arXiv:hep-th/0601156 v1 20 Jan 2006

Supersymmetric multi-charge AdS_5 black holes

Hari K. Kunduri DAMTP, University of Cambridge, Wilberforce Road, Cambridge, CB3 0WA, UK h.k.kunduri@damtp.cam.ac.uk

James Lucietti St. John’s College, University of Oxford, Oxford, OX1 3JP, UK j.lucietti@damtp.cam.ac.uk

Harvey S. Reall School of Physics and Astronomy, University of Nottingham, NG7 2RD, UK harvey.reall@nottingham.ac.uk

DAMTP-2006-10

January 20, 2006

Abstract A new supersymmetric, asymptotically anti-de Sitter, black hole solution of five-dimensional U (1)^3 gauged supergravity is presented. All known examples of such black holes arise as special cases of this solution, which is characterized by three charges and two angular momenta, with one constraint relating these five quantities. Analagous solutions of U (1)^n gauged supergravity are also presented.

1 Introduction

Supersymmetric black hole solutions of five-dimensional gauged supergravity are of interest because their existence raises the question of whether it is possible to provide an exact calculation of black hole entropy using four dimensional super Yang-Mills theory via the AdS/CFT correspondence [1, 2, 3]. The first examples of such solutions were obtained two years ago [4, 5] and further examples have been obtained more recently [6, 7]. The purpose of this paper is to present a more general supersymmetric solution that contains all of these solutions as special limiting cases.

We shall be concerned with N = 1 gauged supergravity coupled to two abelian vector multiplets, which has gauge group U(1)^3. A solution of this theory with (electric) charges Q_i with respect to the three U(1)’s can be oxidized to a solution of type IIB supergravity which, in CFT language has SU(4) charge given by the weight vector (Q_1, Q_2, Q_3) [8]. Sometimes we shall also refer to minimal gauged supergravity. A charge Q solution of this theory oxidizes to a IIB solution with R-charge (Q, Q, Q) [9]. The known supersymmetric black holes in five-dimensional gauged supergravity all have nonvanishing angular momentum. Let J_1, J_2 denote the angular momenta^1. The mass is determined by the BPS relation M = g|J_1| + g|J_2| + |Q_1| + |Q_2| + |Q_3|, (1)

1(J1 , J2) is proportional to a weight vector of the rotation group SO(4). In CFT language, it is more common to work with JL ≡ J1 + J2 and JR ≡ J1 − J2, which are proportional to weights with respect to the two SU(2) factors in SO(4) ∼ SU(2)L × SU(2)R .

where the gauge coupling g is the reciprocal of the AdS radius of curvature.

The solutions of [4, 5, 6, 7] fall into several overlapping but distinct families. The 1-parameter solution of [4] concerns minimal supergravity, and is a special case of the 3-parameter U(1)^3 solution of [5]. The latter is parameterized by its charges Q_i and has “self-dual” angular momenta J_1 = J_2. Supersymmetric black hole solutions with J_1 ≠ J_2 were obtained in [7] and [6] for the minimal and U(1)^3 theories respectively. The former is not a special case of the latter. These are both 2- parameter solutions: the two parameters can be taken to be J_1 and J_2, which determine the charges. We have, then, three distinct solutions, namely those of [5, 6, 7]. In this paper, we shall present a more general 4-parameter solution that contains all of these solutions as special cases. Just like the known solutions, our solution preserves 1/4 of the supersymmetry in five dimensions, which corresponds to 1/16 supersymmetry (i.e. 2 real supercharges) in ten dimensions.

The method that we shall use to construct the solution is based on the work of [10, 5, 11], which reveals that supersymmetric solutions of five-dimensional N = 1 gauged supergravity coupled to abelian vector multiplets can always be written in a certain canonical form. This canonical form involves a four-dimensional Kähler “base space”. The choice of the base space is the difficult step in constructing interesting solutions. The solutions of [4, 5] were discovered by requiring the base space to have a certain highly symmetric form (cohomogeneity 1 with U(1)×SU(2) isometry group) which is the reason why these solutions have J_1 = J_2. It turns out that the base space is singular. One would therefore expect that solutions with J_1 ≠ J_2 should also have a singular base space, with less symmetry. Finding the appropriate space by guesswork would be very difficult.

Fortunately, guesswork is not required because we already know of solutions with J_1 ≠ J_2, namely those of [6, 7]. These were obtained as limits of non-supersymmetric solutions rather than by using the approach of [10, 5, 11]. So we start by writing these solutions in the canonical form. We find that both of these solutions have the same base space, which is indeed a less symmetric generalization (cohomogeneity 2 with U(1)^2 isometry group) of that of [4, 5]. In other words, we have a base space that encompasses all of the known solutions. We take this base space as the starting point in our generalization of these solutions. Applying the method of [10, 5, 11] together with a little more guesswork based on the known solutions then leads to our new solution.

Rather than working directly with the U(1)^3 theory, we have found it more convenient to study gauged supergravity coupled to n − 1 abelian vector multiplets (i.e. gauge group U(1)^n) since this was the theory considered in [5, 11]. In section 2, we shall obtain a (n+1)-parameter supersymmetric black hole solution of this more general theory, and then specialize to the U(1)^3 theory in section 3. We have tried to make section 3 self-contained so that it can be read independently of section 2.

The supersymmetric solution that we present should arise as a limit of a non-supersymmetric stationary black hole solution. It would be interesting to find this solution, which should generalize the non-supersymmetric solutions in [6, 7]. A possible method for systematically attacking this problem would be to use the Carter separability criterion, which is equivalent to the existence of a second rank Killing tensor. Indeed, this is how the four dimensional Kerr-Newmann AdS solution was found [12] and the non-supersymmetric solution of [7] also satisfies this criterion [13].

Finally, we should note that there have been attempts to calculate the entropy of supersymmetric, asymptotically anti-de Sitter black holes using N = 4 SU(N) super Yang-Mills theory. Free field theory can reproduce certain qualitative aspects of these black holes for large R-charge, but, as one might expect, always gives an overestimate of the entropy [14, 15]. An alternative approach is to construct an index which only receives contributions from states in short superconformal multiplets that cannot combine into long ones. All such indices where constructed in [15]. Unfortunately, these indices count bosonic and fermionic states with opposite signs, which leads to a dramatic cancellation: the index is O(1) at large N whereas the black hole entropy is O(N^2) [15]. The authors of [15] speculated that other approaches, taking more account of the dynamics of the gauge theory (e.g. by studying the chiral ring) might be more fruitful. We hope that our work will lead to renewed interest in this problem.

2 The general solution

2.1 The theory We shall consider the theory of five dimensional N = 1 gauged supergravity coupled to n − 1 abelian vector multiplets constructed in [16]. The bosonic sector this theory consists of the graviton, n vectors A^I and n − 1 real scalars. The latter can be replaced with n real scalars X^I subject to a constraint 1 6 C_{IJK} X^I X^J X^K = 1, (2)

where C_{IJK} are a set of real constants symmetric under permutations of (IJK). Indices I, J, K, . . . run from 1 to n. It is convenient to define X_I ≡ 1 6 C_{IJK}X^J X^K . (3)

The action is^2 S = 1 16πG ∫ ( R_5 ⋆ 1 − Q_{IJ} F^I ∧ ⋆F^J − Q_{IJ} dX^I ∧ ⋆dX^J − 1 6 C_{IJK} F^I ∧ F^J ∧ A^K + 2g^2V ⋆ 1 ) , (4) where F^I ≡ dA^I and Q_{IJ} ≡ 9 2 X_I X_J − 1 2 C_{IJK} X^K. (5) For simplicity, we shall assume that the scalars parametrize a symmetric space, which is equivalent to the condition C_{IJK} C_J ′_{(LM} C_{P Q)K}′ δ^{JJ ′} δ^{KK′} = 4 3 δ_{I(L}C_{M P Q)}. (6) This condition ensures that the matrix Q_{IJ} is invertible, with inverse

Q^{IJ} = 2X^I X^J − 6C^{IJK} X_K , (7)

where C^{IJK} ≡ C_{IJK} . (8) We then have X^I = 9 2 C^{IJK} X_J X_K. (9) The symmetric space condition is probably not essential – we expect that it should be possible to use the results of [11] to relax it in what follows. However, we are mainly interested in a U(1)^3 theory for which this condition is satisfied so we shall assume it for simplicity henceforth.

The scalar potential is^3 V = 27C^{IJK}X̄_IX̄_J X_K , (10) where X̄_I are a set of constants. It was shown in [5] that the unique maximally supersymmetric solution of this theory is AdS_5 with radius g^{−1}, vanishing vectors and constant scalars: X^I = X̄^I , where X̄^I ≡ 9 2 C^{IJK}X̄_J X̄_K. (11)

In section 3, we shall consider a particular U(1)^3 gauged supergravity. In the above language, this theory has n = 3, C_{IJK} = 1 if (IJK) is a permutation of (123) and C_{IJK} = 0 otherwise, and X̄^I = 1 (so X̄_I = 1/3).

2We use a positive signature metric.

3This is related to the notation of [5] via equations (2.23) and (2.29) of that paper.

2.2 Supersymmetric solutions

The general nature of supersymmetric solutions of this theory was deduced in [5] following closely the corresponding analysis for the minimal theory given in [10]. Given a supercovariantly constant spinor ϵ, one can construct a real scalar f ∼ ϵ̄ϵ and a real vector V^μ ∼ ϵ̄γ^μϵ. These obey V^2 = −f^2, so V is timelike or null, and it turns out that V is always Killing. There are two cases: a “null” case, in which V is globally null and a “timelike” case in which V is timelike in some region U of spacetime. The former case was treated in [10, 11] and does not concern us here because such solutions cannot describe black holes.

In the timelike case, we can, without loss of generality, assume that f > 0 in U, and introduce local coordinates so that the metric takes the form

ds^2 = −f^2 (dt + ω)^2 + f^{−1}h_{mn}dx^mdx^n, (12)

with V = ∂/∂t, h_{mn} is a metric on a 4-dimensional Riemannian “base space” B and ω a 1-form on B. Supersymmetry implies that the base space is Kähler [10, 5]. Let J denote the Kähler form and define the orientation of B so that J is anti-self-dual. If η_4 denotes the volume form of B then (dt + ω) ∧ η_4 must then be positively oriented in space-time.

Turning to the Maxwell fields, supersymmetry implies that [5]

F^I = d [ X^I f(dt + ω) ] + Θ^I − 9gf^{−1}C^{IJK}X̄_J X_KJ, (13) and X_I Θ^I = − 2 3 G^+, (14)

where Θ^I are self-dual 2-forms on B and

G^+ = 1 2 f (dω + ⋆_4dω) , (15)

where ⋆_4 is the Hodge dual on B. Now define R to be the Ricci form of B: R_{mn} ≡ 1 2 R_{mnpq}J^{pq} , (16) where R_{mnpq} is the Riemann tensor of B and indices are raised with h^{mn}. Supersymmetry implies that [5] R = dP, (17) where P_m ≡ 3gX̄_I ( A^I_m − fX^I ω_m ) . (18)

These equations determine f [5] (R is the Ricci scalar of B): f = − 108g^2 R C^{IJK}X̄_IX̄_J X_K . (19)

The above conditions are all necessary for supersymmetry. The analysis of [5] reveals that they are also sufficient, i.e., a supercovariantly constant spinor will exist if the metric and maxwell field are given by (12) and (13) for some Kähler B, and equations (14) and (17) are satisfied. The field equations of the theory are all satisfied once we impose the equations of motion for the Maxwell fields [5], i.e., the Bianchi identities dF^I = 0, (20)

and the Maxwell equations, d ( Q_{IJ} ⋆ F^J ) = − 1 4 C_{IJK} F^J ∧ F^K . (21)

One can substitute the expression (13) into these equations to obtain a pair of equations on B [5] but we shall not write them out here.

The analysis of [10, 5] reveals that the fraction of supersymmetry preserved by these solutions is generically 1/4, i.e., such solutions are preserved by 2 real supercharges. This might be enhanced in special cases. However, it has been shown [17] that this does not happen for the supersymmetric black holes of [4], even when oxidized to ten dimensions. Since these are a special case of our solution, we do not expect supersymmetry enhancement here either.

2.3 The base space

The first step in constructing a new solution using the above procedure is to choose the base space. As discussed in the introduction, we shall use a base space obtained by writing the metrics of the supersymmetric solutions of [6, 7] in the form (12). We find that the base space of both metrics takes the form

h_{mn}dx^mdx^n = (r^2 − r^2_0) { dr^2 Δ_r + dθ^2 Δ_θ + cos^2 θ Ξ^2_b [ Ξ_b + cos^2 θ ( ρ^2g^2 + 2(1 + bg)(a + b)g )] dψ^2 + sin^2 θ Ξ^2_a [ Ξ_a + sin^2 θ ( ρ^2g^2 + 2(1 + ag)(a + b)g )] dϕ^2 + 2 sin^2 θ cos^2 θ Ξ_aΞ_b [ ρ^2g^2 + 2(a + b)g + (a + b)^2g^2 ] dψdϕ } , (22)

where

Δ_r = (r^2 − r^2_0)^2[g^2r^2 + (1 + ag + bg)^2]/r^2, Δ_θ = 1 − a^2g^2 cos^2 θ − b^2g^2 sin^2 θ, Ξ_a = 1 − a^2g^2, Ξ_b = 1 − b^2g^2, ρ^2 = r^2 + a^2 cos^2 θ + b^2 sin^2 θ. (23)

The coordinate ranges are r^2 > r^2_0, 0 ≤ θ ≤ π/2 and ϕ, ψ are angular coordinates with period 2π. Surfaces of constant r have topology S^3. This metric is specified by three constants: a, b and r^2_0. The first two of these correspond roughly to angular momentum parameters for the ϕ and ψ directions of the black holes of [6, 7]. We shall assume^4 g^{−1} > a, b ≥ 0. The base space has a curvature singularity at r^2 = r^2_0 but the space-time metric (12) is smooth at r^2 = r^2_0, in fact this corresponds to the event horizon. r^2_0 is not an independent parameter for these solutions. For the minimal gauged supergravity solution of [7], it takes the value r^2_0 = r^2_m, where

r^2_m = g^{−1}(a + b + abg). (24)

For the U(1)^3 solution of [6], r^2_0 = r^2_∗, where

r^2_∗ = ab 1 + ag + bg . (25)

For these values of r_0, supersymmetry implies that the above base space metric must be Kähler. We find that the Kähler form is J = −d [ (r^2 − r^2_0) 2 ( cos^2 θdψ Ξ_b + sin^2 θdϕ Ξ_a )] . (26)

4It is easy to see that a, b ≥ 0 can always be arranged by a coordinate transformation. For example, if a < 0 in the general non-supersymmetric solution of [7] then taking t → −t, ψ → −ψ and q → −q (where q is the charge parameter of [7]) effectively reverses the sign of a. The base space is determined after arranging a ≥ 0, b ≥ 0.

In fact, we find that the metric (22) is Kähler for any r^2_0, with Kähler form given by (26). Antiself-duality of J determines the orientation of B: dr ∧ dθ ∧ dψ ∧ dϕ is positively oriented. For later convenience, we also record the Ricci form:

R = 3g^2d [ cos^2 θ

Ξ_b ( ρ^2 + b^2 +

4r^2_m 3 − r^2_0 3 ) dψ + sin^2 θ Ξ_a ( ρ^2 + a^2 +

4r^2_m 3 − r^2_0 3 ) dϕ ] . (27)

It appears, then, that we have a 3-parameter generalization of the 2-parameter base metrics of [6, 7]. However, this is not the case: it turns out one combination of these parameters can be eliminated by a coordinate transformation. To see this, let

r^2 − r^2_0 = α^2 sinh^2(gσ), α^2 ≡ r^2_0 + g^{−2}(1 + ag + bg)^2. (28)

The base metric now takes the simplified form^5:

h_{mn}dx^mdx^n = dσ^2 + α^2 sinh^2(gσ) ( α^2g^2 cosh^2(gσ) − Δ_θ ) ( cos^2 θ dψ Ξ_b

+ sin^2 θ dϕ Ξ_a

)_2

+ α^2 sinh^2(gσ) ( dθ^2 Δ_θ

+ Δ_θ cos^2 θ dψ^2 Ξ^2_b

+ Δ_θ sin^2 θ dϕ^2 Ξ^2_a ) . (29)

Since Δ_θ = Ξ_a cos^2 θ+Ξ_b sin^2 θ, it can now be seen that the metric depends on only two combinations of the constants, namely A, B > 0, where

A^2 ≡

Ξ_a g^2α^2

, B^2 ≡

Ξ_b g^2α^2

. (30)

The redundancy in the metric (22) implies that r^2_0 can be set to any convenient value by means of a coordinate transformation. We shall choose r^2_0 = 0. Note that the parameters a, b also transform. If we start in the “gauge” r_0 = 0 and transform to some new value of r_0 then the new values (a^′, b^′) can be determined by invariance of A, B. This is important when comparing our results with those of [6, 7].

2.4 The solution Having chosen a base space, it remains to solve the remaining conditions for supersymmetry. We shall do this by making an Ansatz that is sufficiently general to encompass the known solutions of [5, 6, 7]. We take the general supersymmetric metric (12) with the particular base space (22) with r_0 = 0. The Ansatz is ω = ω_ψ dψ + ω_ϕdϕ, (31) ω_ψ = − g cos^2 θ r^2Ξ_b ( ρ^4 + P_2ρ^2 + P_0 ) , ω_ϕ = − g sin^2 θ r^2Ξ_a ( ρ^4 + Q_2ρ^2 + Q_0 ) , (32)

f^{−1}X_I = 1 3 H_I ≡ X̄_I ρ2 + e_I r^2

, (33)

A^I = fX^I (dt + ω) + g cos^2 θ

Ξ_b ( X̄^I ρ^2 + c^I ) dψ + g sin^2 θ

Ξ_a ( X̄^I ρ^2 + d^I ) dϕ, (34) where P_2, P_0, Q_2, Q_0, e_I , c^I and d^I are constants. Equations (33) and (3) determine f:

f^{−3} = 1 6 C^{IJK} H_I H_J H_K , (35)

5In this form, it is easy to see that the base metric reduces to the cohomogeneity 1 base metric of [4, 5] when a = b.

i.e., f = r^2 F (ρ^2)^{1/3}

, F (ρ^2) ≡ ρ^6 + β_1ρ^4 + β_2ρ^2 + β_3, (36)

where

β_1 = 27 2 C^{IJK}X̄_IX̄_J e_K = 3X̄^I e_I , β_2 = 27 2 C^{IJK}X̄_I e_J e_K , β_3 = 9 2 C^{IJK} e_I e_J e_K . (37)

For the solutions of [5, 6, 7], A^I_ψ and A^I_ϕ decay as 1/r^2 for large r so we impose the same condition here, which determines

c^I = X̄^I (P_2 − β_1) + 9C^{IJK}X̄_J e_K , d^I = X̄^I (Q_2 − β_1) + 9C^{IJK}X̄_J e_K . (38)

For orientation, we note that this Ansatz can be embedded in minimal gauged supergravity when X_I ≡ X̄_I and A^I = X̄^I A where A is the Maxwell potential of the minimal theory.

Now we impose the conditions required for supersymmetry. First, equation (17) is satisfied for the Ricci form (27) by taking P_2 = (4r^2_m + β_1)/3 + b^2 and Q_2 = (4r^2_m + β_1)/3 + a^2 (where r^2_m is defined by (24)). Next, either from imposing self-duality of Θ^I or from equation (19) one obtains the constraint β_1 = 2r^2_m, (39) and hence P_2 = 2r^2_m + b^2, Q_2 = 2r^2_m + a^2. (40) The final equation required for supersymmetry is (14), which is satisfied if

P_0 = 1 2 [ β_2 − a^2b^2 + g^{−2}(a^2 − b^2) ] , Q_0 = 1 2 [ β_2 − a^2b^2 − g^{−2}(a^2 − b^2) ] . (41)

We must now impose the equations of motion for the Maxwell fields. The Bianchi identities are trivial (we’ve specified potentials) and the Maxwell equations turn out to impose no further restrictions. Hence we have a supersymmetric solution. It is specified by the constants a, b and e_I subject to the constraint (39). Therefore the solution has n + 1 independent parameters.

2.5 Asymptotics and charges Now we show that our supersymmetric solution asymptotes to AdS_5. To transform to a frame which is not rotating at infinity let t = t̄, ψ = ψ̄ − gt̄, ϕ = ϕ̄ − gt̄ and y^2 = r^2 + 2r^2_m/3. The spacetime metric for large r (or y) then takes the form

ds^2 = − [ Δ_θ Ξ_aΞ_b

(1 + g^2y^2) + O ( 1 y^2 )] dt̃^2 + O ( 1 y^2 ) dt̃dψ̃ + O ( 1 y^2 ) dt̃dϕ̃ + O ( 1 y^2 ) dψ̃dϕ̃ + [ cos^2 θ

Ξ_b

(y^2 + b^2) + O ( 1 y^2 )] dψ̃^2 + [ sin^2 θ Ξ_a

(y^2 + a^2) + O ( 1 y^2 )] dϕ̃^2 + ρ̃^2 + O(1/y^2)

Δ_θ dθ^2 + ρ̃^2 + O(1/y^2)

Δ_y dy^2 (42)

ρ̃^2 = y^2 + a^2 cos^2 θ + b^2 sin^2 θ,

Δ_y = y^{−2} ( y^2 − 2 3 r^2_m

)_2 (

1 + g^2y^2 + g^2a^2 + g^2b^2 + 4 3 g^2r^2_m ) . To bring the asymptotic metric into the familiar global AdS_5 coordinates one needs to perform the transformation:

Ξ_aY^2 sin^2 Θ = (y^2 + a^2) sin^2 θ, Ξ_bY^2 cos^2 Θ = (y^2 + b^2) cos^2 θ. (43)

In the asymptotically static coordinates, the supersymmetric Killing field is V = ∂ ∂t̄ + g ∂ ∂ϕ̄ + g ∂ ∂ψ̄ . (44)

The notation used above enabled the solution to be presented in a concise manner. However, in calculating the charges it is useful to define new parameters q_I defined by

e_I = √ Ξ_aΞ_bq_I − g^{−2} ( 1 − √ Ξ_aΞ_b ) X̄_I . (45)

We shall see that q_I are closely related to the electric charges of our solution. Let

α_1 = 27 2 C^{IJK}X̄_IX̄_J q_K = 3X̄^Iq_I , α_2 = 27 2 C^{IJK}X̄_I q_J q_K , α_3 = 9 2 C^{IJK} q_I q_J q_K . (46)

These are related to the β_i via

β_1 = √ Ξ_aΞ_bα_1 − 3g^{−2}(1 − √ Ξ_aΞ_b),

β_2 = Ξ_aΞ_bα_2 − 2 √ Ξ_aΞ_b ( 1 − √ Ξ_aΞ_b ) g^2 α_1 + 3 ( 1 − √ Ξ_aΞ_b

)_2

g^4 , β_3 = (Ξ_aΞ_b)^32 α_3 −

Ξ_aΞ_b g^2 ( 1 − √ Ξ_aΞ_b ) α_2 + √ Ξ_aΞ_b(1 − √ Ξ_aΞ_b)^2 g^4 α_1 − ( 1 − √ Ξ_aΞ_b

)_3

g^6

. (47)

The constraint (39) becomes

α_1 = 1 g^2 ( 1 AB + A B + B A − 3 ) = 1 √ Ξ_aΞ_b [ 2r^2_m + 3g^{−2} ( 1 − √ Ξ_aΞ_b )] , (48)

where^6 A ≡ √ Ξ_a (1 + ag + bg) , B ≡ √ Ξ_b (1 + ag + bg)

. (49)

The electric charges are defined by:

Q_I = 1 8πG ∫ S^3

Q_{IJ} ⋆ F^J , (50)

where the integral is taken over a three-sphere at infinity. This gives:

Q_I = 3π 4G ( q_I − g^2α_2 2 X̄_I + 3g^2 2 C_{IJK}X̄^J C^{KLM} q_Lq_M ) . (51)

Note that this is independent of a, b and hence coincides with the result of [5].

We will define the angular momenta via Komar integrals

J_i = 1 16πG ∫ S^3 ⋆dK_i, (52) where the Killing vector K^μ_i is either ∂_ϕ or ∂_ψ and the S^3 is at infinity. We find:

J_ϕ = π 4G [ 1 2 gα_2 + g^3α_3 + (B − A) Ag^3 ( 1 + g^2α_1 + g^4α_2 + g^6α_3 )] , (53)

J_ψ = π 4G [ 1 2 gα_2 + g^3α_3 + (A − B) Bg^3 ( 1 + g^2α_1 + g^4α_2 + g^6α_3 )] . (54)

6Note that A, B are the “gauge-invariant” quantities defined in (30), here written in the gauge r0 = 0. It is therefore straightforward to convert our expressions to any other value for r0 , which facilitates comparison with [6, 7].

The mass is fixed by the BPS condition M = g|J_ϕ| + g|J_ψ| + |X̄^I Q_I |, (55) which gives M = π 4G [ α_1 + 3 2 g^2α_2 + 2g^4α_3 +

(A − B)^2 g^2AB ( 1 + g^2α_1 + g^4α_2 + g^6α_3 ) ] . (56)

As written above, is trivial to see that these various charges reduce to those of the black holes of [5] when a = b. We have have also checked that they are consistent with the results of [6, 7], for which one needs to use (30) together with the appropriate value of r_0.

2.6 Absence of causal pathologies Note that f is an invariant of the solution and should therefore remain finite on, and outside, the horizon. Hence we demand F (ρ^2) > 0 for r ≥ 0. (57) This constraint guarantees that the scalars are finite for r ≥ 0. For A > B, evaluating this inequality at r = 0 gives

g^6α_3 > (A − B) B ( (A − B)^2 B^2

+ g^4α_2 ) . (58)

If A < B then the same expression holds with A and B interchanged.

Absence of closed causal curves requires that the ϕ − ψ part of the metric be positive definite. We find that this is the case as r → 0 if, and only if,

δ ≡ (1 + g^2α_1)α_3 − g^2α^2 4 − (A − B)^2 ABg^6 ( 1 + g^2α_1 + g^4α_2 + g^6α_3 ) > 0. (59)

2.7 Extension through the horizon We shall now show that our solution has an event horizon at r = 0. To this end, we transform to new coordinates (v, R, θ, ϕ^′, ψ^′) where R = gr^2, (60) dv = dt − ( A_0 g^2R^2 + A_1 gR ) dR, dψ^′ = dψ − B_0Ξ_b R dR, dϕ^′ = dϕ − C_0Ξ_a R dR, (61) where A_0, A_1, B_0, C_0 are constants to be determined. The exterior of the black hole corresponds to R > 0. The scalars X_I can be smoothly extended through R = 0, as can the v, ϕ^′ and ψ^′ components of the Maxwell potentials A^I . The remaining non-zero components A^I_R diverge as 1/R as R → 0. However, this divergence is pure gauge if the coefficient of 1/R is independent of θ. This will be the case if, and only if, C_0 ( Q_0 − a^2Q_2 − β_2 ) = B_0 ( P_0 − b^2P_2 − β_2 ) , (62)

B_0 ( b^2P_0 + β_3 ) − C_0 ( a^2Q_0 + β_3 ) + g^{−4}(a^2 − b^2)A_0 = 0. (63) If A_0, B_0, C_0 satisfy these equations then the Maxwell field strengths can be smoothly extended through R = 0.

Now let’s consider the metric. It is convenient to work with independent variables R and ρ^2 rather than R and θ. We then expand metric components as Laurent series in R (near R = 0). The coefficients in this series are analytic functions of ρ^2. We have

g_{vv} = −f^2 = O(R^2), g_{vψ}′ = −f^2ω_ψ = O(R), g_{vϕ}′ = −f^2ω_ϕ = O(R), g_ϕ′_ϕ′ = g_{ϕϕ} = O(1), g_ϕ′_ψ′ = g_{ϕψ} = O(1), g_ψ′_ψ′ = g_{ψψ} = O(1). (64)

Using equations (62) and (63) we find g_{vR} = ( B_0 − C_0 a^2 − b^2 ) F (ρ^2)^{1/3} + O(R), g_{Rψ}′ = O(1), g_{Rϕ}′ = O(1). (65)

The RR component of the metric contains divergent 1/R^2 and 1/R terms so we need the coefficients of these terms to vanish. After using (62) and (63), the vanishing of the coefficient of the 1/R^2 term determines B_0, C_0:

B_0 = ± g^2β_2/2 + g^2a^4 + g^2a^2b^2/2 + 2g^2a^2r^2_m + (a^2 − b^2)/2 2gΞ_aΞ_b(1 + ag + bg)^2 √ δ , C_0 = ± g^2β_2/2 + g^2b^4 + g^2a^2b^2/2 + 2g^2b^2r^2_m − (a^2 − b^2)/2 2gΞ_aΞ_b(1 + ag + bg)^2 √ δ , (66)

where δ is defined by (59). A_0 is now determined by (63). Finally, vanishing of the coefficient of the 1/R term in g_{RR} determines A_1:

A_1 = g^2(C_0Q_0 − B_0P_0) a^2 − b^2 + g^2(a^2 − b^2) 8(B_0 − C_0)(1 + ag + bg)^4 − (a + b) 2(a^2 − b^2)(B_0 − C_0) [ B^2_0(1 + bg)(3b^2g − a + b + abg) − 2B_0C_0(a^2 + b^2)g(2 + ag + bg)

+ C^2_0 (1 + ag)(3a^2g + a − b + abg) ] . (67)

We now have g_{RR} = O(1). (68) Using the solutions for B_0, C_0 determines g_{vR} = ± F (ρ^2)^{1/3} 2gΞ_aΞ_b √ δ + O(R). (69)

The metric and its inverse are now analytic at R = 0 and can therefore be extended into a new region R < 0. The surface R = 0 is a Killing horizon. To see this, consider the supersymmetric Killing field V = ∂/∂v, which is null at R = 0. The above results imply

V_μdx^μ|_{R=0} = ± [ F (ρ^2)^{1/3} 2gΞ_aΞ_b √ δ dR ] R=0 . (70)

This reveals that the R = 0 is a null hypersurface with normal V , i.e., a Killing horizon of V . The upper choice of sign corresponds to a future horizon and the lower choice to a past horizon.

Equation (44) determines the angular velocities of the horizon with respect to the static frame at infinity:

Ω_ϕ = Ω_ψ = g. (71) The geometry of a spatial cross-section of the event horizon is determined by setting v = constant and R = 0, or equivalently t = constant and r → 0. This gives a deformed S^3 with area

A_H = 2π^2 √ (1 + g^2α_1)α_3 − g^2α^2 4 − (A − B)^2 ABg^6 (1 + g^2α_1 + g^4α_2 + g^6α_3). (72)

This reduces correctly to the results of [5, 6, 7] in the appropriate limits.

3 Solutions of the U(1)^3 theory

In this section we shall consider the special case of N = 1 U(1)^3 gauged supergravity. This theory is of particular interest because its asymptotically anti-de Sitter solutions can be oxidized to asymptotically AdS_5 × S^5 solutions of type IIB supergravity [8]. We shall present a four-parameter supersymmetric black hole solution and list its properties. This section can be read independently of the previous one. However, it is necessary to refer to the previous section for derivations of our results.

The U(1)^3 gauged supergravity theory of interest is described in [8] (and in section 2.1 above). The bosonic sector consists of the graviton, three vectors A^I (denoted A_i in [8]) and three real scalars X^I (denoted X_i in [8]) subject to the constraint

X^1X^2X^3 = 1. (73)

We use coordinates (t, r, θ, ϕ, ψ) where r > 0 will correspond to the exterior of the black hole, 0 ≤ θ ≤ π/2 and ϕ, ψ have period 2π. Surfaces of constant t and r have topology S^3. The spacetime metric is:

ds^2 = − (H_1H_2H_3)^{−2/3} (dt + ω_ϕdϕ + ω_ψ dψ)^2 + (H_1H_2H_3)^{1/3} h_{mn}dx^mdx^n, (74)

where H_I = 1 + √ Ξ_aΞ_b(1 + g^2μ_I ) − Ξ_a cos^2 θ − Ξ_b sin^2 θ g^2r^2

, (75)

h_{mn}dx^mdx^n = r^2 { dr^2 Δ_r + dθ^2 Δ_θ + cos^2 θ Ξ^2_b [ Ξ_b + cos^2 θ ( ρ^2g^2 + 2(1 + bg)(a + b)g )] dψ^2 + sin^2 θ Ξ^2_a [ Ξ_a + sin^2 θ ( ρ^2g^2 + 2(1 + ag)(a + b)g )] dϕ^2 + 2 sin^2 θ cos^2 θ

Ξ_aΞ_b [ ρ^2g^2 + 2(a + b)g + (a + b)^2g^2 ] dψdϕ } , (76)

Δ_r = r^2[g^2r^2 + (1 + ag + bg)^2], Δ_θ = 1 − a^2g^2 cos^2 θ − b^2g^2 sin^2 θ, Ξ_a = 1 − a^2g^2, Ξ_b = 1 − b^2g^2, ρ^2 = r^2 + a^2 cos^2 θ + b^2 sin^2 θ, (77)

ω_ψ = − g cos^2 θ r^2Ξ_b [ ρ^4 + (2r^2_m + b^2)ρ^2 + 1 2 ( β_2 − a^2b^2 + g^{−2}(a^2 − b^2) )] , ω_ϕ = − g sin^2 θ r^2Ξ_a [ ρ^4 + (2r^2_m + a^2)ρ^2 + 1 2 ( β_2 − a^2b^2 − g^{−2}(a^2 − b^2) )] , (78) and r^2_m = g^{−1}(a + b) + ab (79)

β_2 = Ξ_aΞ_b(μ_1μ_2 + μ_1μ_3 + μ_2μ_3) − 2 √ Ξ_aΞ_b ( 1 − √ Ξ_aΞ_b ) g^2

(μ_1 + μ_2 + μ_3) + 3 ( 1 − √ Ξ_aΞ_b

)_2

g^4

(80)

The scalars are

X^I =

(H_1H_2H_3)^{1/3} H_I . (81)

The vectors are:

A^I = H^{−1}_I (dt + ω_ψ dψ + ω_ϕdϕ) + U^I_ψdψ + U^I_ϕ dϕ (82) where

U^I_ψ = g cos^2 θ Ξ_b ( ρ^2 + 2r^2_m + b^2 − √ Ξ_aΞ_bμ_I + g^{−2} ( 1 − √ Ξ_aΞ_b ))

U^I_ϕ = g sin^2 θ Ξ_a ( ρ^2 + 2r^2_m + a^2 − √ Ξ_aΞ_bμ_I + g^{−2} ( 1 − √ Ξ_aΞ_b )) (83)

The solution depends on five parameters:^7 μ_1, μ_2, μ_3, a, b where g^{−1} > a, b ≥ 0. Only four parameters are independent because of the constraint

μ_1 + μ_2 + μ_3 = 1 √ Ξ_aΞ_b [ 2r^2_m + 3g^{−2} ( 1 − √ Ξ_aΞ_b )] . (84)

Regularity of the scalars for r ≥ 0 requires that

g^2μ_I > √ Ξ_b Ξ_a

− 1 ≥ 0, (85)

when a ≥ b. If a < b then the same expression applies with a, b interchanged.

This solution is expressed in co-rotating coordinates. A coordinate transformation t = t̄, ϕ = ϕ̄−gt̄, ψ = ψ̄−gt̄ is required to bring it to a manifestly asymptotically anti-de Sitter form as r → ∞.

The electric charges are

Q_1 = π 4G [ μ_1 + g^2 2 (μ_1μ_2 + μ_1μ_3 − μ_2μ_3) ]

Q_2 = π 4G [ μ_2 + g^2 2 (μ_2μ_3 + μ_2μ_1 − μ_1μ_3) ]

Q_3 = π 4G [ μ_3 + g^2 2 (μ_3μ_2 + μ_1μ_3 − μ_1μ_2) ] . (86) Let J ≡ (1 + g^2μ_1)(1 + g^2μ_2)(1 + g^2μ_3). (87)

The angular momenta are given by

J_ϕ = π 4G ( 1 2 g(μ_1μ_2 + μ_2μ_3 + μ_1μ_3) + g^3μ_1μ_2μ_3 + g^{−3} (√ Ξ_b Ξ_a − 1 ) J ) , (88)

J_ψ = π 4G ( 1 2 g(μ_1μ_2 + μ_1μ_3 + μ_2μ_3) + g^3μ_1μ_2μ_3 + g^{−3} (√ Ξ_a Ξ_b − 1 ) J ) . (89)

The mass is deduced from the BPS equality (1): M = π 4G ( μ_1 + μ_2 + μ_3 + 3 2 g^2(μ_1μ_2 + μ_1μ_3 + μ_2μ_3) + 2g^4μ_1μ_2μ_3 + ( √ Ξ_a − √ Ξ_b)^2 g^2 √ Ξ_aΞ_b J ) . (90)

The solution has an event horizon at r = 0. The angular velocities of the event horizon with respect to the static frame at infinity are Ω_ψ = Ω_ϕ = g (91)

7We emphasize that the parameters a, b are not the same as in [6, 7]. See section 2.3 for details. For comparison with section 2 note that qI = μI /3.

Spatial cross sections of the event horizon have the geometry of a deformed S^3 with area

A_H = 2π^2 √ [1 + g^2(μ_1 + μ_2 + μ_3)]μ_1μ_2μ_3 − g^2(μ_1μ_2 + μ_1μ_3 + μ_2μ_3)^2 4 − ( √ Ξ_a − √ Ξ_b)^2 g^6 √ Ξ_aΞ_b

J . (92)

The expression within the square root must be positive, otherwise there are closed causal curves near r = 0. Note that J > 0 so, for given electric charges, the horizon area is maximized and the mass minimized when a = b, i.e., when J_ϕ = J_ψ .

Acknowledgments

We thank Jan Gutowski for useful conversations. HKK would like to thank St. John’s College, Cambridge for financial support. JL would like to thank St. John’s College, Oxford for financial support and DAMTP, Cambridge for hospitality. HSR is a Royal Society University Research Fellow. HKK and JL would also like to thank the Particle Theory group at Nottingham for hospitality. Part of this work was done whilst HSR was a participant in the the Newton Institute programme “Global Problems in Mathematical Relativity” so he thanks the Institute for hospitality and financial support.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.

Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory,” Phys. Lett. B 428, 105 (1998) [arXiv:hep-th/9802109].

[3] E. Witten, “Anti-de Sitter space and holography,” Adv. Theor. Math. Phys. 2, 253 (1998) [arXiv:hep-th/9802150].

[4] J. B. Gutowski and H. S. Reall, “Supersymmetric AdS(5) black holes,” JHEP 0402, 006 (2004) [arXiv:hep-th/0401042].

[5] J. B. Gutowski and H. S. Reall, “General supersymmetric AdS(5) black holes,” JHEP 0404, 048 (2004) [arXiv:hep-th/0401129].

[6] Z. W. Chong, M. Cvetic, H. Lu and C. N. Pope, “Five-dimensional gauged supergravity black holes with independent rotation parameters,” Phys. Rev. D 72, 041901 (2005) [arXiv:hep-th/0505112].

[7] Z. W. Chong, M. Cvetic, H. Lu and C. N. Pope, “General non-extremal rotating black holes in minimal five-dimensional gauged supergravity,” Phys. Rev. Lett. 95, 161301 (2005) [arXiv:hep-th/0506029].

[8] M. Cvetic et al., “Embedding AdS black holes in ten and eleven dimensions, Nucl. Phys. B 558, 96 (1999) [arXiv:hep-th/9903214].

[9] A. Chamblin, R. Emparan, C. V. Johnson and R. C. Myers, “Charged AdS black holes and catastrophic holography, Phys. Rev. D 60, 064018 (1999) [arXiv:hep-th/9902170].

[10] J. P. Gauntlett and J. B. Gutowski, “All supersymmetric solutions of minimal gauged supergravity in five dimensions,” Phys. Rev. D 68, 105009 (2003) [Erratum-ibid. D 70, 089901 (2004)] [arXiv:hep-th/0304064].

[11] J. B. Gutowski and W. Sabra, “General supersymmetric solutions of five-dimensional supergravity,” JHEP 0510, 039 (2005) [arXiv:hep-th/0505185].

[12] B. Carter, ”Hamilton-Jacobi and Schrodinger Separable Solutions of Einstein’s Equations”, Commun. Math. Phys. 10, 280 (1968).

[13] P. Davis, H. K. Kunduri and J. Lucietti, “Special symmetries of the charged Kerr-AdS black hole of D = 5 minimal gauged supergravity,” Phys. Lett. B 628 (2005) 275 [arXiv:hep-th/0508169].

[14] H.S. Reall and R. Roiban, unpublished.

[15] J. Kinney, J. Maldacena, S. Minwalla and S. Raju, “An index for 4 dimensional super conformal theories,” arXiv:hep-th/0510251.

[16] M. Gunaydin, G. Sierra and P. K. Townsend, “The Geometry Of N=2 Maxwell-Einstein Supergravity And Jordan Algebras,” Nucl. Phys. B 242, 244 (1984).

[17] J. P. Gauntlett, J. B. Gutowski and N. V. Suryanarayana, “A deformation of AdS(5) x S**5,” Class. Quant. Grav. 21, 5021 (2004) [arXiv:hep-th/0406188].