arXiv:hep-th/0601203 v1 27 Jan 2006

A graceful entrance to braneworld inflation

James E. Lidsey and David J. Mulryne Astronomy Unit, School of Mathematical Sciences, Queen Mary, University of London, London E1 4NS, U.K.

Positively-curved, oscillatory universes have recently been shown to have important consequences for the pre-inflationary dynamics of the early universe. In particular, they may allow a selfinteracting scalar field to climb up its potential during a very large number of these cycles. The cycles are naturally broken when the potential reaches a critical value and the universe begins to inflate, thereby providing a ‘graceful entrance’ to early universe inflation. We study the dynamics of this behaviour within the context of braneworld scenarios which exhibit a bounce from a collapsing phase to an expanding one. The dynamics can be understood by studying a general class of braneworld models that are sourced by a scalar field with a constant potential. Within this context, we determine the conditions a given model must satisfy for a graceful entrance to be possible in principle. We consider the bouncing braneworld model proposed by Shtanov and Sahni and show that it exhibits the features needed to realise a graceful entrance to inflation for a wide region of parameter space.

I. INTRODUCTION

The inflationary scenario is presently the favoured model for large-scale structure formation in the universe [1, 2, 3, 4, 5, 6]. (For reviews, see [7, 8, 9, 10]). Inflation arises whenever the universe undergoes a phase of accelerated expansion. Within the context of relativistic cosmology, a necessary and sufficient condition for acceleration is a violation of the strong energy condition, i.e., ρ + 3p < 0. This is equivalent to the condition γ < 2/3, where γ ≡ (ρ + p)/ρ defines the equation of state parameter. In the simplest versions of the scenario, such a condition is realised by a scalar ‘inflaton’ field that is rolling sufficiently slowly down its self-interaction potential, ϕ̇^2 < V [6].

Given the recent successes of inflation when confronted with observations of the Cosmic Microwave Background (CMB) radiation and high redshift surveys [11], a key question to address is how the initial conditions for successful inflation were established in the very early universe. This question was recently examined within the context of Loop Quantum Cosmology (LQC), which is the application of Loop Quantum Gravity to symmetric states. (For reviews, see [12, 13, 14]). In this scenario, semi-classical modifications to the standard Friedmann equations cause a minimally coupled scalar field to behave as an effective phantom fluid below a critical value of the scale factor, a_∗, with an effective equation of state, γ_{eff} < 0 [15, 16, 17, 18, 19]. This causes a collapsing, isotropic, spatially closed Friedmann-Robertson-Walker (FRW) universe to undergo a non-singular bounce into an expansionary phase. On the other hand, if the field satisfies the strong energy condition above a_∗ (where classical dynamics is recovered), such a universe will eventually recollapse. The overall result, therefore, is that the universe oscillates between cycles of contraction and expansion [16].

If the field’s kinetic energy dominates its potential energy during these cycles, it will effectively behave as a massless field with its value either increasing or decreasing monotonically with time. In principle, therefore, the field may gradually roll up its potential (assuming implicitly that it is evolving along a region of the potential that is increasing in magnitude). As a result, the potential energy will gradually increase during each successive cycle, with the net result that it becomes progressively harder to satisfy the strong energy condition on scales above a_∗. Eventually, therefore, a cycle will be reached when the strong energy condition becomes violated during the expansionary phase of the cycle (a > a_∗), and this will initiate a phase of inflation. This implies that slowroll inflation may be possible even if the field is initially located in a region of the potential that would not generate accelerated expansion, such as a minimum. This effect has been termed a ‘graceful entrance’ to inflation [19].

A key feature of the dynamics described above is that the universe is able to oscillate because the effective equation of state satisfies γ_{eff} < 2/3 for a < a_∗ and γ_{eff} > 2/3 for a > a_∗. Since these are rather weak conditions, it is important to investigate whether similar effects are possible in other cosmological scenarios, such as the braneworld paradigm. This is the purpose of the present paper. The braneworld scenario is motivated by string/M-theory [20, 21, 22] and has attracted considerable attention in recent years. (See [23, 24, 25] for reviews). Our observable four-dimensional universe is interpreted as a co-dimension one brane propagating in a five- (or higher-) dimensional ‘bulk’ space. A number of bouncing braneworld models have been developed to date [26, 27, 28, 29, 30, 31]. In the model proposed by Shtanov and Sahni (S-S), for example, the extra bulk dimension is timelike and this results in modifications to the effective four-dimensional Friedmann equation that induce a non-singular bounce [26].

The paper is organized as follows. In Section II, we outline how a phase space analysis for a field with a constant potential can yield valuable insight into the cosmic dynamics that leads to a graceful entrance for inflation. We then proceed in Section III to determine the necessary and sufficient conditions for graceful entrance when the Friedmann equation has an arbitrary dependence on the energy density of the universe. We consider the S-S braneworld scenario as an explicit example in Sections IV–VI and determine the regions of parameter space where a graceful entrance is possible. We conclude with a discussion in Section VII.

II. THE PHASE SPACE DESCRIPTION OF GRACEFUL ENTRANCE TO INFLATION

The oscillatory dynamics of isotropic universes sourced by a scalar field with a constant potential proves very useful when determining the necessary conditions for a graceful entrance to inflation for a given cosmological model. In general, the dynamics is determined by three evolution equations for the scale factor, the Hubble parameter and the velocity of the scalar field, respectively. In addition, there is the Friedmann equation, which represents a constraint. This implies that the dynamics can be expressed as a two-dimensional system of equations and presented on a two-dimensional phase space.

In the LQC scenarios considered previously, it proved convenient to parametrize the phase space in terms of the scale factor and Hubble parameter [18]. The qualitative nature of the phase space that can result in a graceful entrance to inflation is illustrated in Fig. 1. For a positive potential taking values in the range 0 < V < V_{crit}, where V_{crit} is some critical value that is determined by the parameters of the model, the phase space contains a centre and a saddle equilibrium point. Two types of behavior are therefore possible. Trajectories that are sufficiently close to the centre encircle it and represent trajectories that undergo eternal oscillations. On the other hand, trajectories which pass above the saddle point represent initially collapsing universes which evolve through a bounce into an eternal (de Sitter) inflationary era. This is illustrated qualitatively in the top panel of Fig. 1.

If the value of the potential is increased, the effect on the phase space is such that the centre and saddle point are positioned closer to one another. At the critical value V = V_{crit}, the points merge and disappear. The phase space for V > V_{crit} therefore contains no equilibrium points and all trajectories represent initially contracting universes which bounce and subsequently inflate, as shown in the lower panel of Fig. 1.

This simplified phase space structure enables us to develop a graceful entrance mechanism for more realistic cosmologies, where the potential is field-dependent. Let us assume that the scalar field is initially located in a region of the potential such that V (ϕ) < V_{crit} and that the universe is undergoing oscillations about the centre equilibrium point. The dynamics in this regime will be dominated by the field’s kinetic energy and we will further suppose that the field’s velocity is such that it moves up the potential. If the change in the magnitude of the potential is negligible over a given cycle, this cycle can

FIG. 1: Illustrating the general features of the phase space discussed in the text that are relevant to a graceful entrance to inflation. The variables are {H, a} and all trajectories evolve in an anti-clockwise direction. The top diagram corresponds to 0 < V < Vcrit and the bottom panel to V > Vcrit . In the former case, the important features for a graceful entrance are an area of phase space in which oscillations take place, as indicated by the region enclosed by the dotted line, and trajectories which evolve into an inflationary phase. The centre equilibrium point about which oscillations occur is marked with a circle, the separatrix is represented by the dotted line and the saddle equilibrium point occurs at the self-intersection of the separatrix. In the lower panel (V > Vcrit), there exist no centre or saddle equilibrium points and all trajectories evolve into an inflationary phase.

still be represented as a trajectory in the phase space associated with an instantaneous value of the potential, as illustrated in the top panel of Fig. 1. Over a large number of cycles, however, this ‘instantaneous phase space’ will become significantly modified. Indeed, if the potential energy increases monotonically as the field evolves, the region of phase space in which oscillations are possible will become progressively smaller. Since the oscillatory region disappears completely at V = V_{crit}, this corresponds to the largest value that the field’s potential energy can acquire before the oscillations are broken.

At this point the trajectory in the phase space rapidly evolves into the inflationary regime corresponding to the lower panel of Fig. 1. Hence, the value V_{crit} sets the energy scale at the onset of inflation. Once inflation begins, the field’s kinetic energy will rapidly tend to zero as the field slows down, reaches a point of maximum displacement and rolls back down the potential. Slow-roll inflation will then arise if the potential satisfies the usual slow-roll constraints.

Although the dynamics may be further complicated by the introduction of additional matter sources [19], the above description outlines how a field can evolve up its self-interaction potential while the universe undergoes oscillations. This forms the basis for a graceful entrance mechanism that naturally generates the conditions for slow-roll inflation. A phase plane analysis is important since it highlights the relevance of the centre and saddle equilibrium points. In particular, a sufficient but not necessary condition for cyclic behaviour is the existence of a centre equilibrium point, while a saddle point is required to separate those regions of phase space where cyclic and non-cyclic behaviour takes place. Furthermore, the disappearance of the saddle point at a critical value of the potential is key to the graceful entrance mechanism.

In the following Section, therefore, we will consider the conditions for the existence of saddle and centre equilibrium points in cosmologies described by a set of generalized Friedmann equations.

III. GENERAL CONDITIONS FOR CENTRE AND SADDLE EQUILIBRIUM POINTS

A. Relativistic Cosmology

We wish to study classes of cosmological models that are motivated by the braneworld paradigm and to determine whether such models display the general characteristics required for a graceful entrance to inflation. However, we will first consider the relativistic cosmology based on classical Einstein gravity, since this system provides a suitable framework for considering more general models. Specifically, we will consider a positively-curved FRW cosmology sourced by an effective perfect fluid with an energy density and pressure related by an arbitrary equation of state, p_{eff} = [γ_{eff} − 1]ρ_{eff} , where it is assumed implicitly that the equation of state parameter is a known function of the scale factor, γ_{eff} = γ_{eff} (a).

The Friedmann and fluid equations for this model are given by

H^2 =

8πℓ^2_{Pl} 3 ρ_{eff} − 1 a^2

, (1)

ρ̇_{eff} = −3Hγ_{eff} ρ_{eff} , (2)

where

ȧ = Ha , (3) and Eqs. (1) and (2) fully determine the cosmic dynamics. Differentiating Eq. (1) with respect to cosmic time implies that

Ḣ = − 3γ^{eff} 2 H^2 + ( 1 − 3γ_{eff} 2 ) 1 a^2

, (4)

and Eqs. (3) and (4) then describe a closed dynamical system, where the Friedmann equation (1) represents a constraint. The equilibrium points of this system arise whenever ȧ = ä = 0, which implies that

γ_{eff} (a_{eq}) = 2 3 , H(a_{eq}) = 0 . (5)

The stability of the system (3)-(4) can be determined by linearising about the equilibrium points and evaluating the corresponding eigenvalues. It is straightforward to show that the eigenvalues are given by

λ^2 = − 3 2 [ 1 a^2 dγ_{eff} d ln a ] eq . (6)

In general, therefore, a necessary and sufficient condition for the equilibrium point to be a centre is

λ^2 < 0 , H = 0 , γ_{eff} = 2 3 , dγ_{eff} d ln a > 0 , (7) whereas the corresponding condition to be a saddle is

λ^2 > 0 , H = 0 , γ_{eff} = 2 3 , dγ_{eff} d ln a < 0 . (8) It is interesting to note that under the assumptions we have made, centre and saddle points are the only types of equilibrium points permitted.

B. Braneworld Scenarios

The four-dimensional cosmological dynamics for a wide class of positively-curved FRW braneworld scenarios can be modeled in terms of a generalized Friedmann equation of the form

H^2 =

8πℓ^2_{Pl} 3 ρL^2(ρ) + f(a) − 1 a^2

, (9)

where ρ is the total energy density of the matter confined to the brane. The function L(ρ) is assumed to be positive-definite and parametrizes the departure of the model from the standard relativistic behaviour, H^2 ∝ ρ. The function f(a) is a function of the scale factor and, in a braneworld context, usually parametrizes the effects of a bulk black hole on the four-dimensional dynamics [32, 33, 34]. If the matter fields are confined to the brane, they satisfy the standard conservation equation ρ̇ = −3Hγρ , (10) where the equation of state parameter is defined by p = (γ − 1)ρ and is once more to be viewed implicitly as a known function of the scale factor.

The system (9)-(10) can be expressed in the standard form of Eqs. (1)-(2) by defining an effective energy density [35]

ρ_{eff} = ρL^2 + 3 8πℓ^2_{Pl} f(a) . (11)

Differentiating Eq. (11) and comparing with Eq. (2) then implies that the effective equation of state parameter has the form

γ_{eff} = [ γ ( ρL^2 + ρ^2 d(L^2) dρ ) − 1 8πℓ^2_{Pl} df d ln a ]

× ( ρL^2 + 3 8πℓ^2_{Pl} f )_{−1} . (12)

In principle, therefore, if the conservation equation (10) can be solved for a given equation of state, γ(a), the effective equation of state (12) will be a known function of the scale factor once the functional forms of L(ρ) and f(a) have been specified for a particular braneworld model. Differentiation will then yield the necessary information required in order to determine the existence (or not) of the centre and saddle equilibrium points, as summarized in Eqs. (7) and (8).

In the following Section, we will employ these results within the context of a specific braneworld model.

IV. SHTANOV-SAHNI BRANEWORLD

The Shtanov-Sahni (S-S) braneworld scenario embeds a co-dimension one brane with a negative tension σ̃ in a five-dimensional Einstein space sourced by a positive cosmological constant, where the fifth dimension is timelike [26, 36]. The effective Friedmann equation on the brane is given by [26, 36, 37]

H^2 =

8πℓ^2_{Pl} 3 [ ρ − ρ^2 2σ ] + m a^4 − 1 a^2

, (13)

where σ ≡ −σ̃. If the bulk space is not conformally flat, the projection of the five-dimensional Weyl tensor induces an effective ‘dark radiation’ term on the brane, parametrized by the constant m [32, 33, 34]. A conformally flat bulk corresponds to m = 0. Under quite general conditions, a negative quadratic dependence on the energy density in the Friedmann equation (13) implies that a collapsing brane world-volume is able to undergo a non-singular bounce [26].

Comparison of the Friedmann equations (9) and (13) implies immediately that

L^2 = ( 1 − ρ 2σ ) , f(a) = m a^4

, (14) and substituting Eq. (14) into Eq. (12) implies that the effective equation of state parameter is given by

γ_{eff} = γρ(1 − ρ/σ)a^4 + m/2πℓ^2_{Pl} ρ(1 − ρ/2σ)a^4 + 3m/8πℓ^2_{Pl}

. (15)

Since we are interested in whether a graceful entrance to inflation can occur in this model, we will determine the equilibrium points that arise when the matter confined to the brane corresponds to a scalar field that is rolling along a constant potential, V . This is equivalent to a matter source comprised of a massless scalar field and a cosmological constant. The equation of state for the system is given by

γ = 2 ( 1 − V ρ ) . (16)

In general, the equilibrium points for this system will arise whenever Eqs. (7) or (8) are satisfied. It follows from Eqs. (13) and (15) that such points occur when

8πℓ^2_{Pl} 3 ( ρ − ρ^2 2σ ) + m a^4 = 1 a^2

, (17) γ ( ρ − ρ^2 σ ) − 2 3 ( ρ − ρ^2 2σ ) = − m 4πℓ^2_{Pl} 1 a^4

. (18)

For finite values of the scale factor, Eq. (17) may be simplified after substitution of Eq. (18): 1 a^2

= 4πℓ^2_{Pl}ρ [ 4 3 − 2ρ 3σ + γ ( ρ σ − 1 )] , (19)

and Eq. (19) may then be employed to express Eq. (17) in the form of a quartic equation in the energy density:

8πℓ^2_{Pl}m [ 2ρ^2_{eq} 3σ − ( 1 3 + V σ ) ρ_{eq} + V

]_2

− 5ρ^2_{eq} 6σ + ( 2 3 + V σ ) ρ_{eq} − V = 0 . (20)

The solutions to Eq. (20) yield the values of the energy density at the equilibrium points and the corresponding value of the scale factor can then be deduced directly from Eq. (19). For physical solutions, one must ensure that the energy density and scale factor are positive and real at each equilibrium point.

The dark radiation on the brane can significantly influence the dynamics of the system. In view of this, we consider separately the cases where this radiation is present or absent in the following Sections.

V. NO DARK RADIATION

If no dark radiation is present (m = 0), the quartic equation (20) reduces to the quadratic constraint

10ρ^2_{eq} 3σ − ( 8 3 + 4V σ ) ρ_{eq} + 4V = 0 , (21) and this equation can be solved in terms of the field’s kinetic energy:

ϕ̇^2_{eq} = 4σ − 4V ± 2 [ 9V^2 − 18V σ + 4σ^2 ]_{1/2} 5 . (22)

It follows that there can be at most two static (physical) solutions to the Friedmann equations (9) and (10), depending on the magnitude of the potential. If V < 0, there is only one solution to Eq. (21) with ϕ̇^2 > 0, implying there is only one equilibrium point in the phase space. For V = 0, there is one solution with ϕ̇^2 > 0 and a second, but physically uninteresting, point where the field’s kinetic energy vanishes and the scale factor diverges. For a positive potential, on the other hand, there are two real roots to Eq. (21) if the condition

9V^2 − 18V σ + 4σ^2 > 0 , (23)

is satisfied. The values of the potential which bound the region of parameter space in which there are no real solutions are therefore given by V = ( 1 ± √ 5 3 ) σ . (24)

We find that for 0 < V < V_{crit}, where

V_{crit} ≡ ( 1 − √ 5 3 ) σ , (25)

there are two real solutions to Eq. (21). Moreover the roots are physical, since they are positive and lead to real values of the scale factor. The roots merge and disappear at V_{crit}. Although other solutions to Eq. (21) arise when the potential is greater than the positive branch of Eq. (24), these do not correspond to physical equilibrium points, either because the solution requires ϕ̇^2 < 0 or the value of the scale factor is imaginary.

Hence, there are two static equilibrium points for 0 < V < V_{crit}. The nature of these points can be determined from condition (6) after substituting Eqs. (15), (17) and (21) and we find that the eigenvalues are given by

λ^2 = 4πℓ^2_{Pl}ϕ̇^2 [ 4 − 1 σ ( 5ϕ̇^2 + 4V )] . (26)

This implies that a given point will correspond to a centre if ϕ̇^2 >^4_5 (σ − V ), otherwise it will represent a saddle. Consequently, for physical roots to Eq. (21), the field’s kinetic energy has a value

ϕ̇^2_{eq} = −4V + 4σ + 2 √ 9V^2 − 18V σ + 4σ^2 5 , (27)

at the centre equilibrium point, whereas it takes the value

ϕ̇^2_{eq} = −4V + 4σ − 2 √ 9V^2 − 18V σ + σ^2 5 , (28) at the saddle.

It follows from Eqs. (27) and (28) that the centre and saddle equilibrium points move towards each other as the value of the potential is increased, eventually merging and disappearing at V = V_{crit}. These are precisely the requirements for a graceful entrance to inflation that were outlined in Section II.

We now proceed to illustrate the cosmic dynamics in the phase space. The dynamics is clearly twodimensional due to the Friedmann constraint equation (13). In principle, therefore, the phase space could be represented in two dimensions by introducing appropriate variables. However, this may be non-trivial in practice, since more than one set of variables may be required. (This would then imply that more than one phase plane diagram would be needed in order to present the full dynamics). In the context of the present discussion, it proves convenient to numerically integrate the field equations and then view the evolution of the universe in the three-dimensional space spanned by {a, H, ϕ̇}. Since the Friedmann constraint defines a surface in this phase space, the evolution of the universe can then be parametrized in terms of a trajectory on this surface. In the following, we will refer to such a surface as the Friedmann surface. Identifying a coordinate system that covers the Friedmann surface is then equivalent to finding variables in which the dynamical system becomes explicitly two-dimensional, and the need for more than one coordinate patch to cover the surface is then equivalent to requiring more than one set of variables to complete the phase space.

We focus on the case of a positive potential since we are interested in establishing the conditions for inflation via the graceful entrance mechanism. Fig. 2 illustrates the Friedmann surface and the integrated trajectories on this surface when V < V_{crit}. The lower part of the figure represents the projection of these trajectories onto the two-dimensional plane spanned by the variables {ϕ̇, H}. The two equilibrium points representing the centre and saddle are shown. Fig. 3 illustrates the corresponding dynamics for V > V_{crit}, where the equilibrium points have effectively merged. All trajectories now evolve through a bounce into an ever-expanding inflationary period of de Sitter expansion with H → constant, ϕ̇ → 0 and a → ∞.

Comparison between the phase spaces of Fig. 1 and those of Figs. 2 and 3 confirms that a graceful entrance to inflation, as outlined in section II, can occur in this model.

VI. EFFECTS OF DARK RADIATION

In the case where dark radiation plays a dynamical role in the Friedmann equation (13), the full quartic expression given by Eq. (20) must be solved to determine the nature of the equilibrium points. One must also ensure that the scale factor and kinetic energy of the field take positive and real values at these points. The con-

FIG. 2: The top panel represents the phase space in the variables {H, ϕ̇, a}, when m = 0, σ = 0.05 and 0 < V < Vcrit , where Vcrit is defined in Eq. (25). Numerical values are given in Planck units. The surface defined by the Friedmann equation (13), with ρ = ϕ̇^2/2+V , is also shown and all phase space trajectories lie on this surface. The compactified coordinates x ≡ arctan(H), y ≡ arctan(ln ϕ̇) and z ≡ arctan(ln a) have been employed in order to show the entire phase space. The lower panel represents the two-dimensional projection of this space onto the plane spanned by the variables {H, ϕ̇}. The centre equilibrium point is denoted by the solid circle and the separatrix is represented by the dotted line. The saddle point occurs at the point where the separatrix self-intersects. The axes have been compactified using the coordinate change x = arctan(H) and y = arctan(ln ϕ̇).

straint (20) can be solved analytically using the standard techniques for quartic equations, but since the resulting expressions for the roots are very lengthy, we will not present them here. However, further insight may be gained by investigating the topology of the Friedmann surface. This may be achieved by rewriting the Friedmann constraint equation (13) in the form of a hyperboloid:

H^2 +

8πℓ^2_{Pl} 3 ( ϕ̇2 2 √ 2σ − ( √ 2σ 2 − V √ 2σ ))_2

FIG. 3: As for Fig. 2, but now for a potential V > Vcrit. There are no finite equilibrium points in the phase space in this region of parameter space.

− ( √ m a^2 − 1 2 √ m )_2 = 4πℓ^2_{Pl}σ 3 − 1 4m . (29)

Provided V < σ, the hyperboloid’s topology depends only the relative values of the dark radiation parameter, m, and the brane tension, σ. Indeed, there is a critical value of m at which the topology changes and this is given by

m_{crit} = 3 16πℓ^2_{Pl} 1 σ . (30)

Consequently, the surface defined by Eq. (29) consists of two disconnected pieces if m < m_{crit}, whereas it is a single surface for m > m_{crit}. It is possible that one of the two surfaces may correspond to a region where ϕ̇2 < 0, in which case it would be unphysical. However, the qualitative dynamics of the universe will clearly be radically different above and below the critical value m_{crit} and we therefore proceed to consider each regime in turn.

FIG. 4: Illustrating the position and nature of the equilibrium points as a function of the field’s kinetic and potential energies when 0 < m < mcrit. A dashed line corresponds to a saddle point and a solid line to a centre point. The critical value Vcrit2 represents the magnitude of the potential when one of the centre points and the saddle disappear from the phase space. The numerical values chosen for the plot were σ = 0.05 and m = 1.0 and the axes are measured in Planck units.

A. m < mcrit

Since the analytic expressions for the solutions to the quartic equation (20) are not particularly illuminating, we have employed them graphically to illustrate how the nature of the equilibrium points depends on the field’s kinetic and potential energies for specific values of the dark radiation parameter and the brane tension. Eq. (19) was also employed to verify that the solutions to Eq. (20) correspond to physical values of the scale factor, and their stability was determined from Eq. (6).

The results are shown in Fig. 4 for m = 1 and σ = 0.05, where the locations of the saddle and centre equilibrium points for given field energies are represented by the solid and dashed lines, respectively. The qualitative behaviour is the same for all m < m_{crit}. There is a critical value of the potential, V_{crit2}, such that there are three real roots to the quartic equation (20) when 0 < V < V_{crit2}. These correspond to three distinct equilibrium points, two of which are centres whereas the third is a saddle point. At V = V_{crit2}, however, the saddle and one of the centre points merge and, for V > V_{crit2}, these points correspond to unphysical roots. Consequently, there is only one equilibrium point for V > V_{crit2} and this is a centre.

The qualitative evolution of the universe in the regimes V < V_{crit2} and V > V_{crit2} is shown in Figs. 5 and 6, respectively, where the trajectories have been calculated by numerically integrating the field equations for the specific choices m = 1 and σ = 0.05. The topology of the Friedmann surface in the upper panels of these figures, together with Eq. (29), implies that the entire phase space can be represented as a single two-dimensional plot by employing cylindrical polar coordinates. These are shown in the lower panels of the figures.

The dynamics in the upper sectors of the Friedmann surface in Figs. 5 and 6 is qualitatively similar to the case where no dark radiation is present (m = 0). The lower sector of the Friedmann surface contains the new centre equilibrium point that arises when m ≠ 0. This point is real for all values of the potential. Hence, as shown in Figs. 5 and 6, the universe remains trapped in an indefinite cycle of expansion and contraction if it is initially located in the lower half of the Friedmann surface. This behaviour can be understood since a sufficiently large (positive) cosmological constant introduces a large negative effective cosmological constant in the Friedmann equation (13) as a consequence of the quadratic term in the energy density. This will prevent the universe from entering a phase of accelerated inflationary expansion. Indeed, although is is not relevant for the graceful entrance mechanism, it can be shown that if V exceeds yet another critical value, the upper region of the Friedmann surface is no longer physical since the field’s kinetic energy becomes negative. In effect, therefore, the size of the universe is bounded from above.

By comparing the qualitative dynamics of the universe when no dark radiation is present (Figs. 2 and 3) to that illustrated in the upper sectors of the Friedmann surfaces in Figs. 5 and 6, we may infer that a graceful entrance to inflation, as outlined in Section II, may in principle occur for suitable choices of initial conditions.

B. m > mcrit

We may adopt a similar approach for m > m_{crit}. Fig. 7 illustrates the position and nature of the physically relevant equilibrium points as a function of the field’s kinetic and potential energies for the specific choices m = 1.4 and σ = 0.05. The qualitative nature of this plot remains unaltered for all m > m_{crit}. It follows from Fig. 7 that there is only a single saddle equilibrium point when the magnitude of the potential is below a critical value V_{crit3}. There is then a finite range of values of the potential, V_{crit3} ≤ V ≤ V_{crit4}, for which there are no physical equilibrium points. For V > V_{crit4}, on the other hand, there exists both a centre and a saddle equilibrium point, and at still higher values of the potential, the saddle point disappears once more. However, the equilibrium points which occur above V_{crit4} are not relevant to the graceful entrance scenario.

Figs. 8 and 9 illustrate the Friedmann surface and and the corresponding phase trajectories for V < V_{crit3} and V_{crit3} < V < V_{crit4}, respectively. In Fig. 8, the saddle point represents a divide between cyclic and inflationary behaviour, although it should be noted that the cyclic dynamics does not occur around a centre equilibrium point in this case. For V > V_{crit3}, the saddle point disappears and all trajectories eventually evolve into an

FIG. 5: The top panel represents the phase space in the variables {H, ϕ̇, a}, when m = 1.0, σ = 0.05 and 0 < V < Vcrit2 . The surface defined by the Friedmann equation (13), with ρ = ϕ̇^2/2 + V , is also plotted. The phase space trajectories lie on this surface. The axes have been compactified using the rescalings x = arctan(H), y = arctan(ln ϕ̇) and z = arctan(ln a). The lower panel illustrates a corresponding two-dimensional phase space. It follows from Eq. (29) that there exists an axis of symmetry parallel to the a-axis through the point H = 0, ϕ̇^2 = 2σ − 2V . Cylindrical polar coordinates can then be defined by using this axis. Specifically, we define a = a, X = Rcosθ

and Y = Rsinθ, where X = √_{8πℓ2Pl} √ 3 (_{ϕ̇2} 2 √ 2σ − (_{√2σ} 2 −^{V√}_{2σ} )) , Y = H, and R = ((_{√m} a2 −^1_2√_m

)_2 +^{4πℓ2Plσ}_3 −^1_{4m}

) 1_2 . The

two-dimensional plot is then presented in the {θ, a} plane, where we have once more compactified the a-axis using y = arctan(ln a). This diagram is essentially a projection of the top panel about the axis defined above, with the points at θ = π identified with those at θ = −π. The shaded areas mark the unphysical regions in this coordinate system. The centre equilibrium points are identified by a solid circle and the separatrix is represented by a dotted line. The saddle point occurs at the point where the separatrix intersects with itself.

FIG. 6: As in Fig. 5, but now for a potential V > Vcrit2 . There are no saddle points and only one centre equilibrium point in the phase plane.

FIG. 7: As for Fig. 4, but now for the case where m > mcrit. Numerical values chosen for the parameters are m = 1.4 and σ = 0.05 in Planck units.

inflationary region, as shown in Fig. 9. As was the case

FIG. 8: The top and bottom panels are as described for Fig. 5, but now for m > mcrit and 0 < V < Vcrit3 . Numerical values for the parameters are m = 1.4 and σ = 0.05 in Planck units. Trajectories representing cyclic behaviour arise in this case but there are no centre equilibrium points and only a single saddle point is present.

in the previous subsection, it can be shown that for a sufficiently large value of the potential, the Friedmann surface becomes modified in such a way that the surface is bounded to always lie below a critical value of the scale factor. This implies that the size of the universe is bounded from above and such behaviour follows once more due to the presence of an effective negative cosmological constant in the Friedmann equation.

The question of whether a graceful entrance to inflation is possible if m > m_{crit} is more difficult to answer. The key features of a cyclic region and a saddle point in the phase space, which disappear at a critical value of the potential, are indeed present. However, there is a further complication. For m < m_{crit}, the cyclic dynamics is always dominated by the field’s kinetic energy, but this is no longer the case when m > m_{crit}.

Further insight may be gained from Figs. 8 and 9. The shaded gray areas (red in the online versions) represent the regions of phase space where the field’s kinetic en-

FIG. 9: The top and bottom panels are as described for Fig. 5, but now for m > mcrit and Vcrit3 < V < Vcrit4 . Numerical values of the parameters are specified as m = 1.4 and σ = 0.05 in Planck units. There are no equilibrium points for this case.

ergy is negative, with the boundaries corresponding to the limit ϕ̇^2 = 0. For a realistic (i.e. sufficiently flat but field-dependent) potential, this implies that on a trajectory which passes sufficiently close to these boundaries in the ‘instantaneous phase space’, the field’s kinetic energy will be so small that the gradient of the potential will become significant. This will result in the kinetic energy of the field falling to zero and the field turning around on the potential before it has climbed sufficiently far up the potential to drive a successful phase of slow-roll inflation. In the previous cases, such behaviour was only possible in the region of parameter space relevant to inflation, or in a region disconnected from it, such as the lower section of the Friedmann surface. In the present case, however, the two regions of the previously disjointed Friedmann surface are connected. In effect, therefore, the turn around in the field may occur too soon for inflation to occur if m > m_{crit}.

More specifically, let us assume as before that we have a realistic inflationary potential, with a magnitude initially in the range 0 < V < V_{crit3}, and that the universe begins in the oscillatory region of the phase space. As the universe oscillates, the field climbs its potential. In terms of Fig. 8, the instantaneous phase space is therefore altered, with the saddle point moving to successively smaller values of the scale factor, and the shaded (physically forbidden) regions growing in size. Ultimately, a point will be attained when the universe’s trajectory either moves outside the region of the oscillations or it passes too close to the boundary of the lower, shaded region. If the former behaviour arises, the graceful entrance dynamics applies as in the previous scenarios discussed above. On the other hand, in the latter case, the field may turn around on the potential without inflation occurring, since the scale factor will still be small at this stage and consequently the curvature term in the Friedmann equation will be significant. Such behaviour is qualitatively similar to the effect discussed in the LQC scenario when perfect fluid matter sources are introduced into the system [19]. The issue of whether a graceful entrance to inflation may occur is therefore sensitive to the initial conditions.

VII. DISCUSSION

In this paper, we have examined the criteria that a cosmological model must satisfy in order for it to undergo a ‘graceful entrance’ into a phase of inflation, whereby a scalar field is able to move up its interaction potential whilst the universe undergoes a large number of oscillatory cycles. Our approach has been to consider an idealized model, where the matter is comprised of a scalar field evolving along a constant potential. This system provides a good approximation to more realistic scenarios where the potential is field-dependent if the change in the potential is sufficiently small over a large number of cycles. It therefore provides us with a methodology for identifying whether a particular cosmological scenario will meet the necessary requirements for graceful entrance.

The mechanism we have outlined is very generic. The important ingredients are that the phase space should exhibit both a centre and saddle equilibrium point when the magnitude of the potential V falls below a critical value V_{crit}. These points gradually move towards each other as V increases and eventually merge when V = V_{crit}. Above this scale, the points should disappear from the phase space. From the physical viewpoint, this behaviour arises because the potential now dominates the field’s kinetic energy, V > ϕ̇^2, and consequently drives a phase of inflationary expansion. It follows that the critical value V_{crit} sets the energy scale for the onset of inflation.

We have developed a framework for investigating a general class of braneworld models in this context that are characterized by a Friedmann equation with an arbitrary dependence on the energy density. Such a class of models can be represented as a standard, relativistic Friedmann universe by reinterpreting the effective equation of state of the matter on the brane. As a concrete example, we focused on the Shtanov-Sahni braneworld [26], where the extra bulk dimension is timelike. We found that the question of whether the braneworld oscillates or expands indefinitely is dependent on the field’s kinetic and potential energies, as well as the dark radiation and the brane tension, σ. If the dark radiation is negligible, the phase space has a similar structure to that outlined above and a graceful entrance to inflation can therefore be realised, where the energy scale at the onset of inflation is given by V_{crit} ≈ σ. The dark radiation can have a significant effect on the dynamics, however, and the question of whether a graceful entrance is possible when this term is present is sensitive to the initial conditions.

In conclusion, therefore, we have presented a nonsingular, oscillating braneworld that can in principle exhibit a graceful entrance to inflation. We anticipate that such behaviour will apply for a wide range of collapsing braneworld scenarios that are able to undergo nonsingular bounces (see, e.g., [27]) and, moreover, will not be strongly dependent on the precise form of the inflaton potential. Similar dynamics was recently shown to arise in models inspired by loop quantum cosmology [16, 17, 18] and it is interesting that such behaviour is also possible in braneworld models motivated by string/Mtheory.

Finally, our analysis also provides the basis for realising the recently proposed emergent universe scenario in a braneworld context [18, 38]. In this scenario, the initial state of the universe is postulated to be either an Einstein static universe or one that is oscillating about such a solution in the infinite past. The potential has an asymptotically flat section, where V < V_{crit} as ϕ → −∞, but subsequently increases above V_{crit} once the value of the field has increased beyond a certain value. If the field is initially located in the plateau region of the potential and moving in the appropriate direction, it will eventually reach the section of the potential which rises above V_{crit}, thus initiating inflation. Within the framework of classical Einstein gravity, the emergent universe scenario suffers from severe fine-tuning, since the static universe corresponds to a saddle point in the phase space. However, a mechanism which allows for a graceful entrance to inflation provides a natural realization of this scenario with less fine tuning and a greater degree of freedom in the choice of inflationary potential.

Acknowledgments

DJM is supported by PPARC. We thank R. Tavakol for numerous discussions.

[1] A. A. Starobinsky, Phys. Lett. 91B, 99 (1980). [2] A. H. Guth, Phys. Rev. D 23, 347 (1981). [3] A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982).

[4] S. W. Hawking and I. G. Moss, Phys. Lett. 110B, 35 (1982).

[5] A. D. Linde, Phys. Lett. 108B, 389 (1982). [6] A. D. Linde, Phys. Lett. 129B, 177 (1983). [7] J. E. Lidsey, A. R. Liddle, E. W. Kolb, E. J. Copeland, T. Barreiro, and M. Abney, Rev. Mod. Phys. 69, 373 (1997), astro-ph/9508078.

[8] D. H. Lyth and A. Riotto, Phys. Rep. 314, 1 (1999), hep-ph/9807278.

[9] A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large-Scale Structure (Cambridge University Press, Cambridge, 2000).

[10] B. A. Bassett, S. Tsujikawa, and D. Wands, astro-ph/0507632.

[11] H. V. Peiris et al., Astrophys. J. Suppl. 148, 213 (2003), astro-ph/0302225.

[12] C. Rovelli, Liv. Rev. Rel. 1, 1 (1998), gr-qc/9710008. [13] T. Thiemann, Lect. Notes Phys. 631, 41 (2003), gr-qc/0210094.

[14] M. Bojowald, gr-qc/0505057.

[15] M. Bojowald, Phys. Rev. Lett. 89, 261301 (2002), gr-qc/0206054.

[16] J. E. Lidsey, D. J. Mulryne, N. J. Nunes, and R. Tavakol, Phys. Rev. D70, 063521 (2004), gr-qc/0406042.

[17] D. J. Mulryne, N. J. Nunes, R. Tavakol, and J. E. Lidsey, Int. J. Mod. Phys. A20, 2347 (2005), gr-qc/0411125.

[18] D. J. Mulryne, R. Tavakol, J. E. Lidsey, and G. F. R.

Ellis, Phys. Rev. D 71, 123512 (2005), astro-ph/0502589. [19] N. J. Nunes, Phys. Rev. D 72, 103510 (2005), astro-ph/0507683.

[20] J. Polchinski, String Theory, 2 Vols. (Cambridge University Press, Cambridge, 1998).

[21] C. V. Johnson, D–Branes (Cambridge University Press, Cambridge, 2003).

[22] T. Ortín, Gravity and Strings, (Cambridge University Press, Cambridge, 2004).

[23] R. Maartens, Liv. Rev. Rel. 7, 7 (2004), gr-qc/0312059. [24] P. Brax and C. van de Bruck, Class. Quantum Grav. 20, R201 (2003), hep-th/0303095.

[25] P. Brax, C. van de Bruck, and A-C. Davis, Rept. Prog.

Phys. 67, 2183 (2004), hep-th/0404011.

[26] Y. Shtanov and V. Sahni, Phys. Lett. B557, 1 (2003), gr-qc/0208047.

[27] C. P. Burgess, F. Quevedo, R. Rabadan, G. Tasinato, and I. Zavala, JCAP 0402, 008 (2004), hep-th/0310122.

[28] P. Kanti and K. Tamvakis, Phys. Rev. D 68, 024014 (2003), hep-th/0303073.

[29] J. L. Hovdebo and R. C. Myers, JCAP 0311, 012 (2003), hep-th/0308088.

[30] S. Foffa, Phys. Rev. D 68, 043511 (2003), hep-th/0304004.

[31] Y-S. Piao and Y-Z. Zhang, Nucl. Phys. B725, 265 (2005), gr-qc/0407027.

[32] T. Shiromizu, K. Maeda, and M. Sasaki, Phys. Rev. D 62, 024012 (2000), gr-qc/9910076.

[33] S. Mukohyama, Phys. Lett. B473, 241 (2000), hep-th/9911165.

[34] D. Ida, JHEP 0009, 014 (2000), gr-qc/9912002. [35] E. J. Copeland, J. E. Lidsey, and S. Mizuno, gr-qc/0510022.

[36] Y. Shtanov, Phys. Lett. B541, 177 (2002), hep-ph/0108153.

[37] G. Kofinas, JHEP 0108, 034 (2001), hep-th/0108013. [38] G. F. R. Ellis and R. Maartens, Class. Quantum Grav.

21, 223 (2004), gr-qc/0211082.