy S(p, q)

S(p^I , q_I ) = π |pF − qX|^2 2 Im(XF̄ )

. (2.9)

where Re(CX^I ) = p^I , Re(CF_I ) = q_I (we suppress index I in contractions like X^IF̄_I ). The formula (2.9) is invariant under a homogeneous complex dilatation, so we can put C = 1. The attractor equations Re(CX^I ) = p^I , Re(CF_I ) = q_I can be also obtained minimizing (2.9) by X^I for the fixed charges (p^I , q_I ) with F_I = ∂_I F.

2See [59] for studies of their relation to number theory.

Let us decompose X^I into the imaginary and the real part^3 X^′ + iX^{′′}, F = F^′ + iF^{′′}. Then we plug p = X^′, q = F^′ and compute S(p, q) = S(X^′, F^′)

S_{BH} (X^′, F^′) = π

|X^′(F^′ + iF^{′′}) − F^′(X^′ + iX^{′′})|^2 2(X^{′′}F^′ − X^′F^{′′}) = π 2 (X^{′′}F^′ − X^′F^{′′}). (2.10)

Now compare the function S_{Hit}, whose rationale will become clear in a moment, S_{Hit}(X^′, F^′) =^1_π S_{BH} (X^′, F^′) with the imaginary part or the prepotential F =^1_2 X^I F_I = F^′ + iF^{′′}

S_{Hit}(X^′, F^′) = 1 2 (X^{′′}F^′ − X^′F^{′′}) (2.11)

F^{′′}(X^′, X^{′′}) = 1 2 (X^{′′}F^′ + X^′F^{′′}). (2.12)

We see that 1 π S_{BH}(X^′, F^′) = S_{Hit}(X^′, F^′) = X^{′′}F^′ − F^{′′}(X^′, X^{′′}). (2.13)

Moreover, since F =^1_2 X^I F_I and F is holomorphic we have the relation on the derivative

F^′_I = ∂F^{′′} ∂X^{I ′′} . (2.14)

Therefore^1_π S_{BH} (X^′, F^′) = S_{Hit}(X^′, F^′) is the Legendre transform of the imaginary part of the topological string free energy F^{′′}(X^′, X^{′′}) in the imaginary part X^{′′} ≡ Im X [1–3]

S_{Hit}(X^′, F^′) = Legendre[F^{′′}(X^′, X^{′′}), F^′ = ∂_X ′′ F^{′′}] (2.15)

3. A generalization of the OSV conjecture

Before going to generalization, let us recall the meaning of the Hitchin functional S_{Hit} in the formulas above. Let Ω be the holomorphic (3, 0) form on the CY manifold X. As usual we have X^I = ∫ A_I Ω, FI = ∫ B^I Ω for some canonical basis of cycles AI , B I . The Hitchin functional in its critical point is the integral of the volume form defined by Ω S_{Hit}(X^′, F^′) = − i 4 ∫ Ω ∧ Ω̄ = 1 4i (XF̄ − X̄F ) = 1 2 Im XF̄ . (3.1)

The reason why we write S_{Hit} as a function of real part of periods X^′, F^′ is that it is actually a function of them by the construction [4] S_{Hit}[ρ] = 1 4i ∫ (ρ + iρ̂) ∧ (ρ − iρ̂) = − 1 2 ∫ (ρ ∧ ρ̂) = ∫ √ I_4(ρ) = ∫ vol. (3.2) 3In the following we often omit the index I, assuming the natural contraction in products.

Here ρ is a stable real three-form, and ρ̂ is a certain non-linear function of ρ, such that ρ + iρ̂ is the decomposable almost holomorphic (3, 0) form with respect to the complex structure also defined by ρ. The integrability of the complex structure can be cast in the form d(ρ + iρ̂) = 0. The field theory is defined by restricting ρ to some cohomology class in H^3(X, R), so dρ = 0. In a critical point of S_{Hit}[ρ] we have dρ̂ = 0, and the complex structure is integrable. We see that at the classical level the relation (2.15) holds: the Hitchin functional, proportional to the black hole entropy, is the Legendre transform of the imaginary part of the holomorphic prepotential F [1–3]. The relation between Hitchin functional and topological string was also studied classically in [6] and at the one-loop in [11]. For micro/macroscopical tests of the OSV conjecture see [31–33, 38–47].

In the case of generalized complex structures the whole construction works exactly in the same way. For a generalized complex structure, an analogue of the holomorphic (3, 0)-form will be a mixed differential form in complex H^{odd} = H^1 +H^3 +H^5 or H^{even} = H^0 + H^2 + H^4 + H^6, which is at the same time a pure spinor Ω = ρ + iρ̂ of SO(6, 6) [7, 9]. The off-shell generalized Hitchin functional is defined by the real part ρ of the pure spinor Ω S^G_{Hit} = − 1 2 ∫ (ρ, ρ̂) = ∫ √ I_4(ρ), (3.3)

where ρ̂ is a certain nonlinear function of ρ, and (, ) is an appropriate bilinear form on the space of mixed differential forms [7]. A mixed differential form ρ in Ω^1 + Ω^3 + Ω^5 or Ω^0 + Ω^2 + Ω^4 + Ω^6, according to its chirality, transforms as a spinor of SO(6, 6), and I_4(ρ) is the singlet in the tensor product of four SO(6, 6) spinors.

The moduli space of ordinary CY structures locally is

(H^{3,0} ⊕ H^{2,1})(X, C ),

or H^3(X, R) by Hitchin construction. The moduli space of generalized CY structures locally near the point of an ordinary complex structure is

(H^{1,0} ⊕ H^{2,1} ⊕ H^{3,2} ⊕ H^{3,0})(X, C ),

or H^1(X, R) ⊕ H^3(X, R) ⊕ H^5(X, R) by Hitchin construction.

The even/odd cases of generalized complex structure in six real dimensions correspond to the type A/B strings. They are distinguished by the chirality of the canonical pure spinor Ω that defines the corresponding generalized complex structure. In real six dimensions a usual complex structure is of odd type, and a usual symplectic structure is of even type.

In [7] Hitchin shows that the moduli space of generalized complex structures has a special Kahler geometry. Since N = 2 supergravity is fully defined by an appropriate special Kahler structure on the target manifold for the scalar fields from vector multiplets, all N = 2 computations for the black hole entropy can be done in the generalized complex case, as long as one includes the extra multiplets.

The outcome of N = 2 supergravity is the formula (2.15), which tells us that S_{BH} is the Legendre transform of Im F. Here F is the prepotential of the special geometry of the moduli space of generalized complex structures. It can be defined in a similar way. We pick up a basis of A_I , B^I cycles in H_{odd} = H_1 ⊕ H_3 ⊕ H_5 or in H_{even} = H_0 ⊕ H_2 ⊕ H_4 ⊕ H_6, which is canonical with respect to the sign twisted wedge product^4 that agrees with the bilinear form on spinors of Spin(T X, T X) [7]. Then

X^I = ∫ A_I Ω, F_I ∫ B^I Ω, (3.4)

where now A_I , B^I runs over all degrees in H_{odd} of H_{even} . For example, let us consider an ordinary symplectic structure ω as a generalized complex structure. Then Ω = e^{iω}, or Ω = 1 + iω − 1 2 ω^2 − 1 6 iω^3. We have the zero-cycle and a number of two-cycles of A type, and a number fourcycles and the six-cycle of B type. The sign twisted wedge product is antisymmetric and defines a symplectic structure on H^{even} (X). Then we recover the standard formulas

X^0 = 1 F_0 = ∫ X −i 1 6 ω^3 (3.5)

X^I = ∫ A_I iω F_I = ∫ B^I − 1 2 ω^2 (3.6) F = ( −i 4 + i 12 ) ∫ X ω^3 = − i 6 ∫ X ω^3. (3.7)

The topological string in a generalized complex space – topological J -model^5 — is described in [8], see there a complete list of references on the related works. In agreement with [7] it is explained in [8], that in the case dim_C X = 3 the moduli space of geometrical deformations of a generalized complex structure is a special Kahler manifold. It is also shown that the topological string three-point function is the third derivative C_{IJK} = ∂_I ∂_J ∂_K F of the holomorphic prepotential F of that special geometry. The manifold of the geometrical deformations of a generalized complex structure is a holomorphic Lagrangian submanifold inside the total extended moduli space of deformations of the associated special differential BV algebra. The outcome of [8] is that the genus zero topological string free energy without instanton

4This sign twisted wedge product for two forms α, β is defined as (α, β) = α ∧ β for deg β = 4k + 0, 1 and (α, β) = −α ∧ β for deg β = 4k + 2, 3 [7].

5J stands for a generalized complex structure, which can in particular be an ordinary symplectic (A) or an ordinary complex (B).

corrections is given by the same formula F =^1_2 X^I F_I , where X_I and F^I are periods the canonical pure spinor that defines a generalized complex structure over extended set of cycles on X. Therefore the relation

S_{Hit}(X^′, F^′) = Legendre[F^{′′}(X^′, X^{′′}), F^′ = ∂_X ′′ F^{′′}] (3.8)

holds in the generalized complex case, and F^{′′} is the imaginary part of the free energy of the topological J -model [8].

What about the black hole entropy? On the one hand, given a special Kahler geometry, we can formally write down an appropriate N = 2 four-dimensional supergravity, and then the relation (2.15) automatically holds due to the special Kahler geometry relations. But can it physically be related to topological strings in generalized complex space? The answer seems to be yes, and the connection is again realized by the ten-dimensional type II string theory compactified on the given generalized CY manifold X. Recently non Calabi-Yau compactifications were studied in much details in [13,15–18]. We expect that the type II ten-dimensional string theory compactified on a generalized CY manifold X is related to the topological string on X exactly in the same fashion like in the usual case. In [12, 14] the direct relation between Hitchin functionals for generalized complex geometry in N = 2 supergravity and the type II string compactification was described.

4. Examples: T^6 and T^2 × K3

Here we consider a simple example when the generalized Hitchin functional differs from the ordinary Hitchin functional at tree level. This is possible only when X has b_1(X) ≠ 0, so T^6 and T^2 × K3 are natural examples to see explicitly how the generalized Hitchin functional works.

First of all, one shall note that the physical type II string compactified on T^6 or T^2 × K3 space gives rise to N = 8 or N = 4 supergravity. Of course, the structure of these gravity theories differs from N = 2. The usual, or generalized like in [8] topological string, as well as attractor equations, deals only with N = 2 terms.

The additional massless vector multiplets of N = 4 or N = 8 gravities are not among observables of the topological string, which couples to variations of (generalized) complex or symplectic structure on X. We consider N = 2 truncation of the N = 4, 8 theories and leave only those vector multiplets, whose scalars come from (generalized) complex or symplectic moduli of X.

In T^6 case the N = 8 supergravity multiplet [] contains the following N = 2 multiplets. There is 1 N = 2 gravity multiplet, 6 N = 2 gravitini multiplets, 15 N = 2 vector multiplets and 10 N = 2 hypermultiplets. Each gravitini multiplet has two gauge fields, so there are in total 1 + 12 + 15 = 28 gauge fields for the T^6 compactification. We throw away the gravitini multiplets and stay with 1 + 15 = 16 gauge fields coming from the N = 2 supergravity sector.

In T^2×K3 case, after decomposition under N = 2, the gauge fields are counted as follows. There is one N = 4 supergravity multiplet and 22 N = 2 vector multiplets. The N = 4 supergravity multiplet is decomposed into 1 N = 2 gravity multiplets, 2 N = 2 gravitini multiplets and 1 N = 2 vector multiplet. It has 1 + 4 + 1 = 6 gauge fields. In total there are 22 + 6 = 28 gauge fields with corresponding 28 magnetic and 28 electric charges. Again we throw away the N = 2 gravitini multiplets and stay with 1 + 22 + 1 = 24 gauge fields coming from N = 2 supergravity sector.

The corresponding black hole solution carries magnetic and electric charges only for these N = 2 vector multiplets. The solution is 1/4 BPS for T^6 compactifications and 1/2 BPS for T^2 × K3, so it preserves N = 1 four-dimensional supersymmetry. The truncation is consistent classically, and we will work here only at the classical level.

Though in derivation of the Legendre transform we closely follow [64], the novelty is the relation of the result with the generalized Hitchin functional [7] and with the generalized topological J -model [8].

The simplest case is the 1/8 BPS black hole for the IIA on T^6 with the charges corresponding to D0, D2, D4 and D6 branes [31–34, 64–67]. The IIA corresponds to the topological A-model. The genus zero topological string free energy is given by F = − 1 6 C_{IJK} X^I X^J X^A X^0

, (4.1)

where X^I = ∫ A^I ω are integrals of the complexified Kahler class over two cycles

I = 1 . . . 15, and C_{IJK} is the intersection matrix for the two-cycles on T^6. We will consider A_I cycles to be the 0-cycle and all 2-cycles, the dual B^I -cycles are all 4-cycles and the 6-cycle. The 2-cycles on T^6 are labelled by pairs 1 ≤ i < j ≤ 6, which we can organize into labels of the components of 6 × 6 antisymmetric matrix. The periods X^I , I = 1 . . . 15 are entries of this matrix. The non-zero intersection of three 2-cycles correspond to the choice of three pairs of indexes (i, j) such that all of them are different, with an appropriate sign coming from parity of permutation (i_1, i_2), (i_3, i_4), (i_5, i_6) into (1, 2, 3, 4, 5, 6). Therefore the expression (4.1) can be reorganized into the Pfaffian of the antisymmetric 6×6 matrix X with entries X^I F = − Pf(X) X^0

. (4.2)

Now we need to find the Legendre transform of (4.2) in imaginary part X^{I ′′} for X^I = X^{I ′} + iX^{I ′′}, I = 0 . . . 15. In order to do that for a general cubic prepotential of n variables one has to solve a system of n quadratic equations, which generally speaking does not have a closed algebraic solution [68]. The key property of (4.2) that allows to explicitly find its Legendre transform in (X^{0′′}, X^{I ′′}) is its extremely simple behavior under the full complex Legendre transform for all variables (X^I , X^0) at once. There exist a very distinguished set of cubic prepotentials

C_{IJK} X^I X^J X^K /X^0 that are invariant under the Legendre transform in all variables. They were all algebraically classified in [69] with even stronger condition. The exponents of these functions are invariant under the Fourier transform. In the T^2 × K3 case, the invariance is easy to see, and we will demonstrate it below. As for the T^6 case, see [64, 69, 70]. (The semiclassical evaluation of the Fourier transform reduces to the Legendre transform. In other words, integrals of exponents of such cubic functions are exactly localized on the their critical points.^6 Such nice prepotentials are labelled by B_n, D_n, E_6, E_7, E_8, F_4, G_2 algebraic types [64], and the case with Pfaffian of an antisymmetric 6 × 6 matrix is the E_7 case.)

Given such an invariant function I_3(X^I )/X^0, Pioline [64] computes its Legendre transform in (X^{0′′}, X^{I ′′}). The idea is to shift variables x^I = X^{I ′′} −^{X 0′′}_{X 0′} X^{I ′} in such a way to kill the quadratic term in X^{I ′′} in the expansion I_3(X^{I ′} + iX^{I ′′}). Then the Legendre transform is computed using the invariance of I_3(X^{I ′′})/X^{0′′}. In the notations p = X^′, q = F^′, ϕ = X^{′′} the Pioline result [64] is

S_{Hit} = Legendre[− Im

I_3(p^I + iϕ^I ) p^0 + iϕ^0

, ϕ^I ] = = √ 4p^0I_3(q) − 4q_0I_3(p) + 4∂^I I_3(q)∂_I I_3(p) − (p^0q_0 + p^Aq_A)^2 =: √ I_4(p, q). (4.3)

Specializing to the T^6 case, Pioline [64] obtains quartic SO(6, 6) invariant functional I_4(p^I , q_I ) of 32 charges p^I , q_I , I = 0 . . . 16. The charge vector p^I , q_I of T^6 transforms as a spinor under SO(6, 6), and I_4(p_I , q^I ) is the singlet in the symmetric tensor product of four SO(6, 6) spinors.

Now recall the definition (3.3) of the generalized Hitchin functional [7]. Specializing to the case of T^6, where in the critical point Ω = ρ+iρ̂ is constant, one immediately recognizes the agreement with the Legendre transform (4.3) of the topological string free energy (4.2). In the framework of the generalized topological strings [8], the periods (X^I , F_I ) are defined by integrals of the canonical pure spinor Ω = ρ + iρ̂ of SO(T X, T^∗X), equivalently it is a mixed differential form on X. After the Legendre transform the charges (p^I , q_I ) are identified with the periods of the real part ρ of Ω. In the case of A-model, Ω = e^{iω+b}, which gives the claimed correspondence.

What about the generalized B-model on T^6? An ordinary complex structure is defined by a holomorphic (3, 0) form. A generalized complex structure is defined by a pure SO(6, 6) spinor of odd chirality, which can be represented as a mixed differential form^7 Ω = Ω^{(1)} + Ω^{(3)} + Ω^{(5)}. The condition ‘pure’ for the SO(6, 6) spinor Ω in the generalized complex case is an analogue of the (3, 0) type condition for the form Ω

6The same distinguished types of cubic prepotentials were also classified much earlier in [71] studies of N = 2 supergravity.They can appear as N = 2 four dimensional prepotentials of dimensional reduction N = 2 five-dimensional supergravity.

7In this correspondence gamma matrices of SO(T X, T^∗X) are organized into creation and annihilation operators a^{i+}, a_j, {a^{i+}, a_j} = δ^i_j . Then a^{i+} ≃ dx^i∧ corresponds to the wedge product with dx^i, and a_i ≃ ∂_i corresponds to the contraction with the vector field ∂_i.

in the ordinary complex case. Deformations of an ordinary complex structure are parameterized by Beltrami differentials μ^i_{j̄} , so that ∂¯_j → ∂¯_j + μ^i_{j̄} ∂_i and Ω → e^{−μ}Ω. In the generalized complex case deformations are given^8 by μ^{ij} + μ^i_{j̄} + μ¯_i¯_j , which can be viewed as a section of Λ^2(T X^{10} ⊕ T^∗X^{01}) =: Λ^2(L^∗), that is a subalgebra of so(6, 6, C ). A deformation Ω → e^{−μ}Ω is a rotation of a spinor by an element μ of Λ^2(L^∗) ⊂ so(6, 6, C ). We restrict so(6, 6, C ) to Λ^2(L^∗) to keep the spinor pure. Let us introduce indexes (a, b) which run over upper holomorphic^{123} indexes and lower antiholomorphic ¯_1¯_2¯_3 indexes. Then an element μ_{ab} of Λ^2(L^∗) ⊂ so(6, 6, C ) defines a rotation of the spinor Ω by the formula

Ω = e^{−μ}Ω_0 = e^{− 12 μabΓaΓb} Ω_0. (4.4)

The entries μ_{ab} = (μ^{ij} , μ^i_{j̄} , μ¯_i¯_j ) are organized into an antisymmetric 6 × 6 matrix

μ_{ab} = ( μ^{ij} μ^i_{j̄} −(μ^i_{j̄} )^T μ¯_i¯_j ) . (4.5)

In the case of T^6 deformations, μ is a constant matrix, and the general Chern- Simons like cubic formula [8] for the tree level free energy of J -model is reduced to F(μ|Ω_0) = − 1 6 ((μ_{ab}Γ^aΓ^b)^3Ω_0, Ω_0), (4.6)

which in turn gives

F(μ|Ω_0) = − Pf(μ). (4.7)

We see that in the canonical coordinates, the free energy of the B-model on T^6 is also given by the cubic polynomial, namely Pfaffian of an antisymmetric 6×6 matrix. We can also write the formula in terms of periods X^I = ∫ A_I (μ·Ω), where 15 AI cycles

in (H_1 ⊕ H_3 ⊕ H_5)(X, C ) are dual to the forms μ · Ω as follows. There are 3 one-cycles for dz^i, 9 three-cycles dz^ī ∧ dz^j ∧ dz^k, and 3 five-cycles dz^1 ∧ dz^2 ∧ dz^3 ∧ dz^ī ∧ dz^{j̄} . In addition there is one distinguished cycle A_0, which is dual to dz^1 ∧ dz^2 ∧ dz^3. In terms of these periods X_I = ∫ A^I (μ · Ω) we obtain F = − Pf(X)

X^0

. (4.8)

Then one proceeds in a similar way to the A-model considered above. For an illustration let us look at the Hodge diamond of T^6. The spaces of Ω and (μ · Ω), which describe deformations of generalized complex structure with a reference point being

8At an arbitrary reference point the geometrical deformations in the topological J -model are given by Λ^2(L^∗), and all extended deformations are given by Λ^•(L^∗), where L is the +i-eigenbundle of the generalized complex structure J ∈ End(T X ⊕ T^∗X).

an ordinary complex structure, are underlined. They are mirror to H^0 ⊕ H^2 in the A-model by 90 degree rotation of the Hodge diamond

h^{00} h^{10} h^{01} h^{20} h^{11} h^{02} h^{30} h^{21} h^{12} h^{03} h^{31} h^{22} h^{13} h^{32} h^{23} h^{33}

=

1 3 3 3 9 3 1 9 9 1 3 9 3 3 3 1

. (4.9)

Let us remark however, that such a simple cubic formula for F of the generalized B-model is obtained only in the so called canonical coordinates μ, in terms of periods X^I over carefully chosen set of cycles by the condition that X^I are linear functions of μ. And the fact that F of the B-model on T^6 does not have corrections to the cubic term by mirror symmetry means the well-known fact that the topological A-model on T^6 does not have instanton contributions, so the formula (4.2) is exact in genus zero^9. The function F =^1_2 X^I F_I is not Sp(2N) invariant under a change of basis of cycles, but (X^I , F_I ≡ ∂_I F) transforms as a fundamental of Sp(2N). One can also compare the present computation with computation of ordinary deformations of complex structure parameterized by H^{2,1}(T^6) in [59].

Let us turn to the type II string on K3×T^2 [31–34,64–67,72,73]. As we explained above, we consider the truncation of the spectrum to 1 + 23 = 24 gauge fields with 24 electric and 24 magnetic charges. The gauge fields come from reduction of RR (p + 1)-forms on p-cycles on X. In type IIA p is even, and in type IIB p is odd. The Hodge diamond for dim H^{p,q} of T^2 × K3 has the following form

h^{00} h^{10} h^{01} h^{20} h^{11} h^{02} h^{30} h^{21} h^{12} h^{03} h^{31} h^{22} h^{13} h^{32} h^{23} h^{33}

=

1 1 1 1 21 1 1 21 21 1 1 21 1 1 1 1

. (4.10)

Again we underlined spaces of generalized deformations with a reference point being an ordinary complex structure (the B-model). There are 22 ordinary CY moduli (20+1 for complex structures on K3 and T^2, and 1 for an overall dilatation of the holomorphic (3, 0)-form) and 2 generalized extra moduli coming from deformations by a holomorphic bivector β^{ij} and B-field B¯_{ij̄}. After contraction with the holomorphic (3, 0) form, the β^{ij} and B¯_i¯_j generalized deformations sit in Ω^{10} and Ω^{32} entries

9Actually, the higher genus contributions also vanish.

of the Hodge diamond. We can decompose this deformation over the following basis in H^{odd} = H^1 + H^3 + H^5.

There is 1 deformation of complex structure on T^2, which after contraction with the holomorphic (1, 0) form on T^2 is mapped to the (0, 1) form on T^2 times the holomorphic (2, 0) form on K3. The coefficient at the form (dz)_T 2 ∧ Ω_{K3} is called X^1.

There are 20 deformations of complex structure on K3 μ^i_{j̄} , which after contraction with the holomorphic (2, 0) form are mapped into (1, 1) forms (μ · Ω_{K3})_i¯_j on K3 times the holomorphic (1, 0) form on T^2. The corresponding coefficients are called X^I , I = 2..21.

There is 1 generalized deformation by holomorphic bivector on K3, which after contraction with the (3, 0) holomorphic form Ω is mapped to the (1, 0) holomorphic form on T^2. The corresponding coefficient is X^{22}.

There is 1 generalized deformation by B¯_i¯_j field, which is mapped to the space spanned by (dz)_T 2 ∧ Ω_{K3} ∧ Ω̄_{K3}. The corresponding coefficient is X^{23}.

There is 1 dilatation of Ω, which is mapped to the same space of (3, 0) forms Ω. The corresponding coefficient is X^0.

In total we have 24 periods X^I , I = 0, . . . 23 corresponding to the 24 gauge fields in N = 2 vector multiplets.

Using formalism of [8] it is not difficult to see the topological string free energy is given by

F = 1 2 X^1C_{ab}X^aX^b X^0

(4.11)

where C_{ab} is the intersection matrix in H^2(K3), a = 2 . . . 23. Again the B-model answer is a simple cubic expression^{10}, exactly in agreement with the mirror symmetry (T^2 × K3 is mirror symmetric to itself) and the fact that A-model does not have any worldsheet instanton corrections in genus zero.

The full Legendre transform of the function F =^1_2 X^1C_{ab}X^aX^b/X^0 in all complex variables X^I is given simply by −^1_2 F_1C^{ab}F_aF_b/F_0. (In other words, for the bilinear form that satisfies C = C^{−1}, the function (4.11) is invariant under the full Legendre transform and fall into the classification of [69]). Explicitly, we need to solve ∂_0F =

10The solution of the Kodaira-Spencer equation for ¯∂(a+x)+^1_2 {(a+x), (a+x)} for μ = x+a, gives a nonzero correction a to the harmonic representative x of cohomology class H^1(T X). However the correlation ∫ T^2 ×K3((μ·)

3Ω, Ω) decouples into ∫ T^2 and ∫ K3((μ·)^2Ω_{K3}, Ω_{K3}) = ∫ K3(μ · Ω) ∧ (μ · Ω).

That differs from (x · Ω) ∧ (x · Ω) by an integral of ∂-exact times ∂-closed term, which vanishes.

F_0, ∂_1F = F_1 and ∂_aF = F_a, so we have − 1 2 X^1 (X^0)^2

C_{ab}X^aX^b = F_0 (4.12) 1 2 1 X^0

C_{ab}X^aX^b = F_1 (4.13)

X^1 X^0

C_{ab}X^b = F_a. (4.14)

Dividing the first line over the second, we have^{X 0}_{X 1} = −^{F1}_{F0} . From the third line we have X^b =^{X 0}_{X 1} C^{ba}F_a = −^{F1}_{F0} C^{ba}F_a. Then C_{ab}X^aX^b = (^{F1}_{F0} )^2C^{ba}F_aF_b. Then from the second line we have X^0 =^1_2^{F1}_{(F0)2} C^{ba}F_aF_b, and, using F_0/F_1 = −X^0/X^1 we get X^1 = −^1_2^1_{F 0} C^{ba}F_aF_b. We see that X^I are expressed in terms of F_I in the same way as F_I in terms of X^I (up to the minus sign).

For any homogeneous function of weight two F =^1_2 F_I X^I , the Legendre transform is given by F̃ = F_I X^I − F =^1_2 F_I X^I (F_J ). We plug the expressions for X^I and obtain

F̃ = −1 2 F_1C^{ab}F_aF_b F_0

. (4.15)

Then we can use Pioline [64] formula (4.3) for the Legendre transform in imaginary part of X to find S_{BH} = πS_{Hit} = π √ p^2q^2 − (p · q)^2, (4.16)

where the charge vectors (p^I , q_I ) are identified with real part of (X^I , F_I ), and the scalar product is taken in the (20, 4) signature lattice. This is the truncation of the full (22, 6) lattice for type II on T^2 × K3 to the charges of N = 2 vector multiplets in agreement with [31–34, 64, 65, 67, 72, 73].

5. Conclusion

In this note it was argued that the OSV conjecture [1] is applicable to the case of generalized complex structures [7, 9]. If b_1(X) = 0 one has to use generalized Hitchin functional at quantum level [11]; classically the generalized and the ordinary geometry does not differ. However, if b_1(X) ≠ 0, like in the case of T^6 or T^2 × K3, the emergence of the generalized Hitchin functional is inevitable at tree level.

Deformations of a generalized complex structure on a three-fold X are parameterized by the half of all even/odd cycles in type A/B. The extra moduli exist at the classical level if H^1(X) is not trivial. For example, the extra deformations of complex structure include H^{1,0} and H^{3,2} in addition to the standard H^{2,1}. The classical black hole entropy in this case is given by the generalized Hitchin functional of the form ∫ √ I_4(ρ), where ρ is the real part of the canonical pure SO(6, 6) spinor (mixed differential form) on X. The scalar fields in N = 2 multiplets come from all such generalized deformations, and the corresponding gauge fields come from reduction of all odd/even RR forms C_p in type II A/B on all even/odd cycles in X.

We did not touch extremely interesting subjects of higher genus and nonperturbative corrections to the relation, but suggest that the generalized geometry must be an appropriate framework for study of the subject. Especially this is interesting in the context of non CY background compactifications [13–18]. The microscopical counting of black hole entropy could illuminate non-perturbative structure of the topological J -model [8].

Acknowledgments

I would like to especially thank E. Witten for very useful comments and suggestions. I also learned much from communication with N. Nekrasov, to whom I am very grateful. I thank M. Grana, F. Denef, A. Kapustin, A. Losev, A. Neitzke, S. Shatashvili and D. Shih for interesting discussions. Part of this research was done during my visits to Institut des Hautes Etudes Scientifiques, Bures-sur-Yvette, France and the 3rd Simons Workshop in Mathematics and Physics at Stony Brook University, NY. I thank these institutions for their kind hospitality. The work was supported in part by grant RFBR 04-02-16880 and grant NSF 245-6530.

References

[1] Hirosi Ooguri, Andrew Strominger, and Cumrun Vafa. Black hole attractors and the topological string. Phys. Rev., D70:106007, 2004. hep-th/0405146.

[2] Nikita Nekrasov. A la recherche de la m-theorie perdue. Z theory: chasing m/f theory.

2004. hep-th/0412021.

[3] Robbert Dijkgraaf, Sergei Gukov, Andrew Neitzke, and Cumrun Vafa. Topological M-theory as unification of form theories of gravity. 2004. hep-th/0411073.

[4] Nigel Hitchin. The geometry of three-forms in six dimensions. J. Differential Geom., 55(3):547–576, 2000.

[5] M. Bershadsky, S. Cecotti, H. Ooguri, and C. Vafa. Kodaira-Spencer theory of gravity and exact results for quantum string amplitudes. Commun. Math. Phys., 165:311–428, 1994. hep-th/9309140.

[6] Anton A. Gerasimov and Samson L. Shatashvili. Towards integrability of topological strings. I: Three- forms on Calabi-Yau manifolds. JHEP, 11:074, 2004. hepth/0409238.

[7] Nigel Hitchin. Generalized Calabi-Yau manifolds. Q. J. Math., 54(3):281–308, 2003.

[8] Vasily Pestun. Topological strings in generalized complex space, to appear.

[9] Marco Gualtieri. Generalized complex geometry. Oxford University DPhil thesis.

math.DG/04011212.

[10] Edward Witten. Mirror manifolds and topological field theory. 1991. hep-th/9112056.

[11] Vasily Pestun and Edward Witten. The Hitchin functionals and the topological Bmodel at one loop. 2005. hep-th/0503083.

[12] Frederik Witt. Generalised geometries, constrained critical points and Ramond- Ramond fields. 2005. math.DG/0510131.

[13] Mariana Grana. Flux compactifications in string theory: A comprehensive review.

2005. hep-th/0509003.

[14] Mariana Grana, Jan Louis, and Daniel Waldram. Hitchin functionals in N = 2 supergravity. 2005. hep-th/0505264.

[15] Mariana Grana, Ruben Minasian, Michela Petrini, and Alessandro Tomasiello. Supersymmetric backgrounds from generalized Calabi-Yau manifolds. JHEP, 08:046, 2004. hep-th/0406137.

[16] Wu-yen Chuang, Shamit Kachru, and Alessandro Tomasiello. Complex / symplectic mirrors. 2005. hep-th/0510042.

[17] Ulf Lindstrom, Ruben Minasian, Alessandro Tomasiello, and Maxim Zabzine. Generalized complex manifolds and supersymmetry. Commun. Math. Phys., 257:235–256, 2005. hep-th/0405085.

[18] Stephane Fidanza, Ruben Minasian, and Alessandro Tomasiello. Mirror symmetric SU(3)-structure manifolds with NS fluxes. Commun. Math. Phys., 254:401–423, 2005. hep-th/0311122.

[19] Sebastien Gurrieri, Jan Louis, Andrei Micu, and Daniel Waldram. Mirror symmetry in generalized Calabi-Yau compactifications. Nucl. Phys., B654:61–113, 2003. hepth/0211102.

[20] Sergey Barannikov and Maxim Kontsevich. Frobenius manifolds and formality of Lie algebras of polyvector fields. Internat. Math. Res. Notices, (4):201–215, 1998.

[21] Yu. I. Manin. Three constructions of Frobenius manifolds: a comparative study [ MR1701927 (2001b:14087)]. In Surveys in differential geometry, Surv. Differ. Geom., VII, pages 497–554. Int. Press, Somerville, MA, 2000.

[22] M. Alexandrov, A. Schwarz, O. Zaboronsky, and M. Kontsevich. The geometry of the master equation and topological quantum field theory. Internat. J. Modern Phys. A, 12(7):1405–1429, 1997.

[23] Anton Kapustin and Yi Li. Topological sigma-models with H-flux and twisted generalized complex manifolds. 2004. hep-th/0407249.

[24] Anton Kapustin. Topological strings on noncommutative manifolds. Int. J. Geom.

Meth. Mod. Phys., 1:49–81, 2004. hep-th/0310057.

[25] Yi Li. On deformations of generalized complex structures: The generalized Calabi-Yau case. 2005. hep-th/0508030.

[26] Maxim Zabzine. Hamiltonian perspective on generalized complex structure. 2005.

hep-th/0502137.

[27] Ulf Lindstrom, Martin Rocek, Rikard von Unge, and Maxim Zabzine. Generalized Kaehler geometry and manifest N = (2,2) supersymmetric nonlinear sigma-models. JHEP, 07:067, 2005. hep-th/0411186.

[28] Roberto Zucchini. A topological sigma model of biKaehler geometry. 2005. hepth/0511144.

[29] Roberto Zucchini. Generalized complex geometry, generalized branes and the Hitchin sigma model. 2005. hep-th/0501062.

[30] Roberto Zucchini. A sigma model field theoretic realization of Hitchin’s generalized complex geometry. JHEP, 11:045, 2004. hep-th/0409181.

[31] Atish Dabholkar. Exact counting of black hole microstates. Phys. Rev. Lett., 94:241301, 2005. hep-th/0409148.

[32] Atish Dabholkar, Frederik Denef, Gregory W. Moore, and Boris Pioline. Precision counting of small black holes. 2005. hep-th/0507014.

[33] Atish Dabholkar, Frederik Denef, Gregory W. Moore, and Boris Pioline. Exact and asymptotic degeneracies of small black holes. 2005. hep-th/0502157.

[34] Shahrokh Parvizi and Alireza Tavanfar. Minimal redefinition of the OSV ensemble.

2005. hep-th/0508231.

[35] Ashoke Sen. Black holes and the spectrum of half-BPS states in N = 4 supersymmetric string theory. 2005. hep-th/0504005.

[36] Ashoke Sen. Black hole entropy function and the attractor mechanism in higher derivative gravity. JHEP, 09:038, 2005. hep-th/0506177.

[37] Ashoke Sen. Entropy function for heterotic black holes. 2005. hep-th/0508042. [38] Erik P. Verlinde. Attractors and the holomorphic anomaly. 2004. hep-th/0412139. [39] Andrew Strominger. Macroscopic Entropy of N=2 Extremal Black Holes. Phys. Lett., B383:39–43, 1996. hep-th/9602111.

[40] Andrew Strominger and Cumrun Vafa. Microscopic Origin of the Bekenstein-Hawking Entropy. Phys. Lett., B379:99–104, 1996. hep-th/9601029.

[41] Gary T. Horowitz and Andrew Strominger. Counting States of Near-Extremal Black Holes. Phys. Rev. Lett., 77:2368–2371, 1996. hep-th/9602051.

[42] Juan M. Maldacena and Andrew Strominger. Statistical Entropy of Four-Dimensional Extremal Black Holes. Phys. Rev. Lett., 77:428–429, 1996. hep-th/9603060.

[43] J. C. Breckenridge et al. Macroscopic and Microscopic Entropy of Near-Extremal Spinning Black Holes. Phys. Lett., B381:423–426, 1996. hep-th/9603078.

[44] David M. Kaplan, David A. Lowe, Juan M. Maldacena, and Andrew Strominger.

Microscopic entropy of N = 2 extremal black holes. Phys. Rev., D55:4898–4902, 1997. hep-th/9609204.

[45] Juan M. Maldacena, Andrew Strominger, and Edward Witten. Black hole entropy in M-theory. JHEP, 12:002, 1997. hep-th/9711053.

[46] Juan M. Maldacena, Gregory W. Moore, and Andrew Strominger. Counting BPS black holes in toroidal type II string theory. 1999. hep-th/9903163.

[47] Sergio Ferrara, Renata Kallosh, and Andrew Strominger. N=2 extremal black holes.

Phys. Rev., D52:5412–5416, 1995. hep-th/9508072.

[48] Ulf Lindstrom. Generalized N = (2,2) supersymmetric non-linear sigma models. Phys.

Lett., B587:216–224, 2004. hep-th/0401100.

[49] Stefano Chiantese, Florian Gmeiner, and Claus Jeschek. Mirror symmetry for topological sigma models with generalized Kaehler geometry. 2004. hep-th/0408169.

[50] Maxim Zabzine. Geometry of D-branes for general N = (2,2) sigma models. Lett.

Math. Phys., 70:211–221, 2004. hep-th/0405240.

[51] Jr. Gates, S. J., C. M. Hull, and M. Rocek. Twisted multiplets and new supersymmetric nonlinear sigma models. Nucl. Phys., B248:157, 1984.

[52] Thomas Mohaupt. Black hole entropy, special geometry and strings. Fortsch. Phys., 49:3–161, 2001. hep-th/0007195.

[53] Ignatios Antoniadis, E. Gava, K. S. Narain, and T. R. Taylor. Topological amplitudes in string theory. Nucl. Phys., B413:162–184, 1994. hep-th/9307158.

[54] W. A. Sabra. Black holes in N = 2 supergravity theories and harmonic functions.

Nucl. Phys., B510:247–263, 1998. hep-th/9704147.

[55] James M. Bardeen, B. Carter, and S. W. Hawking. The Four laws of black hole mechanics. Commun. Math. Phys., 31:161–170, 1973.

[56] Jacob D. Bekenstein. Generalized second law of thermodynamics in black hole physics.

Phys. Rev., D9:3292–3300, 1974.

[57] Jacob D. Bekenstein. Black holes and entropy. Phys. Rev., D7:2333–2346, 1973. [58] Robert M. Wald. Black hole entropy in the Noether charge. Phys. Rev., D48:3427– 3431, 1993. gr-qc/9307038.

[59] Gregory W. Moore. Arithmetic and attractors. 1998. hep-th/9807087. [60] Sergio Ferrara and Renata Kallosh. Universality of Supersymmetric Attractors. Phys.

Rev., D54:1525–1534, 1996. hep-th/9603090.

[61] Sergio Ferrara and Renata Kallosh. Supersymmetry and Attractors. Phys. Rev., D54:1514–1524, 1996. hep-th/9602136.

[62] Gabriel Lopes Cardoso, Bernard de Wit, and Thomas Mohaupt. Corrections to macroscopic supersymmetric black-hole entropy. Phys. Lett., B451:309–316, 1999. hepth/9812082.

[63] Gabriel Lopes Cardoso, Bernard de Wit, and Thomas Mohaupt. Deviations from the area law for supersymmetric black holes. Fortsch. Phys., 48:49–64, 2000. hepth/9904005.

[64] Boris Pioline. BPS black hole degeneracies and minimal automorphic representations.

JHEP, 08:071, 2005. hep-th/0506228.

[65] David Shih, Andrew Strominger, and Xi Yin. Recounting dyons in N = 4 string theory.

2005. hep-th/0505094.

[66] David Shih, Andrew Strominger, and Xi Yin. Counting dyons in N = 8 string theory.

2005. hep-th/0506151.

[67] David Shih and Xi Yin. Exact black hole degeneracies and the topological string.

2005. hep-th/0508174.

[68] Marina Shmakova. Calabi-Yau black holes. Phys. Rev., D56:540–544, 1997. hepth/9612076.

[69] Alexander Polishchuk Pavel Etingof, David Kazhdan. When is the Fourier transform of an elementary function elementary? math.AG/0003009.

[70] B. Pioline. Cubic free field theory. 2003. hep-th/0302043.

[71] M. Gunaydin, G. Sierra, and P. K. Townsend. The geometry of N=2 Maxwell-Einstein supergravity and Jordan algebras. Nucl. Phys., B242:244, 1984.

[72] Mirjam Cvetic and Arkady A. Tseytlin. Solitonic strings and BPS saturated dyonic black holes. Phys. Rev., D53:5619–5633, 1996. hep-th/9512031.

[73] Mirjam Cvetic and Donam Youm. Dyonic BPS saturated black holes of heterotic string on a six torus. Phys. Rev., D53:584–588, 1996. hep-th/9507090.