arXiv:hep-th/0512275 v2 18 Apr 2006

Non-singlet Q-deformations of N = 2 gauge theories^∗

A. De Castro^a, E. Ivanov^b, O. Lechtenfeld^a and L. Quevedo^a

a Institut für Theoretische Physik, Universität Hannover, Appelstrasse 2, 30167 Hannover, Germany.

castro, lechtenf, quevedo@itp.uni-hannover.de

b Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Moscow Region, Russia.

eivanov@theor.jinr.ru

Abstract

We study a non-anticommutative chiral non-singlet deformation of the N =(1, 1) abelian gauge multiplet in Euclidean harmonic superspace. We present a closed form of the gauge transformations and the unbroken N =(1, 0) supersymmetry transformations preserving the Wess-Zumino gauge, as well as the bosonic sector of the N =(1, 0) invariant action. This contribution is a summary of our main results in

hep-th/0510013.

Extensions of gauge theories to non-commutative and non-(anti)commutative superspaces are currently of remarkable interest within the high energy physics community, mainly due to their relevance to subjects like string theory (see for example [2, 3] and references therein). Here we focus in a subclass of non-(anti)commutative Euclidean supersymmetric field theories called Q-deformed, realized via a Weyl-Moyal product with a bilinear nilpotent Poisson operator, which is constructed in terms of the supercharges, P = − ←− Q^i_αC^{αβ}_{ik} −→ Q^k_β . (1)

The Moyal product of two superfields is then defined by A ⋆ B = Ae^P B . (2) The deformation parameters C^{αβ}_{ij} form a constant tensor which is symmetric under the simultaneous permutation of the Latin and Greek indices, C^{αβ}_{ij} = C^{βα}_{ji} . Generically, it breaks the full automorphism symmetry Spin(4)× O(1,1)× SU(2) ≡ SU(2)_L× SU(2)_R× O(1,1)× SU(2) of the N = (1, 1) superalgebra —O(1,1) and SU(2) being the R-symmetry groups— down to SU(2)_R. An important feature of Q-deformations is the nilpotent nature

∗To be published in the Proceedings of the International Workshop ”Supersymmetries and Quantum Symmetries”, JINR, Dubna, 2005

of the Poisson operator (P^5 = 0) which makes the Moyal product polynomial, ensuring local actions. In virtue of the commutation properties of P with respect to the spinor covriant derivatives, [ D^±_α , P ] = 0 , [¯ D^±_{α̇} , P ] = 0 , [ D^{±±} , P ] = 0, (3)

the product (2) breaks N = (1, 1) supersymmetry down to N = (1, 0) while preserving both chirality and Grassmann harmonic analyticity of the involved superfields, as well as the harmonic conditions^1D^{±±} A = 0. Operator (1) can be split as follows, P = −I ←− Q^i_αε^{αβ}ε_{ik} −→ Q^k_β − ←− Q^i_αĈ^{αβ}_{ik} −→ Q^k_β . (4)

The first term is Spin(4)×SU(2)-preserving while the second term involves a SU(2)_L×SU(2) constant tensor which is symmetric under the independent permutations of Latin and Greek indices, Ĉ^{αβ}_{ij} = Ĉ^{βα}_{ij} = Ĉ^{αβ}_{ji} . For the generic choice, it fully breaks Euclidean symmetry, SU(2)_L and R-symmetry SU(2). Q-deformations induced only by the first term are called singlet or QS-deformations, whereas those associated with the second term, non-singlet or QNS-deformations. In this contribution we report important results on dynamical aspects of QNS-deformations of the N = (1, 1) U(1) vector multiplet in harmonic superspace. The talk is based on paper [1], where detailed calculations are performed and a complete list of references is given.

Gauge transformations. The residual gauge transformations of the component fields of the Abelian N = (1, 1) vector multiplet in the WZ gauge can be found from the Q-deformed superfield transformation [8]

δ_ΛV^{++}_{WZ} = D^{++}Λ + [V^{++}_{WZ} , Λ]_⋆ , (5)

with V^{++}_{WZ} being the analytic harmonic U(1) superfield gauge connection and Λ the analytic residual gauge parameter satisfying D^+_α Λ = D̄^+_{α̇} Λ = 0 . In the left-chiral basis, where x^{αα̇}_A = x^{αα̇}_L − 4iθ^{−α}θ̄^{+α̇} [9], V^{++}_{WZ} has the following θ-expansion

V^{++}_{WZ} = (θ^+)^2ϕ̄ + θ̄^+_{α̇} [ 2θ^{+α}A^{α̇} + 4(θ^+)^2Ψ̄^{−α̇} − 2i(θ^+)^2θ^{−α}∂^{α̇}_α ϕ̄ ] + (θ̄^+)^2 [ ϕ + 4θ^+Ψ^− + 3(θ^+)^2D^{−−} − i(θ^+θ^−)∂^{αα̇}A_{αα̇} + θ^{−α}θ^{+β} F_{αβ}

− (θ^+)^2(θ^−)^2□ϕ̄ + 4i (θ^+)^2θ^{−α}∂_{αα̇}Ψ̄^{−α̇} ] . (6)

The superparameter Λ_0 = ia + 2θ^{−α}θ̄^{+α̇}∂_{αα̇}a − i(θ^−)^2(θ̄^+)^2□ a (being a an arbitrary function of x_L) found for the undeformed and singlet cases, breaks the WZ gauge in the non-singlet case, due to the appearance of an unwanted dependence on the harmonic variables u^±_i in the expresions for the gauge variations. It is clear that is imperative to choose a gauge parameter Λ that preserves the WZ gauge, that is, for non-singlet deformations, some correction terms ΔΛ must be added to Λ_0, where

ΔΛ = θ^+_α θ̄^+_{α̇} ∂^{α̇}_β a B^{−−αβ}_1 + (θ̄^+)^2∂_β˙_β a A^{β̇}_αG^{−−αβ} + (θ^+)^2(θ̄^+)^2 □aP^{−4}

+ (θ̄^+)^2θ^+_α [ Ψ̄^{−β̇} ∂_{ββ̇} a B^{−−αβ}_2 + Ψ̄^{+β̇} ∂_{ββ̇} a G^{−4αβ} ] + (θ^+)^2(θ̄^+)^2 ∂_{αα̇}a ∂^{α̇}_β ϕ̄ B^{−4αβ}_3

+i θ^+_α θ^−_β (θ̄^+)^2 □ a B^{−−αβ}_1 + i θ^+_α θ^−_γ (θ̄^+)^2 ∂_β˙_λa ∂^{γλ̇}ϕ̄ d dϕ̄ B^{−−αβ}_1 . (7) 1Giving up chirality and analiticity, it is also possible to use spinor covariant derivatives to construct a nilpotent Poisson operator. We recommend ref.[5] for a deeper treatment of the subject.

The coefficients in (7) are some undetermined functions of harmonics, the field ϕ̄ and deformation parameters, calculated by requiring

∂^{++}δA_{αα̇} = 0, ∂^{++}δϕ = 0, (∂^{++})^2δΨ^−_α = 0, (∂^{++})^3δD^{−−} = 0 . (8)

The correction term to δ_0V^{++}_{WZ} is,

δ̂V^{++}_{WZ} = D^{++}ΔΛ + [V^{++}_{WZ} , ΔΛ]_⋆ , (9)

and the full WZ preserving gauge transformations are given by δV^{++}_{WZ} = δ_0V^{++}_{WZ} + δ̂V^{++}_{WZ} . Unfortunately, it is very difficult to find closed solutions of these equations for general deformation parameters, though their perturbative solutions always exist as series expansion. For the general choice of Ĉ^{ij}_{αβ}, the gauge and susy transformations and the corresponding action are known only to few first orders in the parameters of deformation [6]. Nevertheless, exact solutions can be found for the product structure Ĉ^{ij}_{αβ} = b^{ij} c_{αβ} , which correspons to the maximally symmetric non-singlet deformations. The full set of non trivial QNS-deformed gauge transformations laws for the N = (1, 1) vector multiplet in WZ gauge are then

δ ϕ̄ =0 , δΨ̄^k_{α̇} = 0 , (10) δ A_{αα̇} =X coth X∂_{αα̇}a , (11) δ ϕ =2 √ c^2 b^2 ( 1 − X coth X X ) A^{αα̇}∂_{αα̇}a , (12) δΨ^i_α = {[ 4X^2(X coth X − 1) X^2 + sinh^2 X − X sinh 2X ] b^{ij} c_{αβ}

− √ c^2b^2 [ 4X cosh^2 X − 2X^2(coth X + X) − sinh 2X X^2 + sinh^2 X − X sinh 2X ] ε^{ij} ε_{αβ} } Ψ̄_{jα̇} ∂^{βα̇}a . (13) δD_{ij} =2ib_{ij} c^{αβ}∂_{αα̇}ϕ̄ ∂^{α̇}_β a . (14) where X = 2ϕ̄ √ b^{ij} b_{ij} c^{αβ}_{αβ}. (15) Detailed calculations of these transformations laws are carried out in [1]. Having the explicit QNS-deformed gauge transformations, one can deduce a minimal Seiberg-Witten-like map which puts these transformations into the standard undeformed form

Ψ^i_α = ~Ψ^i_α + 2 √ c^2b^2 [ 2 ( coth X − 1 X ) − X ] Ψ̄^{iα̇} ~A_{αα̇} , D_{ij} = ~D_{ij} + 2ib_{ij} c^{αβ}∂_{αα̇}ϕ̄ ~A^{α̇}_β , A_{αα̇} = ~A_{αα̇} X coth X, ϕ = ~ϕ + ~A^2 √ c^2 b^2 X coth X ( 1 − X coth X X ) . (16)

For the fields with tilde we obtain the standard transformations δ ~A_{αα̇} = ∂_{αα̇}a , δ ~ϕ = 0 , δ ~D^{ij} = 0 , δ ~Ψ^k_α = 0 .

The gauge field strength F_{αβ} = 2i∂_{(αα̇}A^{α̇}_{β)} which is non-covariant with respect to the deformed transformations is redefined under the transformation A_{αα̇} → ~A_{αα̇} as

F_{αβ} = ~F_{αβ}X coth X +4i √ b^2 c^2 ~A_{(βα̇}∂^{α̇}_{α)}ϕ̄ ( coth X − X sinh^2 X ) , where ~F_{αβ} = 2i∂_{(αα̇} ~A^{α̇}_{β)}.

Unbroken susy transformations. Unbroken supersymmetry is realized on V^{++}_{WZ} as

δV^{++}_{WZ} = ( ϵ^{+α}∂_{+α} + ϵ^{−α}∂_{−α} ) V^{++}_{WZ} − D^{++}Λ_c − [ V^{++}_{WZ} , Λ_c ] ⋆ , (17)

where the star bracket, like in the previous consideration, is defined via the non-singlet Poisson structure with the deformation matrix Ĉ^{ij}_{αβ} = b^{ij} c_{αβ} and Λ_c is the compensating gauge parameter which is necessary for preserving WZ gauge. As in the QNS-deformed gauge transformations case, variations obtained using the original Ł for undeformed and singlet cases (see[8]), violate the WZ gauge due to an unbalanced apperance of harmonic and Grassmann variables [1], so one is led to properly modify Ł . Thus we define

Λ_c = Ł + F_ϵ (18)

We denote by δ̌V^{++}_{WZ} the lowest-order non-singlet part of the transformations coming from the star commutator in (17) using Ł, and rewrite (17) in the following way

δV^{++}_{WZ} = δ̌V^{++}_{WZ} − D^{++}F_ϵ − [ V^{++}_{WZ} , F_ϵ ] ⋆ (19)

with Ł = 2(ϵ^−θ^+)ϕ̄ + θ̄^−_{α̇} [ 4i(ϵ^−θ^+)θ^−_α ∂^{αα̇}ϕ̄ − 2ϵ^−_α A^{αα̇} + 4(ϵ^−θ^+)Ψ̄^{−α̇} ] + (θ̄^+)^2 [ 2(ϵ^−Ψ^−) + 2iϵ^{−α}θ^{−β} ∂^{α̇}_β A_{αα̇} − 2(ϵ^−θ^+)(θ^−)^2□ϕ̄

+ 4i(ϵ^−θ^+)θ^{−α}∂_{αα̇}Ψ̄^{−α̇} + 2(ϵ^−θ^+)D^{−−} ] . (20)

The additional compensating gauge parameter intended for restoring the WZ gauge with the minimal set of terms needed to eliminate the improper harmonic and Grassmann dependence amounts to the following form

F_ϵ = θ^{+α} f^−_α + θ̄^+_{α̇} [ ḡ^{−α̇} + 2iθ^−_α θ^{+β} ∂^{αα̇} f^−_β + θ^{+α} b^{−−α̇}_α + (θ^+)^2 ḡ^{(−3)α̇} ] +(θ̄^+)^2 [ g^{−−} − (θ^−)^2θ^{+α}□f^−_α + iθ^{−α}∂_{αα̇}ḡ^{−α̇} + iθ^{+α}θ^{−β} ∂^{α̇}_β b^{−−}_{αα̇} + θ^{+α}f^{(−3)}_α

+ i(θ^+)^2θ^{−α}∂_{αα̇}ḡ^{(−3)α̇} + (θ^+)^2 X^{(−4)} ] . (21)

Requiring the elimination of terms with unbalanced Grassmann variables and

∂^{++}δϕ̄ = 0 , ( ∂^{++}

)_2 δΨ̄^−_{α̇} = 0 , ∂^{++}δA_{αα̇} = 0 , (∂^{++})^2δΨ^−_α = 0 , (∂^{++})^3δD^{−−} = 0 , (22)

we can explicitly find components of F_ϵ and restore the correct N = (1, 0) supersymmetry transformations preserving WZ gauge. The full set of these transformations together with the full supersymmetric action will be given^2 in [10]. Here we show the simplest subalgebra

δϕ̄ = 0 , δA_{αα̇} = 8ϕ̄ϵ^{iβ}Ψ̄^j_{α̇} b_{ij} c_{αβ} + 2ϵ^k_αΨ̄_{kα̇} X coth X ,

δΨ̄^i_{α̇} = [ 2i √ b^2c^2 cosh X sinh X c^{αβ}b^{ij} − i cosh^2 X ε^{αβ}ε^{ij} ] ϵ_{jβ}∂_{αα̇}ϕ̄ . (23)

2In fact, it is of no actual necessity to explicitly know these transformations, since our procedure of deriving the action is manifestly N = (1, 0) supersymmetric by construction [1].

These variations form an algebra which is closed modulo a gauge transformation with the composite parameter a_c = −2i(ϵ · η)ϕ̄ :

[δ_ϵ, δ_η] ϕ̄ = 0 , [δ_ϵ, δ_η] Ψ̄^j_{α̇} = 0 , [δ_ϵ, δ_η] A_{αα̇} = −2i(ϵ · η) (X coth X) ∂_{αα̇}ϕ̄ .

Bosonic action. Now we present the bosonic sector of the N = (1, 0) gauge invariant action in components. The QNS-deformed action for the N = (1, 1) U(1) gauge theory in harmonic superspace [9], in the form most appropriate for our purposes, is written in the same way as in the QS-deformed case [8] S = 1 4 ∫ d^4x_L d^4θ du W ⋆ W = 1 4 ∫ d^4x d^4θ du W^2 . (24)

Here W is the covariant superfield strength W = − 1 4 (D̄^+)^2V^{−−} ≡ A(x_L, θ^+, θ^−) + θ̄^+_{α̇} τ^{−α̇}(x_L, θ^+, θ^−) + (θ̄^+)^2τ^{−−}(x_L, θ^+, θ^−) , (25)

and V^{−−} is the non-analytic harmonic connection related to V^{++}_{WZ} by the harmonic flatness condition D^{++} V^{−−} − D^{−−}V^{++}_{WZ} + [ V^{++}_{WZ} , V^{−−} ] ⋆ = 0 . (26) The whole effect of the considered deformation in the above action comes from the structure of W due to the presence of the star commutator in the equation (26) defining V^{−−}. As a consequence of the latter, (25) satisfies the condition

D^{++}W + [ V^{++}_{WZ} , W ] ⋆ = 0 . (27)

It is not hard to prove that the only contribution to the entire action is the superfield A in (25) (see [8]). Thus, the invariant action is reduced to S = 1 4 ∫ d^4x d^4θ du A^2 . (28)

Once again we refer to [1] for details of the calculations leading to the relevant components of A. Finally the bosonic limit of the action, after performing the minimal SW map (16), is S_{bos} = ∫ d^4x [ − 1 2 ϕ̃□ϕ̄ − 1 2 (b^2 c^2)^{3/2} tanh X∂_{αα̇}ϕ̄∂^{αα̇}ϕ̄□ϕ̄ + 1 4 ~D^2 cosh^2 X − 1 16 ~F^2 cosh^2 X + 1 4 b^2(c · ~F )^2ϕ̄^2 sinh^2 X X^2 + 1 2 ϕ̄(b · ~D)(c · ~F )tanh X X ] . (29)

This action is invariant under the standard abelian gauge transformations. Turning off the deformation parameters we are left with the usual bosonic sector of the undeformed action. Performing the further field redefinition d^{ij} = 1 cosh^2 X ~D^{ij} + ϕ̄(c · ~F )b^{ij} tanh X X , φ = 1 cosh^2 X [ ϕ̃ + (b^2c^2)^{3/2}(∂ϕ̄)^2 tanh X ] , the bosonic action can be transformed into a simple form S_{bos} = ∫ d^4x cosh^2 X [ − 1 2 φ□ϕ̄ + 1 4 d^{ij} d_{ij} − 1 16 F̃^{αβ}F̃_{αβ} ] . (30)

From this expression it is obvious that we cannot disentangle the interaction between the gauge field and ϕ̄ by any field redefinition. This is similar to the singlet case [8, 7], where a scalar factor (1 + 4Iϕ̄)^2 appears instead of cosh^2 X . Note that the bosonic action (30) involves only squares c^2 and b^2, so it preserves space-time Spin(4)= SU(2)_L×SU(2)_R symmetry and SU(2) R-symmetry as in the singlet case. This property is similar to what happens in the deformed Euclidean N = (1/2, 1/2) Wess-Zumino model where the deformation parameter C^{αβ} also appears squared [3]. However, we know that the fermionic completion of (30) will explicitly include both c^{αβ} and b^{ik} [10], so these two symmetries are broken in the total action. This feature also compares with the breaking of Lorentz symmetry in the deformed N = (1/2, 1/2) gauge theory action, due to fermionic terms [3]. Though the string interpretation of the QS-deformation is known [8], the possible stringy origin of the non-singlet case —e.g. as some special N = 4 superstring background— is still unclear.

References

[1] A. De Castro, E. Ivanov, O. Lechtenfeld and L. Quevedo, [arXiv:hep-th/0510013].

[2] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73 (2001) 977 [arXiv:hep-th/0106048]; J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys. Lett. B 574 (2003) 98 [arXiv:hep-th/0302078]; H. Ooguri and C. Vafa, Adv. Theor. Math. Phys. 7 (2003) 53 [arXiv:hep-th/0302109]; Adv. Theor. Math. Phys. 7 (2004) 405 [arXiv:hep-th/0303063];

[3] N. Seiberg, JHEP 0306 (2003) 010 [arXiv:hep-th/0305248].

[4] E. Ivanov, O. Lechtenfeld and B. Zupnik, JHEP 0402 (2004) 012 [arXiv:hep-th/0308012].

[5] L. Tamassia, “Noncommutative supersymmetric / integrable models and string theory,” PhD thesis, [arXiv:hep-th/0506064]; S.V. Ketov and S. Sasaki, Phys. Lett. B 595 (2004) 530 [ArXiv:hep-th/0404119]; Phys. Lett. B 597 (2004) 105 [ArXiv:hep-th/0405278]; Int. J. Mod. Phys. A 20 (2005) 4021 [arXiv:hep-th/0407211]; S. Ferrara, M.A. Lledo and O. Macia, JHEP 0309 (2003) 068 [arXiv:hep-th/0307039].

[6] T. Araki and K. Ito, Phys. Lett. B 595 (2004) 513 [arXiv:hep-th/0404250]; T. Araki, K. Ito and A. Ohtsuka, JHEP 0401 (2004) 046 [arXiv:hep-th/0401012]; T. Araki, K. Ito and A. Ohtsuka, Phys. Lett. B 606 (2005) 202 [arXiv:hep-th/0410203]; T. Araki, K. Ito and A. Ohtsuka, JHEP 0505 (2005) 074 [arXiv:hep-th/0503224].

[7] T. Araki, K. Ito and A. Ohtsuka, JHEP 0401 (2004) 046 [arXiv:hep-th/0401012].

[8] S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev and B. Zupnik, Nucl. Phys. B 704 (2005) 154 [arXiv:hep-th/0405049].

[9] A.S. Galperin, E.A. Ivanov, V.I. Ogievetsky and E.S. Sokatchev, Harmonic Superspace, Cambridge University Press 2001, 306 p.

[10] A. De Castro, E. Ivanov, O. Lechtenfeld and L. Quevedo, work in preparation. [11] T. Araki, T. Takashima and S. Watamura, arXiv:hep-th/0510088.