arXiv:hep-th/0602014v3 12 Jun 2007

ON A STATIONARY SPINNING STRING SPACETIME

Hristu Culetu Ovidius University, Dept.of Physics B-dul Mamaia 124, 8700 Constanta, Romania e-mail : hculetu@yahoo.com

June 12, 2007

Abstract

The properties of a stationary massless string endowed with intrinsic spin are discussed. The spacetime is Minkowskian geometrically but the topology is nontrivial due to the horizon located on the surface r = 0, similar with Rindler’s spacetime.

For r less than the Planck length b, gφφ has the same sign as gtt and closed timelike curves are possible. We assume an elementary particles’ spin originates in the frame dragging phenomenon produced by the rotation of the source.

The Sagnac time delay is calculated and proves to be constant.

Keywords : surface gravity, Sagnac effect, time machine, frame dragging. PACS : 04.20.Gz, 04.90.+e, 02.40.Pc .

1 INTRODUCTION

It is a known fact that the physical interpretation of the parameters from the vacuum solutions of Einstein’s equations with cylindrical symmetry is still a matter of discussion [1] [2]. A reason might be the fact that some parameters are related to topological defects which have no contribution to the Riemann tensor (Einstein’s equations give informations about the geometry, not the topology of spacetime).

The spacetime outside an axially symmetric source, endowed with angular momentum was found by Lewis [3], solving the Einstein equations in vacuum. Besides the usual dragging effect due to a rotating source, a topological frame dragging appears [4], related to the topological defect associated with some metric parameters, which are responsable for the angular momentum of a spinning string (a thin tube of false vacuum).

Mazur [5] has raised the problem of the quantization of the energy of the particles in the background of a spinning cosmic string (with vanishing mass per unit length), which is considered as a gravitational analog of the Aharonov - Bohm solenoid.

Ruggiero [6] and Rizzi and Ruggiero [7] introduced a gravito - magnetic Aharonov - Bohm effect and formally derived the Sagnac effect by analogy, both in flat and curved spacetimes. The Sagnac time delay was computed for matter or light beams counter-propagating on a round trip, in a rotating frame in flat spacetime, for Kerr, Godel and Schwarzschild geometries. Ruggiero [6] found that the phase shift is nonvanishing even when the observer is not rotating, due to the angular momentum of the source.

Deser and Jackiw [8] and Deser, Jackiw and ’t Hooft [9] consider the case of a stationary string carrying mass and an intrinsic spin J per unit length. They focused on the fact that an infinitely long, thin cosmic string supports closed timelike curves (CTC) when J ≠ 0, but the mass is related to the deficit angle. Their line element is locally Minkowskian because the presence of the string is hidden. It could be uncovered by an ”improper” coordinate transformation which mixes the time- and angular- coordinates (the new time variable jumps by 8πGJ/c^4 whenever the string is circumvented).

We treat in this paper only the case of a massless spinning string. Although the geometry is flat locally, the angular momentum of the source leads globally to a nontrivial topology (the analogy with the case of a uniformly accelerated Rindler observer is apparent [10]). We show that the spacetime has a horizon on the surface r = 0 due to the nondiagonal form of the metric. In addition, the modulus of the (imaginary) horizon surface gravity is 1/b, where b is considered to be of the order of the Planck length. We also conjecture that the elementary particles’ spin originates in the frame dragging effect due to the rotation of the source.

At r = b from the string, g_{φφ} changes sign, the φ - coordinate becomes temporal and CTC may appear. It is interesting to notice that the Sagnac time delay is constant, irrespective of the enclosed area by the counter-propagating light or matter beams. Moreover, it is nonzero even though the angular velocity of the source of light vanishes.

From now on we choose the geometrical units G = c = ℏ = 1.

2 THE SPINNING STRING METRIC

Let us consider the general line element for a cylindrical symmetric stationary spacetime ds^2 = −fdt^2 + 2kdtdφ + e^μ(dr^2 + dz^2) + ldφ^2 (2.1)

where f, k, μ, l are functions of the radial coordinate r (we take x^0 = t, x^1 = r, x^2 = z, x^3 = φ).

Solving Einstein’s field equations in vacuum, we have [4] f = αr^{−n+1} − β^2 αn^2 r^{n+1} , k = −af (2.2) e^μ = r^{(n2 −1)/2}, l = r^2 f − a^2f, a = βr^{n+1} nαf + b. (2.3)

The real constants n, α, β, b are related to the physical characteristics of the model (see [11] [12]). The parameter n is associated with the Newtonian mass per unit length of a uniformly line mass while α is connected to an arbitrary constant gravitational potential from the corresponding Newtonian solution. The parameters β and b are responsable for the nonstaticity of the metric (with β = b = 0, the geometry (2.1) becomes the static Levi - Civita metric [13]. b is directly related to the angular momentum of a spinning string and produces a topological frame dragging. β measures the vorticity of the source.

It is worth to note that the Riemann tensor is nonzero only for n ≠ 1. For n = 1 the spacetime (2.1) is flat locally.

We are dealing in this paper only with a particular case : n = α = 1 and β = 0. More general cases will be treated elsewhere. Therefore, eqs. (2.2) and (2.3) yield f = 1, a = b, k = −b and l = r^2 − b^2. The spacetime (2.1) appears now as

ds^2 = −dτ^2 = −dt^2 + dr^2 + dz^2 − 2bdtdφ + (r^2 − b^2)dφ^2 (2.4)

The geometry (2.4) may be obtained from the Minkowski metric, written in cylindrical coordinates

ds^2 = −dt̄^2 + dr̄^2 + dz̄^2 + r̄^2dφ̄^2 (2.5)

by means of the coordinate transformation [8] t = t̄ − bφ, r = r̄, z = z̄, φ = φ̄ (2.6) From now on we shall take b of the order of the Planck length l_P = 10^{−33}cm. That corresponds to J = ℏ/4l_P in the Deser - Jackiw paper.

We could say that the transformation (2.6) generates a topological defect which makes (2.4) not to be equivalent globally with the flat matric (2.5). Even though both spacetimes are flat, the variable t jumps by 2πb after a complete rotation around the string. Moreover, for r < b (very close to the axis of rotation), CTCs are possible.

3 HORIZON AND SURFACE GRAVITY

We look now for a Killing horizon (stationary null surface) in the geometry (2.4), invariant under time translation. Keeping in mind that the metric is not diagonal, the horizon is obtained from the condition [14]

ĝ_{00} ≡ g_{00} − g^2_{03} g_{33}

= 0 (3.1)

which leads to r_H = 0. The angular velocity of the horizon, with respect to a nonrotating observer at infinity, is

Ω_H = − g_{03} g_{33}

|_{r=0} = − 1 b (3.2)

The region g_{33} = r^2 − b^2 < 0 or r < b leads to CTC (time machine region) and the boundary r = b is the velocity of light surface. Because g_{03} ≠ 0 when g_{03} = 0, the metric is nonsingular. In addition, r = b is a timelike surface : the timelike curves may cross into the time machine and viceversa.

The expression for the surface gravity κ of the horizon [14] is

κ^2 = ∇_μL∇^μL (3.3)

where L^2 = −g_{00} − 2Ω_H g_{03} − Ω^2_H g_{33} (3.4)

One obtains L^2 = −r^2/b^2, which leads to κ^2 = −1/b^2, i.e. κ is imaginary, with |κ| = 1/b. The reason may be related to the fact that the horizon is located inside the time machine region. In spite of its imaginary value, an analogy with the surface gravity g of the Rindler horizon at ρ = 0

ds^2 = −g^2ρ^2dt^2 + dρ^2 + dy^2 + dz^2 (3.5)

is apparent. In both situations we have only one parameter at our disposal : g, respectively b in the case of the spinning string. Therefore, the surface gravities are g and |κ|, respectively.

4 THE SAGNAC EFFECT

Let us consider now two light beams counter-propagating on a circular trajectory (using a system of mirrors) in a rotating reference frame, in flat spacetime [6] [7]. Due to the rotation of the source of light, we know that a phase shift and, from here, a time delay is measured (Sagnac effect) between the two counterpropagating beams. Using an analogy with the expressions for the Coriolis and Lorentz forces, Rizzi and Ruggiero [7] showed that the effect is also valid for matter beams : Cooper pairs, charged particles, etc.

Ruggiero [6] proved that even when observer’s angular velocity is vanishing, there is a time delay in curved spacetime, when the source of the gravitational field has a nonvanishing angular momentum. Even though the spacetime (2.4) is flat locally, we show that a Sagnac time delay is present because of the spinning string (the Deser - Jackiw ”cosmon” [9], if we supress the z-coordinate). With ṙ ≡ dr/dτ = 0 and ż = 0, eq. (2.4) gives for the light beam

1 + 2 b dφ dt − (r^2 − b^2)( dφ dt )^2 = 0 (4.1)

whence dφ dt ≡ Ω_± = 1 ±R − b (4.2)

where R = const. is the radius of the circular orbit. Ω_+ and Ω_− corresponds to the two counter-rotating beams. We see that outside the time machine (R > b), Ω_+ > 0 and Ω_− < 0. In addition, when b = 0 is taken (the Minkowski form of the metric), we have |Ω_+| = |Ω_−| and no phase shift is detected. On the horizon r = 0, Ω_+ = Ω_− = Ω_H = −1/b, as expected.

Let us compute now the Sagnac time delay. We have

Ω_+ = ( dφ dt ) + = 1 R − b , Ω_− = ( dφ dt ) − = −1 R + b (4.3)

Therefore t_+ = 2π(R − b), t_− = 2π(R + b) (4.4) whence Δt = t_− − t_+ = 4πb (4.5) In other words, the time delay does not depend upon the area enclosed by the photon’s trajectory.^1

In the first order in b/R, Ω_+ and Ω_− may be written as

Ω_+ ≈ 1 R + b R^2 , Ω_− ≈ − 1 R + b R^2

(4.6)

We see that far from the source (R >> b) the term b/R^2 in Ω_+ and Ω_− plays the same role as the angular velocity ω of a uniformly rotating observer in Minkowski spacetime [15]. In other words, the spinning source ”rotates” the surroundings with an angular velocity b/R^2 (the frame dragging phenomenon). 2. The effect of the spinning string is the same as if the source of the light beam rotated with the angular velocity 0.3s^{−1} on a circle of radius 10^{−11}cm. The shorter the radius R, the greater the 2-nd term of (4.6).

It is worthwhile to notice that, in the approximation used, b/R^2 equals ”the angular velocity of the local nonrotating observer” Ω (nonrotating relative to the local spacetime geometry), given by Ω ≡ 1 2 (Ω_+ + Ω_−) = − g_{03} g_{33} = b R^2 − b^2

(4.7)

Keeping in mind that there is no structure along the z - axis [8], we could eliminate that direction. The spinning string becomes now a ”point particle” (the Deser - Jackiw ”cosmon”), located on the z = 0 plane. In that case, the intrinsic spin per unit length J might be interpreted as ”the intrinsic spin per Planck length”. Therefore, the angular momentum L of the ”point cosmon” is L = l_P J. But in our model J ≈ b/l_P , whence L ≈ ℏ. On the grounds of the above argument, we conjecture that the origin of elementary particles’ spin is due to the dragging effect of the rotating cosmon^3, located at r = 0 (the spacetime horizon).

1That might be a consequence of the fact that g_{03} = −b = const.. Even though the observer who measures the time delay does not rotate, Δt ≠ 0 due to the angular momentum of the source. We assume that the spinning string (thin tube of false vacuum) is localized on the axis of rotation

2With, for example, R ≈ 10^{−11} cm, b/R^2 ≈ 0.3s^{−1} and the first term 1/R ≈ 3.10^{21}s^{−1}. Therefore, Ω_± ≈ (±3.10^{21} + 0.3)s^{−1}

3It is a known fact that ”a spin 1/2 particle has an orientation entanglement with its environment” [16]. That is valid when the particle is considered to be rigid, whose action contains the square of the extrinsic curvature of the particle’s world line

5 CONCLUSIONS

Several properties of the Deser - Jackiw spinning string, viewed as a thin tube of false vacuum, have been discussed in this paper. The spacetime is flat only locally, the difference compared to Minkowski geometry being topological (a comparison with the Rindler metric was given). Even though g_{00} = −1, the spacetime possesses a horizon at r = 0 due to the nondiagonal form of the line element.

Because of the nonvanishing angular momentum of the string, a phase shift will appear between two counter circumnavigating light or matter beams, the time delay being constant and proportional to the Planck length b. The frame dragging effect was proposed to be at the origin of the elementary particles’ spin (something similar to an orientation entanglement with its environment, valid for a spin 1/2 particle). We also assumed the spinning string is localized on the axis of rotation. In our view, the rotating system is the agent who localizes the string.

ACKNOWLEDGMENTS I would like to thank the Organizers of the NEB XII Conference, ”New Developments in Gravity” for inviting me to attend this very stimulating meeting where the paper was presented and for their warm hospitality during my stay at Nafplio.

References

[1] W.B.Bonnor, Gen. Rel. Grav. 24, 551 (1992).

[2] L.Herrera, F.M. Paiva and N.O. Santos, Preprint gr-qc/0001075 (2000).

[3] T. Lewis, Proc.Roy. Soc. 136, 176 (1932).

[4] L. Herrera and N.O.Santos, Preprint gr-qc/9705074 (1997).

[5] P.O.Mazur, Preprint hep-th/9611206 (1996).

[6] M.Ruggiero, Preprint gr-qc/0510047 (2005).

[7] G.Rizzi and M.L.Ruggiero, Preprint gr-qc/0305046 (2003).

[8] S.Deser and R.Jackiw, Comm.Nucl.Part.Phys. 20, 337 (1992).

[9] S.Deser, R.Jackiw and G.’t Hooft, Ann.Phys.(N.Y.) 152, 220 (1984).

[10] S.M.Christensen and M.Duff, Nucl.Phys. B146, 11 (1978).

[11] M.F.A. da Silva, L.Herrera, F.M.Paiva and N.O.Santos, Preprint gr-qc/9607056 (1996).

[12] U.Camci, Preprint gr-qc/0507085 (2005).

[13] A.Z.Wang and M.F.A. da Silva, gr-qc/9610052 (1996). [14] M.Cvetic, G.W.Gibbons,H.Lu and C.N.Pope, Preprint hep-th/0504080 (2005).

[15] D.Soler, Preprint gr-qc/0511041 (2005). [16] M.Pavsic, Preprint hep-th/0412324 (2004).