arXiv:hep-th/0601122 v1 18 Jan 2006

Quantum field theory with an interaction on the boundary

Z. Haba Institute of Theoretical Physics, University of Wroclaw, 50-204 Wroclaw, Plac Maxa Borna 9, Poland e-mail:zhab@ift.uni.wroc.pl,FAX 48713214454,tel.48713759432

PACS numbers 04.62+v,02.50Cw;Key words:dimensional reduction,boundary quantum fields, conformal field theory,functional integration

Abstract

We consider quantum theory of fields ϕ defined on a D dimensional manifold (bulk) with an interaction V (ϕ) concentrated on a d < D dimensional surface (brane). Such a quantum field theory can be less singular than the one in d dimensions with an interaction V (ϕ). It is shown that scaling properties of fields on the brane are different from the ones in the bulk. We discuss as an example fields on de Sitter space.

1 Introduction

Models with an interaction concentrated on a d < D dimensional submanifold (brane) of a D dimensional manifold (bulk) are interesting for high energy physics as well as for statistical physics. In the first case we consider the visible universe as a submanifold ( a brane [1][2])of a higher dimensional space. Field theoretic models with an interaction on the boundary come also from string theory [3]. In ref.[3] the eleven dimensional gravity is interacting with ten dimensional gauge fields living on the boundary. In statistical physics we may consider materials with a boundary and an interaction of some constituents placed on the boundary [4][5][6][7]. It is an experimental fact [8] that correlation functions of field variables depending on the boundary points have critical exponents different from the bulk correlation functions.

In this paper we discuss field theoretic models with an interaction on the brane. We concentrate on the scalar field but some methods and results can be generalized to gravitational and gauge field interactions. We begin with the free propagator. We admit any boundary condition preserving the symmetries of the free Lagrangian. We show that a differential operator which is singular close to the brane has the Green function which is more regular on the brane than the one for operators with constant coefficients. Subsequently, we discuss models with an interaction concentrated on the brane. The functional measure is defined [9] by its covariance (the Green function) and its mean. The mean breaks symmetries of the classical action. We average over mean values in order to preserve the symmetries. As a consequence of the more regular behaviour of the Green function the model with an interaction concentrated on the brane has milder ultraviolet divergencies. We give examples of nonrenormalizable theories in the bulk which become superrenormalizable when restricted to the boundary. We work mainly with the imaginary time version of quantum field theory. In the last section we discuss the scattering theory. The free particle is treated as a packet of waves on a curved manifold. We calculate the scattering matrix of such particles resulting from the V (ϕ) interaction concentrated either on the boundary or at the time z = 0 (a kick at a fixed moment).

2 Green functions on a boundary

We consider a D = d + m dimensional Riemannian manifold of the warped form M_g = M_m ×_g R^d [10] with the boundary R^d whose metric close to the boundary takes the form ds^2 = G_{AB} (X)dX^AdX^B = g_{μν} (y)dx^μdx^ν + g_{jk}(y)dy^j dy^k (1) where X = (y, x) are local coordinates on M_g, g_{jk} is the Riemannian metric induced on M_m and g_{μν} : M_m → R^{d2} is a positive definite d×d matrix function defined on M_m. The action for the free field ϕ reads

W_0 = ∫ dX √ GG^{AB}∂_Aϕ∂_B ϕ (2) The free (Euclidean) quantum field can be defined as the one whose propagator is determined by the Green function −AG ≡ ∂_AG^{AB} √ G∂_B G = δ (3)

where G = det G_{AB}. In the metric (1) eq.(3) can be expressed as ( g^{μν} (y) √ G(y) ∂ ∂x^μ ∂ ∂x^ν + ∂ ∂y^j g^{jk}(y) √ G(y) ∂ ∂y^k ) G = δ (4)

The solution of eq.(3) is not unique. If G^′ is another solution of eq.(3) then G^′ = G + R where R is a solution of the equation

AR = 0 (5)

We can determine G unambiguously imposing some additional requirements, e.g., requiring that G = 0 on the boundary or that G be scale invariant on the boundary.

We assume that the metric is scale invariant

g_{μν}(λy) = λ^{2α}g_{μν}(y) (6) and g_{jk}(λy) = λ^{2β}g_{jk}(y) (7) It follows that G(λy) = λ^{2dα+2mβ}G(y) Let us consider G_{λ,ρ}(x, y; x^′, y^′) ≡ G(ρx, λy; ρx^′, λy^′). It satisfies the equation λ^mρ^d ( λ^{−2α+mβ+dα}g^{μν} (y) √ G(y)^∂_{∂ρxμ}^∂_{∂ρxν} +λ^{mβ+dα−2β ∂}_{∂λyj} g^{jk}(y) √ G(y)^∂_{∂λyk} ) G = δ(x − x^′)δ(y − y^′) (8)

Eq.(8) is identical with eq.(4) but expressed in rescaled coordinates (the scale invariance (6)-(7) has been applied). Let us choose ρ such that the scale factors in the two terms in eq.(8) are equal λ^{−2α+mβ+dα}ρ^{−2} = λ^{mβ+dα−2β−2} (9) Hence, ρ = λ^{1−α+β} (10) Then, it follows that ( g^{μν} (y) √ G(y) ∂ ∂x^μ ∂ ∂x^ν + ∂ ∂y^j g^{jk}(y) √ G(y) ∂ ∂y^k ) Ĝ = δ (11)

where Ĝ(y, x; y^′, x^′) = λ^{(D−2)(1+β)}G(λy, λ^{1−α+β} x; λy^′, λ^{1−α+β}x^′) (12) Ĝ and G satisfy the same equation (4). Hence, for the scale invariant solution Ĝ = G (there are many solutions of eq.(4) but the scale invariant solution is unique). We are interested in the boundary Green function G(0, x; 0, x^′) ≡ G_E (|x − x^′|). G_E depends solely on the Euclidean distance |x − x^′| as a consequence of the translational invariance of eq.(4) and its rotational invariance when y = y^′ = 0. Choosing in eq.(12) λ = |x − x^′|^{− 11−α+β} (13) we obtain G_E (|x − x^′|) = K|x − x^′|^{−(D−2)σ} (14) where σ = 1 + β 1 − α + β (15) and K(α, β, D) = G(0, e; 0.0) (here e ∈ R^d is an arbitrary vector such that |e| = 1). Some authors [?][?][11] in de Sitter case require that G = 0 at y = 0. In such a case K = 0 in eq.(14) and our result is trivial. However, in other models of QFT on de Sitter space [12][13][14][15][16] G does not vanish at y = 0.

It will be useful to rewrite eq.(4) in the momentum space. Let G(y, x; y^′, x^′) = (2π)^{−m} ∫ dp exp(ip(x − x^′))G̃(p; y, y^′) (16)

Then, G̃ satisfies the equation ( − p_μp_νg^{μν} (y) √ G(y) + ∂ ∂y^j g^{jk}(y) √ G(y) ∂ ∂y^k ) G̃ = δ(y − y^′) (17)

Let G̃_{λ,γ}(p; y, y^′) = G̃(γp; λy, λy^′ ). Then, G̃_{λ,γ} is a solution of the equation λ^m ( λ^{−2α+mβ+dα}γ^2p_μp_νg^{μν} (y) √ G(y) +λ^{−2β+mβ+dα ∂}_{∂λyj} g^{jk}(y) √ G(y)^∂_{∂λyk} ) G̃_{λ,γ} = δ(y − y′) (18)

We choose γ = λ^{−1−β+α} Then, we obtain (similarly as in eq.(12)) from the uniqueness of the solution of eq.(17) G̃(p; y, y^′) = λ^{m−2−2β+mβ+dα}G̃(λ^{−1−β+α}p; λy, λy^′) (19) Setting λ = |p|^{11−α+β} and y = y^′ = 0 in eq.(19) leads to the result

G̃(p; 0, 0) = K̃|p|^{−2ω} (20)

where −2ω = (m − 2)(1 + β) + dα 1 + β − α (21)

and K̃(α, β, D) = G̃(ẽ; 0, 0) ( ẽ is an arbitrary unit vector in R^d).

As an example of an application of eqs.(20)-(21) we could consider de Sitter space with the metric (it is of the type (1);this is Euclidean AdS_D [18], the notion of the boundary in AdS and its relation to Euclidean AdS is discussed in [17] [18])

ds^2 = dt^2 + exp(2Ht)(dx^2_1 + .... + dx^2_{D−1}) = y^{−2}(dy^2 + dx^2_1 + .... + dx^2_{D−1}) (22)

where y = H^{−1} exp(−Ht) .

Then, from eqs.(20)-(21) G̃(p; 0, 0) = K̃|p|^{−D+1} (23)

The Fourier transform of G̃ in eq.(23) is infrared divergent. It can be defined as a distribution on a set of functions vanishing at p = 0. Then, G_E (|x − x^′|) = −K ln |x − x^′| (24) Eq.(24) gives the form of the Green function for σ = 0 in eq.(14).

Generalizing eq.(4) we could consider a system of equations for a tensorial Green function G_{ΓΩ} ( a^{μν}_{ΓΣ}(y) ∂ ∂x^μ ∂ ∂x^ν + ∂ ∂y^j b^{jk}_{ΓΣ}(y) ∂ ∂y^k + A^μ_{ΓΣ} ∂ ∂x^μ + B^j_{ΓΣ} ∂ ∂y^j + V_{ΓΣ}(y) ) Ĝ_{ΣΩ} = δ_{ΓΩ}

(25) here a sum over repeated indices Σ is assumed, the δ_{ΓΩ} function is the product of the usual δ function of eq.(8) and a scale invariant tensor with indices ΓΩ. We assume that the coefficients have the following scaling properties

a^{μν} (λy) = λ^{(d−2)α+mβ} a^{μν} (y) (26) b^{jk}(λy) = λ^{dα+(m−2)β} b^{jk}(y) (27) A^μ(λy) = λ^{(m−2)β+dα−1}A(y) (28) B^j (λy) = λ^{(m−1)β+(d−1)α−1}B^j (y) (29) and V (λy) = λ^{(m−2)β+dα−2}V (y) Then, repeating our scaling arguments of this section we could derive the results (14)-(15) for G_{ΓΩ} and (20)-(21) for its Fourier transform. Such results may be applicable to propagators describing an interaction of gravity on the bulk and on the brane with gauge fields on the brane as in [3][1].

3 DeWitt expansion

Let us discuss now scaling properties of the Green functions from the point of view of DeWitt expansion [19] and the Hadamard representation of the Green functions [20]. According to the DeWitt suggestion we can solve the equation (for a non-negative operator A) −AG = δ (30) by means of the heat kernel which is the fundamental solution of the heat equation − d dτ K_τ = AK_τ (31)

Namely, G = ∫_∞ 0 dτ K_τ (32)

Then, DeWitt makes the assumption

K_τ (X, X^′) = (2πτ )^{− D2} exp(− σ(X, X^′) 2τ )Λ(τ, X, X^′) (33)

where σ(X, X^′) is the square of the geodesic distance between X and X^′ . Λ has a Taylor expansion in powers of τ for a manifold without boundary (powers of √ τ may appear if the manifold has a boundary) . Performing the integral over τ in eq.(32) we obtain the short distance expansion of G(X, X^′).

We do not know the formula for σ in general. We can explain the expansion (33) in the hyperbolic case (22). Then,

ch(σ(X, X^′)) = 1 + (2yy^′)^{−1}((x − x^′)^2 + (y − y^′)^2) (34)

In the hyperbolic space the heat kernel is known exactly [21]. The DeWitt expansion holds true (Λ has an expansion in powers of σ; no τ dependence). We can see that

σ(X, X^′)^{−1} → 0 (35) when y → 0 (t → ∞ in eq.(22))and x ≠ x^′. It follows from eq.(32) that if D = 2k + 1 is odd then G_E (x − x^′) = 0 (36) and if D = 2k is even then

G_E(x − x^′) = −K ln |x − x^′| (37)

The conclusion (37) coincides with eq.(24).

4 Interacting fields on the boundary

In the model (2) we consider an interaction V concentrated on the boundary y = 0 (we do not treat here a coordinate independent geometric description of the boundary but restrict ourselves to the model (1))

W = W_0 + W_I = ∫ dX √ GG^{AB} ∂_Aϕ∂_Bϕ + ∫ dX √ Gδ(y)V (ϕ) (38) We define the functional measure

dμ(ϕ) = Z^{−1}Dϕ exp(−W ) ≡ Z^{−1}dμ_0(ϕ) exp(−W_I ) (39) where the Gaussian measure is

dμ_0(ϕ) = Dϕ exp(−W_0)

The partition function Z = ∫ dμ_0 exp(−W_I )

determines a normalization factor. The Gaussian measure is defined [9] by the mean ∫ dμ_0(ϕ)ϕ(X) ≡ ⟨ϕ(X)⟩ and the covariance G(X, X^′) = ∫ dμ_0(ϕ)(ϕ(X) − ⟨ϕ(X)⟩)(ϕ(X^′ ) − ⟨ϕ(X^′)⟩) (40) In the papers on AdS-CFT correspondence [18][24][17][?][?] the choice is made G(X, X^′) = G_D(X, X^′) where G_D is the Dirichlet Green function (vanishing on the boundary) and ⟨ϕ(x)⟩ = ψ(x) where ψ(x) is the solution of the equation Aψ = 0 with a fixed boundary condition. However, the choice of the boundary field ψ ≠ 0 breaks the rotational and translational invariance in the x variables present in the classical action (38)with the metric (1). The approach with the classical boundary field and the Dirichlet boundary condition leads to a different quantum field theory than the one developed in refs.[12][16][13][14][22] (see also [15][23]). In our approach the QFT is determined by the choice of the Green function G (40) ( we set the mean ⟨ϕ⟩ = 0). We choose the Green function G which has the symmetries of the action W_0 (2). Hence, the functional measure (39) will have the symmetries of the action (38).

We can show that our approach is equivalent to a quantization with a given classical solution ψ if subsequently an average over all such solutions is performed. We assume that in the sense of bilinear forms

G ≥ G_D (41)

Such an inequality follows from the maximum principle for elliptic operators [25][26]. The inequality (41) holds true also in the non-elliptic cases discussed in our earlier papers [27][28]. Using eq.(41) we may write

G(X, X^′) = G_D(X, X^′) + G_B(X, X^′)

where G_B is a non-negative bilinear form and G_B (0, x; 0, x^′) = G_E (x−x^′). Then, [9][29] ∫ dμ_0(ϕ) exp(−W_I (ϕ)F (ϕ) = ∫ dμ_D(ϕ_D)dμ_B (ϕ_B) exp(−W_I (ϕ_D+ϕ_B ))F (ϕ_D+ϕ_B ) where ϕ_D is a random field with the covariance G_D and ϕ_B is the random field with the covariance G_B. Let us note that because G_D as well as G satisfy the same equation (2) then their difference satisfies the equation

A(X)G_B (X, X^′) = A(X^′)G_B(X, X^′) = 0 (42)

We can solve eq.(42) with the given boundary condition G_E

G_B(X, X^′) = ∫ dx_b √ g ∫ dx^′_b √ gD(X, x_b)D(X^′, x^′_b)G_E(x_b − x^′_b) (43)

where D is the Green function solving the Dirichlet problem (the boundary to bulk propagator). It follows that

ϕ_B(X) = ∫ dx_b √ gD(X, x_b)Φ(x_b) (44)

where Φ is the Gaussian random field defined on the boundary with the covariance ⟨Φ(x)Φ(x^′)⟩ = G_E (x − x^′) (45) In the case of the de Sitter space the solution of the Dirichlet boundary problem (44) can be expressed in the form

ϕ(X) = y^{d2} ∫ dp exp(ipx)|p|^{d2} K d_2 (|p|y)Φ̃(p) (46) where Φ̃ is the Fourier transform of Φ and K_ν is the modified Bessel function of order ν. From eq.(23)[27] ⟨Φ̃(p)Φ̃^∗(p^′)⟩ = δ(p − p^′)|p|^{−d} The Schwinger functions are defined as moments of the measure μ ⟨ϕ(X_1)....ϕ(X_k)⟩ = Z^{−1} ∫ dμ(ϕ)ϕ(X_1).......ϕ(X_k) We calculate these Schwinger functions in the N -th order of the perturbation expansion ⟨ϕ(X_1)....ϕ(X_k)⟩_N = Z^{−1} ∫ dX^′_1....dX^′_N δ(y^′_1)....δ(y^′_N ) ∫ dμ_0ϕ(X_1).......ϕ(X_k)V (ϕ(X^′_1)).....V (ϕ(X^′_N )) (47)

If V (ϕ) is a normal-ordered polynomial of order r then the Schwinger functions of order N are expressed by a product of at most k Green functions G(y, x; 0, x^′) and at most (rN )! Green functions G(0, x^′_j; 0, x^′_k). It follows that if the Green functions at y = y^′ = 0 are sufficiently regular (depending on α and β in eqs.(14)-(15)) and the integration over x in the interaction W_I is restricted to a finite volume Λ then the Schwinger functions (47) for non-coinciding points X_j = (0, x_j) are finite and non-zero . In fact, the amputated Schwinger functions (when the propagators corresponding to the lines connecting the external points are removed) coincide with the ones for the V (ϕ) theory in R^d calculated with the propagator (14). If in eq.(47)X_j = (y_j , x_j) and we set all y_j = 0 then the resulting perturbative quantum field theory coincides with the V (ϕ) theory where the conventional propagators are replaced with G_E of eq.(14). In particular, the partition function Z in eq.(40) can be finite and non-zero even though the bulk theory is non-renormalizable. Note, that this result is a consequence of the singularity of the metric on the boundary. Adding the boundary interaction W_I to the regular free part W_0 would lead to the theory with the same singularity as the free field theory in d + 1 dimensions.

Let us write the propagator (14) in the form G_E = K|x − x^′|^{−d+ρ} (48) then the effective field theory on the boundary y = 0 could be represented by an equivalent functional measure μ̂ of the form (39) with

Ŵ = Ŵ_0 + Ŵ_I = c_0 ∫ dxϕ(−△)^{ρ2} ϕ + ∫ dxV (ϕ) (49) where △ is the Euclidean d-dimensional Laplacian. If the theory (49) is to be scale invariant (up to the log-terms coming from the renormalization) ϕ(x) ≃ λ^ν ϕ(λx) (50) then from the propagator (48) it follows that

d − ρ = 2ν (51)

Hence, the interaction ∫ dxV (ϕ) = κ ∫ dxϕ^r (52)

is scale invariant if the order r of the interaction is related to ν (and by eq.(51) to ρ) ν = d r (53)

From eqs.(51) and (53) it follows that ρ = d(1 − 2 r ) (54)

If ρ = d then from eq.(54) we obtain r = ∞. This case corresponds to the exponential potential V (ϕ) = κ exp(ϕ). In general, we obtain simple fractional scaling dimensions (54) determined uniquely by the natural numbers d and r. From eq.(15) and eq.(54)

2ν = (d − 1)

1 + β 1 − α + β (55)

Hence, the geometry of the surface imposes conditions on the scaling exponents and the form of the scale invariant interaction. From eq.(53) r =^d_ν hence the order of the scale invariant interaction is also determined by the surface geometry r = 2d(1 − α + β) (d − 1)(1 + β)

(56)

If β = −1 then ν = 0 and ρ = d. In such a case from the scale invariant fields (24) (of dimension zero) we can form conformal fields of higher dimensions by means of exponential functions in a similar way as in two dimensional conformal field theory [31] .

Let us note that the theory with an interaction on the boundary can be considered as a scaling limit of the one with an interaction in the bulk. For this purpose define V_λ(ϕ(y, x)) = V (ϕ(λy, x)), calculate the Schwinger functions (47) perturbatively and at the end take the limit λ → 0.

5 M^{d+1} → R^d reduction

If m = 1 then we may change coordinates in eq.(4) introducing a new coordinate z instead of y in such a way that dy dz = g^{DD}(y) √ G(y) (57)

Then, eq.(4) reads ( g^{DD} (y)G(y)g^{μν} (y) ∂ ∂x^μ ∂ ∂x^ν +∂^2_z ) G = g^{DD} √ Gδ(y−y^′ )δ(x−x^′) = δ(z−z^′)δ(x−x^′) (58) The action (38) takes the form W = ∫ dydx √ G ( g^{DD} ∂_yϕ∂_yϕ + g^{μν} ∂_μϕ∂_ν ϕ + κ_0δ(y)V (ϕ) ) = ∫ dzdx∂_zϕ∂_zϕ + ∫ dzdxg^{DD}Gg^{μν}∂_μϕ∂_νϕ + κ_0 ∫ dzdx √ Gδ(z)V (ϕ) (59)

In scale invariant models G(0) is either zero or infinite. Then, we must renormalize the interaction defining κ̂_0 = κ_0 √ G(0). We have studied the behaviour of the Green functions G of eq.(58) in refs.[27][28]. Assuming that g^{μν} g^{DD} G ≃ δ^{μν} |z|^{2γ} (60) for a small z we have shown (this is the same result as the one in eq.(14)) that for small |x − x^′| G_E (x − x^′) ≃ |x − x^′|^{−d+ 11+γ} (61)

As discussed in sec.4 the theory at z = 0 is the same as the one with the interaction V and the propagator (48). Hence, depending on the value of γ ≥ −1 +^1_d the boundary field theory can be much more regular than the bulk field theory . When γ = −1 +^1_d ( as in the case of de Sitter space) then the model (59) becomes superrenormalizable for polynomial interactions.

It is interesting to consider d = 2 and ρ = 2 with the exponential interaction exp ϕ on the boundary. Then, the boundary correlation functions are conformal invariant (the Liouville model [30]) whereas the bulk correlation functions are not renormalizable.

The other interesting case is the boundary of the Euclidean (anti)de Sitter space [18](eqs.(22)-(24))with an exponential interaction. Again the boundary correlation functions of exponentials can be conformal invariant [31] whereas the bulk correlation functions are non-renormalizable.

6 Semi-infinite statistical systems

In this section we relate the model of sec.4 to some models of statistical physics [4] [5][6]. Let us consider Ginzburg-Landau Lagrangians with a scalar field ϕ(X) where X ∈ R^D, X = (z, x) with x ∈ R^d and z > 0. The boundary is at z = 0. We consider the action

W (ϕ) = ∫ dz ∫ dx ( c_1 ∑_d μ=1 ∂_μϕ∂_μϕ + c_0δ(z) ∑_d μ=1 ∂_μϕ∂_μϕ + c_3∂_zϕ∂_zϕ +κ_1V_1(ϕ) + κ_0δ(z)V_0(ϕ) ) (62) The free propagator for a perturbation expansion around the Gaussian theory is determined by the equation ( c_1 d∑ μ=1 ∂_μ∂_μ + c_0δ(z) d∑ μ=1 ∂_μ∂_μ + c_3∂_z∂_z ) G = δ (63)

This model is related to the models of secs.4 and 5. We have studied the propagator (63) in refs.[27][28]. If in the equation (59) a^{μν} = g^{μν} g^{DD}G = δ^{μν}|z|^{−1} then the scaling properties of a^{μν} are the same as the ones of δ(z) (i.e., δ(λz) = λ^{−1}δ(z)) . In such a case the propagator (63) has the same short distance behaviour as the one for a^{μν}(y) = δ^{μν} |y|^{−1} and b = 1 in eqs.(26)-(27) ( if c_1 = 0 then these propagators coincide). Now, in eq.(26) (d − 2)α + mβ = −1 and (m − 2)β + dα = 0. Hence, in eq.(14) σ(d − 1) = d − 2 and if c_1 = 0 then we have exactly

G_E(|x − x^′|) = K|x − x^′|^{−d+2} (64) As a consequence the propagator in (d + 1) dimensions behaves as the one in d dimensions. In particular, if d + 1 = 3 then with the gradient term on the boundary (c_0 ≠ 0 )we obtain the logarithmic short distance behaviour of boundary correlation functions. In such a case the model on the boundary (κ_1 = 0) has the properties of the two-dimensional Euclidean field theory. If V_0(ϕ) = ϕ^6 then we obtain a renormalizable field theory in the bulk which on the boundary reduces to the well-studied model of a tricritical phase transition . If d + 1 = 4 and V_0(ϕ) = ϕ^4 then we have a typical superrenormalizable Landau-Ginzburg model. The model is superrenormalizable because the truncated Green functions are the same as in the threedimensional theory. The model in d + 1 = 5 with the ϕ^4 interaction on the boundary is still renormalizable. In terms of the lattice approximation our semi-infinite model with c_1 = 0 describes spins whose interaction in the bulk is restricted to the lines perpendicular to the boundary. It is still surprising that although the system is D dimensional the correlation functions behave like the ones of an d-dimensional system in spite of the opportunity for the interaction to spread into the D-th dimension.

7 Scattering theory with an interaction concentrated on the boundary

We could approach the models of secs.4-6 in the conventional Hamiltonian framework. We consider the scattering theory for the field equations

Aϕ = −δ(z)V^′(ϕ) (65)

We could treat z either as a spatial coordinate or as a time. Let us concentrate here on the latter interpretation. Then, for z → −∞ the interaction is switched off and ϕ → ϕ^{in} where Aϕ^{in} = 0 (66)

We consider here the real time z and the wave operator A = −∂^2_z −A^2 where A^2 is a positive operator. We quantize the field ϕ^{in} and construct the interaction Hamiltonian H_I(z) = δ(z) ∫ dxV (ϕ^{in}). We can derive the S-matrix describing an interaction V (ϕ) of the field ϕ^{in} by means of the conventional reduction formulas [16] [33]. We assume that the geometry is fixed and therefore the asymptotic states are constructed on a given gravitational background. As usual the S-matrix is determined by the time-ordered correlation functions ⟨T ( ϕ(X_1)....ϕ(X_n) ) ⟩ = ⟨T ( ϕ^{in}(X_1)...ϕ^{in}(X_n) exp(−i ∫ dzdxδ(z) √ gV (ϕ^{in})) ) ⟩ (67)

The expectation value on the rhs is calculated in the vacuum for the free field ϕ^{in} defined on the curved manifold (there may be many vacuum states and it belongs to the theory to choose one of them). In perturbation theory (in the Euclidean region)the correlation functions are expressed by the Green functions (47). The S-matrix is determined by τ -functions

S = 1 + ∑ n (−i)^n n! ∫ dX_1....dX_nτ (X_1....X_n) : ϕ^{in}(X_1).....ϕ^{in}(X_n) : +... where τ (X_1, ..., X_n) = A(X_1)....A(X_n)⟨T ( ϕ(X_1)...ϕ(X_n) ) ⟩ Hence, from eq.(47) the A operators cancel the external propagators and the τ functions depend on Green functions defined at z = 0.

Let us consider some examples. First, the case when in eq.(58) g^{DD}Gg^{μν} (y) = δ^{μν}|z|^{−1} (68) (this is an analogue of eq.(63)). Then

A = |z|^{−1}△ − ∂^2_z (69)

The solutions of eq.(69) have the form ϕ^{in}(z, x) = √ z ∫ dp ( a(p)H^{(1)}_1 (C|p| √ z) + a^+(p)H^{(1)}_1 (C|p| √ z) ) exp(ipx) (70)

where H^{(1)}_ν is the Hankel function of order ν [32] and C is a positive constant.

A quantization of a and a^+ (as creation and annihilation operators) leads to a quantum scattering theory described by an expansion of the S-matrix in asymptotic fields ϕ^{in}. Note, that at z = 0 the Feynman propagator

G_E (x − x^′) = K ∫ dp exp(ip(x − x^′))|p|^{−2} (71) for A in eq.(69) is equal to the one for a massless Euclidean free field in d dimensions.

As a second example we consider a V interaction of particles in the hyperbolic space (22) (whose analytic continuation y → iz gives de Sitter space). In such a case eq.(66) has the solution (at the real time y ≃ z^{1d} )

ϕ^{in}(y, x) = y^ω ∫ dp ( a(p)H^{(1)}_ω (C|p|y) + a^+(p)H^{(1)}_ω (C|p|y) ) exp(ipx) (72)

where ω =^d_2 .

If the interaction is of the form δ(y)V then the propagators are logarithmic and the model will be superrenormalizable for (normal ordered) polynomial V . There will be no ultraviolet divergencies in the S-matrix.

8 Summary

We find it as a remarkable property of some singular second order differential operators in D dimensions that the Green function restricted to the boundary can be less singular than |x − y|^{−D+2}. When we put an interaction on the boundary then the regularity of the model can be extended to models with a non-trivial scattering. Models with an interaction on the boundary are certainly of physical relevance in statistical physics. It is still unclear whether such models are acceptable in high energy physics as , e.g., the brane theories. We suggest however that restricting an interaction to a brane can give a promising way of avoiding ultraviolet divergencies in quantum field theory. Our construction of the quantum field theory with a boundary ( which preserves the symmetries of the boundary) is different than the AdS-CFT approach. However, there appear some interesting relations between both approaches if we treat the boundary value ϕ_0 as random (quantum) and average over ϕ_0.

References

[1] G. Dvali, G. Gabadadze and M. Porrati, Phys.Lett.B485,208(2000) [2] L. Randal and R. Sundrum, Phys.Rev.Lett.83,3370(1999),4690(1999) [3] P. Horava and E.Witten, Nucl.Phys.B475,94(1996) [4] T.C. Lubensky and M.H. Rubin, Phys.Rev.B12,3885(1975) [5] G. Gumbs, Phys.Rev.B33,6500(1986) [6] H.W. Diehl, The theory of boundary critical

phenomena,cond-math/9610143 [7] J. L. Cardy, Nucl. Phys.B240,514(1984) [8] H. Dosch, Critical Phenomena at Surfaces and Interfaces,

Springer,Berlin ,1992 [9] B. Simon, The P (ϕ)_2 Euclidean(Quantum) Field Theory,Princeton University Press,1974 [10] J.Choi, J.Math.Phys.41,8163(2000)

J. Choi and S.-T. Hong, J.Math. Phys.45,642(2004) [11] D. Berenstein, R. Corrado, W.Fischler and J. Maldacena,

Phys.Rev.D59,105023(1998);hep-th/9809188 [12] L.H. Ford and L. Parker, Phys.Rev.D16,245(1977)

[13] Ch. Schomblond and P. Spindel, Ann.Inst.H.Poincare 25,67(1976) [14] N.C. Tsamis and R.P. Woodard, Commun.Math.Phys.162,217(1994) [15] B.Allen, Phys.Rev.D32,3136(1985)

B. Allen and A. Folacci, Phys.Rev.D35,3771(1987) [16] T.S. Bunch and P.C.W. Davies, Journ.Phys.A11,1315(1978) N.D. Birrell and N.D. Birrell and P.C.W. Davies, Quantum Fields in Curved Space, Cambridge University Press,1982 [17] O. Aharony, S.S. Gubser, H. Ooguri and Y. Oz,

Phys.Rep.323,183(2000) [18] E.Witten, Adv.Theor.Math.Phys.2,25(1998);hep-th/9802150 [19] B.S.DeWitt, Phys. Rev.162,1239(1967);Phys.Rep.19,295(1975) [20] J.Hadamard, Lectures on Cauchy’s Problem in Linear Partial Differential Equations, Yale University Press, New haven,1923 [21] U.H. Danielsson, E. Keski-Vakkuri and M. Kruczenski,

JHEP,9901(1999)002, hep-th/9812007 [22] A.Guth and S.-Y. Pi, Phys.Rev.D32,1899(1985) [23] A.D. Dolgov, M.B. Einhorn and V.I. Zakharov, Phys.Rev.D52,717(1995) [24] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Phys.Lett.B428,105(1998);

hep-th/9802109 [25] J. Glimm and A. Jaffe, Quantum Physics, Springer, Berlin,1981 [26] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Springer,1983 [27] Z.Haba,Mod.Phys.Lett.A19,2411(2004) [28] Z.Haba,J.Math.Phys.46,042301(2005) [29] F.Guerra, L. Rosen and B.Simon, Ann.Inst.H.Poincare 25,231(1976) [30] J.Teschner, Class.Quant.Grav.18,R153(2001) [31] P.Furlan and V.B. Petkova, Mod.Phys.Lett.A4,227(1989) [32] M.Abramowitz and I.A. Stegun, Handbook of Mathematical Functions, New York,Dover,1965 [33] N. D. Birrell and J.G. Taylor, J.Math.Phys.21,1740(1980)