arXiv:hep-th/0512252 v2 15 Feb 2006

Vacuum solutions of five dimensional Einstein equations generated by inverse scattering method

Shinya Tomizawa, Yoshiyuki Morisawa and Yukinori Yasui Department of Mathematics and Physics, Graduate School of Science, Osaka City University, 3-3-138 Sugimoto, Sumiyoshi, Osaka 152-8551, Japan (Dated: February 15, 2006)

We study stationary and axially symmetric two solitonic solutions of five dimensional vacuum Einstein equations by using the inverse scattering method developed by Belinski and Zakharov. In this generation of the solutions, we use five dimensional Minkowski spacetime as a seed. It is shown that if we restrict ourselves to the case of one angular momentum component, the generated solution coincides with a black ring solution with a rotating two sphere which was found by Mishima and Iguchi recently.

PACS numbers: 04.50.+h 04.70.Bw

I. INTRODUCTION

In four dimensional Einstein-Maxwell systems, stationary black holes are considerably interesting objects since we would expect that any black holes formed by gravitational collapse settle down to a stationary state. Remarkably, stationary black holes are characterized only by total mass, angular momentum and electric (magnetic) charge. This fact is well known as uniqueness theorems of black holes [1]. Therefore, a lot of authors have investigated global and local properties of stationary black holes as the final state of black hole spacetimes.

Recently, higher dimensional black holes have much attention since the possibility of higher dimensional black hole production in a linear collider is predicted in TeV gravity [2]. However, it is not clear whether black holes will be formed through the collisions of protons in the linear collider. Though at first glance it seems that we cannot expect to obtain a complete description of real black holes due to the complexity of Einstein equations, essentially their nonlinearity, the uniqueness theorem of higher dimensional black holes would let us know the answer, at least, some information on the final states. However, it is unlikely that in a higher dimensional stationary black hole spacetime there exists the uniqueness theorem in the sense of one in a four dimensional black hole spacetime, which means that the set of the parameters of mass, angular momentum and charge fails to determine a higher dimensional black hole uniquely. In fact, after the discovery of Myers-Perry solution whose horizon is topologically S^3 [3], Emparan and Reall found a five dimensional rotating black ring solution with the horizon homeomorphic to S^1 × S^2 [4]. It has been found that there is a range within which these two solutions have the same mass and angular momentum. This implies the absence of the original uniqueness theorem like that of four dimensional black holes. If one restricts the topology of a horizon to S^3, it has been shown that the only asymptotically flat black hole solution is Myers-Perry solution [5]. We also comment that in Einstein-Maxwell-Chern-Simon theory, five dimensional black holes with spherical topology S^3 cannot be characterized by only these three physical parameters [6], neither can black ring solutions coupled with form fields [7]. In this view, what kind of black hole solutions there can exist in five or higher dimensional spacetimes is an interesting problem, and in order to find such black hole solutions admitted as possible, we have to develop generating-techniques of solutions of higher dimensional Einstein equations.

In four dimensional Einstein gravity, systematic generation-techniques of stationary and axisymmetric solutions have been developed by a lot of authors [8]. Recently, Mishima and Iguchi [9] applied one of these techniques, Castejon-Amenedo-Manko’s method [10], to five dimensional vacuum spacetimes and derived the asymptotically flat black ring solution which rotates in the azimuthal direction of two sphere. This solution is generated from five dimensional Minkowski spacetime as a seed. The expression of this solution [11] as a C-metric coordinate was studied by Figueras [12]. As a solitonic generation-technique in four dimensional Einstein gravity, Belinski and Zakharov developed the inverse scattering method [13]. They generated Kerr-NUT solutions as simple two solitonic solutions on the Minkowski background. This technique is also used for the generations of multi-black hole solutions [8]. We would expect that the application of this method to more than four dimensions might lead to the generation of a lot of physical solutions. In fact, the static black ring solution [14], the five dimensional Schwartzschild solution [14] and the Myers-Perry solution with two angular momentum components were reproduced by using this technique [15].

In this article, we will apply the inverse scattering method established by Belinski et al. to five dimensional stationary and axisymmetric spacetimes, which means that there are a timelike Killing vector field and two axial Killing vector fields. We choose five dimensional Minkowski spacetime as a seed. Mishima-Iguchi’s method gives solutions with only one angular momentum. On the other hand, in general, this inverse scattering method generates solutions with two angular momentum components. However, such a solution generated from Minkowski seed is not regular. Therefore, in this article, we focus on the case with a single angular momentum and show that it coincides with a black ring solution with a rotating two sphere [9, 15].

This article is organized as follows. In Sec. II, we will review the result of Belinski’s studies, and mention the normalization when we construct a physical metric, which satisfies the supplementary condition detg = −ρ^2, from an unphysical metric. In Sec. III, we will study two solitonic solutions from five dimensional Minkowski spacetime as a seed. The solution with one angular momentum coincides with a black ring solution with a rotating two sphere [9, 15]. We summarize this article and give a discussion of related matters in Sec. IV.

II. D DIMENSIONAL n SOLITON SOLUTIONS

In this section, we review the results of Belinski’s method [13] applied to gravitational fields in general dimensions. We begin with D dimensional stationary vacuum spacetimes with D − 2 commuting Killing vector fields (∂/∂t), (∂/∂x^2), · · · , (∂/∂x^{D−2}), where (∂/∂t) is the Killing vector field associated with time translation and (∂/∂x^2), · · · , (∂/∂x^{D−2}) denote the spatial Killing vectors. From the discussion in Ref. [16], in vacuum spacetimes, the two-plane orthogonal to these Killing vector fields is integrable. In such spacetimes, the metric can be written in the canonical form [16] :

ds^2 = f(dρ^2 + dz^2) + g_{ab}dx^adx^b, (1)

where f = f(ρ, z) and g_{ab} = g_{ab}(ρ, z)(a, b = 1, · · ·, D − 2) are a function and an induced metric on the (D − 2) dimensional plane, respectively. Both of them depend only on ρ and z. The (D − 2) × (D − 2) matrix g = (g_{ab}) satisfies the constraint, det g = −ρ^2. From the vacuum Einstein equation R_{ab} = 0, the matrix g also satisfies the solitonic equation,

(ρg_{,ρ}g^{−1})_{,ρ} + (ρg_{,z} g^{−1})_{,z} = 0, (2)

and from the other equations R_{ρρ} + R_{zz} = 0 and R_{ρz} = 0, we obtain the equations which determine the function f(ρ, z) for a given solution of the solitonic equation (2),

(ln f)_{,ρ} = − 1 ρ + 1 4ρ Tr(U^2 − V^2), (3)

(ln f)_{,z} = 1 2ρ Tr(U V ), (4)

where the (D − 2) × (D − 2) matrices U (ρ, z) and V (ρ, z) are defined as U = ρg_{,ρ}g^{−1}, V = ρg_{,z} g^{−1}. (5) The integrability condition with respect to f is automatically satisfied for the solution g of the equation (2). Then, the n solitonic solution, which satisfies the constraint det g_{ab} = −ρ^2, can be written as follows,

g^{(phys)} = (−1)^{nD−2} ρ^{− 2nD−2} ( n∏ k=1 μ^{2D−2}_k )g^{(unphys)} , (6)

where the unphysical metric g^{(unphys)} , which is a solution of the equation (2) but does not meet the supplementary condition det g_{ab} = −ρ^2, is given by

g^{(unphys)} = g_0 − n∑ k,l=1 μ^{−1}_k μ^{−1}_l Π^{kl}m^{(l)}_{0e} m^{(k)}_{0f} (g_0)_{ca}(g_0)_{db}[ψ^{−1}_0 (μ_l, ρ, z)]^{ec}[ψ^{−1}_0 (μ_k, ρ, z)]^{fd}. (7)

Here g_0 is an arbitrary seed solution and the poles μ_k are given by μ_k = w_k − z ± √ (w_k − z)^2 + ρ^2 together with arbitrary constants w_k(k = 1, · · · , n) and m^{(k)}_{0a} (k = 1, · · · , n; a = 1, · · ·, D − 2). The matrix Π^{kl} is the inverse of

Γ_{kl}, which is given by Γ_{kl} := (ρ^2 + μ_kμ_l)^{−1}m^{(k)}_{0c} [ψ^{−1}_0 (μ_k, ρ, z)]^{ca}m^{(l)}_{0b} [ψ^{−1}_0 (μ_l, ρ, z)]^{bd}(g_0)_{ad}. The generating matrix ψ_0(λ, ρ, z) is a solution of the following equations

D_1ψ_0 = ρV_0 − λU_0 λ^2 + ρ^2 ψ_0, (8) and D_2ψ_0 = ρU_0 + λV_0 λ^2 + ρ^2 ψ_0, (9)

where λ is a complex parameter independent of the coordinates ρ and z, and U_0 = ρg_{0,ρ}g^{−1}_0 and V_0 = ρg_{0,z}g^{−1}_0 . The derivative operators D_1 and D_2 are defined by

D_1 = ∂_z −

2λ^2 λ^2 + ρ^2

∂_λ, D_2 = ∂_ρ + 2λρ λ^2 + ρ^2

∂_λ. (10)

Substituting the physical metric solution g^{(phys)} given by the equation (6) into the equations (3) and (4), we obtain a physical value of f :

f = Cf_0ρ^{− n(n+4−D)D−2} det(Γ_{kl}) n∏ k=1 [μ 2(n−3+D) D−2 k (μ^2_k + ρ^2)^{4−DD−2} ] · n∏ k>l (μ_k − μ_l)^{42−D} , (11)

where C is an arbitrary constant, and f_0 is a value of f corresponding to the seed g_0.

A. five dimensional two solitonic solution

As mentioned in the introduction, we are interested in two solitonic solutions in five dimensional vacuum spacetimes as the simplest case. Therefore, let us put D = 5, n = 2 in the equations (6) and (7). Two soliton solutions are expressed in the form

g^{(phys)} ab = ρ^{− 43} (μ_1μ_2)^{23} g^{(unphys)}_{ab} , (12)

where g^{(unphys)} ab is a three dimensional unphysical metric which takes the form of

g^{(unphys)} = g_0 − 2∑ k,l=1 μ^{−1}_k μ^{−1}_l Π^{kl}m^{(l)}_{0e} m^{(k)}_{0f} (g_0)_{ca}(g_0)_{db}[ψ^{−1}_0 (μ_l, ρ, z)]^{ec}[ψ^{−1}_0 (μ_k, ρ, z)]^{fd}. (13)

For simplicity of notation, we hereafter put m^{(1)}_{01} = a, m^{(2)}_{01} = b, m^{(1)}_{02} = c, m^{(2)}_{02} = d, m^{(1)}_{03} = e, m^{(2)}_{03} = f. The two poles are given by

μ_1 = w_1 − z ± √ (w_1 − z)^2 + ρ^2, μ_2 = w_2 − z ± √ (w_2 − z)^2 + ρ^2. (14)

Through the below, we put w_1 = −w_2 = −σ and choose both of signs as +:

μ_1 = −σ − z + √ (σ + z)^2 + ρ^2, (15) μ_2 = +σ − z + √ (σ − z)^2 + ρ^2. (16)

Here we comment that in general cases with two angular momentum components, the solution in general is not regular on a part of an axis if the seed solution is regular there. In fact, in a static limit (as such an example we can choose a = b = c = d = 0, e ≠ 0, f ≠ 0), the solution becomes g^{(phys)} = diag (( μ_1μ_2 ρ^2

) 2_3 (g_0)_{11}, ( μ_1μ_2 ρ^2

) 2_3

(g_0)_{22}, ( μ_1μ_2 ρ^2

)_− 4_3 (g_0)_{33} ) . (17)

We find that the solution above is not regular on the part of the axis z < −σ due to the existence of the factors (μ_1μ_2/ρ^2)^{23} , (μ_1μ_2/ρ^2)^{− 43} ; they behave as (μ_1μ_2/ρ^2)^{23} ∼ ρ^{− 43} , (μ_1μ_2/ρ^2)^{− 43} ∼ ρ^{83} there. Since we use Minkowski spacetime as a seed in this paper, we cannot obtain a solution which is regular everywhere on the axis and has two angular momentum components. This is why we restrict ourselves to only solutions with a single angular momentum component.

However, we should note that there exists some freedom when we construct a physical metric with one angular momentum component from an unphysical metric with one angular momentum component by multiplying the normalization factors. In e = f = 0 (or c = d = 0) case, the three dimensional unphysical metric g^{(unphys)} can be decomposed into the 2 + 1 block matrix,

g^{(unphys)} = ( g^{(unphys)} AB 0 0 (g_0)_{33} ) , (18)

where g^{(unphys)}

AB (A, B = 1, 2) is a 2 × 2 matrix dependent on the four parameters a, b, c, d. In this case, in order to satisfy the constraint detg = −ρ^2, we may choose a normalization which multiplies g^{(unphys)}_{AB} by the normalization factor of four dimensions i.e. put D = 4 and n = 2 in the equation (6). We leave the remaining component (g_0)_{33} intact, i.e.

g^{(phys)} = ( −^{μ1 μ2}_{ρ2} g^{(unphys)} AB 0 0 (g_0)_{33} ) . (19)

We can easily show that if a seed metric satisfies the condition detg_0 = −ρ^2, the physical metric (19) also satisfies this condition. (In c = d = 0 case, we can choose the same normalization which leaves (g_0)_{22} intact and multiplies the g^{(unphys)}

ÃB̃ (Ã, B̃ = 1, 3) by − μ_1 μ_2 ρ^2 .)

B. Static seed solutions

The assumption that seed solutions g_0 are static simplifies all analysis since we can assume that the generating matrix ψ_0 becomes diagonal like ψ_0 = diag(ψ_1, ψ_2, ψ_3), where ψ_a (a = 1, 2, 3) are functions which depend on λ, ρ and z. Then, the partial derivative equations for the generating matrix ψ_0 are decoupled into each component and therefore, we can solve each ψ_a (a = 1, 2, 3) independently. The unphysical metric (13) becomes

g^{(unphys)} ab = (g_0)_{ab} − (g_0)_{aa}(g_0)_{bb} ρ^2 + μ_1μ_2 μ^2_1μ^2 Σ_{ab} Σ^′

, (20)

where the functions Σ^′(ρ, z) and Σ_{ab}(ρ, z) (a, b = 1, 2, 3) are given by the equations (42)-(48) in Appendix A. Since the expression of the metric is much lengthy, we do not write it here.

III. SOLUTIONS GENERATED FROM MINKOWSKI SEED

In four dimensional stationary and axisymmetric spacetimes, the solution generated from flat background as a seed is most interesting, since it was shown that a double soliton on a Minkowski background gives a Kerr solution, which is one of physically most important black hole solutions [13]. Therefore, we can expect that in five dimensions, this inverse scattering method might also give us interesting and important black holes with asymptotic flatness, and great insight into higher dimensional black holes. In this section, we focus on the simplest case, i.e. a two solitonic solution on five dimensional flat background spacetime. As a seed solution g_0, we choose Minkowski spacetime whose metric is given by [16]

ds^2 = −dt^2 + λ_1dϕ^2 + λ_2dψ^2 + 1 2 √ ρ^2 + (z + κσ)^2

(dρ^2 + dz^2), (21) where

λ_1 = √ ρ^2 + (z + κσ)^2 − (z + κσ), λ_2 = √ ρ^2 + (z + κσ)^2 + (z + κσ). (22)

In this paper we assume κ is a parameter satisfying κ ≥ 1. Here we put x^1 = t, x^2 = ϕ, x^3 = ψ, and then g_0 = diag(−1, λ_1, λ_2). The 3 × 3 matrices U_0 and V_0 corresponding to g_0 are expressed in the form

U_0 = ρg_{0,ρ}g^{−1}_0 = diag ( 0, 1 + z + κσ √ ρ^2 + (z + κσ)^2 , 1 − z + κσ √ ρ^2 + (z + κσ)^2 ) , (23)

V_0 = ρg_{0,z}g^{−1}_0 = diag ( 0, − ρ √ ρ^2 + (z + κσ)^2 , ρ √ ρ^2 + (z + κσ)^2 ) . (24)

The generating matrix ψ_0 for the static seed g_0 is diagonal, i.e. ψ_0(λ, ρ, z) = diag(ψ_1(λ, ρ, z), ψ_2(λ, ρ, z), ψ_3(λ, ρ, z)). Its components are given by

ψ_1(λ, ρ, z) = −1, ψ_2(λ, ρ, z) = λ_1 − λ = √ ρ^2 + (z + κσ)^2 − z − κσ − λ, ψ_3(λ, ρ, z) = λ_2 + λ = √ ρ^2 + (z + κσ)^2 + z + κσ + λ (25)

with ψ_0(λ = 0, ρ, z) = g_0. Substituting the equations (25), (15) and (16) into the equation (20), we obtain the unphysical metric with eight parameters {σ, κ, a, b, c, d, e, f}.

A. Single angular momentum case

As mentioned in the previous section, we focus on a solution with a single angular momentum; this is the case where the three dimensional metric g is block-diagonalized as the equations (18) and (19). Choosing the parameters as e = f = 0, we study a physical metric which is generated with four dimensional normalization, as described in the equation (19). The solution can be written in the following form:

g^{(phys)}

11 = −

G_{11} μ_1μ_2Σ

, g^{(phys)}_{12} = −λ_1

(ρ^2 + μ_1μ_2)G_{12} μ_1μ_2Σ

, g^{(phys)}_{22} = −λ_1

G_{22} μ_1μ_2Σ

, (26)

g^{(phys)}

33 = λ_2, g^{(phys)}_{23} = g^{(phys)}_{13} = 0, (27)

where μ_1, μ_2, λ_1 and λ_2 are given by the equations (15), (16) and (22). The functions G_{11}, G_{12}, G_{22} and Σ are defined as

G_{11} = −a^2b^2(λ_1 − μ_1)^2(λ_1 − μ_2)^2(μ_1 − μ_2)^2ρ^4 + a^2d^2λ_1μ^2(ρ^2 + μ_1μ_2)^2(λ_1 − μ_1)^2 + b^2c^2λ_1μ^2_1(ρ^2 + μ_1μ_2)^2(λ_1 − μ_2)^2 − c^2d^2λ^2_1μ^2_1μ^2(μ_1 − μ_2)^2 − 2abcdλ_1(λ_1 − μ_1)(λ_1 − μ_2)(ρ^2 + μ^2_1)(ρ^2 + μ^2)μ_1μ_2, (28)

G_{22} = a^2b^2μ^2_1μ^2(μ_1 − μ_2)^2(λ_1 − μ_1)^2(λ_1 − μ_2)^2 + c^2d^2λ^2_1(μ_1 − μ_2)^2ρ^4 − a^2d^2λ_1μ^2_1(λ_1 − μ_1)^2(ρ^2 + μ_1μ_2)^2 − b^2c^2λ_1μ^2(λ_1 − μ_2)^2(ρ^2 + μ_1μ_2)^2 + 2abcdλ_1μ_1μ_2(λ_1 − μ_2)(λ_1 − μ_1)(ρ^2 + μ^2_1)(ρ^2 + μ^2), (29)

G_{12} = ab^2cμ_2(μ_1 − μ_2)(λ_1 − μ_2)^2(λ_1 − μ_1)(ρ^2 + μ^2_1) + acd^2λ_1μ_2(μ_2 − μ_1)(λ_1 − μ_1)(ρ^2 + μ^2_1) + a^2bdμ_1(μ_2 − μ_1)(λ_1 − μ_1)^2(λ_1 − μ_2)(ρ^2 + μ^2) + bc^2dμ_1λ_1(λ_1 − μ_2)(ρ^2 + μ^2)(μ_1 − μ_2), (30)

Σ = a^2b^2(λ_1 − μ_1)^2(λ_1 − μ_2)^2(μ_1 − μ_2)^2ρ^2 + c^2d^2λ^2_1(μ_1 − μ_2)^2ρ^2 +a^2d^2λ_1(λ_1 − μ_1)^2(ρ^2 + μ_1μ_2)^2 + c^2b^2λ_1(λ_1 − μ_2)^2(ρ^2 + μ_1μ_2)^2 −2abcdλ_1(λ_1 − μ_1)(λ_1 − μ_2)(ρ^2 + μ^2_1)(ρ^2 + μ^2). (31)

In order to see relation between the generated solution and the solution obtained by Mishima and Iguchi, let us consider the coordinate transformation of the physical metric such that t → t^′ = t − ωϕ, ϕ → ϕ^′ = ϕ, (32) where ω is an arbitrary constant and x^1 = t, x^2 = ϕ, x^3 = ψ. We should note that the transformed metric also satisfies the supplementary condition detg = −ρ^2. Under this transformation, the physical metric components become g_{tt} → g_t′_t′ = g_{tt}, (33) g_{tϕ} → g_t′_ϕ′ = g_{tϕ} + ωg_{tt}, (34) g_{ϕϕ} → g_ϕ′_ϕ′ = g_{ϕϕ} + 2ωg_{tϕ} + ω^2g_{tt}. (35)

If we choose the parameters such that ab = β, (36) bc = σ^{12} (κ − 1), (37)

ad = −σ^{12} αβ(κ + 1), (38) cd = −σα(κ^2 − 1), (39) ω = C_1, (40)

and use the spherical polar coordinate (x, y) defined as ρ = σ √ (x^2 − 1)(1 − y^2), z = σxy, then we can make sure that the transformed metric with components (33), (34) and (35) exactly coincide with the metric (the equations (57) and (62) in Appendix C) of a black ring solution with a rotating two sphere [9, 15]. We should note that our solution coincides with the original expression of the metric derived by Mishima and Iguchi( eq.(6) in ref. [9]) before we choose such parameters that closed time like curves vanises [11]. In order to show this coincidence, it is sufficient to calculate only two components g_{tt} and g_{tϕ} due to the supplementary condition detg = −ρ^2 and the fact that the metric function f is determined by three dimensional metric g.

IV. SUMMARY AND DISCUSSION

In this article, we studied two solitonic solutions of vacuum Einstein equations from five dimensional Minkowski spacetime using the inverse scattering method. The solution with one angular momentum includes six parameters {a, b, c, d, σ, κ}, however, physical parameters are only four since the only ratios of a/c and b/d appear in the metric components (26) i.e. the transformations of parameters which leave these ratios invariant are isometries. As a result, we reproduced a black ring solution with a rotating two sphere which was obtained by Mishima and Iguchi. However, we could not obtain a black ring solution which was found by Emparan and Reall from Minkowski spacetime with this inverse scattering method, though we tried to find that solution by restricting the parameters to c = d = 0.

We also discussed the possibility that one can derive a black ring solution with two angular momentum components from Minkowski seed solution. We found that the generated solution cannot be regular on the part of an axis if the seed solution is regular there. Therefore, in order to obtain regular and asymptotically flat black ring/hole solutions by this inverse scattering method, we may need a singular seed solution. In this stage, we do not know how to generate such solutions.

Acknowledgements

We thank Masato Nozawa for useful comments. We would like to thank Takashi Mishima and Hideo Iguchi for continuous discussion. We also thank Ken-ichi Nakao and Hideki Ishihara for continuous encouragement. This work is supported by the 21 COE program “Constitution of wide-angle mathematical basis focused on knots.” The work of Y. Y. is supported by the Grant-in Aid for Scientific Research (No. 17540262 and No. 17540091) from Japan Ministry of Education.

Note added

After we submitted this article to e-prints archives, we noticed a new article [17], which has a considerable overlap with our article. In [17], the Myers-Perry solution with one angular momentum was reproduced by the inverse scattering method. However, the black ring solution with a rotating two sphere, which we reproduced in this article by the inverse scattering method, contains the Myers-Perry black hole solution with a single angular momentum. Therefore, (2, 0) soliton solution in ref. [17] are contained in our result, that is, if in our article we put κ = 1 in eq. (22), our result exactly coincides with their solution.

V. APPENDIX

A. General solutions generated from static seeds

In this section, we describe general solutions generated from static seed solutions, where we may assume the generating matrix ψ_0(λ, ρ, z) to be diagonal, i.e. ψ_0 = diag(ψ_1, ψ_2, ψ_3). The unphysical metric can be written in the considerably long expression ;

g^{(unphys)} ab = (g_0)_{ab} − (g_0)_{aa}(g_0)_{bb} ρ^2 + μ_1μ_2 μ^2_1μ^2 Σ_{ab} Σ^′

, (41)

where the functions Σ^′(ρ, z), Σ_{ab}(ρ, z) (a, b = 1, 2, 3) are defined as

Σ^′ = −a^2b^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)^2_{11}(μ_1 − μ_2)^2ρ^2 − c^2d^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)^2_2(μ_1 − μ_2)^2ρ^2 − e^2f^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_2(μ_2)^2(g_0)^2_{33}(μ_1 − μ_2)^2ρ^2 + a^2d^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{11}(g_0)_{22}(ρ^2 + μ_1μ_2)^2 + a^2f^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)^2(g_0)_{11}(g_0)_{33}(ρ^2 + μ_1μ_2)^2 + b^2c^2ψ_1(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{11}(g_0)_{22}(ρ^2 + μ_1μ_2)^2 + c^2f^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_2)^2ψ_3(μ_1)^2(g_0)_{22}(g_0)_{33}(ρ^2 + μ_1μ_2)^2 + b^2e^2ψ_1(μ_1)^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_2)^2(g_0)_{11}(g_0)_{33}(ρ^2 + μ_1μ_2)^2 + d^2e^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_3(μ_2)^2(g_0)_{22}(g_0)_{33}(ρ^2 + μ_1μ_2)^2 − 2abcdψ_1(μ_1)ψ_1(μ_2)ψ_2(μ_1)ψ_2(μ_2)ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{11}(g_0)_{22}(ρ^2 + μ^2_1)(ρ^2 + μ^2) − 2abefψ_1(μ_1)ψ_1(μ_2)ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)ψ_3(μ_2)(g_0)_{11}(g_0)_{33}(ρ^2 + μ^2_1)(ρ^2 + μ^2) − 2cdefψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)ψ_2(μ_2)ψ_3(μ_1)ψ_3(μ_2)(g_0)_{22}(g_0)_{33}(ρ^2 + μ^2_1)(ρ^2 + μ^2), (42)

Σ_{11} = a^2b^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{11}(μ_1 − μ_2)^2ρ^2(ρ^2 − μ_1μ_2) + a^2d^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{22}μ^2(ρ^2 + μ^2_1)(ρ^2 + μ_1μ_2) + a^2f^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)^2(g_0)_{33}μ^2(ρ^2 + μ^2_1)(ρ^2 + μ_1μ_2) + b^2c^2ψ_1(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{22}μ^2_1(ρ^2 + μ^2)(ρ^2 + μ_1μ_2) + b^2e^2ψ_1(μ_1)^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_2)^2(g_0)_{33}μ^2_1(ρ^2 + μ^2)(ρ^2 + μ_1μ_2) − 2abcdψ_1(μ_1)ψ_1(μ_2)ψ_2(μ_1)ψ_2(μ_2)ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{22}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2) − 2abefψ_1(μ_1)ψ_1(μ_2)ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)ψ_3(μ_2)(g_0)_{33}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2), (43)

Σ_{22} = a^2d^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{11}μ^2_1(ρ^2 + μ^2)(ρ^2 + μ_1μ_2) + b^2c^2ψ_1(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{11}μ^2(ρ^2 + μ^2_1)(ρ^2 + μ_1μ_2) + c^2d^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{22}(μ_1 − μ_2)^2ρ^2(ρ^2 − μ_1μ_2) + c^2f^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_2)^2ψ_3(μ_1)^2(g_0)_{33}μ^2(ρ^2 + μ^2_1)(ρ^2 + μ_1μ_2) + d^2e^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_3(μ_2)^2(g_0)_{33}μ^2_1(ρ^2 + μ^2)(ρ^2 + μ_1μ_2) − 2abcdψ_1(μ_1)ψ_1(μ_2)ψ_2(μ_1)ψ_2(μ_2)ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{22}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2) − 2cdefψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)ψ_2(μ_2)ψ_3(μ_1)ψ_3(μ_2)(g_0)_{33}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2), (44)

Σ_{33} = a^2f^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)^2(g_0)_{11}μ^2_1(ρ^2 + μ^2)(ρ^2 + μ_1μ_2) + b^2e^2ψ_1(μ_1)^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_2)^2(g_0)_{11}μ^2(ρ^2 + μ^2_1)(ρ^2 + μ_1μ_2) + c^2f^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_2)^2ψ_3(μ_1)^2(g_0)_{22}μ^2_1(ρ^2 + μ^2)(ρ^2 + μ_1μ_2) + d^2e^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_3(μ_2)^2(g_0)_{22}μ^2(ρ^2 + μ^2_1)(ρ^2 + μ_1μ_2) + e^2f^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_2(μ_2)^2(g_0)_{33}(μ_1 − μ_2)^2ρ^2(ρ^2 − μ_1μ_2) − 2abefψ_1(μ_1)ψ_1(μ_2)ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)ψ_3(μ_2)(g_0)_{11}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2) − 2cdefψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)ψ_2(μ_2)ψ_3(μ_1)ψ_3(μ_2)(g_0)_{22}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2), (45)

Σ_{12} = ab^2cψ_1(μ_1)ψ_2(μ_1)ψ_2(μ_2)^2ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{11}μ_2(μ_2 − μ_1)(ρ^2 + μ^2_1)ρ^2 + acd^2ψ_1(μ_1)ψ_1(μ_2)^2ψ_2(μ_1)ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{22}μ_2(μ_2 − μ_1)(ρ^2 + μ^2_1)ρ^2 + a^2bdψ_1(μ_2)ψ_2(μ_1)^2ψ_2(μ_2)ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{11}μ_1(μ_1 − μ_2)(ρ^2 + μ^2)ρ^2 + bc^2dψ_1(μ_1)^2ψ_1(μ_2)ψ_2(μ_2)ψ_3(μ_1)^2ψ_3(μ_2)^2(g_0)_{22}μ_1(μ_1 − μ_2)(ρ^2 + μ^2)ρ^2 + acf^2ψ_1(μ_1)ψ_1(μ_2)^2ψ_2(μ_1)ψ_2(μ_2)^2ψ_3(μ_1)^2(g_0)_{33}μ^2(ρ^2 + μ^2_1)(ρ^2 + μ_1μ_2) + bde^2ψ_1(μ_1)^2ψ_1(μ_2)ψ_2(μ_1)^2ψ_2(μ_2)ψ_3(μ_2)^2(g_0)_{33}μ^2_1(ρ^2 + μ^2)(ρ^2 + μ_1μ_2) − adefψ_1(μ_1)ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_2(μ_2)ψ_3(μ_1)ψ_3(μ_2)(g_0)_{33}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2) − bcefψ_1(μ_1)^2ψ_1(μ_2)ψ_2(μ_1)ψ_2(μ_2)^2ψ_3(μ_1)ψ_3(μ_2)(g_0)_{33}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2), (46)

Σ_{13} = ab^2eψ_1(μ_1)ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)ψ_3(μ_2)^2(g_0)_{11}μ_2(μ_2 − μ_1)(ρ^2 + μ^2_1)ρ^2 + aef^2ψ_1(μ_1)ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)(g_0)_{33}μ_2(μ_2 − μ_1)(ρ^2 + μ^2_1)ρ^2 + a^2bfψ_1(μ_2)ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)^2ψ_3(μ_2)(g_0)_{11}μ_1(μ_1 − μ_2)(ρ^2 + μ^2)ρ^2 + be^2fψ_1(μ_1)^2ψ_1(μ_2)ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_2)(g_0)_{33}μ_1(μ_1 − μ_2)(ρ^2 + μ^2)ρ^2 + ad^2eψ_1(μ_1)ψ_1(μ_2)^2ψ_2(μ_1)^2ψ_3(μ_1)ψ_3(μ_2)^2(g_0)_{22}μ^2(ρ^2 + μ^2_1)(ρ^2 + μ_1μ_2) + bc^2fψ_1(μ_1)^2ψ_1(μ_2)ψ_2(μ_1)^2ψ_3(μ_1)^2ψ_3(μ_2)(g_0)_{22}μ^2_1(ρ^2 + μ^2)(ρ^2 + μ_1μ_2) − acdfψ_1(μ_1)ψ_1(μ_2)^2ψ_2(μ_1)ψ_2(μ_2)ψ_3(μ_1)^2ψ_3(μ_2)(g_0)_{22}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2) − bcdeψ_1(μ_1)^2ψ_1(μ_2)ψ_2(μ_1)ψ_2(μ_2)ψ_3(μ_1)ψ_3(μ_2)^2(g_0)_{22}μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2), (47)

Σ_{23} = cd^2eψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)ψ_3(μ_1)ψ_3(μ_2)^2(g_0)_{22}μ_2(μ_2 − μ_1)(ρ^2 + μ^2_1)(ρ^2 + μ^2) + cef^2ψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_1)ψ_2(μ_2)^2ψ_3(μ_1)(g_0)_{33}μ_2(μ_2 − μ_1)(ρ^2 + μ^2_1)(ρ^2 + μ^2) + c^2dfψ_1(μ_1)^2ψ_1(μ_2)^2ψ_2(μ_2)ψ_3(μ_1)^2ψ_3(μ_2)(g_0)_{22}μ_1(μ_1 − μ_2)(ρ^2 + μ^2_1)(ρ^2 + μ^2) + de^2fψ_1(μ_1)^2ψ_1(μ_1)^2ψ_2(μ_1)^2ψ_2(μ_2)ψ_3(μ_2)(g_0)_{33}μ_1(μ_1 − μ_2)(ρ^2 + μ^2_1)(ρ^2 + μ^2) + b^2ceψ_1(μ_1)^2ψ_2(μ_1)^2ψ_2(μ_2)^2ψ_3(μ_1)ψ_3(μ_2)^2(g_0)_{11}μ^2(ρ^2 + μ^2_1)(ρ^2 + μ_1μ_2) + a^2dfψ_1(μ_2)^2ψ_2(μ_1)^2ψ_2(μ_2)ψ_3(μ_1)^2ψ_3(μ_2)(g_0)_{11}μ^2_1(ρ^2 + μ^2)(ρ^2 + μ_1μ_2) − abcfψ_1(μ_1)ψ_1(μ_2)ψ_2(μ_1)ψ_2(μ_2)^2ψ_3(μ_1)ψ_3(μ_2)^2μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2) − abdeψ_1(μ_1)ψ_1(μ_2)ψ_2(μ_1)^2ψ_2(μ_2)ψ_3(μ_1)ψ_3(μ_2)^2μ_1μ_2(ρ^2 + μ^2_1)(ρ^2 + μ^2). (48)

B. Conformal rescale

Here we study how the generating matrix ψ transforms under the transformation of the seed metric. If we perform the conformal transformation g → g̃ = Ωg for Ω such that Ω = Ω(ρ, z) is a function dependent on ρ, z and ln Ω(ρ, z) is a harmonic function which is the solution of

△ ln Ω ≡ ( ∂^2 ∂ρ^2 + 1 ρ ∂ ∂ρ + ∂^2 ∂z^2 ) ln Ω = 0, (49)

then the generating matrix ψ̃ corresponding to g̃ satisfies

D_1(ln ψ̃) = ρV_0 − λU_0 ρ^2 + λ^2 + ρ^2Ω_{,z} − ρλΩ_{,ρ} ρ^2 + λ^2

, (50) and

D_2(ln ψ̃) = ρU_0 + λV_0 ρ^2 + λ^2 + ρ^2Ω_{,ρ} + ρλΩ_{,z} ρ^2 + λ^2

. (51)

Since these equations are linear, we easily find that the solution of the equations (50) and (51) can be expressed in the form of ψ̃ = ψ[Ω] · ψ, where ψ is the solution of equations (8) and (9) for the metric g, and ψ[Ω] is the solution of the equations :

D_1(ln ψ[Ω]) = ρ^2Ω_{,z} − ρλΩ_ρ

ρ^2 + λ^2

, D_2(ln ψ[Ω]) = ρ^2Ω_{,ρ} + ρλΩ_{,z} ρ^2 + λ^2

. (52)

If ψ[Ω_1] and ψ[Ω_2] are the solutions of (52) for harmonic functions Ω_1 and Ω_2, respectively, then we also find that the solution ψ[Ω_1Ω_2] of (52) for the function Ω_1Ω_2 satisfies the relation ψ[Ω_1Ω_2] = ψ[Ω_1]ψ[Ω_2]. We list the important solutions of the equations (52) in our discussion,

ψ[1] = 1, ψ[μ_1] = μ_1 − λ, ψ[μ_2] = μ_2 − λ, ψ[λ_1] = λ_1 − λ, ψ[λ_2] = λ_2 + λ, ψ[ρ^2] = ρ^2 − 2zλ − λ^2. (53)

where λ_1 and λ_2 are given by the equations (22). From these results, the ψ corresponding to the seed solution g = μ^a_1μ^b_2 · · · λ^c_1λ^d_2ρ^{2e}g_0 can be expressed in the form

ψ = (ψ[μ_1])^a(ψ[μ_2])^b · · · (ψ[λ_1])^c(ψ[λ_2])^d(ψ[ρ^2])^eψ_0. (54)

C. Black ring solution with a rotating two sphere

We describe the metric of a black ring solution with a rotating two sphere which was found by Mishima and Iguchi. Here we use the spherical polar coordinate (x, y) defined by the equations ρ = σ √ (x^2 − 1)(1 − y^2) and z = σxy, as used in the Ref. [9]. The explicit expression is

g_{tt} = − (x^2 − 1)(1 + F G)^2 − (1 − y^2)(F − G)^2 [(x + 1) + (x − 1)F G]^2 + [(1 + y)F + (1 − y)G]^2

, (55) g_{tϕ} = 2σλ^{12}_1 ρ (x^2 − 1)(1 + F G)[(1 − y)G − (1 + y)F ] + (1 − y^2)(G − F )[x + 1 + (1 − x)F G] [(x + 1) + (x − 1)F G]^2 + [(1 + y)F + (1 − y)G]^2

+C_1

(x^2 − 1)(1 + F G)^2 − (1 − y^2)(F − G)^2 [(x + 1) − (x − 1)F G]^2 + [(1 + y)F + (1 − y)G]^2

, (56)

g_{ϕϕ} = −ρ^2λ^{−1}_2 + g^2_{tϕ} g_{tt} , (57)

where λ_1 and λ_2 are given by the equations (22). Here the functions F , G and the constant C_1 are defined as F = α x − y + κ + 1 + √ x^2 + y^2 + 2κxy + κ^2 − 1 2(xy + κ + √ x^2 + y^2 + 2κxy + κ^2 − 1)^{12}

, (58)

G = β 2(xy + κ + √ x^2 + y^2 + 2κxy + κ^2 − 1)^{12} x + y + κ − 1 + √ x^2 + y^2 + 2κxy + κ^2 − 1

, (59)

C_1 =

2σ^{12} α 1 + αβ . (60)

Substituting the following equations into (55), (56) and (57), F = − α(κ + 1)σ^{32} λ^{12}_1 ρ (x + 1)(1 − y)

ψ_2(μ_2) , G = − βρ (κ − 1)σ^32 λ^{12}_1 ψ_2(μ_1) (x − 1)(1 − y)

, (61)

we obtain the other expression of metric components, g_{tt} = − Ã B̃ , g^{tϕ} = 2σ 1 2 λ_1 C̃ B̃ + C^1 Ã B̃ , (62)

where the functions Ã, B̃ and C̃ are defined as

Ã = −β^2ψ_2(μ_1)^2ψ_2(μ_2)^2(1 + y)^2 + σα^2β^2(κ + 1)^2λ_1ψ_2(μ_1)^2(x + 1)^2 + σ(κ − 1)^2λ_1ψ_2(μ_2)^2(x − 1)^2 − σ^2α^2(κ^2 − 1)^2λ^2_1(1 − y)^2 + 2σαβ(κ^2 − 1)λ_1ψ_2(μ_1)ψ_2(μ_2)(x^2 − y^2), (63)

B̃ = β^2ψ_2(μ_1)^2ψ_2(μ_2)^2(1 − y)^2 + σ^2α^2(κ^2 − 1)^2λ^2_1(1 − y^2) + σα^2β^2(κ + 1)^2ψ_2(μ_1)^2λ_1(x^2 − 1) + σ(κ − 1)^2ψ_2(μ_2)^2λ_1(x^2 − 1) + 2σαβ(κ^2 − 1)λ_1ψ_2(μ_1)ψ_2(μ_2)(x^2 − y^2), (64)

C̃ = −β(κ − 1)ψ_2(μ_1)ψ_2(μ_2)^2(x + y) − αβ^2(κ + 1)ψ_2(μ_1)^2ψ_2(μ_2)(x − y) + σα^2β(κ^2 − 1)(κ + 1)λ_1ψ_2(μ_1)(x + y) + σα(κ^2 − 1)(κ − 1)ψ_2(μ_2)(x − y). (65)

[1] For review, M. Heusler, Black Hole Uniqueness Theorems, (Cambridge University Press, Cambridge, 1996). [2] T. Banks and W. Fischler, arXiv:hep-th/9906038; S. B. Giddings and S. D. Thomas, Phys. Rev. D 65, 056010 (2002);

S. Dimopoulos and G. Landsberg, Phys. Rev. Lett. 87, 161602 (2001). [3] R. C. Myers and M. J. Perry, Annals Phys. 172, 304 (1986). [4] R. Emparan and H. S. Reall, Phys. Rev. Lett. 88, 101101 (2002). [5] Y. Morisawa and D. Ida, Phys. Rev. D 69, 124005 (2004).

[6] J. Kunz and F. Navarro-Lerida, Arxive:hep-th/0510250. [7] R. Emparan, JHEP 064 0403 (2004).

[8] H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers and E. Herlt, Exact solutions of Einstein’s Field Equations, 2nd ed. (Cambridge University Press, Cambridge, 2003).

[9] T. Mishima and H. Iguchi, arXiv:hep-th/0504018.

[10] J. Castejon-Amenedo and V. S. Manko, Phys. Rev. D 41, 2018 (1990).

[11] Mishima and Iguchi showed that the metric in the ref. [12] is identical to that in the ref. [9] if we restrict ourselves to the cases where closed timelike curves vanish. We knew this fact in the private discussion with them.

[12] Pau Figueras, JHEP 0507, 039 (2005).

[13] V. A. Belinskii and V. E. Zakharov, Sov. Phys. JETP 50, 1 (1979); V. A. Belinskii and V. E. Zakharov, Sov. Phys. JETP 48, 985 (1978).

[14] T. Koikawa, Prog. Theor. Phys. 114, 793 (2005). [15] A. A. Pomeransky, arXiv:hep-th/0507250. [16] T. Harmark, Phys. Rev. D 70, 124002 (2004). [17] T. Azuma and T. Koikawa, arXiv:hep-th/0512350