arXiv:hep-th/0602007 v2 13 Feb 2006

Sigma model from SU(1, 1|2) spin chain

S. Bellucci, P.-Y. Casteill INFN – Laboratori Nazionali di Frascati, Via E. Fermi 40, 00044 Frascati, Italy

February 13, 2006

Abstract

We derive the coherent state representation of the integrable spin chain Hamiltonian with supersymmetry group SU(1, 1|2). By the use of a projected Hamiltonian onto bosonic states, we give explicitly the action of the Hamiltonian on SU(2) × SL(2) coherent states. Passing to the continuous limit, we find that the corresponding bosonic sigma model is the sum of the known SU(2) and SL(2) ones, and thus it gives a string spinning fast on S^1_{ϕ1} × S^1_{φ1} × S^1_{φ2} in AdS_5 × S^5. The full sigma model on the supercoset SU(1, 1|2)/SU(1|1)^2 is given.

Contents

1 Introduction 2

2 The coherent state 4

3 Hamiltonian action on SU(1, 1|2) states 6

4 SU(1, 1|2) sigma model 8 4.1 SU(2) × SL(2) truncated Hamiltonian . . . . . . . . . . . . . . . . . . . . 8 4.2 Continuous limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

5 Bosonic string action 11

6 Conclusion 12

A su(1, 1|2) algebra 13

1 Introduction

The AdS/CFT correspondence[1, 2, 3] between strings on anti-de Sitter (AdS) spaces and boundary gauge theories has generated much interest in recent years. One of the most studied examples relates string theory on AdS_5 ×S^5 to N = 4 supersymmetric Yang-Mills (SYM) gauge theory. String states in the bulk are dual to gauge invariant operators in the boundary and an increasing holographic dictionary between their correlation functions has been derived. In [4], this holographic correspondence was established in the neighborhood of null geodesics of AdS_5 × S^5, where the geometry looks like a pp-wave [5]. On such a geometry, string theory is known to be solvable [6, 7], while on the gauge theory side it corresponds to SYM operators with large R-symmetry charge J. In [8]-[17], the authors studied the fluctuations around semiclassical spinning strings and showed that, there also, energies of classical string solutions matched anomalous dimensions of SYM operators with large charges. Recently the matrix model approach to the anomalous dimension matrix in N = 4 SYM theory was considered [18].

On the gauge theory side, the planar one-loop anomalous dimensions in N = 4 SYM turned out to be described by integrable spin chain Hamiltonians [19, 20, 21]. Thanks to integrability, strong progress was then achieved in the comparison of the spectrums on both sides, as it allowed to use powerful Bethe Ansatz techniques^1. We refer the reader to [30]-[35] for extensive reviews and citations and to [36, 37] for recent important results on the subject where the authors give the Bethe Ansätze for the full SU(2, 2|4) group in the thermodynamic limit at one and higher loops.

In the continuous (BMN) limit, where J ≫ 1, the spin chains can be identified with the worldsheet of closed strings^2. The spin chain excitations give then the string profile in the symmetry group taken as target space and the spin chain Hamiltonian describes the

1When non-planar corrections are included [22]-[29], there arises an interesting question, about the possibility of an extended or modified notion of (quasi) integrability.

2For a treatment of the problem of fermion doubling and the BMN correspondence, see [38, 39, 40].

dynamic of the string. As for the BMN case, the perturbative regime of SYM is accessible to this limit and accordingly, string and spin chain sigma model actions should agree. By the use of a coherent vector description of the spin chain, this was shown to be the case in [41] for the SU(2) subsector of the theory. Extension to the whole SO(6) and its other compact subgroups was then performed in [42]-[46]. The non compact SL(2) case was studied in [44, 47, 48]. This study was extended to the supersymmetric sectors SU(1|2) [49] , SU(1, 1|1) [50] and SU(2|3) [49, 51]. In this last paper, the authors also discussed on a generalisation to the full SU(2, 2|4).

In all cases, semiclassical spinning string states were identified with coherent states. These are built from spin chain states by acting with the coset G/H_{|0⟩} on a vacuum |0⟩, with G the subsector studied and H_{|0⟩} the stabilizer of G by respect to |0⟩. Because of the properties of the coherent states, one can go to a path integral formulation without loosing any information of the initial theory. Passing then to the continuous limit along the spin chain gives the sigma model. We refer the reader to [52]-[65] for further developments in this subject.

We will focus in this paper on the SU(1, 1|2) sector of the theory. This sector is interesting as it generalizes the two simpler bosonic sectors SU(2) and SL(2). Each of these two subsectors carry information from the two main bosonic parts of SU(2, 2|4) which are SO(2, 4) and SO(6), and interact between themselves via supersymmetric charges. The SU(1, 1|2) sector corresponds to SYM operators made out of two scalars carrying different SU(2) charges and two fermions, plus derivatives along a fixed direction (SL(2) charge). The corresponding Bethe Ansatz in the thermodynamic limit is discussed in details in [36, 37]. The sector is non compact, and its representations are thus infinite dimensional. We first derive a coherent state representation of the spin chain Hamiltonian. Like in the simpler SU(1, 1|1) case [50], the Hamiltonian results to have a non-linear form, with a logarithmic term. But moreover, it cannot be expressed, as it was the case for the SU(1, 1|2) subgroups, in terms of the square on the superspace of a single vector (⃗n_2 −⃗n_1)^2 built from coherent states. This makes its fermionic part quite involved. However, by passing to the continuous limit where expressions simplify a lot, the fermions reassemble in the simple square ∂⃗n^2, like in [49, 50, 51]. The so obtained sigma model should then correspond to a string moving on the supercoset SU(1, 1|2)/SU(1|1)^2 . We check that this is at least the case for the bosonic action that turn out to be the sum of the SU(2) and SL(2) sigma models [41, 44, 47].

The paper is organized as follows. In Section 2 we build the SU(1, 1|2) coherent state. In Section 3, we give an expression of the two-site Hamiltonian suitable for acting on our coherent states. In Section 4 we derive the sigma model on the group manifold SU(1, 1|2)/SU(1|1)^2. As the fermionic part of the Hamiltonian action on coherent states resulted into a too long and too complicated expression to be presented in a paper (69 terms), we do this in two steps. First, we focus in Subsection 4.1 on a truncated Hamiltonian acting on SU(2) × SL(2) spin chains. It consists in the projection of the full SU(1, 1|2) Hamiltonian onto pure bosonic states. Its action on two coherent states is given explicitly and gives rise to a strange mix between the SU(2) and SL(2) separate actions. Then in Subsection 4.2, we go to the continuous limit, putting back the fermions. In Section 5 we show that the bosonic sigma model arises when considering a string spinning fast on S^1_ϕ on AdS_5 and S^1_{φ1} × S^1_{φ2} in S^5. Finally in Section 6 we summarize our results. Appendix A collect the definitions in terms of oscillators of states and charges, as well as the commutation relations of the SU(1, 1|2) algebra.

2 The coherent state

Coherent states are defined by the choice of a group G and a vacuum |0⟩ in a representation R of the group. We denote by H_{|0⟩} the corresponding stabilizer subgroup, i.e. the group of elements of G that leave |0⟩ invariant up to a phase. The coherent state is then defined by the action of a finite group element of g ∈ G/H_{|0⟩} on |0⟩. With G chosen as being SU(1, 1|2), we will take |0⟩ to be the physical vacuum |ϕ_0⟩. The generators for the algebra g are taken to be

T_A = (J_0, R_0, P, K, R_{23}, R_{32}, Q_2, Q_3, S_2, S_3, Q̇_2, Q̇_3, Ṡ_2, Ṡ_3) .

Conventions and details about the algebra and its singleton representation are given in appendix A. The stabilizer subgroup H_{|ϕ0 ⟩} is generated by

H_{|ϕ0⟩} = {J_0, R_0, Q_3, S_3, Q̇_2, Ṡ_2} = SU(1|1)^2 .

We chose the coherent state to be |⃗n⟩ = g(⃗n) |ϕ_0⟩ = e^{zR3,2 −z̄R2,3} e^{uP −ūK} e^{−ξQ2−ξ̄S2} e^{−θQ̇3 −θ̄Ṡ3} |ϕ_0⟩ , (2.1) where z = ψ e^{i φ} and u = ρ e^{i ϕ}. It is parameterized by four real parameters ρ, ψ, ϕ, φ and two complex Grassmann variables ξ and θ. The coherent state |n⟩ of the full spin chain writes as the direct product |n⟩ = |⃗n_1⟩ ⊗ |⃗n_2⟩ . . . |⃗n_J ⟩ (2.2) where each |⃗n_k⟩ denotes a coherent state (2.1) with its own parameters ρ_k(t), ψ_k(t), ... , and describes the spin chain excitation at site k and time t.

The spin chain action will then be given in terms of the spin chain Hamiltonian H by S = − ∫ dt ( i ⟨n| ∂_t |n⟩ + λ̂ ⟨n| H |n⟩ ) , (2.3)

which, after taking the continuous limit J → ∞, will lead us to the sigma model.

The first task consists in expending the coherent states in the basis {|ϕ_m⟩ , |Z_m⟩ , |λ_m⟩ , |μ_m⟩}, with ϕ, Z being scalar fields, λ, μ being fermions, and m = 0, 1, 2, . . . labelling the number of derivatives among a fixed direction. This is done using Table 4 and gives the following expression for the coherent state expression : |⃗n⟩ = ∞∑ m=0 e^{i m ϕ} tanh^mρ coshρ [ (1 +^1_2 ξξ̄ +^1_2 θθ̄ +^1_4 ξξ̄θθ̄) (cos ψ |ϕ_m⟩ + e^{i φ} sin ψ |Z_m⟩)

+ e^{−i ϕ}ξ θ coshρ ( m sinhρ

− sinhρ ) (cos ψ |Z_m⟩ − e^{−i φ} sin ψ |ϕ_m⟩)

− ξ coshρ

(1 +^1_2 θθ̄) |μ_m⟩ − θ coshρ

(1 +^1_2 ξξ̄) |λ_m⟩ ] . (2.4)

The coherent states |⃗n⟩, although not orthogonals, are normalized : ⟨⃗n | ⃗n⟩ = 1 . They are over-complete, i.e. they fulfill a resolution of unity : I= 2j_{sl2} − 1

4 π^2 ∫_{2π} 0 dϕ ∫_{2π} 0 dφ ∫^π_2 0 sin2ψ dψ ∫_∞ 0 sinh2ρ dρ ∫ dξdξ̄dθdθ̄ |⃗n⟩ ⟨⃗n| . (2.5) Here, j_{sl2} is the spin by respect to the sl(2) subalgebra. In our choice of states, it equals 1 2 for the bosons and 1 for the fermions. In an arbitrary j_{sl2} representation, the coherent state infinite expansion depends explicitly on j_{sl2} [66], and the integral over dρ gives a (2j_{sl2} − 1)^{−1} factor. Therefore, when acting on bosons, the integral should be seen as acting on coherent states |⃗n(j_{sl2})⟩ in the limit j_{sl2} →^1_2 (see [47] for details). It is possible to associate to each coherent state a point ⃗n = {n_{J0}, n_{R0}, · · · } in the superspace by defining n_A ≡ ⟨⃗n| T_A |⃗n⟩ . (2.6) The action of the charges is given in Table 4 and leads, after summation in (2.4) to

⃗n :

n_{J0} =^1_2 cosh2ρ (1 − ξξ̄ − θθ̄) n_{R0} =^1_2 cos 2ψ (1 + ξξ̄ + θθ̄) n_P = n_K = e^{−i ϕ} cosh ρ sinh ρ ( 1 − ξξ̄ − θθ̄ ) n_{R23} = n_{R32} = e^{i φ} cos ψ sin ψ ( 1 + ξξ̄ + θθ̄ ) n_{Q2} = n_{S2} = cos ψ cosh ρ ξ̄ − e^{−i (ϕ+φ)} sin ψ sinh ρ θ n_{Q3} = n_{S3} = e^{i φ} sin ψ cosh ρ ξ̄ + e^{−i ϕ} cos ψ sinh ρ θ n˙_{Q2} = n˙_{S2} = e^{−i ϕ} cos ψ sinh ρ ξ − e^{i φ} sin ψ cosh ρ θ̄ n˙_{Q3} = n˙_{S3} = e^{−i (ϕ+φ)} sin ψ sinh ρ ξ + cos ψ cosh ρ θ̄

. (2.7)

The resulting vector is null n^An_A = 0 with respect to the metric g_{AB} given by n_Am^A = g^{AB} n_Am_B (2.8) =^1_2 n_{J0} m_{J0} −^1_2 n_{R0} m_{R0} −^1_2 n_P m_K −^1_2 n_{R23} m_{R32} −^1_2 n_{Qi} m_{Si} −^1_2 n¯_{Qi} m¯_{Si} + h.c.

Contrary to the usual case, the metric is not defined through the Killing metric, which here vanishes identically, but is given by the Casimir of the group (see Appendix A). The first (Wess-Zumino) term in (2.3) can be easily evaluated by taking the derivative of (2.4) and then performing the infinite sum. It has the simple form i ⟨n| ∂_t|n⟩ = ∑ sites k [ − sinh^2ρ ∂_tϕ − sin^2 ψ ∂_tφ +^i_2 (ξ̄ D_tξ + ξ D̄_tξ̄ + θ̄ D_tθ + θ D̄_tθ̄) ] k (2.9) with the covariant derivative defined as

D_a ≡ ∂_a + i C_a , C_a ≡ sinh^2ρ ∂_aϕ − sin^2 ψ ∂_aφ . (2.10)

Evaluating the second term in (2.3) requires much more work. In order to compute the average of the Hamiltonian between two spin chain coherent states |n⟩, one should first express the Hamiltonian action on the basis {ϕ_m, Z_m, λ_m, μ_m}. This is done in the next section.

3 Hamiltonian action on SU(1, 1|2) states

We here rewrite the SU(1, 1|2) two-sites harmonic Hamiltonian given by Beisert in [20] in the {ϕ_m, Z_m, λ_m, μ_m} basis. The total Hamiltonian on the spin chain is then given by the summation over all two neighboring sites along the spin chain : H = J∑ k=1 H_{k k+1} . Omitting the site’s k indices, a two-sites state is given by |A_m, B_n⟩ ≡ |A_m⟩ ⊗ |B_n⟩, where A_m, B_m stand for any of the {ϕ_m, Z_m, λ_m, μ_m}. We have also to introduce some other definitions, accounting for the usual harmonic number h(m), a permutation operator^3 P, raising/lowering operators T^±_{1,2}, and a supersymmetric operator Q : h(m) = ∑_m i=1 1 i , P |A_m, B_n⟩ = |B_m, A_n⟩ , T^±_1 |A_m, B_n⟩ = |A_{m±1}, B_n⟩ , T^±_2 |A_m, B_n⟩ = |A_m, B_{n±1}⟩ , Q |A_m, B_n⟩ = |Q(A)_m, Q(B)_n⟩ , Q(ϕ) = λ , Q(λ) = ϕ, Q(Z) = −μ, Q(μ) = −Z . By looking to the general shapes arising from the action of the harmonic Hamiltonian [20] on states with a small number of derivatives, it is possible to get a whole picture of its general action in the SU(1, 1|2) subsector. One ends with three possible cases :

• Boson/boson interaction

H_{12} |A_k, B_l⟩ = [ h(k) + h(l) + 1 − P k + l + 1 ] |A_k, B_l⟩ + k∑ i=1 [ 1 − P k + l + 1 ( 1 − Q T^−_2 l + i ) − 1 i ] |A_{k−i}, B_{l+i}⟩ (3.1)

+ l∑ j=1 [ 1 − P k + l + 1 ( 1 + Q T^−_1 k + j ) − 1 j ] |A_{k+j} , B_{l−j} ⟩ 3Let us point out here that P permutes only letters, not their sl(2) charges, and it does not take into account supersymmetric gradings, as it is common in the literacy.

where letters A and B stand either for ϕ or Z.

• Fermion/fermion interaction

H_{12} |A_k, B_l⟩ = [ h(k + 1) + h(l + 1) − 1 − P k + l + 2 ( 1 + (k + 1) Q T^+_1 − (l + 1) Q T^+_2 )] |A_k, B_l⟩ + k∑ i=1 [ (l + 1) (1 − P) k + l + 2 ( Q T^+_2 − 1 l + i + 1 ) + 1 l + i + 1 − 1 i ] |A_{k−i}, B_{l+i}⟩ (3.2)

+ l∑ j=1 [ (k + 1) (1 − P) k + l + 2 ( −Q T^+_1 − 1 k + j + 1 ) + 1 k + j + 1 − 1 j ] |A_{k+j} , B_{l−j} ⟩ where letters A and B stand either for λ or μ.

• Boson/fermion interaction

H_{12} |A_k, B_l⟩ = [ h(k + F_A) + h(l + F_B) − ( F_B 1 + k + F_A 1 + l ) P ] |A_k, B_l⟩ + k∑ i=1 ( F_B − F_A P l + i + 1 − 1 i ) |A_{k−i}, B_{l+i}⟩ (3.3)

+ l∑ j=1 ( F_A − F_B P k + j + 1 − 1 j ) |A_{k+j} , B_{l−j} ⟩ where letters A and B stand for any letter, F_A and F_B being their respective supersymmetric grading (F_ϕ = F_Z ≡ 0 and F_λ = F_μ ≡ 1). The condition |F_A − F_B| = 1 is assumed.

One can remark here that in going from the oscillator picture to precise states {ϕ_m, Z_m, λ_m, μ_m}, the harmonic Hamiltonian [20] loses its very concise and elegant form. However, it gains two nice advantages : first, the conditions in the number of oscillators become implicit ; second, although more complicated, its computation can be done much faster. Indeed, the two-site harmonic Hamiltonian, because of its sum on possible permutations on oscillator sites, is computable in exponential time. Its derivation in the form given here is computable in linear time by respect to the number of oscillator composing the initial states. Therefore, while computations of states as e.g. H_{12} |ϕ_{10}, μ_{10}⟩ were reaching the capacities of normal computers, they become here immediate. Another expression computable in quadratic time was given in [67] as the anti-commutator of lowering/increasing length operators.

4 SU(1, 1|2) sigma model

The next task consists in taking the average of the Hamiltonian by two-sites coherent states :

⟨⃗n_1(ρ_1, ψ_1, · · · ), ⃗n_2(ρ_2, ψ_2, · · · )| H_{12} |⃗n_1(ρ_1, ψ_1, · · · ), ⃗n_2(ρ_2, ψ_2, · · · )⟩ . (4.1)

The computation is extremely long and tedious, as one has to act with equations (3.1), (3.2), (3.3) on two coherent states (2.4), and then perform a double or triple sum. It is however still doable with the extensive use of a computer.

In the SU(1, 1|1) case, it was possible to express the Grassmann variables appearing in (4.1) in a very compact form as they just summed up with the bosonic ones into a logarithm. We could not get a simple expression in the considered SU(1, 1|2) case. It seems that this is a direct consequence of the supersymmetric mixing between su(2) and sl(2) subalgebras. For the sake of simplicity, we will therefore just give the bosonic part of the two-site Hamiltonian average. We will return to fermionic considerations when taking the continuous limit, where expressions simplifies a lot.

4.1 SU(2) × SL(2) truncated Hamiltonian

In the SU(2) subsector, the average (4.1) was linear in (⃗n_1 − ⃗n_2)^2 [41], while this same square appeared^4 in a logarithm in the SL(2) [44, 47] and SU(1, 1|1) [50] subsectors. As we will see in this subsection, the average Hamiltonian in the SU(1, 1|2) sector cannot be expressed as a function of (⃗n_1 − ⃗n_2)^2 only.

As all fermions appear in the coherent state (2.4) together with a Grassmann variable, it is clear that the bosonic part of the average Hamiltonian (4.1) will be given by (i) restricting ourselves to coherent states with Grassmann variables set to zero and (ii) taking as Hamiltonian the projection of the bosonic/bosonic interaction (3.1) onto bosonic states. Computation of (ii) is straightforward, and leads to

H^{bosonic} 12 |A_k, B_l⟩ = [ h(k) + h(l) ] |A_k, B_l⟩ − k+l∑ i = 0 i ≠ k 1 |k − i| |A_i, B_{k+l−i}⟩

+ 1 − P k + l + 1 k+l∑ i=0 |A_i, B_{k+l−i}⟩

= H^{sl(2)}_{12} |A_k, B_l⟩ +

H^{su(2)}_{12} k + l + 1 k+l∑ i=0 |A_i, B_{k+l−i}⟩ . (4.2) Here, A and B stand for ϕ or Z. H^{sl(2)}_{12} is the sl(2) two-sites Hamiltonian found in [20], while H^{su(2)}_{12} ≡ 1 − P is the usual Heisenberg XXX_{1/2} two-sites Hamiltonian. The Hamiltonian (4.2) appears as an Hamiltonian on SU(2) × SL(2) spin chains. By construction it commutes with all the bosonic charges, and the spin j states |j⟩ defined in appendix A are still eigenvectors : H^{bosonic}_{12} |j⟩ = 2h(j) |j⟩ [20].

4It is always assumed that square acting on vectors use the corresponding group metrics g_{AB} .

Computing the average of H^{bosonic}_{12} in the bosonic sector of SU(1, 1|2) then leads to

⟨⃗n_1, ⃗n_2| H^{bosonic}_{12} |⃗n_1, ⃗n_2⟩ = ( 1 − (⃗n_2 − ⃗n_1)^2_{su2} (⃗n_2 − ⃗n_1)^2_{sl2} ) log(1 − (⃗n_2 − ⃗n_1)^2_{sl2}) , (4.3)

where (⃗n_2 − ⃗n_1)^2_{sl2} and (⃗n_2 − ⃗n_1)^2_{su2} are exactly the terms appearing in the SU(2) and SL(2) subsectors respectively ! To be more precise, one has

(⃗n_2 − ⃗n_1)^2_{sl2} = (⃗n_2 − ⃗n_1)^2 | |_{ψ,φ,θ,ξ→0} and (⃗n_2 − ⃗n_1)^2_{su2} = −(⃗n_2 − ⃗n_1)^2 | |_{ρ,ϕ,θ,ξ→0} so that

(⃗n_2 − ⃗n_1)^2_{sl2} = 1 2 (1 − cosh 2 ρ_1 cosh 2ρ_2 + cos (ϕ_1 − ϕ_2) sinh 2 ρ_1 sinh 2 ρ_2) ,

(⃗n_2 − ⃗n_1)^2_{su2} = 1 2 (1 − cos 2 ψ_1 cos 2 ψ_2 − cos (φ_1 − φ_2) sin 2 ψ_1 sin 2 ψ_2) . (4.4)

The limit to the subsectors SU(2) and SL(2) appears clearly, as they impose respectively (⃗n_2 − ⃗n_1)^2_{sl2} → 0 and (⃗n_2 − ⃗n_1)^2_{su2} → 0.

Computing the square of the full coherent vectors with g_{AB} , one finds

(⃗n_2 − ⃗n_1)^2 = (⃗n_2 − ⃗n_1)^2_{sl2} − (⃗n_2 − ⃗n_1)^2_{su2} + fermions .

Therefore, just looking to (4.3), one concludes that it will not be possible to express the average of the full SU(1, 1|2) Hamiltonian just in terms of (⃗n_2 − ⃗n_1)^2, as it was the case in the SU(2) and SU(1, 1|1) subsectors : the square on “coherent vectors” is cut into two pieces, in order to give a mix of precedent SU(2) and SL(2) found shapes.

4.2 Continuous limit

The fermionic part of (4.1) is much more involved. It contains 69 different terms without any clear structure. Even the quadratic terms appear with coefficients that mix trigonometric and hyperbolic functions in an highly non trivial way. We found no simplification neither rewriting (4.3) with the Ansatz

⟨⃗n_1, ⃗n_2| H_{12} |⃗n_1, ⃗n_2⟩ = ( 1 − (⃗n_2 − ⃗n_1)^2_{su2} + fermions_1 (⃗n_2 − ⃗n_1)^2_{sl2} + fermions_2 ) log(1 − (⃗n_2 − ⃗n_1)^2_{sl2} − fermions_1) ,

that was suggested by the bosonic average.

Fortunately, everything simplifies a lot in the limit ⃗n_2 → ⃗n_1. The result is, with fermionic part included,

⟨⃗n_1, ⃗n_2| H_{12} |⃗n_1, ⃗n_2⟩ = −ϵ^2 g^{AB} δn_A δn_B + O(ϵ^3)

where ⃗n_2 = ⃗n_1 + ϵ ⃗δn. Like all results previously found for SU(1, 1|2) subsectors, it appears that in the continuous limit, the Hamiltonian is just the square, made with the corresponding superspace metric, of the first derivative along the spin chain.

Summing up over the spin chain sites k = 1, . . . J and passing to the continuous limit, one finally gets the Hamiltonian of the sigma model : ⟨n| H |n⟩ = − 1 J ∫ dσ g^{AB} ∂_σn_A ∂_σ n_B

= 1 J ∫ dσ ( D̄_σξ̄D_σ ξ + D̄_σθ̄D_σ θ + e^2 (1 + 2 ξ̄ξ θ̄θ) − (ē_Ae_A − ē_Be_B)(ξ̄ξ + θ̄θ)

+2 ē_A ē_B θ ξ + 2 e_A e_B ξ̄ θ̄ ) . (4.5)

In this last expression, the covariant derivative is given by (2.10) and

e_A = e^{i ϕ} ( ∂_σρ +^i_2 sinh 2ρ ∂_σϕ ) , e_B = e^{i φ} ( ∂_σ ψ +^i_2 sin 2ψ ∂_σφ ) , e = e_Aē_A + e_Bē_B = (∂_σρ)^2 +^1_4 sinh^22ρ (∂_σϕ)^2 + (∂_σ ψ)^2 +^1_4 sin^22ψ (∂_σφ)^2 .

(4.6)

It is now possible to get the full sigma model action by plugging (2.9) and (4.5) into (2.3). Its decomposition into bosonic and fermionic parts writes :

S_B = −J ∫ dσ dt ( − sinh^2ρ ∂_tϕ − sin^2 ψ ∂_tφ + λ̂ J^2 e^2 ) , (4.7)

S_F = −J ∫ dσdt [ i 2 (¯ ξ D_tξ + ξ D̄_tξ̄ + θ̄ D_tθ + θ D̄_tθ̄ ) + λ̂ J^2 ( D̄_σξ̄D_σ ξ + D̄_σθ̄D_σ θ

+(ē_Be_B − ē_Ae_A)(ξ̄ξ + θ̄θ) + 2 ē_A ē_B θ ξ + 2 e_A e_B ξ̄ θ̄ + 2 e^2ξ̄ξ θ̄θ )] . (4.8)

The bosonic action S_B is exactly the sum of the SU(2) and SL(2) actions obtained in [41] and [44, 47]. This structure may appear as a direct consequence from the fact that the bosonic part of su(1, 1|2) is the direct product sl(2) × su(2). However, one should remark that the Hamiltonian projection on bosonic states (4.2) is not the sum of the Hamiltonians restricted to these two subsectors. As it is proved in section 5, S_B corresponds to the bosonic action of a string spinning fast in S_{ϕ1} × S_{φ1} × S_{φ2} , with S_{ϕ1} in AdS_5 and S_{φ1} × S_{φ2} in S^5.

The action S_F appears to be more complicated, as it is through the fermions that SU(2) and SL(2) sectors interact. As one could have expected, it is not quadratic in fermions, although the quartic term in Grassmann variables is just proportional to the bosonic Hamiltonian e^2. Because of the mixed coefficients in front of the Grassmann variables, it seems that getting the corresponding superstring description will be but a hard task. For example, in the SU(2|3) sector were one deals with three complex scalars and two complex fermions, the Grassmann variables appear in the sigma model with the same factor e^2 [49].

5 Bosonic string action

As one can expect from the bosonic action (4.7), the “fast spinning” limit to the dual bosonic string is a mix of the SU(2) and SL(2) found limits [41, 44, 47]. What happens here is that SU(2) and SL(2) parts will share a fast spinning circle in S^5.

The bosonic part of Polyakov action describing a string moving on AdS_5 × S^5 can be written as S = R^2 4πα^′ ∫ g_{M N} (∂_τ X^M ∂_τ X^N − ∂_σX^M ∂_σX^N ) (5.1)

with ds^2 = g_{M N} dX^M dX^N = ds^2_{AdS5} + ds^2_S5 and ds^2_{AdS5} = dρ^2 − cosh^2 ρ dt^2 + sinh^2 ρ (dθ^2 + cos^2 θ dϕ^2_1 + sin^2 θ dϕ^2) , ds^2_S5 = dγ^2 + cos^2 γ dφ^2_3 + sin^2 γ (dψ^2 + cos^2 ψ dφ^2_1 + sin^2 ψ dφ^2) . (5.2) Imposing γ =^π_2 , θ = 0 and making the change of variables

ϕ_1 = ϕ + t , φ_1 = φ̂ + t , φ_2 = φ + φ̂ + t , (5.3) the metric (5.2) rewrites as

ds^2 = 2 dt ( dφ̂ + sinh^2ρ dϕ + sin^2ψ dφ ) + dφ̂^2 + 2 sin^2ψ dφ dφ̂ +dρ^2 + sinh^2ρ dϕ^2 + dψ^2 + sin^2ψ dφ^2 . (5.4) As usual, we make the light-cone gauge choice t = κ τ and take the limit κ → +∞, keeping κ ∂_τ X^M fixed for the other coordinates.

The action (5.1) should also satisfy the Virasoro constraints. To leading order in κ, the first of them reads

g_{M N} ∂_τ X^M ∂_σ X^N = κ ( sin^2ψ ∂_σφ + sinh^2ρ ∂_σϕ + ∂_σφ̂ ) = 0 , (5.5) and can be used to solve for ∂_σφ̂.

Evaluating the action (5.1) with the metric (5.4) and using (5.5), one gets to leading order in κ S = − R^2 κ 2πα^′ ∫ dσdt ( − sinh^2ρ ∂_tϕ − sin^2 ψ ∂_tφ − ∂_tφ̂ + 1 2 κ^2 [ (∂_σρ)^2 +^1_4 sinh^2ρ (∂_σϕ)^2 + (∂_σψ)^2 +^1_4 sin^2ψ (∂_σφ)^2 ] ) . Identifying J = R^2κ 2πα^′ and ~λ =

R^4 8 π^2α^{′2}

, (5.6)

the string action gives back the bosonic spin chain sigma model (4.7), up to the full time derivative ∂_tφ̂.

In the original variables, the limit κ → +∞ corresponds to ∂_τ ϕ_1 ≈ ∂_τ φ_1 ≈ ∂_τ φ_2 ≈ k, so the string spins fast on S^1_{φ1} × S^1_{φ2} ∈ S^5 and S^1_{ϕ1} ∈ AdS_5. The most simple non trivial solutions for the classical equations of motion is then given by a multi-spinning string folded or circular by respect to the ψ coordinate [41] and folded by respect to the ρ coordinate [47].

6 Conclusion

The sigma model arising from SU(1, 1|2) spin chains was derived. Doing so, a truncated Hamiltonian on SU(2) × SL(2) spin chains appeared. This truncated Hamiltonian leads to a one to one correspondence between long bosonic spin chains states in the SU(1, 1|2) planar subsector of N = 4 SYM gauge theory at one loop, and bosonic strings spinning fast on two circles in S^5 and one circle in AdS_5. The resulting action is the sum of the sigma models arising from SU(2) spin chains and SL(2) ones. The average of this Hamiltonian between two neighboring bosonic coherent states is not anymore expressible in terms of the full “coherent vector” square (⃗n_{k+1} − ⃗n_k)^2 but rather as a mixing between pure SU(2) and SL(2) terms :

⟨n| H^{bosonic} |n⟩ = L∑ k=1 ( 1 − (⃗n_{k+1} − ⃗n_k)^2_{su2} (⃗n_{k+1} − ⃗n_k)^2_{sl2} ) log(1 − (⃗n_{k+1} − ⃗n_k)^2_{sl2}) .

When one takes into account the fermionic part, the correspondence to super-strings seams much more involved. Such difficulties should increase in enlarging to bigger sectors of the full theory, and a way out could be to build the sigma models not in terms of precise coordinates, but rather in terms of more general expressions with constraints given by the coset structure as proposed in [51]. Another possibility could be to reason in terms of Cartan forms L^a, as the string action on AdS_5 × S^5 in terms of these is known [68]. Indeed, as soon as the Hamiltonian in the continuous limit is proportional to (∂_σ⃗n)^2, as it is the case here, it is possible to express the spin chain sigma model in a G-invariant form as [50] S = −J ∫ d^2σ [ i L^A_t n_A − λ̂ J^2

(L^B_σ f_{BA}^C n_C )^2 ] , where f_{BA}^C are the structure constants of the considered group G.

The two-loop Hamiltonian of SU(1, 1|2) sector was given recently in [67] in terms of rising/lowering length operators. At higher loops, the Hamiltonian starts to change the length of the spin chain. However, such interactions may be absent in the continuous limit, as argued in [69]. Then it would be possible to compute the sigma model up to two loops and see how it would match, at least for the bosonic part, with the fast spinning string.

Another issue is to ask oneself the integrability of the truncated, bosonic, Hamiltonian (4.2). Although we checked that the simple Ansatz Q = ∑_L k=1[H^{bosonic} k+2,k+1, H bosonic k+1,k ] for the

next higher charge does not commute with H^{bosonic}, integrability may be retained in some involved way. It would then provide us an example of an integrable SU(2) × SL(2) spin chain.

Acknowledgements

We thank Francisco Morales for very useful and animated discussions. This research was partially supported by the European Community’s Marie Curie Research Training Network under contract MRTN-CT-2004-005104 Forces Universe.

Appendix

In this appendix we collect the commutation relations and details on the “singleton” representations of the superalgebra g = su(1, 1|2). A singleton corresponds to a subsector of the N = 4 SYM multiplet that closes under g. Here we adopt the oscillator description (see [20] for details). In this formalism, elementary SYM fields (the singleton of psu(2, 2|4)) are represented by acting on a Fock vacuum |0⟩ with bosonic (a_α, b_{α̇}) and fermionic oscillators c_A, (α, α̇ = 1, 2, A = 1, . . . 4). Physical states satisfy the condition

C = n_a − n_b + n_c = 2 (A.0)

with n_a, n_b, n_c denoting the number of oscillators of a given type.

The closed subalgebras of su(2, 2|4) are defined by restricting the range of α, α̇, A.

A su(1, 1|2) algebra

The algebra su(1, 1|2) is built in terms of bilinears of two bosonic (a, b) and two fermionic (c_2, c_3) oscillators. It consists of an su(2) charge R_0, an sl(2) charge J_0, Lorentz translation and boost P and K, su(2) R-symmetry rotation operators R_{23} and R_{32}, and eight fermionic supertranslations and superboosts Q_i, Q̇_i, S_i and Ṡ_i. Here, i = 2, 3, in order to follow the notations of [20]. We choose as physical vacuum the state |ϕ_0⟩ = c^†_1c^†_2|0⟩.

States in the singleton representation are given by |ϕ_m⟩ = 1 m! (a^†b^†)^m|ϕ_0⟩ ⇔ 1 m! D^mϕ_0 |Z_m⟩ = 1 m! (a^†b^†)^mc^†_3c_2|ϕ_0⟩ ⇔ 1 m! D^mZ_0 |λ_m⟩ = 1 m! (a^†b^†)^m b^†c^†_3|ϕ_0⟩ ⇔ 1 m! D^mλ_0 |μ_m⟩ = 1 m! (a^†b^†)^m a^†c_2|ϕ_0⟩ ⇔ 1 m! D^mμ_0

(A.1)

and correspond to two scalar fields ϕ_0, Z_0 and two fermions λ_0, μ_0, together with their m-derivatives along a fixed direction. In order to get rid of square roots in expressions, the states are normalized according to : ⟨ϕ_m|ϕ_m⟩ = ⟨Z_m|Z_m⟩ = 1 , ⟨λ_m|λ_m⟩ = ⟨μ_m|μ_m⟩ = m + 1 . The algebra in this case is non-compact and the representations are infinite-dimensional.

The generators in terms of oscillators are given by

R_{23} = c^†_2c_3 R_{32} = c^†_3c_2 P = a^†b^† K = a b

Q_i = a^†c_i Q̇_i = b†c^†_i S_i = a c^†_i Ṡ_i = b c_i

J_0 =^1_2 (1 + a^†a + b^†b)

R_0 =^1_2 (c^†_2c_2 − c^†_3c_3)

{↓, →} S_2 Q_3 S_3 Q̇_2 Ṡ_2 Q̇_3 Ṡ_3

Q_2 J_0 + R_0 R_{32} P S_2 R_{23} K Q_3 J_0 − R_0 P S_3 K Q̇_2 J_0 − R_0 −R_{23} Ṡ_2 −R_{32} Q̇_3 J_0 + R_0

Table 1: Fermionic anticommutators. Here and below, redundant subdiagonal terms are omitted.

[ ↓, →] Q_2 S_2 Q_3 S_3 Q̇_2 Ṡ_2 Q̇_3 Ṡ_3

P −Q̇_2 −Q̇_3 −Q_2 −Q_3 K Ṡ_2 Ṡ_3 S_2 S_3 R_{23} −Q_3 S_2 −Ṡ_3 Q̇_2 R_{32} S_3 −Q_2 Q̇_3 −Ṡ_2 J_0^1_2 Q_2 −^1_2 S_2^1_2 Q_3 −^1_2 S_3^1_2Q̇_2 −^1_2Ṡ_2^1_2Q̇_3 −^1_2Ṡ_3 R_0 −^1_2 Q_2^1_2 S_2^1_2 Q_3 −^1_2 S_3^1_2Q̇_2 −^1_2Ṡ_2 −^1_2Q̇_3^1_2Ṡ_3

Table 2: Fermionic/Bosonic commutators

[ ↓, →] K R_{23} R_{32} J_0 R_0 P −2J_0 −P K K R_{23} 2R_0 −R_{23} R_{32} R_{32}

Table 3: Bosonic commutators

↓ |→⟩ |ϕ_m⟩ |Z_m⟩ |λ_m⟩ |μ_m⟩ Q_2 |μ_m⟩ 0 −(m + 1) |Z_{m+1}⟩ 0 S_2 0 − |λ_{m−1}⟩ 0 (m + 1) |ϕ_m⟩ Q_3 0 |μ_m⟩ (m + 1) |ϕ_{m+1}⟩ 0 S_3 |λ_{m−1}⟩ 0 0 (m + 1) |Z_m⟩ Q̇_2 0 − |λ_m⟩ 0 (m + 1) |ϕ_{m+1}⟩ Ṡ_2 |μ_{m−1}⟩ 0 −(m + 1) |Z_m⟩ 0 Q̇_3 |λ_m⟩ 0 0 (m + 1) |Z_{m+1}⟩ Ṡ_3 0 |μ_{m−1}⟩ (m + 1) |ϕ_m⟩ 0 P (m + 1) |ϕ_{m+1}⟩ (m + 1) |Z_{m+1}⟩ (m + 1) |λ_{m+1}⟩ (m + 1) |μ_{m+1}⟩ K m |ϕ_{m−1}⟩ m|Z_{m−1}⟩ (m + 1) |λ_{m−1}⟩ (m + 1) |μ_{m−1}⟩ R_{23} 0 |ϕ_m⟩ 0 0 R_{32} |Z_m⟩ 0 0 0 J_0 (m +^1_2 ) |ϕ_m⟩ (m +^1_2 ) |Z_m⟩ (m + 1) |λ_m⟩ (m + 1) |μ_m⟩ R_0^1_2 |ϕ_m⟩ −^1_2 |Z_m⟩ 0 0

Table 4: Action of SU(1, 1|2) charges

The sl(2) and su(2) charges J_0 and R_0 give the Cartan of the group. Non vanishing commutation relations are given in the Tables 1, 2, 3. The action of the charges upon states is given in Table 4.

A single trace SYM operator of length J is given by the tensor products of J singletons : we take J copies of the oscillators a, b, c and impose the condition (A.0) at each site. The symmetry algebra is then taken to be the diagonal SU(1, 1|2) algebra ~T_A = J∑ k=1 (T_A)_k (A.2)

with (T_A)_k acting on the k^{th} site.

The Killing metric of SU(1, 1|2) vanishes identically. However, it is still possible to define a metric g_{AB} through the Casimir of the algebra, which is given here by :

Ĉ_2 = g^{AB} T_AT_B = J^2_0 − R^2_0 − 1 2 {P, K} − 1 2 {R_{23}, R_{32}} − 1 2 [Q_i, S_i] − 1 2 [Q̇_i, Ṡ_i] . (A.3)

Ĉ_2 defines the spin j by Ĉ_2 = j (j + 1) I .

In the singleton representation, the spin vanishes : j = 0 for all the 1-site states (A.1). Spin j representations arise then in the tensor product of two singletons and the corresponding highest weight states can be written as follows :

|j ⟩_{1,2} = j∑ i=0 (−1)^i ( j i ) |ϕ_{j−i}⟩_1 ⊗ |ϕ_i⟩_2 . (A.4)

References

[1] J. M. Maldacena, The large N limit of superconformal field theories and supergravity, Adv. Theor. Math. Phys. 2 (1998) 231–252 [hep-th/9711200].

[2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B428 (1998) 105–114 [hep-th/9802109].

[3] E. Witten, Anti-de sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253–291 [hep-th/9802150].

[4] D. Berenstein, J. M. Maldacena and H. Nastase, Strings in flat space and pp waves from N=4 super Yang Mills, JHEP 04 (2002) 013 [hep-th/0202021].

[5] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, A new maximally supersymmetric background of IIB superstring theory, JHEP 01 (2002) 047 [hep-th/0110242].

[6] R. R. Metsaev, Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond background, Nucl. Phys. B625 (2002) 70–96 [hep-th/0112044].

[7] R. R. Metsaev and A. A. Tseytlin, Exactly solvable model of superstring in plane wave Ramond–Ramond background, Phys. Rev. D65 (2002) 126004 [hep-th/0202109].

[8] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, A semi-classical limit of the gauge/string correspondence, Nucl. Phys. B636 (2002) 99–114 [hep-th/0204051].

[9] S. Frolov and A. A. Tseytlin, Semiclassical quantization of rotating superstring in AdS_5 × S^5, JHEP 06 (2002) 007 [hep-th/0204226].

[10] A. A. Tseytlin, On semiclassical approximation and spinning string vertex operators in AdS_5 × S^5, Nucl. Phys. B664 (2003) 247–275 [hep-th/0304139].

[11] S. Frolov and A. A. Tseytlin, Multi-spin string solutions in AdS_5 × S^5, Nucl. Phys.

B668 (2003) 77–110 [hep-th/0304255].

[12] S. Frolov and A. A. Tseytlin, Quantizing three-spin string solution in AdS_5 × S^5, JHEP 07 (2003) 016 [hep-th/0306130].

[13] N. Beisert, J. A. Minahan, M. Staudacher and K. Zarembo, Stringing spins and spinning strings, JHEP 09 (2003) 010 [hep-th/0306139].

[14] S. Frolov and A. A. Tseytlin, Rotating string solutions: AdS/CFT duality in nonsupersymmetric sectors, Phys. Lett. B570 (2003) 96–104 [hep-th/0306143].

[15] G. Arutyunov, S. Frolov, J. Russo and A. A. Tseytlin, Spinning strings in AdS_5 × S^5 and integrable systems, Nucl. Phys. B671 (2003) 3–50 [hep-th/0307191].

[16] N. Beisert, S. Frolov, M. Staudacher and A. A. Tseytlin, Precision spectroscopy of AdS/CFT, JHEP 10 (2003) 037 [hep-th/0308117].

[17] S. Frolov, I. Y. Park and A. A. Tseytlin, On one-loop correction to energy of spinning strings in S(5), Phys. Rev. D71 (2005) 026006 [hep-th/0408187].

[18] S. Bellucci, and C. Sochichiu, On matrix models for anomalous dimensions of super Yang-Mills theory, Nucl. Phys. B726 (2005) 233-251 [hep-th/0410010].

[19] J. A. Minahan and K. Zarembo, The Bethe-Ansatz for N = 4 super Yang–Mills, JHEP 03 (2003) 013 [hep-th/0212208].

[20] N. Beisert, The complete one-loop dilatation operator of N = 4 super yang-mills theory, Nucl. Phys. B676 (2004) 3-42 [hep-th/0307015].

[21] N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl.

Phys. B670 (2003) 439-463 [hep-th/0307042].

[22] N. Beisert, C. Kristjansen, J. Plefka and M. Staudacher, BMN gauge theory as a quantum mechanical system, Phys. Lett. B558 (2003) 229–237 [hep-th/0212269].

[23] N. Beisert, C. Kristjansen, and M. Staudacher, The dilatation operator of N = 4 super Yang–Mills theory, Nucl. Phys. B664 (2003) 131–184 [hep-th/0303060].

[24] S. Bellucci, P. Y. Casteill, J. F. Morales, and C. Sochichiu, Spin bit models from non-planar N = 4 SYM, Nucl. Phys. B699 (2004) 151 [hep-th/0404066].

[25] S. Bellucci, P. Y. Casteill, J. F. Morales and C. Sochichiu, Chaining spins from (super)Yang–Mills, [hep-th/0408102].

[26] K. Peeters, J. Plefka and M. Zamaklar, Splitting spinning strings in AdS/CFT, JHEP 0411 (2004) 054 [hep-th/0410275].

[27] S. Bellucci, P. Y. Casteill, A. Marrani and C. Sochichiu, Spin bits at two loops, Phys. Lett. B607 (2005) 180 [hep-th/0411261].

[28] K. Peeters, J. Plefka and M. Zamaklar, Splitting strings and chains, Fortsch. Phys.

53 (2005) 640-646 [hep-th/0501165].

[29] S. Bellucci and A. Marrani, Non-Planar Spin Bits beyond two loops, [hep-th/0505106].

[30] A. A. Tseytlin, Spinning strings and AdS/CFT duality (2003), [hep-th/0311139].

[31] N. Beisert, The dilatation operator of N = 4 super Yang-Mills theory and integrability, Phys. Rept. 405 (2005) 1 [hep-th/0407277].

[32] A. A. Tseytlin, Semiclassical strings and AdS/CFT, Proceedings of NATO Advanced Study Institute and EC Summer School on String Theory: from Gauge Interactions to Cosmology, Cargese, France, (2004) 7-19 [hep-th/0409296].

[33] K. Zarembo,Semiclassical Bethe Ansatz and AdS/CFT, Comptes Rendus Physique 5 (2004) 1081, Fortsch. Phys. 53 (2005) 647 [hep-th/0411191].

[34] I. Swanson, Superstring holography and integrability in AdS_5 × S^5, CALT-68-2542, (2005) [hep-th/0505028].

[35] J. Plefka, Spinning strings and integrable spin chains in the AdS/CFT correspondence, [hep-th/0507136].

[36] N. Beisert, V. A. Kazakov, K. Sakai and K. Zarembo, Complete spectrum of long operators in N = 4 SYM at one loop, JHEP 07 (2005) 030 [hep-th/0503200].

[37] N. Beisert and M. Staudacher, Long-range PSU(2, 2|4) Bethe ansaetze for gauge theory and strings, Nucl. Phys. B727 (2005) 1-62 [hep-th/0504190].

[38] S. Bellucci, and C. Sochichiu, On the dynamics of BMN operators of finite size and the model of string bits, Contribution to the BW2003 Workshop, 29 August - 02 September, 2003 Vrnjacka Banja, Serbia, [hep-th/0404143].

[39] S. Bellucci, and C. Sochichiu, Can string bits be supersymmetric ?, Phys. Lett.

B571 (2003) 92 [hep-th/0307253].

[40] S. Bellucci, and C. Sochichiu, Fermion Doubling and

Berenstein–Maldacena–Nastase Correspondence, Phys. Lett. B564 (2003) 115 [hep-th/0302104].

[41] M. Kruczenski, Spin chains and string theory, Phys. Rev. Lett. 93 (2004) 161602 [hep-th/0311203].

[42] M. Kruczenski, A. V. Ryzhov and A. A. Tseytlin, Large spin limit of AdS_5 × S^5 string theory and low energy expansion of ferromagnetic spin chains, Nucl. Phys. B692 (2004) 3–49 [hep-th/0403120].

[43] R. Hernandez and E. Lopez, The su(3) spin chain sigma model and string theory, JHEP 04 (2004) 052 [hep-th/0403139].

[44] J. Stefanski, B. and A. A. Tseytlin, Large spin limits of AdS/CFT and generalized landau- lifshitz equations, JHEP 05 (2004) 042 [hep-th/0404133].

[45] C. Kristjansen and T. Mansson, The circular, elliptic three-spin string from the su(3) spin chain, Phys. Lett. B596 (2004) 265–276 [hep-th/0406176].

[46] M. Kruczenski and A. A. Tseytlin, Semiclassical relativistic strings in S^5 and long coherent operators in N = 4 SYM theory, JHEP 09 (2004) 038 [hep-th/0406189].

[47] S. Bellucci, P. Y. Casteill, J. F. Morales and C. Sochichiu, SL(2) spin chain and spinning strings on AdS_5 × S^5, Nucl. Phys. B707 (2005) 303–320 [hep-th/0409086].

[48] S. Ryang, Circular and folded multi-spin strings in spin chain sigma models, JHEP 10 (2004) 059 [hep-th/0409217].

[49] R. Hernandez and E. Lopez, Spin chain sigma models with fermions, JHEP 11 (2004) 079 [hep-th/0410022].

[50] S. Bellucci, P.-Y. Casteill and J. F. Morales, Superstring sigma models from spin chains: The SU(1, 1|1) case, Nucl. Phys. B729 (2005) 163–178 [hep-th/0503159].

[51] B. Stefanski, and A. A. Tseytlin, Super spin chain coherent state actions and AdS_5 × S^5 superstring, Nucl. Phys. B718 (2005) 83-112 [hep-th/0503185].

[52] V. A. Kazakov and K. Zarembo, Classical / quantum integrability in non-compact sector of AdS/CFT, JHEP 10 (2004) 060 [hep-th/0410105].

[53] M. Kruczenski, Spiky strings and single trace operators in gauge theories, JHEP 08 (2005) 014 [hep-th/0410226].

[54] G. Arutyunov and S. Frolov, Integrable Hamiltonian for classical strings on AdS_5 × S^5, JHEP 02 (2005) 059 [hep-th/0411089].

[55] I. Y. Park, A. Tirziu and A. A. Tseytlin, Spinning strings in AdS_5 × S^5: One-loop correction to energy in sl(2) sector, JHEP 03 (2005) 013 [hep-th/0501203].

[56] A. Khan and A. L. Larsen, Improved stability for pulsating multi-spin string solitons, [hep-th/0502063].

[57] D. Berenstein, D. H. Correa and S. E. Vazquez, Quantizing open spin chains with variable length: An example from giant gravitons, Phys. Rev. Lett 95 (2005) 191601 [hep-th/0502172].

[58] L. Freyhult and C. Kristjansen, Finite size corrections to three-spin string duals, JHEP 05 (2005) 043 [hep-th/0502122].

[59] N. Beisert, A. A. Tseytlin and K. Zarembo, Matching quantum strings to quantum spins: One-loop vs. finite-size corrections, Nucl. Phys. B715 (2005) 190-210 [hep-th/0502173].

[60] R. Hernandez, E. Lopez, A. Perianez and G. Sierra, Finite size effects in ferromagnetic spin chains and quantum corrections to classical strings, JHEP 06 (2005) 011 [hep-th/0502188].

[61] S. Ryang, Wound and rotating strings in AdS_5 × S^5, JHEP 08 (2005) 047 [hep-th/0503239].

[62] S. Schafer-Nameki, M. Zamaklar and K. Zarembo, Quantum corrections to spinning strings in AdS_5 × S^5 and Bethe ansatz: A comparative study, JHEP 0509 (2005) 051 [hep-th/0507189].

[63] S. Schafer-Nameki and M. Zamaklar, Stringy sums and corrections to the quantum string Bethe ansatz, JHEP 0510 (2005) 044 [hep-th/0509096].

[64] R. de Mello Koch, N. Ives, J. Smolic and M. Smolic Giant Gravitons, (2005) [hep-th/0509007].

[65] J. A Minahan, A. Tirziu and A. A. Tseytlin, 1/J corrections to semiclassical AdS/CFT states from quantum Landau-Lifshitz model (2005), [hep-th/0509071].

[66] A. Perelomov, Generalized Coherent States and their Applications. Springer-Verlag, Berlin, 1986.

[67] B. I. Zwiebel, N = 4 SYM to two loops: Compact expressions for the non- compact symmetry algebra of the su(1, 1|2) sector (2005), [hep-th/0511109].

[68] R. R. Metsaev and A. A. Tseytlin, Type iib superstring action in AdS_5 × S^5 background, Nucl. Phys. B533 (1998) 109–126 [hep-th/9805028].

[69] J. A. Minahan, Higher loops beyond the SU(2) sector, JHEP 10 (2004) 053 [hep-th/0405243].