arXiv:hep-th/0602047 v1 5 Feb 2006

Hamilton’s equations in a non-associative quantum theory

Vladimir Dzhunushaliev^{∗†} Dept. Phys. and Microel. Engineer., Kyrgyz-Russian Slavic University, Bishkek, Kievskaya Str. 44, 720021, Kyrgyz Republic (Dated: February 5, 2006)

A new non-associative algebra for the quantization of strongly interacting fields is proposed. The full set of quantum (±)associators for the product of three operators is offered. An algorithm for the calculation of some (±)associators for the product of some four operators is offered. The possible generalization of Hamilton’s equations for a non-associative quantum theory is proposed. Some arguments are given that a non-associative quantum theory can be a fundamental unifying theory.

I. INTRODUCTION

Probably the most important problem in quantum field theory is the quantization of strongly interacting fields. Ordinary canonical (anti)commutations relationships are valid for free noninteracting fields only and the algebra of interacting fields differs from the algebra of noninteracting fields. Especially such algebra is important for understanding of confinement problem in quantum chromodynamics. In this Letter we would like to show that there is a possibility to generalize the standard quantum theory on a non-associative way. We will present quantum associators (antiassociators) for the product of three and four operators, check the self-consistency of these definitions in some cases and generalize Hamilton’s equations for a non-associative quantum theory.

One can point to the possible impact of non-associative algebras on: string theory [1], [2]; dimensional reduction [3]; matrix model [4]; Dirac’s monopole quantization procedure [5], [6]; non-associative quantum mechanics [7], [8], [9], [10]; quark confinement [11], [12]; classical integrable system [13]; a unified description of continuum and discrete spacetime [14]. There are a few monographs and textbooks with mathematical definitions and physical applications of non-associative algebras in physics: [8], [15], [16], [17].

In Ref’s [18] and [19] Dirac’s operator and Maxwell’s equations are derived in the algebra of split-octonions. The results of these papers are very interesting and results in the questions: why Dirac’s operator and Maxwell’s equations can be formulated on the octonionic language ? It is possible that a non-associative quantum theory in some limits bring to Dirac’s and Maxwell’s equations that may be similar to the connection between M-theory and of all kinds of string theories.

In conclusion we want to note that a non-associative algebra presented here is different from the non-associative algebra presented in Ref’s [9], [10]. The difference is that the anticommutators {q_i, Q_i}_+ = 0 here but {q_i, Q_i}_+ = 1 in Ref’s [9], [10].

II. PRELIMINARY REMARKS

In this Letter we consider operators q_i, Q_i, i = 1, 2, 3 which are a non-associative operator generalization of splitoctonions numbers q̃_i, Q̃_i (the multiplication table of split-octonions is given in Appendix A). One can say that q_i, Q_i and q̃_i, Q̃_i are like q and c-Dirac numbers in the standard quantum mechanics.

We now make some remarks about the calculation of the associators/antiassociators. Let the operator A_1 is

A_1 = (ab) c (1)

where operators a, b, c are some product of n_{a,b,c} non-associative operators q_i, Q_j and A_2 be the same operator but with a different arrangement of the brackets

A_2 = a (bc) (2)

∗ Senior Associate of the Abdus Salam ICTP †Electronic address: dzhun@krsu.edu.kg

If ã, b̃, c̃ are the corresponding split-octonions then Ã_1 and Ã_2 are the corresponding octonions after the replacement a → ã, b → b̃, c → c̃ and then Ã_2 = ±Ã_1. (3)

This permits us to define the corresponding quantum (±)associator

{a, b, c}_± = A_2 + (±A_1) = (ab) c ± a (bc) (4)

where {a, b, c}_± is the associator for (−) and antiassociator for (+).

We will say that the (±)associator {a, b, c}_± is (±)flexible if {a, b, c}_± = − {c, b, a}_± . (5)

III. QUANTUM (±)ASSOCIATORS FOR THE PRODUCT OF THREE OPERATORS

In this section we present the quantum (±)associators (which have been offered in Ref’s [9], [10]) for the product of three operators. The anticommutators are

{q_iq_j}_+ = 0, (6) {q_iQ_j }_+ = 0, (7) {Q_iQ_j }_+ = 0 (8) {q_iQ_i}_+ = 0 (9)

and for identical indices here we have to note that the anticommutative relation (9) is different from similar relation in Ref’s [9], [10] where {q_iQ_i}_+ = 1 (which are the ordinary canonical anti-commutation relationships for the creation/annihilation fermion operators). The quantum (±)associators with different indices m ≠ n, n ≠ p, p ≠ m are

{q_m, q_n, q_p}_− = (q_mq_n) q_p − q_m (q_nq_p) = 0, (10) {Q_m, Q_n, Q_p}_+ = (Q_mQ_n) Q_p + Q_m (Q_nQ_p) = ϵ_{mnp}H_{3,1}, (11) {q_m, Q_n, q_p}_+ = (q_mQ_n) q_p + q_m (Q_nq_p) = ϵ_{mnp}H_{3,2}, (12) {Q_m, q_n, Q_p}_− = (Q_mq_n) Q_p − Q_m (q_nQ_p) = ϵ_{mnp}H_{3,3}, (13) {q_m, q_n, Q_p}_− = (q_mq_n) Q_p − q_m (q_nQ_p) = ϵ_{mnp}H_{3,4}, (14) {Q_m, q_n, q_p}_− = (Q_mq_n) q_p − Q_m (q_nq_p) = ϵ_{mnp}H_{3,5}, (15) {q_m, Q_n, Q_p}_− = (q_mQ_n) Q_p − q_m (Q_nQ_p) = ϵ_{mnp}H_{3,6}, (16) {Q_m, Q_n, q_p}_− = (Q_mQ_n) q_p − Q_m (Q_nq_p) = ϵ_{mnp}H_{3,7} (17)

where H_{3,i} are some operators and in contrast with the previous papers [9] [10] we assume that these operators can be new operators not the linear combination of q, Q and qQ; Eq. (10) means that the quaternionic - like subalgebra spanned on q_1, q_2, q_3 is the associative algebra. It is easy to see that (±)associators (11)-(17) are (±)flexible. The quantum antiassociators for the product of three operators, such as q(Qq) or Q(qQ), having two different indices m ≠ n are

{q_m, Q_n, q_n}_+ = q_m (Q_nq_n) + (q_mQ_n) q_n = H_{3,8}(m, n), (18) {q_n, Q_n, q_m}_+ = q_n (Q_nq_m) + (q_nQ_n) q_m = H_{3,9}(m, n), (19) {Q_m, q_n, Q_n}_+ = Q_m (q_nQ_n) + (Q_mq_n) Q_n = H_{3,10}(m, n), (20) {Q_n, q_n, Q_m}_+ = Q_n (q_nQ_m) + (Q_nq_n) Q_m = H_{3,11}(m, n). (21)

The quantum associators, such as q(QQ) or Q(qq), and with two different indices m ≠ n are {q_m, Q_m, Q_n}_− = (q_mQ_m) Q_n − q_m (Q_mQ_n) = H_{3,12}(m, n), (22) {q_m, Q_n, Q_m}_− = (q_mQ_n) Q_m − q_m (Q_nQ_m) = H_{3,13}(m, n), (23) {Q_n, Q_m, q_m}_− = (Q_nQ_m) q_m − Q_n (Q_mq_m) = H_{3,14}(m, n), (24) {Q_m, Q_n, q_m}_− = (Q_mQ_n) q_m − Q_m (Q_nq_m) = H_{3,15}(m, n), (25) {Q_m, q_m, q_n}_− = (Q_mq_m) q_n − Q_m (q_mq_n) = H_{3,16}(m, n), (26) {Q_m, q_n, q_m}_− = (Q_mq_n) q_m − Q_m (q_nq_m) = H_{3,17}(m, n), (27) {q_n, q_m, Q_m}_− = (q_nq_m) Q_m − q_n (q_mQ_m) = H_{3,18}(m, n), (28) {q_m, q_n, Q_m}_− = (q_mq_n) Q_m − q_m (q_nQ_m) = H_{3,19}(m, n) (29) where H_{3,i}(m, n) are for the time undefined operators. The alternativity properties are {q_n, q_n, Q_m}_− = 0, (30) {q_n, Q_m, q_n}_− = 0, (31) {Q_m, q_n, q_n}_− = 0. (32)

IV. SELF - CONSISTENCY OF QUANTUM (±)ASSOCIATORS FOR THE PRODUCT OF THREE OPERATORS

In this section we will check the self-consistency of the (±)associators for the product of three operators. For this we will permute the first and third factors in the product a(bc) following to the commutative diagram

a (bc)^{...........}

........

..................

.........

.........

............... ..... a (cb) (ac) b (ca) b c (ab) ............................. ....... .............................. ........ .............................. ........

(ab) c (ba) c b (ac) b (ca) (bc) a (cb) a ............................. ....... .............................. ........ .............................. ........ .............................. ........ ............................. ....... c (ba) ..........

..........

........... .......

.....................................

....................................

.....................................

....................................

..................................

.. ...... . (33) The quantum associators (11)-(17) are the same as in Ref. [9] and consequently the verification of the self-consistency is the same.

The calculations with two equal indices give us two possibilities. The first one is q_1 (Q_1Q_2) = Q_2 (Q_1q_1) + H_{3,13} (1, 2) + H_{3,10} (2, 1) (34) here we use the upper row of the diagram (33). The lower row gives us q_1 (Q_1Q_2) = Q_2 (Q_1q_1) − H_{3,12} (1, 2) − H_{3,11} (2, 1) + H_{3,15} (1, 2) + H_{3,14} (1, 2) . (35) Comparing the rhs of Eq’s (34) and (35) one can assume that H_{3,10} (2, 1) = −H_{3,11} (2, 1) , (36) H_{3,12} (1, 2) + H_{3,13} (1, 2) = H_{3,14} (1, 2) + H_{3,15} (1, 2) . (37) The pair indices (1, 2) in Eq’s (36) (37) can be replaced by any other pair indices (i, j).

Eq. (36) tells us that the associators (20) (21) are (+)flexible {Q_m, q_n, Q_n}_+ = − {Q_n, q_n, Q_m}_+ (38) For the second case the upper row of the diagram Eq. (33) gives us Q_1 (q_1q_2) = q_2 (q_1Q_1) + H_{3,8} (2, 1) + H_{3,17} (1, 2) . (39) The lower row gives us Q_1 (q_1q_2) = q_2 (q_1Q_1) + H_{3,18} (1, 2) + H_{3,19} (1, 2) − H_{3,16} (1, 2) − H_{3,9} (2, 1) . (40) Comparing the rhs of Eq’s (39) and (40) one can assume that H_{3,8} (2, 1) = −H_{3,9} (2, 1) , (41) H_{3,16} (1, 2) + H_{3,17} (1, 2) = H_{3,18} (1, 2) + H_{3,19} (1, 2) . (42) The pair indices (1, 2) in Eq’s (39) (40) can be replaced by any other pair indices (i, j).

Eq. (41) tells us that the associators (18) (19) are (+)flexible {q_m, Q_n, q_n}_+ = − {q_n, Q_n, q_m}_+ (43)

V. QUANTUM (±)ASSOCIATORS FOR THE PRODUCT OF FOUR OPERATORS

The basic idea for this section is to define quantum (±)associators for the product of four operators using (±)associators for the product of three operators. For this we assume the following algorithms {ab, c, d}_± ≡ ((ab) c) d ± (ab) (cd) = a {b, c, d}_± + {a, c, d}_± b, (44) {a, b, cd}_± ≡ (ab) (cd) ± a (b (cd)) = {a, b, c}_± d + c {a, b, d}_± (45) where a, b, c, d are the octonion-like operators q_i, Q_i.

Now we will check the rules (44) and (45) for some products using the following commutative diagram

(ab) (cd)^{..........}

.........

.................

........

........

.............. ..... ((ab) c) d (a (bc)) d (a (cb)) d ((ac) b) d .................................. ........ ................................. ....... .................................. ........

a (b (cd)) a ((bc) d) a ((cb) d) a (c (bd)) .................................. ........ ................................. ....... .................................. ........ (ac) (bd) ........

.........

........

...............

.........

.........

.........

.......... .....

(46)

here we permute the second and third factors b, c.

Now we will calculate a few examples. Using the commutative diagram (46) we have for the product (q_1q_2) (q_3Q_3)

(q_1q_2) (q_3Q_3) = − (q_1q_3) (q_2Q_3) − q_1 (H_{3,18} (3, 2) + H_{3,19} (3, 2)) − H_{3,18} (3, 1) q_2 − H_{3,4}q_3 = (47) − (q_1q_3) (q_2Q_3) − q_1 (H_{3,18} (3, 2) + H_{3,19} (3, 2)) + q_2H_{3,18} (3, 1) + q_3H_{3,4} (48)

Eq’s (47) and (48) are deduced using upper and lower rows of commutative diagram (46) correspondingly (for details of these calculations, see appendix B). Comparing Eq’s (47) and (48) we have

q_2H_{3,18} (3, 1) = −H_{3,18} (3, 1) q_2, (49) q_3H_{3,4} = −H_{3,4}q_3. (50)

It is evidently that Eq’s (47) and (48) are correct for any permutations of indices (1, 2, 3) → (i, j, k). It means that the operator H_{3,4} can not include the operators q_{1,2,3} as the terms.

But not all is so simple here. If we apply the procedure (46) to the (−)associator {q_1Q_1, q_3, Q_3}_− we will see that the corresponding diagram is not commutative. The thorough analysis shows that the reason of this difference is that {q_1Q_1, q_3, Q_3}_− (−)associator has two pairs (q_1Q_1) and (q_3Q_3). In Ref. [9] the notion of white (colorless) operators is introduced:

the white operators, μ_i, i = 1, 2, 3 are

μ_i = q_iQ_i (51)

here i is not summed over. Thus we can assume that (44) and (45) algorithms are valid only for four a, b, c, d which is not any combination of four q_i, Q_i, q_j, Q_j. In this case we have to assume

{q_iQ_i, q_j, Q_j}_± = H_{4,1}, (52)

{q_i, Q_i, q_jQ_j }_± = H_{4,2} (53)

are new operators.

The definitions (44) (45) one can use for the definitions of other (±)associators. For example, one can use the commutative diagram ((ab) c) d (ab) (cd) a (b (cd)) (a (bc)) d a ((bc) d)

............................................................ ........

Eq. (44)_{.......................................................... .......}

Eq. (45)

...................................................................................................................................................................................... .......

Eq. (51) . . . .... . ... .. . . . .... . ... .. (54)

to calculate {a, bc, d}_± = (a (bc)) d ± a ((bc) d) (55)

VI. HAMILTON’S EQUATIONS

The essential ingredient of any quantum theory is dynamical equations. Ordinary they are Hamilton’s equation(s) d^L dt = i [ ^H, ^L ] (56)

where ^L is some operator, ^H is the Hamiltonian. Eq. (56) leads to the result that the commutator [, ] should be a derivative [ ^A, ^B ^C ] = B [ ^A, ^C ] + [ ^A, ^B ] ^C. (57) The question here is how we can generalize Hamilton’s equation(s) into a non-associative operator algebra. The well known result is the Myung’s Theorem [20]:

A necessary and sufficient condition that an algebra A over the field F of characteristic not two be flexible Lieadmissible is to have Eq. (57). This is precisely the derivative law d dt ( ^A ^B ) = ^A d ^B dt + d ^A dt ^B (58)

so that the consistent quantization requires the underlying operator algebra to be flexible Lie-admissible. Only in this case Hamilton’s equation(s) (56) will be self-consistent.

An algebra A is said to be flexible if {x, y, z}_− = − {z, y, x}_− (59) where {, , }_− is the associator; x, y, z ∈ A. An algebra A is called Lie-admissible if the Jacobi identity is valid

[x, [y, z]] + [z, [x, y]] + [y, [z, x]] = 0. (60)

Let us note that we use (-)associators and commutators in (59) (60) equations correspondingly. For probable generalization of this procedure we can: (a) change the commutator in Hamilton’s equation (56) on (±)associator, (b) introduce associators and antiassociators on equal rights.

Thus the conclusion is to change rhs of Hamilton’s equation (56) for a non-associative quantum theory by the following way da dt = {a, c, d}_± = (ac) d ± a (cd) (61) where {, , }_± is (±)associator; a, b, c are non-associative operators and (cd) is a non-associative Hamiltonian. With the definitions (44) and (45) the derivation law d(ab) dt = a db dt + db dt a = {ab, c, d}_± = a {b, c, d}_± + {a, c, d}_± b (62) is valid at least for some four a, b, c, d. According to remark at the end of section VI a non-associative Hamilton’s equation (61) is valid only for the case if (ab) and (cd) operators are not the white operators simultaneously. If (ab) and (cd) are the colorless operators simultaneously the problem of the definition^{d(ab)}_{dt} with a white Hamiltonian remains an open problem. But we have to do the following remark. A non-associative algebra of quantum operators considered here should have associative subalgebras, for example it is the subalgebra spanned on quaternion-like operators q_{1,2,3}. One can assume that the white operators form associative subalgebras, so that d(q_iQ_i) dt = [q_iQ_i, q_jQ_j ] (63)

where [, ] is ordinary commutator.

On this way there is one big problem: it is necessary to proof the self-consistence of the definitions (44) and (45) for all four (a, b, c, d) and for the product of n > 4 operators.

VII. SUMMARY AND CONCLUSIONS

In this Letter we offer a new non-associative algebra which can be considered as an algebra of strongly interacting fields. The values of some quantum (±)associators is offered. The self-consistency of the algebra on the level of the product of three operators and for some products of four operators is checked. The prior analysis shows us that the operators H_{3,1−7} are new operators which are not the combination of q_i, Q_i operators. Another interesting property of the considered algebra is that (±)associators H_{3,1−11} are (±)flexible. For the definition of the product of n > 4 operators it is necessary either to consider (±)associators for the product of n > 4 operators following to an inductive algorithm ((44) (45) for example) or to do some new assumptions about these (±)associators. One can assume that so-called an invisibility principle [10] is valid.

This principle tells us: in a calculation with rearrangements of brackets in a product the white operator is invisible. This implies that if there is a colorless operator on the lhs or rhs then the corresponding quantum (±)associator does not have any operators which were in the colorless operator.

The white operators are operators where the change of octonion-like operators q, Q on the split-octonions bring to the split-octonion I (for the definition of the split-octonion I see Table A). For example the operators q_iQ_i are white operators. In this case, for example,

{q_m, Q_n, q_n}_+ = q_m (Q_nq_n) + (q_mQ_n) q_n = aq_m (64)

where a is some real number.

The most intriguing problem for physicists in this consideration is: how one can apply a non-associative algebras in physics ? The authors point of view is that if in a non-associative algebra there are associative algebras then only the elements of these associative subalgebras have physical sense. It means that only these associative elements are physical observables. The non-associative elements are not physical observables.

If non-associative quantum theory has such associative subalgebras as u(1), su(2), su(3), so(1,3) or even any supersymmetry algebra then such theory can be considered as a fundamental theory which unifies gauge theories, gravity and even supersymmetrical theories.

APPENDIX A: THE SPLIT-OCTONIONS

Let split-octonion numbers are designeted as q̃_i and Q̃_j. Here we present the multiplication rule of the split-octonions numbers q̃_i, Q̃_j and I. q̃1 q̃2 q̃3 Q̃1 Q̃2 Q̃3 I q̃1 −1 q̃3 −q̃2 −I Q̃3 −Q̃2 Q̃1 q̃2 −q̃3 −1 q̃1 −Q̃3 −I Q̃1 Q̃2 q̃3 q̃2 −q̃1 −1 Q̃2 −Q̃1 −I Q̃3 Q̃_1 I Q̃_3 −Q̃_2 1 −q̃_3 q̃_2 q̃_1 Q̃_2 −Q̃_3 I Q̃_1 q̃_3 1 −q̃_1 q̃_2 Q̃_3 Q̃_2 −Q̃_1 I −q̃_2 q̃_1 1 q̃_3 I −Q̃1 −Q̃2 −Q̃3 −q̃1 −q̃2 −q̃3 1 TABLE I: The split-octonions multiplication table.

APPENDIX B: A FEW EXAMPLES FOR THE CALCULATION OF FOUR (±)ASSOCIATORS

At first we will calculate the following permutation

(q_1q_2) (q_3Q_3) → (q_1q_3) (q_2Q_3) . (B1)

In order to calculate this permutation we start from the definition (44)

{q_1q_2, q_3, Q_3}_− = ((q_1q_2) q_3) Q_3 − (q_1q_2) (q_3Q_3) = q_1 {q_2, q_3, Q_3}_− + {q_1, q_3, Q_3}_− q_2 =

q_1H_{3,18} (3, 2) + H_{3,18} (3, 1) q_2.

(B2)

Whereupon we have (q_1q_2) (q_3Q_3) = ((q_1q_2) q_3) Q_3 − q_1H_{3,18} (3, 2) − H_{3,18} (3, 1) q_2 = − ((q_1q_3) q_2) Q_3 − q_1H_{3,18} (3, 2) − H_{3,18} (3, 1) q_2.

(B3)

Eq. (B3) follows form the associativity of quaternions q_1, q_2, q_3. Now we use the following (-)associator {q_1q_3, q_2, Q_3}_− = ((q_1q_3) q_2) Q_3 − (q_1q_3) (q_2Q_3) = q_1 {q_3, q_2, Q_3}_− + {q_1, q_2, Q_3}_− q_3 = q_1H_{3,19} (3, 2) + H_{3,4}q_3.

(B4)

Eq. (B4) leads to − ((q_1q_3) q_2) Q_3 = − (q_1q_3) (q_2Q_3) − q_1H_{3,19} (3, 2) − H_{3,4}q_3. (B5) Combining Eq’s (B3) and (B5) we have (q_1q_2) (q_3Q_3) = − (q_1q_3) (q_2Q_3) − q_1 (H_{3,18} (3, 2) + H_{3,19} (3, 2)) − H_{3,18} (3, 1) q_2 − H_{3,4}q_3. (B6) Eq. (B6) is calculated using the upper row of commutative diagram (46).

Now we would like to calculate the same permutation using the lower row of commutative diagram (46). For this we will use the definition (45) {q_1, q_2, q_3Q_3}_− = (q_1q_2) (q_3Q_3) − q_1 (q_2 (q_3Q_3)) = q_3 {q_1, q_2, Q_3}_− + {q_1, q_2, q_3}_− Q_3 = q_3H_{3,4}. (B7) From Eq. (B7) we have (q_1q_2) (q_3Q_3) =q_1 (q_2 (q_3Q_3)) + q_3H_{3,4} = q_1 ((q_2q_3) Q_3) − q_1H_{3,18} (3, 2) + q_3H_{3,4} = − q_1 ((q_3q_2) Q_3) − q_1H_{3,18} (3, 2) + q_3H_{3,4} = − q_1 (q_3 (q_2Q_3)) − q_1 (H_{3,18} (3, 2) + H_{3,19} (3, 2)) + q_3H_{3,4}.

(B8)

To calculate q_1 (q_3 (q_2Q_3)) → (q_1q_3) (q_2Q_3) we use the definition (45)

{q_1, q_3, q_2Q_3}_− = (q_1q_3) (q_2Q_3) − q_1 (q_3 (q_2Q_3)) = q_2 {q_1, q_3, Q_3}_− + {q_1, q_3, q_2}_− Q_3 = q_2H_{3,18} (3, 1) . (B9) Whereupon we have −q_1 (q_3 (q_2Q_3)) = − (q_1q_3) (q_2Q_3) + q_2H_{3,18} (3, 1) . (B10) Combining Eq’s (B8) and (B10) we have (q_1q_2) (q_3Q_3) = − (q_1q_3) (q_2Q_3) − q_1 (H_{3,18} (3, 2) + H_{3,19} (3, 2)) + q_2H_{3,18} (3, 1) + q_3H_{3,4}. (B11) The similar calculation for the permutation (Q_1Q_2) (q_3Q_3) → (Q_1q_3) (Q_2Q_3) give us the following result (Q_1Q_2) (q_3Q_3) = − (Q_1q_3) (Q_2Q_3) + (−H_3 + H_7) Q_3 + Q_1 (−H_{3,10} (2, 3) − H_{3,13} (3, 2)) − H_{3,10} (1, 3) Q_2 − H_1q_3 = (B12) − (Q_1q_3) (Q_2Q_3) + (−H_3 + H_7) Q_3 + Q_1 (−H_{3,10} (2, 3) − H_{3,13} (3, 2)) + Q_2H_{3,10} (1, 3) + q_3H_1. (B13) From what we see that H_{3,10} (1, 3) Q_2 = −Q_2H_{3,10} (1, 3) , (B14) H_1q_3 = −q_3H_1. (B15)

[1] C. A. Manogue and A. Sudbery, Phys. Rev. D 40, 4073 (1989).

[2] T. Kugo and P.–K. Townsend, “Supersymmetry and the division algebras,” Nucl. Phys. B221, 357-380 (1983). [3] C. A. Manogue and T. Dray, “Dimensional reduction,” Mod. Phys. Lett. A 14, 99 (1999) [arXiv:hep-th/9807044].

[4] L. Smolin, “The exceptional Jordan algebra and the matrix string,” hep-th/0104050. [5] B. Grossman, “A Three Cocycle in Quantum Mechanics,” Phys. Lett. B152, 93, (1985). [6] R. Jackiw, “3 - Cocycle in Mathematics and Physics,” Phys. Rev. Lett. 54, 159, (1985).

[7] Pascual Jordan, John von Neumann, Eugene Wigner, “On an algebraic generalization of the quantum mechanical formalism,” Ann. Math. 35, 29-64 (1934).

[8] Susumo Okubo, Introduction to Octonion and Other Non-Associative Algebras in Physics, Cambrodge University Press, Cambridge, 1995.

[9] V. Dzhunushaliev, “White operators in a non-associative quantum theory,” hep-th/0507032. [10] V. Dzhunushaliev, “A non-associative quantum mechanics”, to be published in Found. Phys. Lett., hep-th/0502216. [11] M. Günaydin and F. Gürsey Lett. Nuovo Cimento, 6 401, (1973);

J. Math. Phys., 14, 1651 (1973);

K. Morita, Prog. Theor. Phys., 65 787, (1981).

[12] M. Günaydin and F. Gürsey, Phys. Rev., D9, 3387 (1974); hep-th/0512258.

[13] A. Dimakis and F. Muller-Hoissen, “Nonassociativity and Integrable Hierarchies,” nlin.si/0601001. Phys. Rev. Lett. 91, 236803 (2003).

[14] A. I. Nesterov and L. V. Sabinin, “Nonassociative geometry: Towards discrete structure of spacetime,” [15] J. C. Baez, “The Octonions,” Bull. Amer. Math. Soc., 39, 145-205 (2002), math.ra/0105155. [16] Feza Gürsey and Chia-Hsiung Tze, On the Role of Division, Jordan and Related Algebras in Particle Physics, World Scientific, Singapore, 1996.

[17] R. Schafer, Introduction to Non-Associative Algebras (Dover, New York, 1995);

T. A. Springer and F. D. Veldkamp, Octonions, Jordan Algebras and Exceptional Groups, Springer Monographs in Mathematics (Springer, Berlin, 2000);

J. Lõhmus, E. Paal and L. Sorgsepp, Acta Appl. Math., 50, 3 (1998). Phys. Rev. D62, 081501 (2000). [18] M. Gogberashvili, “Octonionic version of Dirac equations,” hep-th/0505101. [19] M. Gogberashvili, “Octonionic electrodynamics,” hep-th/0512258. [20] H.C. Muyng, Trans. Amer. Math. Soc. 167, 79 (1972).