arXiv:hep-th/0512297 v1 22 Dec 2005

Brown-HET-1460

hep-th/0512297

December 22, 2005

A New Boundary Counterterm for Asymptotically AdS Spacetimes

Robert McNees

Department of Physics, Brown University, Providence, RI 02912

Email: mcnees@het.brown.edu

Abstract

We present a modified version of the boundary counterterm method for removing divergences from the action of an asymptotically AdS spacetime. The standard approach renders the action finite but leaves diffeomorphism invariance partially broken if the dimension of the spacetime is odd. We show that this symmetry is restored by a new boundary counterterm, needed to cancel a divergence that appears in dimensional regularization. The result is a finite, diffeomorphism invariant action appropriate for gravitational physics. As an example we calculate the action for the Kerr-AdS_5 black hole. Unlike the standard boundary counterterm results, our action yields conserved charges that are consistent with the first law of black hole thermodynamics.

1. Introduction

A common problem in Euclidean quantum gravity is the appearance of divergences in the gravitational action. For instance, the thermodynamics of black holes can be studied by approximating the black hole partition function as a saddle point of the Euclidean path integral [1] Z_{BH} ≃ exp (−I_{BH} ) . (1.1)

Unfortunately the right hand side of this relationship diverges, making its meaning unclear. This is usually addressed using a technique known as ‘background subtraction’ [1]. First, one identifies a reference spacetime with the same asymptotics as the black hole spacetime. Then the action for the reference spacetime is used to normalize the relationship (1.1)

Z_{BH} = exp ( − (I_{BH} − I_{Ref} ) ) . (1.2)

Although both actions contain divergences, their finite difference gives a well defined approximation to the black hole partition function. Equation (1.2) can be thought of as encoding the features of the black hole spacetime that were not already present in the reference spacetime.

A similar problem appears in applications of the AdS/CFT correspondence [2,3,4]. A common example of the correspondence is the duality between type IIB string theory with AdS_5 × S^5 boundary conditions, and N = 4 SYM in four dimensions with gauge group SU(N). Because the duality maps strong coupling in one theory to weak coupling in the other, one may obtain the partition function for the SYM theory at strong ‘t Hooft coupling by evaluating the supergravity path integral Z_{SY M} [∂M, γ] ≃ ∑ M ∫ Dg exp ( −I_{SU GRA}[M, g] ) . (1.3)

The boundary conditions for the supergravity path integral are set by the spacetime (∂M, γ) on which the field theory resides. In the limit of large N and large ‘t Hooft coupling the right hand side of (1.3) is dominated by the saddle points of the tree-level supergravity action. However, as in the previous example, the supergravity action diverges, leaving the SYM partition function ill-defined.

Extracting a meaningful result from (1.3) requires a systematic method for regulating the supergravity action and removing its divergences, like the background subtraction used to normalize (1.1). This is made easier by the fact that many features of the SYM theory are captured by pure gravity in five dimensions with a negative cosmological constant, rather than the full ten dimensional supergravity. In that case one usually employs an elegant technique known as the ‘boundary counterterm’ method [5,6,7,8]. This involves supplementing the gravity action that appears in (1.3) with a suitable counterterm

Γ = I − I_{CT} . (1.4)

The counterterm, whose construction is reviewed in section 3, is a boundary term that cancels the divergences in the gravity action. Unlike the external reference spacetime used in background subtraction, the counterterm is intrinsic to the spacetime being studied. The SYM partition function is related to the new action Γ by

Z_{SY M} = exp (−Γ) . (1.5)

This result leads to several satisfying predictions of the AdS/CFT correspondence. For instance, it gives the correct conformal anomaly when the field theory resides on a spacetime with non-trivial curvature or topology.

The techniques described above represent two approaches to dealing with the problem of divergences in the gravitational action. Although they bear a superficial resemblance to one another they are qualitatively different. In background subtraction, for example, everything is defined relative to a reference spacetime. In certain cases the appropriate reference can be ambiguous, or unknown. The boundary counterterm method does not require a reference spacetime. On the other hand, the boundary counterterm method only applies to spacetimes with a non-zero cosmological constant. Although many authors have tried to extend the technique to asymptotically flat spacetimes [9], it does not seem that this is possible in general^1. Background subtraction does not have this restriction; it works equally well for asymptotically flat spacetimes. Given these two different methods for addressing the same general problem, it is interesting to study cases for which both methods are applicable. If the two methods give different results it is important to understand why this is so, and whether the dissenting method can be amended to produce the correct physics.

A basis for comparing the two methods has been established by a number of authors who used the boundary counterterm method to study the conserved charges and thermodynamics of various asymptotically (locally) AdS spacetimes [6,7,11,9,12,13]. In cases where background subtraction can also be used, the two methods give nearly identical results. The one caveat involves asymptotically AdS spacetimes with odd dimension^2. Using the quasilocal stress tensor of Brown and York [14], the boundary counterterm method gives a mass for the spacetime that differs from the result one obtains using background subtraction. The difference between the two results is interpreted as the Casimir energy of the dual field theory on the boundary of the space [6,7,11] M_{BCT} = M_{BS} + E_{Casimir} . (1.6) The fact that this Casimir term is non-zero in the case of global AdS has led some authors to question the validity of the boundary counterterm method [15]. It is argued that a covariant procedure for determining the energy of an asymptotically AdS spacetime cannot give a nonzero energy for global AdS. If this were the case it would imply the existence of a non-zero d + 1-momentum that is invariant under all isometries of the global AdS metric, and there is no such vector. More recently, the authors of [16] raised a new objection by pointing out that the Casimir term in the mass interferes with the usual thermodynamic interpretation of the

1As this work was being completed reference [10] appeared, in which the authors propose a counterterm construction for asymptotically flat spacetimes.

2We will be almost exclusively concerned with asymptotically AdS spacetimes whose dimension d + 1 is odd. Their even-dimensional counterparts do not suffer from the various problems we discuss, for reasons that will be reviewed later in the paper. Unless we explicitly state otherwise, it should be assumed that the spacetime dimension is odd.

Kerr-AdS black hole. Specifically they showed that, while the conserved charges obtained using background subtraction satisfy the first law of black hole thermodynamics [17,18] dM_{BS} = T dS_{BS} + ∑ i Ω_i dJ^i_{BS} , (1.7)

the conserved charges obtained using the boundary counterterm method [12] do not.

The existence of a non-zero mass for global AdS and the breakdown of the first law for the Kerr-AdS solutions are the result of a subtlety in defining the correct counterterms for a gravitational theory. Whereas background subtraction gives an action that is invariant under diffeomorphisms of the spacetime, the boundary counterterm method does not. The boundary counterterm method is engineered to give an action that is invariant under transformations on the boundary that are symmetries of the dual field theory. A generic diffeomorphism of the spacetime induces a transformation on the boundary which is not a symmetry of the dual field theory, and therefore not a symmetry of Γ.

In this paper we show that the boundary counterterm method can be used to construct a gravitational action that is both finite and diffeomorphism invariant. Not surprisingly, this action agrees with the action obtained from background subtraction when the two can be compared. Furthermore, the quasi-local stress tensor obtained from this action gives conserved charges that agree with a number of other approaches [19,20,21,22,23] and satisfy the first law of black hole thermodynamics. We obtain the action by including a new counterterm that is needed to cancel a divergence that appears in dimensional regularization. When the dimension is continued back to the physically relevant value this contribution to the counterterm action is finite. It is tempting to think of this finite term as representing a choice of renormalization scheme, along the lines of the ambiguity in the boundary counterterm construction first pointed out in [6]. In fact, this is not quite the case, as we will explain later in the paper. Finally, our modification does not alter the intrinsic character of the counterterm construction so that, unlike background subtraction, it does not require the use of a reference spacetime.

We proceed as follows. In section 2 we review the properties of asymptotically AdS spacetimes. We also explain the problems that arise when one tries to evaluate the ‘usual’ gravitational action for these spacetimes. In section 3 we summarize the boundary counterterm method and then explain its derivation from a solution of the Hamilton-Jacobi equation. We also show that the standard choice of counterterms, which is a minimal subtraction, leads to an action which is not invariant under certain diffeomorphisms. The restoration of this symmetry, which requires a new counterterm, is described in section 4. In section 5 we use our modified action to study the Kerr-AdS black hole and obtain, without modification, the first law of thermodynamics. Finally, we discuss some implications of our results in section 6. Some technical results and background material are contained in two appendices.

The first two sections of this paper contain a large amount of background material. Readers who are already familiar with boundary counterterms and the properties of asymptotically AdS spacetimes can review the conventions and definitions established in section 2.1, and then proceed directly to section 4.

2. Asymptotically Anti-de Sitter Spacetimes

In this paper we are interested in spacetimes (M, g) that are asymptotically Anti-de Sitter. Our goal is to show that they possess a well defined action that is both finite and diffeomorphism invariant. The construction of this action will depend crucially on certain properties of these spacetimes, which we must review before we can proceed. A useful (but incomplete) list of references to the extensive literature on this subject includes [24,25,26,27,15,5,28,29,30,31,32].

We begin with a brief review of Anti-de Sitter space (AdS), followed by a precise definition of asymptotically AdS spacetimes. Next we review asymptotic coordinate systems for these spacetimes and introduce our conventions for foliations in the vicinity of spatial infinity. Finally, we discuss some of the inconsistencies that arise when one tries to evaluate the standard form of the gravitational action for an asymptotically AdS spacetime.

2.1. Properties Of Asymptotically AdS Spacetimes

The best way to set the stage for a discussion of asymptotically AdS spacetimes is to first review the properties of AdS itself. The starting point is pure gravity in d + 1 dimensions with a negative cosmological constant. The Einstein equations are R_{μν} − 1 2 g_{μν} (R − 2Λ) = 0 . (2.1)

We will follow the conventional normalization and express the cosmological constant in terms of a length scale ℓ by Λ = − d(d − 1) 2 ℓ^2

(2.2)

in which case Einstein’s equation reduces to R_{μν} = − d ℓ^2 g_{μν} . (2.3)

The simplest solution of this equation is Anti-de Sitter space. It is the maximally symmetric space of constant negative curvature, with Riemann tensor given by R^λ_{μσν} = − 1 ℓ^2 ( g_{μν} δ^λ_σ − g_{μσ} δ^λ_ν ) . (2.4)

A useful parameterization of AdS is given by the global coordinates^3 (r, t, σ_{d−1}), where 0 ≤ r < ∞ and −∞ < t < ∞, while σ_{d−1} represents coordinates on a sphere S^{d−1} of radius ℓ. In these coordinates the metric on AdS is

ds^2 = ( 1 + r^2 ℓ^2 )_{−1} dr^2 − ( 1 + r^2 ℓ^2 ) dt^2 + r^2 ℓ^2 dσ^2_{d−1} . (2.5)

3Technically, this represents a universal cover of AdS, obtained by ‘unwinding’ a periodic time coordinate and replacing it with the non-compact time coordinate t. When we refer to AdS we always refer to the causal spacetime obtained in this manner.

There is a second-order pole in the metric at r → ∞, where AdS possesses a conformal boundary with topology R×S^{d−1}. This divergence in the metric at spatial infinity is common to all solutions of (2.3) and, as described below, implies that the metric (2.5) does not induce a unique metric on the conformal boundary.

With this description of AdS in mind we want to establish a definition for an asymptotically AdS spacetime [25,26,27,15,33]. Following the discussion in [15] we say that a spacetime (M, g) that satisfies (2.3) is asymptotically AdS if there exists a spacetime (M̂, ĝ), where M̂ is a manifold with boundary ∂M̂, such that:

1. The manifold M can be identified with the interior of M̂ by means of a diffeomorphism from M onto M̂ − ∂M̂.

2. There exists a positive function Ω on M̂, known as a ‘defining function’, such that ĝ_{μν} = Ω^2 g_{μν} . Furthermore, Ω has a first-order zero and a non-vanishing gradient on ∂M̂. 3. The Weyl tensor Ĉ_{λμσν} on M̂, constructed from ĝ_{μν} , is such that Ω^{3−d}Ĉ_{λμσν} is smooth on M̂, and Ĉ_{λμσν} vanishes on ∂M̂.

4. The boundary ∂M̂ is topologically R × S^{d−1}.

We will distinguish between (M, g) and (M̂, ĝ) by referring to them as the ‘physical’ and ‘unphysical’ spacetimes, respectively.

The primary benefit of this definition is that it identifies M with the interior of M̂, which allows one to work with the unphysical spacetime (M̂, ĝ). This neatly circumvents many technical difficulties that arise when working with the physical spacetime. For instance, the conformal boundary of M, which we denote by ∂M, is located at spatial infinity and is not part of M. But the boundary ∂M̂ of the unphysical spacetime is defined as a finite value of a spacelike coordinate: Ω = 0. Thus, working with the unphysical spacetime allows one to avoid some of the infinite limits associated with attaching the surface ∂M to M. If we insist on working with the physical spacetime, we find that we cannot extend the physical metric to ∂M because it diverges at spatial infinity. The defining function, whose properties are established in the second part of the definition, addresses this problem by insuring that the unphysical metric ĝ_{μν} is finite and well-defined on all of M̂, including ∂M̂. Having established the framework of the unphysical spacetime, the third point in the definition is simply the requirement that the Riemann tensor for an asymptotically AdS spacetime should approach the maximally symmetric form (2.4) at spatial infinity. On the other hand, the Riemann tensor will generically have a non-vanishing Weyl tensor on the interior of the space and take the form R^λ_{μσν} = C^λ_{μσν} − 1 ℓ^2 ( g_{μν} δ^λ_σ − g_{μσ} δ^λ_ν ) . (2.6)

The first three parts of the definition already imply that (M, g) is locally asymptotic to AdS. To complete the definition we must include the fourth point and require that the topology of the boundary is R × S^{d−1}. This insures that the spacetime is asymptotically AdS in the global sense^4. This also implies that the conformal boundary of an asymptotically AdS spacetime has vanishing Euler number. This will play an important role later in the paper.

There is a natural ambiguity in the construction of the unphysical spacetime that reflects a real and important property of asymptotically AdS spacetimes. As stated above, all metrics that solve (2.3) exhibit a second-order pole at spatial infinity. Thus, even if we attach the conformal boundary ∂M to M the metric is not defined there. To address this we introduce a defining function that cancels the divergence and gives a finite but unphysical metric ĝ. But the properties of Ω are not sufficient to determine it uniquely. In other words, there are many possible choices of unphysical spacetime, none of which are preferred over the others. The equivalent statement in the physical spacetime is that the metric on an asymptotically AdS spacetime does not induce a unique metric on the conformal boundary. Rather, it endows ∂M with a conformal class of metrics. To see this, consider a defining function Ω and the corresponding unphysical metric ĝ_{μν} = Ω^2g_{μν} on M̂. The pullback of this metric onto the surface Ω = 0 induces a metric ĥ_{μν} on ∂M̂. But the choice of defining function Ω is not unique. Any non-vanishing function e^ω on M̂ can be used to obtain a new defining function Ω̃ = e^ω Ω. The unphysical metric associated with this new defining function is related to ĝ_{μν} by a conformal rescaling

g̃_{μν} = e^{2ω}ĝ_{μν} (2.7)

The pullback of g̃_{μν} also induces a metric on ∂M̂, related to ĥ_{μν} by

h̃_{μν} = e^{2ω}|_{∂M̂} ĥ_{μν} (2.8)

Therefore a particular choice of defining function merely identifies a representative of a conformal class of metrics related by (non-singular) local Weyl rescalings. As was shown in [15], there is always a choice of defining function for which the induced metric on ∂M̂ is manifestly conformally flat. Since the Weyl tensor is invariant under local rescalings of the metric, this result applies to the entire conformal class of metrics on the boundary. Thus, the metric on an asymptotically AdS spacetime induces a conformal class of metrics on the boundary, and that class of metrics is conformally flat.

All of the properties of asymptotically AdS spacetimes mentioned in this section will be used, either explicitly or implicitly, throughout this paper. But two points will play an important role and should be re-emphasized before proceeding:

1. The topology of the conformal boundary implies that its Euler number is zero.

2. Any member of the conformal class of metrics induced on the conformal boundary has a vanishing Weyl tensor.

Both of these follow from the definition of an asymptotically AdS spacetime. The first point is a simple consequence of the topology, and the second can be shown in a variety of ways using nothing more than local differential geometry [15,34]. As a final note, in later

4The phrase ‘asymptotically AdS’ is often used in the literature to describe spacetimes which are only asymptotically locally AdS. For a discussion of this more general class of spacetimes see [32], and references therein.

sections of this paper we will often consider the Euclidean section of an asymptotically AdS spacetime, where the non-compact time coordinate t is replaced with a periodic imaginary time coordinate τ . This changes the factor of R in the boundary topology to an S^1, but it does not change any of the conclusions of this section.

2.2. Asymptotic Coordinate Systems

In the previous section we gave a definition of asymptotically AdS spacetimes that uses an unphysical spacetime to establish many of their properties. Despite the utility of the unphysical spacetime, some of the calculations that appear later in this paper are better suited to the physical spacetime. In this section we will establish a useful coordinate system to perform these calculations in.

The defining function Ω that relates the physical and unphysical metrics has a nonvanishing gradient at the boundary ∂M̂. This allows us to construct an asymptotic coordinate system, with Ω as a coordinate normal to the boundary, in which the boundary is located at Ω = 0. Thus, near the boundary we can always choose coordinates in which the metric on M takes the Fefferman-Graham form [35]

ds^2 = ℓ^2 4ρ^2 dρ^2 + ℓ ρ H_{ab}(x, ρ) dx^adx^b . (2.9) However, for the spacetimes we consider in this paper it is convenient to use a coordinate system in which the metric resembles the r ≫ ℓ limit of (2.5)

ds^2 = ℓ^2 r^2 h_{rr}(r) dr^2 + r^2 ℓ^2 h_{ab}(x, r) dx^a dx^b (2.10) In this coordinate system the boundary is located at r → ∞, where the metric exhibits the characteristic second-order pole. The functions h_{ab} are smooth and yield a d-dimensional metric, conformal to the Einstein static universe, in the r → ∞ limit. Although we could perform a coordinate redefinition that sets the function h_{rr} = 1, we will leave it arbitrary for now and simply note that in the r → ∞ limit it approaches unity. From now on we will adopt our index notation to this coordinate system, using Greek letters μ, ν, . . . to denote d + 1 dimensional indices and Latin letters a, b, . . . for d-dimensional indices.

The coordinate system (2.10) provides a useful foliation of M in the region r ≫ ℓ. The leaves of this foliation are timelike hypersurfaces of constant r that we denote Σ_r. The embedding of Σ_r in M is described locally by a spacelike unit normal vector n^μ that takes the form n^μ = r ℓ √ h_{rr} δ_{μr} . (2.11)

The pullback of the physical metric g_{μν} induces a metric γ_{μν} on Σ_r given by

γ_{μν} = g_{μν} − n_μ n_ν . (2.12)

In the coordinate system (2.10) this is simply γ_{ab}(x, r) = r^2 ℓ^2 h_{ab}(x, r) . (2.13)

The intrinsic curvature tensors constructed from γ_{ab} and its derivatives along Σ_r are denoted by R^d_{cab}, R_{ab}, and R, while the d-dimensional covariant derivative, compatible with γ_{ab}, is D_a. Our convention for the extrinsic curvature associated with the embedding of Σ_r in M is K_{μν} = ∇_μn_ν − n_μa_ν (2.14)

where a_ν = n^λ∇_λn_ν . Expressed in terms of the normal derivative of γ_{ab} this is just K_{ab} = 1 2 n^μ∂_μγ_{ab} . (2.15)

The trace of the extrinsic curvature, which appears in the gravitational action, is given by K = ∇_μn^μ.

By construction, the conformal boundary of the asymptotically AdS spacetime corresponds to the r → ∞ limit of the surface Σ_r. Given a choice of defining function Ω, the induced metric on Σ_r singles out a representative ĥ_{ab}(x) of the conformal class of metrics on ∂M. For instance, in the coordinate system (2.10) one may choose Ω = ℓ/r, in which case ĥ_{ab}(x) is given by

ĥ_{ab}(x) = lim_{r→∞} ℓ^2 r^2 γ_{ab}(x, r) = lim_{r→∞} h_{ab}(x, r) . (2.16)

The definition of an asymptotically AdS spacetime guarantees that the boundary Weyl tensor constructed from this metric vanishes. This does not imply that the intrinsic Weyl tensor on Σ_r vanishes, though it will be proportional to terms that vanish in the r → ∞ limit.

2.3. The Gravitational Action

The starting point of section 2.1 was the Einstein equations (2.3). We usually assume that these equations have been obtained by extremizing a gravitational action of the form I = − 1 2κ^2 ∫ M d^{d+1}x √ g (R − 2Λ) − 1 κ^2 ∫ ∂M d^dx √ γ K . (2.17)

This action comprises two terms: the Einstein-Hilbert term in the bulk, and the Gibbons- Hawking-York term [36,1] on the boundary. In this expression γ_{μν} is the d-dimensional metric induced on the boundary by g_{μν} , the d + 1-dimensional metric on M. Under a small variation of the metric g_{μν} → g_{μν} + δg_{μν} the change in the action is δI = 1 2 κ^2 ∫ M d^{d+1}x √ g ( R^{μν} − 1 2 g^{μν} (R − 2Λ) ) δg_{μν} + 1 2 κ^2 ∫ ∂M d^dx √ γ (K^{μν} − γ^{μν} K) δγ_{μν} (2.18) The role of the GHY term is to insure that there are no boundary terms in (2.18) that are proportional to the normal derivative of δγ_{μν} . Thus, the action (2.17) appears to be extremized by solutions of (2.3) with Dirichlet boundary conditions on the metric at ∂M.

Upon closer examination the conclusions of the previous paragraph cannot be entirely correct. The definition of the action and the description of the variational principle rely on assumptions that are not consistent with the solutions of the resulting equation of motion. There are three main causes for concern [5,32]. First, the GHY term is a functional of the induced metric on ∂M. But metrics that solve (2.3) diverge at the boundary and fail to induce a unique metric there. Second, since solutions of (2.3) induce a conformal class of metrics on ∂M, the imposition of Dirichlet boundary conditions on the metric seems overly restrictive. A more suitable action might allow for boundary conditions which admit variations within a fixed conformal class [32]. Finally, the bulk term in (2.17) diverges when evaluated for solutions of (2.3). Because the integrand is constant the action diverges in the infra-red due to the infinite volume of M.

As was recently shown in [32] these problems are all very closely related. The boundary counterterm technique used to address the divergences of the action also results in a consistent variational principle, but with modified boundary conditions. Actions constructed in this way are designed to respect the symmetries of the dual field theory and not the full diffeomorphism invariance of the gravitational theory. Understanding the physics of asymptotically AdS spacetimes requires an action principle consistent with solutions of (2.3), like the actions presented in [6,7,32], but also invariant under diffeomorphisms. In this paper we will construct an action with these properties.

Our approach begins by addressing the divergences in the action. To do this we must introduce a regulator that allows us to work with finite quantities. In the coordinate system (2.10) this is achieved by putting a cut-off on the coordinate r at some large but finite value

r ≤ r_c with r_c ≫ ℓ . (2.19)

The result is a regulated spacetime M_c whose boundary is the hypersurface Σ_c defined by the cut-off. The action (2.17) can then be evaluated on the regulated spacetime, with the GHY term evaluated on Σ_c. Direct calculation gives a d-dimensional integral whose integrand contains a finite number of terms proportional to positive powers of the cut-off I = 1 κ^2 ∫ Σ_c d^dx ( c_0 r^d_c + c_2 r^{d−2}_c + c_4 r^{d−4}_c + . . . ) . (2.20)

Specifically, the regulated action generically contains [(d+1)/2] terms which scale as positive powers^5 of r_c, while the ‘. . .’ represent terms which are finite or zero when r_c → ∞. The structure of these terms is very suggestive when one considers the scaling of the induced metric on Σ_c. Since the cut-off satisfies r_c ≫ ℓ, the induced metric scales as γ_{ab} ∼ r^2_c . Similarly, the inverse metric γ^{ab} scales as r^{−2}_c , and the factor of √ γ appearing in the covariant volume element scales as r^d_c . Thus, the divergent terms in (2.20) resemble an expansion in factors of the inverse metric on Σ_c. This observation motivates the boundary counterterm approach to removing these divergent terms from the action, which we will describe in section 3. 2.4. A Note On Cut-Off Dependence

In the rest of the paper we will always employ the regulator described in the previous section. Thus, M will be replaced by the regulated spacetime M_c whose boundary is Σ_c.

5The action for an asymptotically locally AdS spacetime, or the action for gravity plus certain forms of matter on an asymptotically AdS spacetime, may also contain logarithmic divergences that are not distinguished by the power counting argument given here.

The r_c → ∞ limit, which removes the cut-off and recovers the full spacetime, will be taken at the end of calculations after all cut-off dependent terms have been addressed. These calculations routinely involve asymptotic expansions, either in powers of the cut-off or in the inverse metric. We will always drop terms in these expansions which vanish as the cut-off is removed. Unless explicitly stated otherwise we do not distinguish between quantities that vanish identically, to all orders in the cut-off, and quantities that vanish in the r_c → ∞ limit.

3. Boundary Counterterms

In this section we review two approaches to the boundary counterterm method for removing divergences from the on-shell action. Both constructions lead to a minimal subtraction scheme, which fails to preserve diffeomorphism invariance of the gravitational theory.

3.1. Boundary Terms as Counterterms

In [6,7,5] a new technique was proposed for removing the divergences from the on-shell action. By supplementing the gravity action (2.17) with a set of boundary counterterms, one obtains a renormalized action Γ that is finite on-shell

Γ = I − I_{CT} . (3.1)

The ‘counterterm action’ is a boundary integral whose integrand is a local function of the induced metric γ_{ab} and its boundary derivatives I_{CT} = 1 κ^2 ∫ Σ_c d^dx √ γ L_{CT} (γ, ∂_aγ) . (3.2) The asymptotic behavior (2.13) of γ_{ab} gives the counterterm action the correct cut-off dependence to cancel the power-law divergent terms in the on-shell action (2.20).

The general functional form of the counterterm action can be determined by expanding the Lagrangian density L_{CT} in powers of the inverse metric I_{CT} = 1 κ^2 ∫ Σ_c d^dx √ γ ( L^{(0)}_{CT} + L^{(2)}_{CT} + L^{(4)}_{CT} + . . . ) . (3.3)

A term in this expansion with superscript (2n) contains n factors of the inverse metric. A useful basis for this expansion consists of polynomials built from the intrinsic curvature tensors and their derivatives, with constant coefficients. The first few terms are

L^{(0)}_{CT} = c_0 (3.4) L^{(2)}_{CT} = c_1 R L^{(4)}_{CT} = c_2 R^2 + c_3 R^{ab}R_{ab} + c_4 R^{abcd}R_{abcd} .

Using the arguments in section 2.3 these terms scale with the cut-off as √ γ L^{(2n)}_{CT} ∼ r^{d−2n}_c (3.5) so that terms with 2n > d vanish as the cut-off is removed. The counterterm action then comprises a finite number of local functionals of the boundary metric that are manifestly invariant under diffeomorphisms of the boundary coordinates.

Determining the coefficients c_i that appear in (3.4) gives the exact form of the counterterm action. One way to accomplish this is to explicitly cancel the divergences that appear in the on-shell action for a sufficiently general class of asymptotically AdS metrics [6,7,37,38]. The resulting expression for the counterterm action is I_{CT} = 1 κ^2 ∫ Σ_c d^dx √ γ ( d − 1 ℓ + ℓ 2(d − 2)

R (3.6) + ℓ^3 2(d − 2)^2(d − 4) ( R^{ab}R_{ab} − d 4(d − 1)

R^2 ) + . . . ) . where ‘. . .’ denotes higher order terms in the inverse metric expansion. These higher order terms are easily determined using a simple iterative procedure given in [9]. Note that the dimension of the boundary has been left arbitrary in (3.6). As stated above, a finite number of these terms are proportional to positive powers of the cut-off for a given d. Keeping only these terms defines a minimal subtraction that removes the divergences [6,7] from the action for any asymptotically (locally) AdS_{d+1} spacetime

Γ_{M S} = I − I_{M S} . (3.7)

This is the standard prescription for boundary counterterms in applications of the AdS/CFT correspondence. The counterterm action in the minimal subtraction scheme is given by

I_{M S} = 1 κ^2 ∫ Σ_c d^dx √ γ [^1_2 (d−1)] ∑ n=0 L^{(2n)}_{CT} . (3.8)

The upper limit on the sum is the integer part of^1_2 (d−1). Thus, in d+1 = 3 bulk dimensions only the first term in (3.6), proportional to the boundary volume element, is required. In four and five dimensions the counterterm involving the Ricci scalar of the boundary metric is also needed, while all of the terms shown in (3.6) are required in six and seven dimensions.

There is an important subtlety that applies when the spacetime dimension is odd, d+1 = 2k + 1. In that case the dimension of the boundary is even, d = 2k. Power counting then implies that terms in the counterterm action containing k factors of the inverse metric are independent of the cut-off √ γ L^{(2k)}_{CT} ∼ r^0_c . (3.9) The authors of [6] point out that this represents the usual ambiguity associated with the choice of renormalization scheme. Minimal subtraction, which does not include a finite term like (3.9), is one such choice. But one is always free to add or remove finite terms from the divergent counterterms to impose a different renormalization scheme. This is more apparent when we rearrange (3.1) to read I = Γ + I_{CT} . (3.10) A choice of renormalization scheme is simply some criteria for whether we associate a particular finite term in the regulated action with Γ or with I_{CT} .

The analysis in this section can be thought of as an attempt to determine the on-shell action’s dependence on local functionals of the boundary metric, whose asymptotic behavior is assumed to be the source of the cut-off dependent terms in (2.20). But, as discussed in the introduction, we are concerned with producing both a finite and diffeomorphism invariant action. Because the on-shell action should be diffeomorphism invariant, its functional dependence on the diffeomorphism covariant boundary metric is heavily constrained. In the next section we review the Hamilton-Jacobi method for determining the counterterm action, based on this observation.

3.2. The Hamilton-Jacobi Method

The Hamilton-Jacobi method obtains the counterterm action by solving the constraints associated with diffeomorphism invariance of the gravitational theory [39,40,41]. An especially thorough review of this technique can be found in [42]. In this section we will review the standard application of this method, which leads to the same minimal subtraction counterterm action that was found in section 3.1. Then, in section 4, we will modify this approach to produce a finite, diffeomorphism invariant action.

Before explaining the derivation of the counterterm action it is useful to review the constraints associated with diffeomorphism invariance. In section 2.3 the on-shell action was regulated by introducing an infra-red cut-off on the coordinate r, singling out this coordinate for special treatment. If H generates reparameterizations of r, and H_a are the generators of diffeomorphisms of the boundary coordinates x^a, then diffeomorphism invariance requires

H = 0 H_a = 0 . (3.11)

The coordinate r is playing the same role as time in the standard Hamiltonian formalism, so we will refer to H as the Hamiltonian.

In the Hamiltonian formulation of gravity the basic variables are the induced metric γ_{ab} on the hypersurface Σ_r, and its conjugate momentum π^{ab}. In terms of these variables H and H_a are given by

H = 2κ^2 √ γ ( 1 d − 1 π^a_aπ^b_b − π^{ab}π_{ab} ) − √ γ 2 κ^2

(R − 2Λ) (3.12)

H_a = 2 √ γ D^bπ_{ab} . (3.13)

The momentum is given by the derivative of the bulk Lagrangian density^6 with respect to the normal derivative of γ_{ab} π^{ab} = ∂L_M ∂(n^μ∂_μγ_{ab}) = 1 2κ^2 ( K^{ab} − γ^{ab} K ) . (3.14)

Hamilton-Jacobi theory tells us that this momentum, evaluated at the boundary, can also be written as the functional derivative of the on-shell action with respect to the metric on

6Given a foliation of the space M, such as the one presented in section 2.2, the contracted Gauss-Codazzi equations can be used to rewrite the action (2.17) as a bulk integral with no boundary term. This form of the action, familiar from the ADM construction, is what we refer to here.

the boundary π^{ab} | |_{Σc} = 1√ γ δI δγ_{ab} | | | |_{Σc} . (3.15)

This last result is easily verified using the variation of the action under a small change in the metric, given in (2.18). Using this expression in (3.12) and (3.13) yields a set of functional differential equations for the on-shell action

2κ^2 √ γ ( 1 d − 1 γ_{ab}γ_{cd} − γ_{ac}γ_{bd} ) δI δγ_{ab} δI δγ_{cd} − √ γ 2κ^2

(R − 2Λ) = 0 (3.16)

D_b ( δI δγ_{ab} ) = 0 . (3.17)

The first equation is known as the Hamilton-Jacobi equation. It will be our focus in the remainder of this section.

The Hamilton-Jacobi equation is a non-linear functional differential equation and cannot be solved in general. Luckily, the results of the previous section suggest an ansatz for the solution we are looking for. The action is decomposed into renormalized and counterterm contributions I = Γ + I_{CT} . (3.18)

The counterterm action I_{CT} will consist of a finite number of local functionals, intrinsic to the boundary, which should contain the infra-red divergent terms of the on-shell action. Splitting the action into two distinct terms allows us to rewrite the Hamilton-Jacobi equation in terms of the functional derivatives of Γ and I_{CT}

Z^{ab} = 1 √ γ δΓ δγ_{ab} P^{ab} = 1 √ γ δI_{CT} δγ_{ab} . (3.19)

According to (3.18) these are related to π^{ab} by

π^{ab} = Z^{ab} + P^{ab} . (3.20)

The Hamilton-Jacobi equation can now be written in the following form

H_{CT} + F_1[Γ] + F_2[Γ, I_{CT} ] = 0 . (3.21)

The first term is the expression (3.16) with I replaced by I_{CT} . It will be referred to as the ‘counterterm Hamiltonian’, and is given by

H_{CT} = 2κ^2 √ γ ( 1 d − 1 P^aP^b − P^{ab}P_{ab} ) − √ γ 2 κ^2

(R − 2Λ) . (3.22)

The remaining terms in the Hamilton-Jacobi equation are functionals of Γ and I_{CT}

F_1 [Γ] = 2κ^2 √ γ ( 1 d − 1 Z^a Z^b − Z^{ab}Z_{ab} ) (3.23)

F_2 [Γ, I_{CT} ] = 4κ^2 √ γ ( 1 d − 1 P^a Z^b − P^{ab}Z_{ab} ) . (3.24)

Obtaining the form (3.21) for the Hamilton-Jacobi equation only made use of the decomposition (3.18) for the action. Next, we assume the same inverse metric expansion for I_{CT} that was used in section 3.1^7. Starting with the expression (3.3) for the counterterm action, the functional derivative that appears in H_{CT} is

P^{ab} = P^{ab}_{(0)} + P^{ab}_{(2)} + P^{ab}_{(4)} + . . . (3.25)

The term in this expansion with subscript (2n) comes from the functional derivative of the term in (3.3) with n factors of the inverse metric. As such, it contains n + 1 factors of the inverse metric. Using the basis (3.4) for the terms in the counterterm action, the first few terms in the inverse metric expansion of P^{ab} are

P^{ab}_{(0)} = 1 2 γ^{ab} c_0 (3.26)

P^{ab}_{(2)} = −c_1 ( R^{ab} − 1 2 γ^{ab}R )

P^{ab}_{(4)} = 1 2 γ^{ab} ( c_2 R^2 + c_3 R^{ab}R_{ab} + c_4 R^{abcd}R_{abcd} ) − 2 c_2RR^{ab} + (2 c_2 + c_3 + 2 c_4) D^aD^bR − ( 2 c_2 + 1 2 c_3 ) γ^{ab} D^2R + 4 c_4 R^a_c R^{bc}

− (2 c_2 + 4 c_4) R^{acbd} R_{cd} − (c_3 + 4 c_4) D^2R^{ab} − 2 c_4 R^{acde} R^b_{cde}

Using these expressions in (3.22) results in an inverse metric expansion for H_{CT}

H_{CT} = H^{(0)}_{CT} + H^{(2)}_{CT} + H^{(4)}_{CT} + . . . (3.27)

where a superscript (2n) indicates n factors of the inverse metric. The terms appearing at the first three orders in (3.27) are

H^{(0)}_{CT} = d 2(d − 1) κ^2 √ γ ( c^2_0 −

(d − 1)^2 κ^4 ℓ^2 ) (3.28)

H^{(2)}_{CT} = κ^2 √ γ (( d − 2 d − 1 ) c_0 c_1 − 1 2 κ^4 ) R (3.29)

H^{(4)}_{CT} = 2κ^2 √ γ ( d 2(d − 1) c^2_1 +

(d − 4) 4(d − 1) c_0 c_2 ) R^2 (3.30)

+ 2 κ^2 √ γ ( (d − 4) 4(d − 1) c_0 c_3 − 2 c^2_1 ) R^{ab}R_{ab} − 2κ^2 √ γ c_0 ( c_2 + d 4(d − 1) c_3 + 1 d − 1 c_4 ) D^2R

+ κ^2 √ γ (d − 4) 2(d − 1) c_0 c_4 R^{abcd} R_{abcd} . 7The inverse metric expansion can also be thought of as a derivative expansion, since the factors of the inverse metric are contracting indices on the boundary metric and its derivatives. Thus, a term with n factors of the inverse metric typically involves 2n derivatives of the boundary metric. This approach to solving the Hamilton-Jacobi equation in GR was studied extensively by Salopek and collaborators [43,44,45,46,47].

The ansatz (3.3) for the counterterm action has led to an expression for the Hamilton-Jacobi equation H^{(0)}_{CT} + H^{(2)}_{CT} + . . . + F_1 [Γ] + F_2 [Γ, I_{CT} ] = 0 (3.31)

that should be solved order-by-order in the inverse metric expansion.

When the dimension of the boundary is even, d = 2k, the first k − 1 terms in (3.31) scale as different (positive) powers of the cut-off and must be set to zero. This gives a set of ‘descent equations’ [42] H^{(2n)}_{CT} = 0 2n < d . (3.32)

These equations determine the coefficients for terms in the counterterm action with up to k − 1 factors of the inverse metric. The term in the expansion involving k factors of the inverse metric, H^{(2k)}_{CT} , is finite. At this order the descent equations break down, because the functionals F_1 and F_2 in the Hamilton-Jacobi equation contain terms which are finite. The remaining part of the Hamilton-Jacobi equation is

H^{(2k)}_{CT} + F_1 [Γ] + F_2 [Γ, I_{CT} ] = 0 . (3.33)

Unless some additional ansatz is specified, only the divergent terms in the counterterm action are determined by this procedure. Thus, solving the descent equations (3.32) yields the same minimal subtraction counterterm action (3.8) that was found in section 3.1. Once again there is a natural ambiguity corresponding to a finite term in I_{CT} , which is left unresolved due to the break-down in the descent equations. Note that when the boundary dimension is odd there is no finite term in (3.27), and the counterterm action is completely determined by this method.

3.3. Minimal Subtraction and Diffeomorphisms

Working with the on-shell action requires the introduction of an infra-red cut-off on the coordinate r. The cut-off renders the action finite but it does so at the expense of diffeomorphism invariance; reparameterizations of the coordinate normal to the boundary are manifestly broken by the choice of regulator. Of course, once the divergent terms in the action have been cancelled the cut-off can be removed, leaving a finite action Γ_{M S} . But the fact that diffeomorphism invariance was not preserved at all stages in the renormalization procedure makes it unclear whether or not Γ_{M S} really exhibits this symmetry. An explicit calculation shows that it does not.

As stated in section 2, the boundary of an asymptotically AdS_{2k+1} spacetime possesses a conformal class of metrics. The choice of a non-covariant regulator identifies a particular representative from the conformal class [28] corresponding to the limit (2.16) of the induced metric on the boundary of the regulated space. Depending on the geometry of the boundary^8, the renormalized action Γ_{M S} may retain information about this choice of conformal representative, even after the cut-off has been removed. From the point of view of the AdS/CFT correspondence this represents a conformal anomaly in the dual field theory.

8The definition of an asymptotically AdS spacetime fixes the topology of the boundary to be R× S^{d−1}. For the asymptotically locally AdS spacetimes discussed in [32] additional factors, such as the topology of the boundary and choice of conformal structure, also play a role.

The relationship between conformal anomalies and diffeomorphisms can be seen by considering a transformation of the bulk coordinates: x^μ → x^μ − ϵ^μ(x). The renormalized action transforms as [32]

δ_ϵΓ_{M S} ∼ ∫ ∂M d^dx √ ĥ A[ĥ] n_μ ϵ^μ(x) . (3.34)

where ĥ_{ab} is the conformal representative and A[ĥ] is the conformal anomaly density of the dual field theory. Note that this term is finite by power-counting^9. The normal component of the diffeomorphism ϵ^μ may have an arbitrary dependence on the boundary coordinates, so the action Γ_{M S} is only invariant under bulk diffeomorphisms if the anomaly density vanishes. This is true for global AdS or the AdS-Schwarzschild solution, but not for the Kerr-AdS_{d+1} spacetime, whose renormalized action was calculated using minimal subtraction in [12,13,48]. Therefore, diffeomorphism invariance is not a general property of the action obtained using minimal subtraction.

Upon closer inspection, it seems that the failure of diffeomorphism invariance is related to the breakdown in the descent equations (3.32). By direct calculation [42], the term H^{(2k)}_{CT} is proportional to the anomaly density of the dual field theory H^{(2k)}_{CT} ∼ √ ĥ A[ĥ] . (3.35)

The transformation (3.34) of the renormalized action Γ_{M S} can now be expressed as

δ_ϵ Γ_{M S} ∼ ∫ ∂M d^dx H^{(2k)}_{CT} n_μ ϵ^μ . (3.36)

It seems reasonable, if our goal is to obtain a renormalized action that is invariant under bulk diffeomorphisms, to try to modify the counterterm action so that

H^{(2k)}_{CT} = 0 (3.37)

when the boundary dimension is d = 2k. In the next section we will show that this can be accomplished for asymptotically AdS spacetimes.

4. Modifying The Counterterm Action

In the previous section we saw that the renormalized action obtained via minimal subtraction is not invariant under certain diffeomorphisms when the dimension of the boundary is even. Explicitly working out the transformation properties of Γ_{M S} under a diffeomorphism shows that this is related to the breakdown in the descent equations (3.32). In this section we show that adding the condition H^{(2k)}_{CT} = 0 to our ansatz for solving the Hamilton-Jacobi equation leads to a new renormalized action, Γ_{HJ} , that is invariant under diffeomorphisms. Imposing this condition requires the introduction of a new counterterm which is finite by power-counting. The role of this term is apparent in dimensional regularization, as is the proof of its existence for asymptotically AdS_{2k+1} spacetimes.

9The power counting rules are only sensitive to power-law dependence on the cut-off. But at leading order, the normal component of the diffeomorphism may in fact scale as the log of the cut-off. We ignore this additional complication for the moment and focus on the fact that (3.34) does not vanish for generic asymptotically AdS spacetimes. In later sections of this paper the potential log divergence of the normal component of the diffeomorphism will not pose a problem.

4.1. A New Counterterm

Solving the descent equations (3.32) for arbitrary d yields the following inverse metric expansion for the counterterm action I_{CT} = 1 κ^2 ∫ Σ_c d^dx √ γ ( d − 1 ℓ + ℓ 2(d − 2)

R (4.1) + ℓ^3 2(d − 2)^2(d − 4) ( R^{ab}R_{ab} − d 4(d − 1)

R^2 ) + . . . ) . If we accept that the descent equations break down with the finite term (3.33) then the Hamilton-Jacobi approach gives the same counterterm action as minimal subtraction. On the other hand, if we let d take the non-integral value 2k + 2ε, with ε small and positive, then there is no breakdown in the descent equations. Rather, the term H^{(2k)}_{CT} appearing in the inverse metric expansion of H_{CT} scales as a positive power of the cut-off and must be cancelled by additional terms in the counterterm action. To do this we include the terms in (4.1) at the next order beyond what is required by minimal subtraction. The counterterm action associated with our new solution of the Hamilton-Jacobi equation is then given by I_{HJ} = 1 κ^2 ∫ Σ_c d^{2k+2ε}x √ γ k∑ n=0 L^{(2n)}_{CT} (4.2)

and the new renormalized action is

Γ_{HJ} = I − I_{HJ} . (4.3)

The counterterm action is related to the minimal subtraction counterterm action by

I_{HJ} = I_{M S} + I^{(2k)}_{CT} (4.4)

where the additional term corresponds to

I^{(2k)}_{CT} = 1 κ^2 ∫ Σ_c d^{2k+2ε}x √ γ L^{(2k)}_{CT} . (4.5)

It is important to remember that this counterterm depends on the dimension d = 2k + 2ε. This means that, in addition to evaluating the integrand away from d = 2k, the integral must be properly generalized to a 2k + 2ε dimensional integral. The new contribution to the counterterm action is then obtained by taking the d → 2k^+, or ε → 0^+, limit of (4.5).

Inspecting the counterterm action (4.1) reveals an immediate problem. The term I^{(2k)}_{CT} appears to contain a pole in the d → 2k^+ limit. For instance, if d = 4 + 2ε then

I^{(4)}_{CT} = lim_{d→4+} 1 κ^2 ∫ Σ_c d^dx √ γ ℓ^3 2(d − 2)^2(d − 4) ( R^{ab}R_{ab} − d 4(d − 1)

R^2 ) . (4.6)

The pole appears because the descent equation H^{(4)}_{CT} = 0 involves terms with factors of (d−4) in their coefficients, as can be seen in (3.30). However, in a moment we will show that the d → 4^+ limit of I^{(4)}_{CT} is perfectly well defined when the bulk spacetime is asymptotically AdS_5. More generally, the d → 2k^+ limit of the counterterm I^{(2k)}_{CT} exists for all asymptotically AdS_{2k+1} spacetimes. The proof of this statement depends on the properties that were emphasized at the end of section 2.1.

Before proving the existence of the d → 2k^+ limit of I^{(2k)}_{CT} , it is useful to see a simple example worked out in detail. Let M be an asymptotically AdS_5 spacetime whose boundary ∂M has geometry R × S^3. In this case, the generalization to a d = 4 + 2ε dimensional boundary is straightforward R × S^3 → R × S^{(d−1)} . (4.7)

The intrinsic curvature tensors that appear in (4.6) are easily calculated for this geometry. They are given by R_{ij} = (d − 2) r^2_c γ_{ij} R = (d − 1)(d − 2) r^2_c

(4.8)

where indices i, j represent coordinates on the sphere S^{d−1}. Using these expressions the curvature terms in (4.6) give R^{ab}R_{ab} − d 4 (d − 1)

R^2 = − 1 4 r^4_c

(d − 1)(d − 2)^2(d − 4) . (4.9)

The apparent pole in (4.6) is cancelled by an explicit factor of (d − 4) coming from the curvature terms. The counterterm can now be directly evaluated. In the d → 4^+ limit the factor of r^{−4}_c from the curvature terms cancels a factor of r^d_c coming from the volume element, so that the final result depends only on the conformal representative (2.16). Before performing the integral we replace the non-compact time coordinate (the factor R in the geometry) with an S^1 corresponding to periodic imaginary time on the Euclidean section of M. The result is I^{(4)}_{CT} = −

3 ℓ^2 8 κ^2 β ω_3 (4.10)

where β is the periodicity of the S^1 and ω_3 is the volume of the unit S^3. Note that this term is equal to the finite difference between the background subtraction and boundary counterterm actions for both the global AdS_5 and the Schwarzschild-AdS_5 spacetimes.

The previous example is simple because of the high degree of symmetry in the boundary geometry. For less symmetric geometries the computation of the counterterm I^{(2k)}_{CT} is more difficult. But the existence of this term, which we show in the next section, can be shown quite generally.

4.2. Existence of the Counterterm I^{(2k)}_{CT} in d = 2k

As stated in the previous section, we can show that I^{(2k)}_{CT} has a well defined d → 2k^+ limit for all asymptotically AdS_{2k+1} spacetimes. The argument depends on the two properties of asymptotically AdS spacetimes emphasized at the end of section 2.1. The first step is to rewrite the counterterm action in a different basis. Instead of using the generic boundary curvature polynomials in (3.4) we will use curvature polynomials E_{2n}(d) that coincide with the Euler density in d = 2n dimensions, and the set of polynomials C^{(i)}_{2n} (d) that are exactly Weyl invariant in d = 2n. The first few terms that we will need are

E_2(d) = 1 4 R (4.11)

E_4(d) = 1 64 ( R^{abcd}R_{abcd} − 4R^{ab}R_{ab} + R^2 )

C_4(d) = − 1 64 ( R^{abcd}R_{abcd} − 4 d − 2 R^{ab}R_{ab} + 2 (d − 1)(d − 2)

R^2 )

Higher order terms in this basis can be found, for instance, in [49,5]. The last term in (4.11) is the unique Weyl invariant polynomial in four dimensions. It is proportional to the square of the Weyl tensor, which by definition may be written in the form above.

In the new basis the counterterm action can be written as I_{CT} = 1 κ^2 ∫ Σ_c d^dx √ γ (d − 1) ℓ [ 1 + 2 ℓ^2 (d − 1)(d − 2)

E_2(d) (4.12) − 8 ℓ^4 (d − 1)(d − 2)(d − 3)(d − 4) ( E_4(d) + C_4(d) ) + . . . ] . Let us now analyze the counterterm that was encountered in the previous section, for an asymptotically AdS_5 spacetime. It takes the form

I^{(4)}_{CT} = − 1 κ^2 lim_{d→4+} ∫ Σ_c d^dx √ γ 8 ℓ^3 (d − 2)(d − 3)(d − 4) ( E_4(d) + C_4(d) ) . (4.13)

As in the previous example, the volume element scales with the cut-off as r^d_c , while the terms that are quadratic in the boundary curvatures scale as r^{−4}_c . Factoring out this r_c dependence, the only terms that do not vanish when the cut-off is removed depend on the conformal representative ĥ_{ab}

I^{(4)}_{CT} = − 1 κ^2 lim_{d→4+} ∫ ∂M d^dx √ ĥ (r_c ℓ )_{2 ε} 8 ℓ3 (d − 2)(d − 3)(d − 4) ( Ê_4(d) + Ĉ_4(d) ) . (4.14)

The term Ĉ_4(d) automatically vanishes, because the Weyl tensor for any representative of the conformal class of metrics on the boundary of an asymptotically AdS spacetime vanishes. The remaining term in the integrand is a quadratic curvature polynomial whose integral in d = 4 is a topological invariant. But in d = 4 + 2ε dimensions it contains geometric information as well. Expanding for d near four dimensions, we can write Ê_4(d) as

Ê_4(d) = Ê_4(4) + (d − 4) Ê^{(1)}_4 (4) + 1 2 (d − 4)^2 Ê^{(2)}_4 (4) + . . . (4.15)

The example in the previous section showed this expansion explicitly, in equation (4.9). The first term is the four dimensional Euler density. As stated in section 2.1, the boundary of an asymptotically AdS spacetime has topology R × S^{d−1}, which has an Euler number of zero. Therefore, the integral of the first term in the expansion (4.15) vanishes. The next term carries an explicit factor of (d − 4) that cancels the (d − 4)^{−1} pole in (4.14). Unlike the Euler density, whose integral is topological, this term encodes geometric information and depends on the choice of conformal representative ĥ_{ab}. Any contributions to (4.14) from higher order terms in (4.15) vanish in the d → 4^+ limit. Thus, the term I^{(4)}_{CT} appearing in the counterterm action for an asymptotically AdS_5 spacetime is given by

I^{(4)}_{CT} = lim_{d→4+} 1 κ^2

8 ℓ^3 (d − 2)(d − 3) ∫ ∂M d^dx √ ĥ Ê^{(1)}_4 (4) . (4.16)

This term is finite and well defined in the d → 4^+ limit.

These arguments are not particular to a four dimensional boundary. For an asymptotically AdS_{2k+1} spacetime the term I^{(2k)}_{CT} will have a form analogous to (4.14)

I^{(2k)}_{CT} ∼ lim_{d→2k+} ∫ Σ_c d^dx √ ĥ 1 (d − 2k) (r_c ℓ )_{2 ε} ( Ê_{2k} (d) + ∑ i α_i Ĉ^{(i)}_{2k} (d) ) . (4.17)

The terms Ĉ^{(i)}_{2k} appearing in the integrand are given by contractions of the Weyl tensor and its derivatives, and therefore vanish. The remaining term will correspond to the curvature polynomial Ê_{2k}(d) that gives the Euler density when evaluated at d = 2k dimensions. It can be expanded around d = 2k as in (4.15), so that the non-vanishing contribution to I^{(2k)}_{CT} is given by I^{(2k)}_{CT} ∼ lim_{d→2k+} ∫ ∂M d^dx √ ĥ Ê^{(1)}_{2k} (2k) . (4.18)

4.3. Diffeomorphism Invariance of Γ_{HJ}

In the previous section we showed that the counterterm I^{(2k)}_{CT} is well defined for asymptotically AdS spacetimes of dimension d + 1 = 2k + 1 . Including this term in the counterterm action guarantees that the term H^{(2k)}_{CT} in the counterterm Hamiltonian vanishes. We will now show that, as a result of this modification, the renormalized action Γ_{HJ} is invariant under bulk diffeomorphisms.

Consider an infinitesimal reparameterization of the bulk coordinates

x^μ → x^μ − ϵ^μ(x) . (4.19)

We can study the behavior of Γ_{HJ} under this diffeomorphism using the well-defined transformation properties of the on-shell action I and the counterterm action I_{HJ}

δ_ϵΓ_{HJ} = δ_ϵI − δ_ϵI_{HJ} . (4.20)

The transformation of the action I can be obtained from (2.18) after noting that (4.19) changes the bulk metric according to

δ_ϵg_{μν} = ∇_μ ϵ_ν + ∇_ν ϵ_μ . (4.21)

After an integration by parts, the transformation of the regulated action is given by δ_ϵI = − 1 κ^2 ∫ M_c d^{d+1}x √ g ϵ_ν ∇_μG^{μν} + ∫ Σ_c d^dx √ γ ( 1 κ^2 G^{μν} n_μϵ_ν + π^{ab} δ_ϵγ_{ab} ) (4.22) where G_{μν} is the d + 1-dimensional Einstein tensor, including the contribution from the cosmological constant. The bulk term vanishes automatically by the twice-contracted Bianchi identity. The first boundary term can be simplified by splitting the diffeomorphism parameter ϵ^μ into its normal and boundary components. The resulting projections of the Einstein tensor are proportional to H and H_a. The second boundary term involves the variation of the boundary metric under (4.19). The induced metric on the boundary transforms as a tensor under diffeomorphisms of the boundary coordinates, but it is simply a scalar from the point of view of the coordinate normal to the boundary. Therefore its variation is

δ_ϵγ_{ab} = D_aϵ_b + D_bϵ_a + n^μ ∂_μγ_{ab} (4.23)

The last term in this expression is proportional to the extrinsic curvature of the boundary, using (2.15). Thus, the change in the regulated on-shell action under a bulk diffeomorphism (4.19) is δ_ϵI = ∫ Σ_c d^dx √ γ [ 1 κ^2

(H n_μϵ^μ + H_a ϵ^a) + 2 π^{ab}K_{ab} n_μϵ^μ + 2 π^{ab}D_aϵ_b ] . (4.24)

The counterterm action is a local functional of the induced metric on the boundary, so its transformation properties under (4.19) are very simple δ_ϵI_{HJ} = ∫ Σ_c d^dx δI_{HJ} δγ_{ab} δ_ϵγ_{ab} . (4.25)

Using the definition (3.19) we can replace the functional derivative of I_{CT} with √ γ P^{ab}. This expression, along with (4.24), allows us to write the transformation of the renormalized action Γ_{HJ} under a bulk diffeomorphism. After an integration by parts, we arrive at the following result

δ_ϵΓ_{HJ} = ∫ Σ_c d^dx √ γ [ 1 κ^2

(H n_μϵ^μ + H_a ϵ^a) − ϵ_a D_bT^{ab} + T^{ab}K_{ab} n_μϵ^μ ] (4.26)

where we have defined T^{ab} = 2 ( π^{ab} − P^{ab} ) . (4.27)

Note that the quantity T^{ab} is just the quasi-local stress tensor of Brown and York [14] for the action Γ_{HJ} .

At this point the regulator is still in place; Σ_c is the hypersurface defined by the infra-red cut-off. For the renormalized action to be invariant under bulk diffeomorphisms we must show that the expression (4.26) is zero, up to terms which vanish as the cut-off is removed, for arbitrary ϵ^μ. It is straightforward to show that the first three terms in (4.26) are zero. The first two terms are proportional to H and H_a. They vanish on-shell because they are simply projections of the bulk Einstein tensor. The third term involves the (boundary) covariant divergence of the boundary stress tensor. To see that this must vanish, first note that it is related to the renormalized stress tensor obtained from minimal subtraction [6] by

D_bT^{ab} = D_bT^{ab}_{M S} − D_bP^{ab}_{(2k)} . (4.28)

The fact that the first term vanishes was established in [6]. The second term vanishes as well, by repeated application of the contracted and uncontracted Bianchi identities. For instance, when 2k = 2 this amounts to D_aP^{ab}_{(2)} ∼ D_aG^{ab} (4.29)

where G^{ab} is the boundary Einstein tensor. The divergence of G^{ab} vanishes by application of the twice-contracted Bianchi identity. Verifying that the divergence of P^{ab}_{(4)} vanishes requires both the once- and twice-contracted forms of the identity. Although the form of the second term in (4.28) becomes much more complicated for 2k ≥ 6, the same arguments can be used to show that it vanishes in those cases.

Showing that the last term in (4.26) vanishes is more involved. Specifically, we want to show that √ γ T^{ab} K_{ab} = 0 + . . . (4.30)

where ‘. . .’ denote terms which vanish as the cut-off is removed. First, it is useful to rewrite the left hand side of (4.30). Using (3.14) and (3.20) the Hamiltonian (3.12) can be rewritten in the following form H = − √ γ K_{ab} ( P^{ab} + 1 2 T^{ab} ) − √ γ 2κ^2

(R − 2Λ) . (4.31)

The Hamiltonian constraint then implies √ γ T^{ab} K_{ab} = − √ γ 2 K_{ab}P^{ab} − √ γ κ^2

(R − 2Λ) . (4.32)

We can now explicitly show that the right hand side of this equation vanishes, using asymptotic expansions for the intrinsic and extrinsic curvatures. This is described in detail for the case of asymptotically AdS_5 spacetimes in appendix A. The result is that (4.30) is satisfied, so that δ_ϵΓ_{HJ} = 0 . (4.33)

We have found that including I^{(2k)}_{CT} in the counterterm action leads to a renormalized action which is invariant under bulk diffeomorphisms.

5. The Kerr-AdS_5 Black Hole

In this section we review the properties of the Kerr-AdS_5 black hole and summarize the calculation of the action using background subtraction. We then calculate the renormalized action using the techniques discussed in sections 3 and 4. We find that our modified version of the boundary counterterm approach gives the same renormalized action and conserved charges as background subtraction.

The metric for Kerr-AdS_{d+1} is discussed in Appendix B. In 5 dimensions it can be written as ds^2 = U V − 2m dr^2 − W ( 1 + r^2 ℓ^2 ) dt^2 + 2m U ( dt − a Ξ_a μ^2_1 dϕ − b Ξ_b μ^2_2 dψ

)_2 (5.1) + r^2 + a^2 Ξ_a μ^2_1 ( dϕ + a ℓ^2 dt )_2 + r^2 + b^2

Ξ_b μ^2_2 ( dψ + b ℓ^2 dt )_2

+ ( r^2 + a^2 Ξ_a + r^2 + b^2 Ξ_b μ^2_1 μ^2_2 − 1 ℓ^2 W ( 1 + r^2 ℓ^2 ) (Ξ_a − Ξ_b)^2 Ξ^2_a Ξ^2_b μ^2_1 ) dμ^2_1 .

The functions appearing in the metric are W = μ^2_1 Ξ_a + μ^2_2 Ξ_b

(5.2)

U = r^2 + a^2 μ^2_2 + b^2 μ^2_1 (5.3) V = 1 r^2 ( 1 + r^2 ℓ^2 ) (r^2 + a^2) (r^2 + b^2) . (5.4)

A single angle θ ∈ [0, π/2] parameterizes the two direction cosines as μ_1 = sin(θ) and μ_2 = cos(θ). There are two independent rotation parameters, which we denote by a and b, and two corresponding azimuthal angles, ϕ and ψ, which run over [0, 2π]. We define an angular velocity in each plane of rotation, relative to a non-rotating frame at infinity, by

Ω_a = a r^2_h + a^2 ( 1 + r^2_h ℓ^2 ) Ω_b = b r^2_h + b^2 ( 1 + r^2_h ℓ^2 ) . (5.5)

Using (B.7) the area of the horizon is

A_h =

2π^2 r_h Ξ_aΞ_b ( r^2_h + a^2 ) ( r^2_h + b^2 ) . (5.6)

and the Hawking temperature T = β^{−1} is given by T = r_h 2π ( 1 + r^2_h ℓ^2 ) ( 1 r^2_h + a^2 + 1 r^2_h + b^2 ) − 1 2πr_h . (5.7)

Note that the metric used here has the same form as (2.10).

5.1. Background Subtraction

The renormalized action for Kerr-AdS_5 was calculated in [16] using background subtraction. The authors obtained Γ = 2π^2β κ^2 ℓ^2 Ξ_a Ξ_b ( mℓ^2 − ( r^2_h + a^2 ) ( r^2_h + b^2 ) ) . (5.8)

The Quantum Statistical Relation (QSR) says that this renormalized action should be expressed in terms of the mass and other conserved charges of Kerr-AdS_5 according to

β^{−1} Γ = M − T S − Ω_aJ_a − Ω_bJ_b (5.9) where S is the entropy, and the J_i are the angular momenta conjugate to the angular velocities (5.5). In terms of these quantities, the mass M should satisfy the first law of black hole thermodynamics dM = T dS + Ω_adJ_a + Ω_bdJ_b . (5.10)

Thus, we identify β^{−1}Γ with the thermodynamic potential Φ for the system, and can calculate the entropy and angular momenta according to the standard thermodynamic identities S = − ∂Φ ∂T | | | |_{Ωi} (5.11)

J_i = − ∂Φ ∂Ω_i | | | |_{T,Ωj≠i} . Using the expressions for the angular velocities (5.5) and Hawking Temperature (5.7), one finds S = 4 π^3 κ^2 r_h Ξ_aΞ_b ( r^2_h + a^2 ) ( r^2_h + b^2 )

J_a =

4 π^2 m a κ^2 Ξ^2_a Ξ_b

(5.12)

J_b =

4 π^2 m b κ^2 Ξ^2_b Ξ_a . As expected, the entropy is given by one quarter of the area in Planck units. Although this result is often assumed in the literature, it is easy to verify it directly using (5.11). Having obtained the entropy and the angular momenta one can verify that the quantity

T dS + Ω_a dJ_a + Ω_b dJ_b (5.13)

which appears in (5.10) is indeed a total differential. Integrating (5.13) gives the mass of the spacetime M = 2π^2m κ^2 Ξ^2_a Ξ^2_b

(2 Ξ_a + 2 Ξ_b − Ξ_a Ξ_b) + M_0 . (5.14)

The last term, M_0, is an integration constant which should not depend on S, J_a, or J_b, or alternately on the parameters m, a, and b. Typically M_0 is set to zero, which gives a mass that satisfies the QSR [16] and agrees with results obtained using a wide range of techniques [19,20,21,22,23]. More importantly, it is consistent with a vanishing mass for global AdS [15].

5.2. Boundary Counterterms

We now want to calculate the renormalized on-shell action using the boundary counterterm method. This calculation was first performed using the minimal subtraction scheme in [12], and has subsequently been reviewed in several references [13,48,50]. Because the minimal subtraction calculation disagrees with the results of the previous section we will examine this approach in detail. Our renormalized action is

Γ_{HJ} = I − I_{HJ} (5.15)

where I is given in (2.17). The counterterm action I_{HJ} consists of the minimal subtraction terms (3.8) and the finite term I^{(4)}_{CT} which is needed to enforce bulk diffeomorphism invariance of Γ_{HJ} . While it is relatively simple to calculate I and I_{M S} , evaluating I^{(4)}_{CT} is more involved.

5.2.1. The Einstein-Hilbert and Gibbons-Hawking Terms

The first term in the action consists of the Einstein-Hilbert and Gibbons-Hawking-York terms I_{EH} + I_{GHY} = − 1 2 κ^2 ∫ M_c d^5x √ g (R − 2Λ) − 1 κ^2 ∫ Σ_c

d^4x √ γ K . (5.16)

The Einstein-Hilbert term is simple to evaluate, and gives I_{EH} = 2π^2β κ^2 ℓ^2 Ξ_aΞ_b ( r^4_c + r^2_c (a^2 + b^2) − (r^2_h + a^2) (r^2_h + b^2) + a^2 b^2 ) . (5.17)

From the metric (5.1) we can identify the unit normal vector n^μ and construct the trace of the extrinsic curvature, K K = 1 √ g ∂_r ( √ g √ V − 2m U ) . (5.18)

With this expression, the Gibbons-Hawking-York term evaluates to I_{GHY} = 2π^2β κ^2 ℓ^2 Ξ_aΞ_b ( −4 r^4_c − 1 2 ( 5 (a^2 + b^2) + 6 ℓ^2 ) r^2_c (5.19) + 1 6 ℓ^4 (Ξ_a − Ξ_b)^2 − a^2 b^2 − 3 2 ℓ^2 (a^2 + b^2) + 4 m ℓ^2 ) . Together, I_{EH} and I_{GHY} give the regulated on-shell action I = 2π^2β κ^2 ℓ^2 Ξ_aΞ_b ( −3 r^4_c − 3 2 (a^2 + b^2) r^2_c − 3 ℓ^2 r^2_c − (r^2_h + a^2) (r^2_h + b^2) (5.20) 1 6 ℓ^4 (Ξ_a − Ξ_b)^2 − 3 2 ℓ^2 (a^2 + b^2) + 4 m ℓ^2 ) . 5.2.2. The Counterterm Action

Next we evaluate the minimal subtraction counterterms I_{M S} = − 1 κ^2 ∫ ∂M d^4x √ γ ( 3 ℓ + ℓ 4 R ) . (5.21)

There are no subtleties in evaluating these terms, which give

I_{M S} =

2π^2β κ^2 ℓ^2 Ξ_aΞ_b ( −3 r^4_c − 3 2 (a^2 + b^2) r^2_c − 3ℓ^2 r^2_c + 1 8 ℓ^4 (Ξ_a − Ξ_b)^2 (5.22) − 3 8 ℓ^4 Ξ_a Ξ_b − 3 2 ℓ^2(a^2 + b^2) − 3 m ℓ^2 ) . These counterterms are sufficient to remove the infra-red divergent terms from the regulated on-shell action. Combining them with the terms in (5.20) we obtain the minimal subtraction renormalized action

Γ_{M S} =

2π^2β κ^2 ℓ^2 Ξ_aΞ_b ( m ℓ^2 − (r^2_h + a^2) (r^2_h + b^2) + 3 8 ℓ^4 Ξ_a Ξ_b + ℓ^4 24 (Ξ_a − Ξ_b)^2 ) . (5.23)

This is the same action found in [12]. If one were to treat this quantity as the full renormalized action and use the entropy and angular momenta derived in the previous section^{10}, then the quantum statistical relation would imply that the total mass is given by

M_{M S} = M +

2π^2 κ^2 ( 3 8 ℓ^2 + ℓ^2 24 (Ξ_a − Ξ_b)^2 Ξ_a Ξ_b ) . (5.24)

This expression for the mass differs from (5.14) by two terms which represent the Casimir energy associated with a dual conformal field theory living in the rotating Einstein static universe [51,52,53,54]

For certain values of the rotation parameters a and b the difference between M and M_{M S} is fairly innocuous. For instance, if we consider the non-rotating black hole, a = b = 0, then the Casimir energy is a constant shift to M which depends only on the cosmological constant M_{Cas} = 2π^2 κ^2 3 8 ℓ^2 . (5.25)

From the point of view of the first law this can be regarded as the integration constant M_0 that appeared in (5.14). Because this Casimir term does not depend on the mass parameter m it does not affect the differential form of the first law, which is still satisfied. The same is true when both rotation parameters are equal, a = b.

For the general rotating black hole the Casimir shift in (5.24) is not harmless. In this case it is given by M_{Cas} = 2π^2 κ^2 ( 3 8 ℓ^2 + ℓ^2 24 (Ξ_a − Ξ_b)^2

Ξ_a Ξ_b ) . (5.26)

Repeating the thermodynamic analysis of the previous section with the action (5.23), one finds that the first law is not satisfied, as pointed out in [16].

In the next section we will calculate the remaining part of the counterterm action, and show that the resulting renormalized action is consistent with the first law. We should also remind the reader that [32] presents another explanation for this apparent breakdown of the first law.

10Using (5.23) in (5.11) does not yield (5.12)!

5.2.3. The Finite Term I^{(4)}_{CT}

We will now calculate the counterterm I^{(4)}_{CT} , given by

I^{(4)}_{CT} = − 1 κ^2 lim_{d→4+} ∫ Σ_c d^dx √ γ ℓ^3 2(d − 2)^2(d − 4) ( R^{ab}R_{ab} − d 4(d − 1)

R^2 ) . (5.27)

This is a non-trivial calculation that requires an evaluation of the integrand away from d = 4. This is complicated by the fact that certain quantities characterizing the metric, such as the number of free rotation parameters, are not continuous functions of d. However, we will find that there are simplifications that will allow us to obtain the integrand for arbitrary d. The term (5.27) will then precisely cancel the terms in the action (5.23) which interfere with the first law.

In section 4.2 we saw that (5.27) depends only on the conformal representative obtained from γ_{ab} via the rescaling (2.16). Much of the analysis that follows is simplified by discarding the physical metric at this point and working directly with ĥ_{ab}. Using (B.1), the conformal representative is

dŝ^2 = −W dt^2 + ℓ^2 N∑ i=1 μ^2_i Ξ_i ( dφ_i + a_i ℓ^2 dt )_2 + ℓ^2 N +ϵ∑

i=1 1 Ξ_i dμ^2_i (5.28)

− ℓ^2 W (_{N +ϵ} ∑ i=1 1 Ξ_i μ_i dμ_i )_2

where N = [d/2] is the integer part of d/2, and ϵ = d − 2N. Now we make the following observations, which will allow us to calculate (5.27) directly.

1. Because we want the d → 4^+ limit, we treat d as if it were an even number, so that ϵ = 0 and N = d/2.

2. The number of rotation parameters is not a continuous function of d. But all Kerr- AdS metrics with d + 1 ≥ 5 have at least two such parameters. We can think of these metrics as members of a family of metrics with two non-zero rotation parameters that are defined for d ≥ 4. We can write down the general form of a metric in this family, and continue its form to non-integer d.

For the purposes of this calculation we will actually simplify a bit further, and set all a_i = 0 for i ≠ 1. This implies that Ξ_i = 1 for all i ≠ 1. We will perform the calculation explicitly for this case, and then present the result of an identical calculation for two non-zero rotation parameters.

We begin the calculation by defining the following new coordinates

μ_1 = μ φ_1 = ϕ φ_N = ζ (5.29)

φ_{i+1} = ψ_i ∀ i = 1, . . . , N − 2 (5.30) μ_{α+1} = ν^α ∀ α = 1, . . . , N − 2 . (5.31) In terms of these variables, the constraint (B.2) on the μ_i becomes

μ^2_N = 1 − F (μ, ν^α) (5.32)

where the function F (μ, ν^α) is given by

F (μ, ν^α) = μ^2 + N −2∑

α=1 (ν^α)^2 . (5.33)

We are now able to write the metric (5.28) in the following form

dŝ^2 = −dt^2 + 2 a Ξ_a μ^2 dt dϕ + ℓ^2 μ Ξ_a dϕ^2 + ℓ^2 (1 − F (μ, ν^α)) dζ^2 (5.34)

+ ℓ^2 N −2∑

i (ν^i)^2 dψ^2_i + ℓ^2 ( 1 Ξ_a + μ^2 1 − F (μ, ν^α) − μ^2 W a^4 ℓ^4 W^2 ) dμ^2

+2 ℓ^2 N −2∑

α=1 μ ν^α 1 − F (μ, ν^α) dμ dν^α + ℓ^2 N −2∑

α=1

N −2∑

β=1 ( δ_{αβ} + ν^α ν^β 1 − F (μ, ν^α) ) dν^αdν^β . This metric can be decomposed into four blocks along the diagonal. The first two are 2 × 2 and 1 × 1 blocks. The third block involves the N − 2 coordinates ψ^i and is diagonal, while the fourth block is N − 1 × N − 1 and is in ADM form. Because of the relatively simple form of this metric it is straightforward to invert it and then calculate the curvature tensors. We obtain the following expressions for the scalar curvature and the square of the Ricci tensor

R̂ = (d − 1) ℓ^4 ( (d − 2) ℓ^2 − 4a^2 + (d + 2) a^2 μ^2 ) (5.35)

R̂^{ab}R̂_{ab} = (d − 1)(d − 2)^2 ℓ^4 + 4 a^2 ℓ^6

(d − 2) (( 1 2 d^2 − 1 ) μ^2 − (2d − 3) )

+4 a^4 ℓ^8 ( 1 2 (d^2 + 2d − 4) − 1 2 d (5d − 6) μ^2 + 1 4 (d − 1) (d^2 + 4d − 4) μ^4 ) . Equipped with these expressions, we are now able to calculate the final piece of the counterterm action.

Using (5.35) we can write the integrand of I^{(4)}_{CT} as a polynomial that is quadratic in μ^2

ℓ^3 2(d − 2)^2(d − 4) ( R̂^{ab}R̂_{ab} − d 4(d − 1)

R̂^2 ) = b_0 + b_1 μ^2 + b_2 μ^4 . (5.36)

Thus, we need to evaluate integrals of the form ∫ dμ d^{N −2}ν^α √ ĥ μ^{2n} (5.37) where the square-root of the determinant of the conformal representative is given by √ ĥ = ℓ^{d−1} μ Ξ_a N −2∏

α=1 ν^α . (5.38)

Evaluating the integral (5.37) gives ∫ dμ d^{N −2}ν^α √ ĥ μ^{2n} = 2^{N −2} ℓ^{d−1} Ξ_a (_{N −1} ∏ k=1 (2k + 2n) )_{−1} . (5.39)

By shifting the range of the product appearing in (5.39) it is easy to show that ∫ dμ d^{N −2}ν^α √ ĥ μ^{2n} = n! (N − 1)!

(N − 1 + n)! ∫ dμ d^{N −2}ν^α √ ĥ . (5.40)

This result allows us to rewrite the integral of (5.36) in terms of a boundary volume integral

I^{(4)}_{CT} = 1 8πG lim_{d→4+} ( b_0 + b_1 2 d + b_2 8 d(d + 2) ) ∫ ∂M d^dx √ ĥ . (5.41)

The coefficients b_i are given by

b_0 = −

(d − 1) 8ℓ + (d − 3) (d − 4) a^2 ℓ^3 − 1 (d − 4) a^4 ℓ^5

(5.42)

b_1 = − d^2 − d − 4 4(d − 4) a^2 ℓ^3 + d d − 4 a^4 ℓ^5

b_2 = −

(d − 1)(d + 4)

8(d − 4) a^4 ℓ^5 . With these expressions we finally obtain

I^{(4)}_{CT} | | |_{b=0} =

2π^2β κ^2 ℓ^2 Ξ_a ( 3 8 ℓ^4 Ξ_a + 1 24 a^4 ) . (5.43)

In the b = 0 case this is precisely the difference between the action obtained using minimal subtraction (5.23), and the action obtained using background subtraction (5.8).

We can repeat the analysis in this section with both a and b non-zero. This does not introduce any new conceptual difficulties; it only makes the book-keeping aspects more tedious. We will simply quote the final result of this calculation, which is

I^{(4)}_{CT} =

2π^2β κ^2 ℓ^2 Ξ_a Ξ_b ( 3 8 ℓ^4 Ξ_a Ξ_b + ℓ^4 24 (Ξ_a − Ξ_b)^2 ) . (5.44)

Combining this with the other terms in the renormalized action, we obtain

Γ_{HJ} =

2π^2β κ^2 ℓ^2 Ξ_a Ξ_b ( m ℓ^2 − (r^2_h + a^2) (r^2_h + b^2) ) (5.45)

This is the same result that is found using background subtraction.

5.3. A Comment on the Ambiguity of Balasubramanian and Kraus

The authors of [6] identify a natural ambiguity in the definition of the counterterm action for asymptotically AdS_5 spacetimes. It is instructive to ask whether this encompasses the finite term that was calculated in the previous section. Specifically, Balasubramanian and Kraus point out that one may supplement the counterterm action with terms that are quadratic in the boundary curvatures. Although they adopt a basis for the finite terms similar to the one we use in section 4.2, for our purposes it is sufficient to consider a contribution to the counterterm action of the form ΔI_{CT} = − ℓ^3 κ^2 ∫ ∂M d^4x √ ĥ ( c_1 R̂^2 + c_2 R̂^{ab}R̂_{ab} + c_3 R̂^a_{bcd}R̂^{bcd}_a ) (5.46)

where the c_i are finite numerical coefficients. Evaluating this expression for the Kerr-AdS_5 solution gives ΔI_{CT} ∼ 2 π^2 β κ^2 ℓ^2 Ξ_a Ξ_b

(3c_1 + c_2 + c_3) ( ℓ^4 Ξ_a Ξ_b + ℓ^4 (Ξ_a − Ξ_b)^2 ) . (5.47)

It is clear that no choice of the coefficients in (5.46) can reproduce the result (5.44) from the previous section.

The difference between the ambiguity pointed out in [6] and the term I^{(4)}_{CT} can be understood as the difference between trivial and non-trivial cocycles of the Weyl group in four dimensions^{11}, as described in [55,56,57,58]. Recall from section 3.3 that diffeomorphism invariance is broken in the minimal subtraction scheme by the terms in the field theory effective action that are responsible for the conformal anomaly

δ_ϵΓ_{M S} ∼ ∫ ∂M d^{2k}x √ ĥ A[ĥ] n_μ ϵ^μ . (5.48)

The conformal anomaly is due to terms in the action which are non-local functionals of the conformal representative ĥ_{ab} in the physical dimension d = 2k. These terms may, however, be obtained from the d → 2k limit of functionals of the boundary metric which are perfectly local away from d = 2k. The authors of [55] show that dimensional regularization provides a simple and direct away of obtaining these terms, which generate non-trivial cocycles of the Weyl group in d = 2k. The counterterm I^{(2k)}_{CT} identifies and removes the non-trivial cocycles of the Weyl group in the gravitational action that are responsible for the breakdown in diffeomorphism invariance or, equivalently, the terms in the field theory effective action responsible for the conformal anomaly. The local terms in (5.46), on the other hand, correspond to trivial cocycles of the Weyl group in d = 4, and cannot cancel the terms in the effective action that are generating the conformal anomaly^{12}. Comparing (5.47) with (5.44) shows this explicitly.

The techniques used in [55] suggest an alternate means of calculating the counterterm I^{(4)}_{CT} that does not involve dimensional continuation of the conformal representative ĥ_{ab}. This approach will be discussed in a future work [60].

11The abelian group of local conformal transformations of the metric.

12It should be noted that, given our definition of an asymptotically AdS spacetime, the only conformal anomaly present in the dual theory is type A, according to the classification of Deser and Schwimmer [59].

5.4. Counterterm Charges

In [6] the boundary counterterm method was used to renormalize the calculation of conserved charges via the quasi-local stress tensor of Brown and York [14]. In this section we show that the stress tensor obtained from our modified action leads to the same conserved charges found in section 5.1.

The boundary stress tensor is defined by the functional derivative of the renormalized action with respect to the boundary metric

T^{ab} = 2 √ γ δ Γ δ γ_{ab} (5.49) = 2 ( π^{ab} − P^{ab} ) . We can use this stress tensor to calculate the conserved charges associated with various killing vectors of the boundary metric, which we write in the ADM form

γ_{ab} dx^a dx^b = −N_Ψ dt^2 + q_{IJ} ( dx^I + N^I_Ψ dt ) ( dx^J + N^J_Ψ dt ) . (5.50)

In this decomposition Ψ is a d−1 dimensional spacelike hypersurface, orthogonal to a timelike Killing vector of unit norm which we denote u^a. If ξ^a is an appropriately normalized killing vector, then its associated conserved charge is given by

Q_ξ = ∫ Ψ d^{d−1}x √ q u^a T_{ab} ξ^b . (5.51)

Using this expression we can calculate the mass and angular momenta for the Kerr-AdS_5 spacetime, which are given by M = ∫ Ψ d^3x √ q N_Ψ u^a T_{ab} u^b (5.52)

J_I = ∫ Ψ d^3x √ q q^J_I T_{aJ} u^a . (5.53)

To evaluate these integrals we first need to find the boundary stress tensor by taking the functional derivative of Γ_{HJ} with respect to the boundary metric. For d near the physical value d = 4 we find

κ^2 T^{ab} = K^{ab} − γ^{ab} K − d − 1 ℓ γ^{ab} + ℓ d − 2 ( R^{ab} − 1 2 γ^{ab} R ) (5.54) + ℓ^3 (d − 2)^2(d − 4) F^{ab} . The tensor F^{ab} contains the contributions from the counterterm I^{(4)}_{CT} , and is given by F^{ab} = − 1 2 γ^{ab} ( R^{cd} R_{cd} − d 4(d − 1)

R^2 ) − d 2 (d − 1)

R R^{ab} (5.55) − 1 2 (d − 1) γ^{ab} D^2 R + D^2 R^{ab} −

(d − 2) 2 (d − 1) D^a D^b R + 2 R^{acbd} R_{cd} .

Once again, we are forced to evaluate contributions from the new counterterm by continuing away from d = 4. Conceptually this calculation is no more difficult than the one in the previous section (Note that the first two terms in F^{ab} are proportional to γ^{ab} L^{(4)}_{CT} ). As a practical matter, however, it is much more tedious. We simply quote the results of these calculations, which give the same values predicted by the thermodynamic analysis M = 2 π^2 m κ^2 Ξ^2_a Ξ^2_b

(2 Ξ_a + 2 Ξ_b − Ξ_a Ξ_b) (5.56)

J_a =

4 π^2 m a κ^2 Ξ^2_a Ξ_b

(5.57)

J_a =

4 π^2 m b κ^2 Ξ_a Ξ^2_b

. (5.58)

These results also agree with the conserved charges found in [19,20,21,22,23].

In conclusion we find that a boundary counterterm renormalization of the on-shell action that is consistent with the symmetries of the bulk gravitational theory leads to conserved charges that satisfy the first law of black hole thermodynamics and the quantum statistical relation. Furthermore, it is easy to see that these conserved charges vanish for global AdS_5, which corresponds to the (m, a, b) = (0, 0, 0) case of the Kerr-AdS metric. This should be sufficient to address the concerns of [15].

6. Conclusion

In this paper we have shown that the boundary counterterm method [5,6,7,8] can be modified to give a finite, diffeomorphism invariant action for asymptotically AdS spacetimes. Normally, the counterterm procedure gives an action whose response to certain bulk diffeomorphisms is related to the conformal anomaly of the dual field theory [5,8,61,32]. In section 4 we obtained a new counterterm that restores full diffeomorphism invariance to the renormalized action. This construction is only necessary, of course, when the dimension of the boundary is even. Using our improved action to study the Kerr-AdS_5 black hole, we find conserved charges consistent with the first law of black hole thermodynamics. Our results also address the criticism of references like [15], since our action gives a vanishing mass for the pure AdS_{2k+1}.

The new counterterm is well defined for spacetimes which are asymptotically AdS, as defined in section 2.1. In that sense, our results are less complete than the very general treatment given in [32]. It would be interesting to investigate the extent to which our construction can be generalized. For instance, one might consider asymptotically AdS spacetimes whose boundary topology is different than R × S^{d−1}, but for which the Euler number is still zero. Some of the spacetimes considered in [7] and [62] fall into this category. On the other hand, it appears difficult to relax the condition that the conformal class of metrics induced on the boundary must be conformally flat. Another natural extension would be the inclusion of matter [34,8,63,64,61], and the application of these techniques to black-hole spacetimes that arise in gauged supergravities [65,66,67,68,69,70,71]. It would also be interesting, and presumably straightforward, to adapt the techniques described in this paper to the case of asymptotically de-Sitter spacetimes.

It is important to point out that our results do not represent a disagreement with the usual AdS/CFT treatment of the field theory dual of an asymptotically AdS spacetime. It is clear that the counterterm construction given in [5,6,7,32] is the correct procedure for calculating the effective action of these theories. We have focused, instead, on questions one might ask of the bulk gravitational theory, independently of the AdS/CFT correspondence. In that case it is appropriate to use the diffeomorphism invariant action Γ_{HJ} , which differs from field theory effective action Γ_{M S} when the boundary dimension is even

Γ_{M S} = Γ_{HJ} + I^{(2k)}_{CT} . (6.1)

This last equation represents an interesting perspective, since it appears that the d-dimensional effective action of the dual field theory is related to a subtle breaking of d + 1-dimensional diffeomorphism invariance in the gravitational theory.

Finally, any treatment of the boundary counterterm method is incomplete without raising the question of whether there is an analogous construction for the full, higher dimensional supergravities that appear in the AdS/CFT correspondence. As a tool in AdS/CFT, the counterterm approach is only relevant insofar as several features of the dual field theory are captured by pure gravity with a negative cosmological constant. The universal properties of the counterterm construction seem to require the existence of a length scale as a natural parameter in the gravitational theory, but this is not usually the case in AdS/CFT. Rather, one encounters 10 and 11 dimensional supergravities that admit Freund-Rubin backgrounds, where a dynamical Ramond-Ramond field strength mimics a cosmological constant for some lower dimensional asymptotically AdS spacetime. Thus, the AdS length scale that appears in this case is a feature of a particular supergravity solution, and not of the supergravity theory itself [72]. Still, there are examples where dynamical fields, and not fixed parameters, seem to provide a sufficient framework for the counterterm construction [73,74,75]. The treatment of divergences in the full supergravity action via the counterterm method remains an open and intriguing area of research.

7. Acknowledgments

The author would like to thank Vijay Balasubramanian, Ben Burrington, Josh Davis, Jason Kumar, Finn Larsen, Jim Liu, David Lowe, and Paul de Medeiros for useful discussions. In addition, special thanks go to Don Marolf for insightful comments and questions based on an early version of this paper, and Malcolm Perry for collaboration in the initial stages of this work. This work was supported by DoE grant DE-FG02-95ER40899 at the University of Michigan, and by DoE grant DE-FG02-91ER40688-Task A at Brown University.

A. Asymptotic Expansions

In section 4.3 we claim that Γ_{HJ} is invariant under diffeomorphisms

δ_ϵΓ_{HJ} = − ∫ ∂M d^dx √ γ [ 2 K_{ab} P^{ab} + 1 κ^2

(R − 2Λ) ] n_μ ϵ^μ = 0 . (A.1)

In this appendix we provide the details of this calculation. For simplicity’s sake we will work with asymptotically AdS_5 spacetimes. As in section 4 we use dimensional regularization, treating the boundary as if the dimension were d = 4 + 2ε, with ε small and positive. The method we use in this example extends to the general case of asymptotically AdS_{2k+1} spacetimes, although the calculations can become very cumbersome.

We will work in Fefferman-Graham coordinates [35] where the metric takes the form

ds^2 = ℓ^2 4ρ^2 dρ^2 + 1 ρ h_{ab}(x, ρ) dx^a dx^b . (A.2) This choice of coordinate system allows us to make contact with a number of useful results in the literature regarding the asymptotic expansion of the metric and its curvature tensors [5,34,8,63,64,61]. As in section 2.2 we foliate the region near ρ = 0 with constant ρ surfaces orthogonal to the spacelike unit normal vector

n_μ = ℓ 2ρ δ_{μρ} . (A.3)

The induced metric on the constant ρ surface is γ_{ab} = 1 ρ h_{ab}(x, ρ) . (A.4) We assume that h_{ab} can be Taylor expanded around ρ = 0 to give

h_{ab}(x, ρ) = ĥ_{ab}(x) + ρ h^{(1)}_{ab} (x) + ρ^2 h^{(2)}_{ab} (x) + . . . . (A.5)

The leading term in this expansion is a representative of the conformal class of metrics on the surface ρ = 0. The coefficients h^{(i)}_{ab} are covariant functions of ĥ_{ab} that are obtained by solving the Einstein equations (2.3) order-by-order in ρ. An excellent discussion of this procedure can be found in, for instance, [8]. To show (A.1) with d = 4 + 2ε we will only need a few terms from this expansion

h^{(1)}_{ab} = − ℓ^2 (d − 2) ( R̂_{ab} − 1 2(d − 1) ĥ_{ab} R̂ ) (A.6)

ĥ^{ab} h^{(2)}_{ab} = ℓ^4 (d − 2)^2 ( R̂^{ab} R̂_{ab} − (3d − 4) 4(d − 1)^2

R̂^2 ) . (A.7)

We will also need the following expansions for the intrinsic and extrinsic curvatures built from γ_{ab}, and the covariant volume element R = ρ R̂ + 1 (d − 2) ρ^2 ( R̂^{ab}R̂_{ab} − 1 2(d − 1)

R̂^2 ) + O(ρ^3) (A.8)

R_{ab} = R̂_{ab} + O(ρ) (A.9) K_{ab} = − 1 ℓ γ_{ab} + 1 ℓ h^{(1)}_{ab} + O(ρ) (A.10) √ γ = ρ^{− d2} √ ĥ (1 + O(ρ)) . (A.11)

Now we can use these expressions to evaluate the integrand in (A.1) √ γ ( 2K_{ab} P^{ab} + 1 κ^2

(R − 2Λ) ) = ρ^{−2−ε} √ ĥ (1+O(ρ)) [ − 2 ℓ P^a_a + 2 ℓ P^{ab}h^{(1)}_{ab} + 1 κ^2 R + d(d − 1) ℓ^2κ^2 ] . (A.12) Thus, proving (A.1) amounts to showing that the cut-off dependence of the quantity in square brackets is at most O(ρ^3), so that the total integrand is O(ρ^{1−ε}) and vanishes as the cut-off is removed.

The counterterm momentum that appears in (A.12), including the contribution from the counterterm I^{(4)}_{CT} , is

P^{ab} =

(d − 1) 2κ^2ℓ γ^{ab} − ℓ 2κ^2(d − 2) ( R^{ab} − 1 2 γ^{ab}R ) (A.13) + ℓ^3 4κ^2d(d − 2)^2 γ^{ab} ( R^{ab}R_{ab} − d 4(d − 1)

R^2 ) + . . . . The ‘. . .’ represents a traceless term that is quadratic in the boundary curvature, but does not contribute to (A.12) at the orders in ρ that we are interested in. We can now evaluate each of the terms in (A.12). After replacing the first term using the trace of (A.13), (A.12) becomes 2K_{ab}P^{ab} + 1 κ^2

(R − 2Λ) = 2 ℓ P^{ab} h^{(1)}_{ab} + 1 2κ^2 R − ℓ^2 2κ^2(d − 2)^2 ( R^{ab}R_{ab} − d 4(d − 1)

R^2 ) (A.14) Evaluating the remaining terms on the right hand side using (A.6) - (A.11) shows that all terms proportional to ρ or ρ^2 cancel, leaving only terms which are O(ρ^3). Thus

δ_ϵΓ_{HJ} = − ∫ ∂M d^{4+2ε}x √ ĥ O(ρ^{1−ε}) n_μϵ^μ . (A.15)

Although n_μ ∼ ρ^{−1}, the leading terms in ϵ^ρ for a diffeomorphism that is consistent with the asymptotics implied by (2.3) are

ϵ^ρ ∼ a(x) ρ + b(x) ρ log ρ (A.16)

Therefore, the ρ dependence of the leading order term in n_μϵ^μ is no greater than O(log ρ), so that in the ρ → 0 limit we find δ_ϵΓ_{HJ} = 0 . (A.17) The action Γ_{HJ} is invariant under diffeomorphisms, as we claimed at the end of section 4.3.

B. The Kerr-AdS_{d+1} Solution

The general form of the Kerr-AdS_{d+1} solution was obtained in [76,77]. For our purposes it is useful to express the solution in Boyer-Lindquist coordinates

ds^2 = −W (1 + r^2 ℓ^2

) dt^2 + U V − 2m dr^2 + 2m U ( dt − N∑ i=1 a_i μ^2_i Ξ_i dφ_i )_2 (B.1)

+ N∑ i=1 r^2 + a^2_i

Ξ_i μ^2_i ( dφ_i + a_i ℓ^2 dt )_2 + N +ϵ∑

i=1 r^2 + a^2_i

Ξ_i dμ^2_i

− 1 ℓ^2W ( 1 + r^2 ℓ^2 )_{−1} (_{N +ϵ}∑ i=1 r^2 + a^2_i Ξ_i μ_i dμ_i )_2 . In d + 1 dimensions there are N = [d/2] azimuthal angles φ_i, with corresponding rotation parameters a_i, and N + ϵ direction cosines μ_i, with ϵ = d − 2N. The direction cosines μ_i satisfy the constraint_{N +ϵ} ∑ i μ^2_i = 1 . (B.2)

The functions W , V , U, and Ξ_i are given by

Ξ_i = 1 − a^2_i ℓ^2

(B.3) W = N +ϵ∑

i=1 μ^2_i Ξ_i

(B.4)

U = r^ϵ N +ϵ∑

i=1 μ^2_i r^2 + a^2_i N∏ j=1 ( r^2 + a^2_j ) (B.5)

V = r^{ϵ−2} ( 1 + r^2 ℓ^2 )_N∏ i=1 ( r^2 + a^2_i ) . (B.6)

When the dimension d + 1 of spacetime is even there are N + 1 direction cosines, but there are only N azimuthal angles and N free rotation parameters. When a rotation parameter a_i appears in a sum that runs from 1 to N + 1, a_{N +1} is taken to be zero.

The outermost horizon for the Kerr-AdS solution corresponds to the largest positive root of the equation V (r_h) = 2m. The area of the horizon is then given by

A_h = ω_{d−1} r^{1+ϵ}_h N∏ i=1 r^2_h + a^2_i Ξ_i

. (B.7)

where ω_{d−1} is the area of the unit d − 1 sphere. The surface gravity κ is obtained in terms of V (r) and its first derivative, evaluated at the horizon κ = 1 2 ( 1 + r^2_h ℓ^2 ) V^′(r_h) V (r_h)

. (B.8)

The Hawking temperature associated with the horizon is related to the surface gravity by T = (2π)^{−1}κ. Evaluating κ using (B.6) gives T = r_h 2π ( a + r^2_h ℓ^2 )_N∑ i=1 1 r^2_h + a^2_i + r_h 2πℓ^2 + ϵ − 2 4πr_h ( 1 + r^2_h ℓ^2 ) . (B.9)

Finally, it is useful to define a set of angular velocities relative to a non-rotating frame at infinity. For each rotation parameter a_i we define the associated angular velocity as

Ω_i = a_i r^2_h + a^2_i ( 1 + r^2_h ℓ^2 ) . (B.10)

References

[1] G. W. Gibbons and S. W. Hawking, “Action Integrals And Partition Functions In Quantum Gravity,” Phys. Rev. D 15, 2752 (1977).

[2] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hepth/9711200].

[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

[4] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[5] M. Henningson and K. Skenderis, “The holographic Weyl anomaly,” JHEP 9807, 023 (1998) [arXiv:hep-th/9806087].

[6] V. Balasubramanian and P. Kraus, “A stress tensor for anti-de Sitter gravity,” Commun.

Math. Phys. 208, 413 (1999) [arXiv:hep-th/9902121].

[7] R. Emparan, C. V. Johnson and R. C. Myers, “Surface terms as counterterms in the AdS/CFT correspondence,” Phys. Rev. D 60, 104001 (1999) [arXiv:hep-th/9903238].

[8] S. de Haro, S. N. Solodukhin and K. Skenderis, “Holographic reconstruction of spacetime and renormalization in the AdS/CFT correspondence,” Commun. Math. Phys. 217, 595 (2001) [arXiv:hep-th/0002230].

[9] P. Kraus, F. Larsen and R. Siebelink, “The gravitational action in asymptotically AdS and flat spacetimes,” Nucl. Phys. B 563, 259 (1999) [arXiv:hep-th/9906127].

[10] R. B. Mann and D. Marolf, “Holographic Renormalization of Asymptotically Flat Spacetimes,” arXiv:hep-th/0511096.

[11] R. C. Myers, “Stress tensors and Casimir energies in the AdS/CFT correspondence,” Phys. Rev. D 60, 046002 (1999) [arXiv:hep-th/9903203].

[12] A. M. Awad and C. V. Johnson, “Holographic stress tensors for Kerr-AdS black holes,” Phys. Rev. D 61, 084025 (2000) [arXiv:hep-th/9910040].

[13] A. M. Awad and C. V. Johnson, “Scale vs. conformal invariance in the AdS/CFT correspondence,” Phys. Rev. D 62, 125010 (2000) [arXiv:hep-th/0006037].

[14] J. D. Brown and J. W. . York, “Quasilocal energy and conserved charges derived from the gravitational action,” Phys. Rev. D 47, 1407 (1993).

[15] A. Ashtekar and S. Das, “Asymptotically anti-de Sitter space-times: Conserved quantities,” Class. Quant. Grav. 17, L17 (2000) [arXiv:hep-th/9911230].

[16] G. W. Gibbons, M. J. Perry and C. N. Pope, “The first law of thermodynamics for Kerr - anti-de Sitter black holes,” Class. Quant. Grav. 22, 1503 (2005) [arXiv:hep-th/0408217].

[17] J. M. Bardeen, B. Carter and S. W. Hawking, “The Four Laws Of Black Hole Mechanics,” Commun. Math. Phys. 31, 161 (1973).

[18] V. Iyer and R. M. Wald, “Some properties of Noether charge and a proposal for dynamical black hole entropy,” Phys. Rev. D 50, 846 (1994) [arXiv:gr-qc/9403028].

[19] S. Das and R. B. Mann, “Conserved quantities in Kerr-anti-de Sitter spacetimes in various dimensions,” JHEP 0008, 033 (2000) [arXiv:hep-th/0008028].

[20] S. Deser, I. Kanik and B. Tekin, “Conserved charges of higher D Kerr-AdS spacetimes,” Class. Quant. Grav. 22, 3383 (2005) [arXiv:gr-qc/0506057].

[21] N. Deruelle and J. Katz, “On the mass of a Kerr-anti-de Sitter spacetime in D dimensions,” Class. Quant. Grav. 22, 421 (2005) [arXiv:gr-qc/0410135].

[22] S. Hollands, A. Ishibashi and D. Marolf, “Comparison between various notions of conserved charges in asymptotically AdS-spacetimes,” Class. Quant. Grav. 22, 2881 (2005) [arXiv:hep-th/0503045].

[23] S. Hollands, A. Ishibashi and D. Marolf, “Counter-term charges generate bulk symmetries,” arXiv:hep-th/0503105.

[24] S.W. Hawking and G.F.R. Ellis, “The Large Scale Structure of Space-Time,” Cambridge University Press (1973).

[25] A. Ashtekar and A. Magnon, ”Asymptotically anti-de Sitter space-times,” Class. Quant.

Grav. 1, L39 (1984).

[26] A. Magnon, “On Komar Integrals In Asymptotically Anti-De Sitter Space-Times,” J.

Math. Phys. 26, 3112 (1985).

[27] M. Henneaux and C. Teitelboim, “Asymptotically Anti-De Sitter Spaces,” Commun.

Math. Phys. 98, 391 (1985).

[28] C. R. Graham and E. Witten, “Conformal anomaly of submanifold observables in AdS/CFT correspondence,” Nucl. Phys. B 546, 52 (1999) [arXiv:hep-th/9901021].

[29] I. Bengtsson, “Anti-De Sitter Space,” Available at http://www.physto.se/~ingemar/.

[30] M. T. Anderson, “On the structure of asymptotically de Sitter and anti-de Sitter spaces,” arXiv:hep-th/0407087.

[31] M. T. Anderson, “Geometric aspects of the AdS/CFT correspondence,” arXiv:hepth/0403087.

[32] I. Papadimitriou and K. Skenderis, “Thermodynamics of asymptotically locally AdS spacetimes,” arXiv:hep-th/0505190.

[33] C. R. Graham, “Volume and area renormalizations for conformally compact Einstein metrics,” arXiv:math.dg/9909042.

[34] K. Skenderis and S. N. Solodukhin, “Quantum effective action from the AdS/CFT correspondence,” Phys. Lett. B 472, 316 (2000) [arXiv:hep-th/9910023].

[35] C. Fefferman and C. R. Graham, in Elie Cartan et les Mathématiques d’aujour d’hui, Astérique, p. 95 (1985) [36] J. W. York, “Role Of Conformal Three Geometry In The Dynamics Of Gravitation,” Phys. Rev. Lett. 28, 1082 (1972).

[37] H. Liu and A. A. Tseytlin, “D = 4 super Yang-Mills, D = 5 gauged supergravity, and D = 4 conformal supergravity,” Nucl. Phys. B 533, 88 (1998) [arXiv:hep-th/9804083].

[38] S. Hyun, W. T. Kim and J. Lee, “Statistical entropy and AdS/CFT correspondence in BTZ black holes,” Phys. Rev. D 59, 084020 (1999) [arXiv:hep-th/9811005].

[39] J. de Boer, E. Verlinde and H. Verlinde, “On the holographic renormalization group,” JHEP 0008, 003 (2000) [arXiv:hep-th/9912012].

[40] J. de Boer, “The holographic renormalization group,” Fortsch. Phys. 49, 339 (2001) [arXiv:hep-th/0101026].

[41] J. Kalkkinen, D. Martelli and W. Muck, “Holographic renormalisation and anomalies,” JHEP 0104, 036 (2001) [arXiv:hep-th/0103111].

[42] D. Martelli and W. Muck, “Holographic renormalization and Ward identities with the Hamilton-Jacobi method,” Nucl. Phys. B 654, 248 (2003) [arXiv:hep-th/0205061].

[43] D. S. Salopek and J. R. Bond, “Nonlinear Evolution Of Long Wavelength Metric Fluctuations In Inflationary Models,” Phys. Rev. D 42, 3936 (1990).

[44] D. S. Salopek and J. M. Stewart, “Hamilton-Jacobi theory for general relativity with matter fields,” Class. Quant. Grav. 9, 1943 (1992).

[45] D. S. Salopek, J. M. Stewart and J. Parry, “The Semiclassical Wheeler-Dewitt equation:

Solutions for long wavelength fields,” Phys. Rev. D 48, 719 (1993).

[46] J. Parry, D. S. Salopek and J. M. Stewart, “Solving The Hamilton-Jacobi Equation For General Relativity,” Phys. Rev. D 49, 2872 (1994) [arXiv:gr-qc/9310020].

[47] D. S. Salopek and J. M. Stewart, “Hypersurface invariant approach to cosmological perturbations,” Phys. Rev. D 51, 517 (1995) [arXiv:astro-ph/9409055].

[48] A. M. Awad and C. V. Johnson, “Higher dimensional Kerr-AdS black holes and the AdS/CFT correspondence,” Phys. Rev. D 63, 124023 (2001) [arXiv:hep-th/0008211].

[49] L. Bonora, P. Pasti and M. Bregola, “Weyl Cocycles,” Class. Quant. Grav. 3, 635 (1986).

[50] A. M. Awad and C. V. Johnson, “Scale invariance and the AdS/CFT correspondence,” Int. J. Mod. Phys. A 16S1C, 1008 (2001) [arXiv:hep-th/0011092].

[51] S. W. Hawking, C. J. Hunter and M. M. Taylor-Robinson, “Rotation and the AdS/CFT correspondence,” Phys. Rev. D 59, 064005 (1999) [arXiv:hep-th/9811056].

[52] R. G. Cai, L. M. Cao and D. W. Pang, “Thermodynamics of dual CFTs for Kerr-AdS black holes,” Phys. Rev. D 72, 044009 (2005) [arXiv:hep-th/0505133].

[53] G. W. Gibbons, M. J. Perry and C. N. Pope, “Bulk / boundary thermodynamic equivalence, and the Bekenstein and cosmic-censorship bounds for rotating charged AdS black holes,” Phys. Rev. D 72, 084028 (2005) [arXiv:hep-th/0506233].

[54] G. W. Gibbons, M. J. Perry and C. N. Pope, “AdS/CFT Casimir energy for rotating black holes,” arXiv:hep-th/0507034.

[55] P. O. Mazur and E. Mottola, “Weyl cohomology and the effective action for conformal anomalies,” Phys. Rev. D 64, 104022 (2001) [arXiv:hep-th/0106151].

[56] C. Imbimbo, A. Schwimmer, S. Theisen and S. Yankielowicz, “Diffeomorphisms and holographic anomalies,” Class. Quant. Grav. 17, 1129 (2000) [arXiv:hep-th/9910267].

[57] A. Schwimmer and S. Theisen, “Diffeomorphisms, anomalies and the Fefferman-Graham ambiguity,” JHEP 0008, 032 (2000) [arXiv:hep-th/0008082].

[58] A. Schwimmer and S. Theisen, “Universal features of holographic anomalies,” JHEP 0310, 001 (2003) [arXiv:hep-th/0309064].

[59] S. Deser and A. Schwimmer, “Geometric classification of conformal anomalies in arbitrary dimensions,” Phys. Lett. B 309, 279 (1993) [arXiv:hep-th/9302047].

[60] R. McNees, In preparation.

[61] K. Skenderis, “Lecture notes on holographic renormalization,” Class. Quant. Grav. 19, 5849 (2002) [arXiv:hep-th/0209067].

[62] J. de Boer, L. Maoz and A. Naqvi, “Some aspects of the AdS/CFT correspondence,” arXiv:hep-th/0407212.

[63] M. Bianchi, D. Z. Freedman and K. Skenderis, “How to go with an RG flow,” JHEP 0108, 041 (2001) [arXiv:hep-th/0105276].

[64] M. Bianchi, D. Z. Freedman and K. Skenderis, “Holographic renormalization,” Nucl.

Phys. B 631, 159 (2002) [arXiv:hep-th/0112119].

[65] M. Cvetic, H. Lu and C. N. Pope, “Charged rotating black holes in five dimensional U(1)**3 gauged N = 2 supergravity,” Phys. Rev. D 70, 081502 (2004) [arXiv:hepth/0407058].

[66] Z. W. Chong, M. Cvetic, H. Lu and C. N. Pope, “Non-extremal charged rotating black holes in seven-dimensional gauged supergravity,” Phys. Lett. B 626, 215 (2005) [arXiv:hep-th/0412094].

[67] M. Cvetic, G. W. Gibbons, H. Lu and C. N. Pope, “Rotating black holes in gauged supergravities: Thermodynamics, supersymmetric limits, topological solitons and time machines,” arXiv:hep-th/0504080.

[68] H. K. Kunduri and J. Lucietti, “Notes on non-extremal, charged, rotating black holes in minimal D = 5 gauged supergravity,” Nucl. Phys. B 724, 343 (2005) [arXiv:hepth/0504158].

[69] Z. W. Chong, M. Cvetic, H. Lu and C. N. Pope, “Five-dimensional gauged supergravity black holes with independent rotation parameters,” Phys. Rev. D 72, 041901 (2005) [arXiv:hep-th/0505112].

[70] Z. W. Chong, M. Cvetic, H. Lu and C. N. Pope, “General non-extremal rotating black holes in minimal five-dimensional gauged supergravity,” Phys. Rev. Lett. 95, 161301 (2005) [arXiv:hep-th/0506029].

[71] W. Chen, H. Lu and C. N. Pope, “Mass of rotating black holes in gauged supergravities,” arXiv:hep-th/0510081.

[72] V. Balasubramanian, Private communication.

[73] F. Larsen and R. McNees, “Inflation and de Sitter holography,” JHEP 0307, 051 (2003) [arXiv:hep-th/0307026].

[74] F. Larsen and R. McNees, “Holography, diffeomorphisms, and scaling violations in the CMB,” JHEP 0407, 062 (2004) [arXiv:hep-th/0402050].

[75] I. Papadimitriou and K. Skenderis, “AdS/CFT correspondence and geometry,” arXiv:hep-th/0404176.

[76] G. W. Gibbons, H. Lu, D. N. Page and C. N. Pope, “The general Kerr-de Sitter metrics in all dimensions,” J. Geom. Phys. 53, 49 (2005) [arXiv:hep-th/0404008].

[77] G. W. Gibbons, H. Lu, D. N. Page and C. N. Pope, “Rotating black holes in higher dimensions with a cosmological constant,” Phys. Rev. Lett. 93, 171102 (2004) [arXiv:hepth/0409155].