arXiv:hep-th/0602048 v3 25 Mar 2006

Vacuum Expectation Value of the Spinor Massive field in the Cosmic String Space-Time

Valdir B. Bezerra^∗ and Nail R. Khusnutdinov^{† ‡} Departamento de Física, Universidade Federal da Paraíba, Caixa Postal 5008, CEP 58051-970 João Pessoa, Pb, Brazil

We found the contribution to the vacuum expectation value of the energy-momentum tensor of a massive Dirac field due to the conical geometry of the cosmic string space-time. The heat kernel and heat kernel expansion for the squared Dirac operator in this background are also considered and the first three coefficients were found in an explicity form.

I. INTRODUCTION

The study of quantum fields in the space-time of a static cylindrically symmetric cosmic string has been done in different situations. Examples of these studies are the computation of the non-vanishing contribution to the vacuum expectation value of the energy-momentum tensor of quantum fields, as for example, scalar, spinor and vector fields [2, 4, 11, 14, 17, 23, 25, 39, 41, 44, 45, 49]. Quantum fields at non-zero temperature were also considered in the literature [9, 10, 18, 24, 35, 36, 37, 38, 42]. It was noted that the energy-momentum tensor has a non-integrable singularity at the origin and possesses the structure similar to the energy-momentum tensor in the wedge [13]. On the other hand there is a great interest connected with properties of the heat kernel of the Laplacian like operator and its expansion in this background. The point to be considered is that in this space-time there is a singular surface with codimension two which originates some problems [33]. As a consequence, it is impossible to apply standard expressions for the heat kernel coefficients as discussed in [46] and therefore we have to modify them. Nevertheless, there is a way to calculate the heat kernel coefficients by considering generalized cone in dimensions greater then four [7] and to treat the heat kernel coefficients in the standard way using dimensional reduction. General considerations concerning the first heat kernel coefficient and up to systems with spin-2 were considered in Ref. [20].

Cosmic string [31, 47] is an exotic topological defect [48] which may have been formed at phase transitions in the very early history of the Universe. Up to the moment no direct observational evidence of their existence has been found (see, nevertheless [40]), but the richness of the new ideas they brought along to general relativity seems to justify the interest in the study of these structures.

The gravitational field of a straight infinitely long cosmic string is quite remarkable; a particle placed at rest around a straight, infinite, static string will not be attracted to it; there is no local gravity. The space-time around a cosmic string is locally flat but not globally. The external gravitational field due to a cosmic string may be approximately described by a commonly called conical geometry. Due to this conical geometry a cosmic string can induce several effects like, for example, gravitational lens [21, 47], pair production [26], electrostatic self-force [34] on an electric charge at rest, bremsstrahlung process [1, 6] and the so-called gravitational Aharonov-Bohm effect [16].

In the present paper we obtain an explicit form of the expression for vacuum expectation value of the energymomentum tensor of a massive Dirac field in the cosmic string space-time, showing up that the conical structure of this space-time induces a non-vanishing value for this quantity. The massless case was already considered by Frolov and Serebriany [17]. The energy-momentum tensor is traceless and it has the same non-integrable singularity at the string as in the massless case. We also reobtain the heat kernel and heat kernel expansion in terms of contour integrals. We show that in the coincidence limit, the Green function of squared Dirac operator is defined by the first heat kernel coefficient and the energy-momentum tensor is defined by the second one. The vacuum expectation value of the energy-momentum tensor of a massive scalar field was considered in Refs. [23, 27].

The paper is organized as follows. In Sec. II we find the Green function of the squared Dirac operator and the corresponding heat kernel. In Sec. III we obtain the expansion of the heat kernel and found in manifest form the heat kernel coefficients which are expressed in terms of the delta function and its derivatives. The vacuum expectation value for the Dirac field is obtained in Sec. IV. We conclude with the Sec.V by summarizing the results obtained presenting some remarks. In this paper we adopt the units where ℏ = c = G = 1.

∗ e-mail: valdir@fisica.ufpb.br † e-mail: nail@kazan-spu.ru ‡ On leave from Department of Physics, Tatar State University of Humanity and Pedagogic, Mezhlauk 1, Kazan 420021, Russia

II. GREEN FUNCTION AND HEAT KERNEL

To start with let us consider the massive Dirac equation in the Euclidean sector, τ = it, in the space-time generated by a cosmic string. The space-time is described by the following line element [47]

ds^2 = dτ^2 + dρ^2 + ρ^2 ν^2 dφ^2 + dz^2

where τ, z ∈ R, ρ ∈ R^+ and φ ∈ [0, 2π]. The manifold associated with a cosmic string, M = R^2 ⊗ C^2_ν , is a direct product of two the dimensional space R^2 and two dimensional conical space C^2_ν . The scalar curvature has to be understood as a distribution [43] R = 4π ν − 1 ν δ^{(2)}(x) √ g . (1)

The general considerations about the properties of this space-time may be found in [8] while the Green function of the Dirac equation, for a massive field in this background was found in Ref. [37]. We also obtain the Green function in this background, but in different form compared with the one obtained in [37] which is more suitable for our proposal.

According the general considerations concerning the Dirac equation in arbitrary dimensions [15, 22, 32], the Euclidean spinor Green function obeys the following equation D̸_mS(x; x^′) = −I_4 δ^{(4)}(x − x^′) √ g , where D̸_m = γ^μ ~∇_μ + m is the Dirac operator and ~∇_μ = ∂_μ + Γ_μ. The Fock-Ivanenko spinor connection

Γ_μ = 1 2 σ^{ab}e^ν_{(a)}∇_μe_{(b)ν} is expressed in terms of the vierbein e_{(b)ν} and the matrix σ^{ab} =^1_4 [γ^{(a)}, γ^{(b)}]. Gamma matrices satisfy the Clifford commutation relation {γ^{(a)}, γ^{(b)}} = 2δ^{ab}I_4 and the generalized Dirac matrices, γ^μ(x), are defined by the relation γ^μ(x) = e^μ_{(a)}γ^{(a)}. In what follows we will adopt the standard representation

γ^{(0)} = ( 1 0 0 −1 ) , γ^{(k)} = −i ( 0 σ^k −σ^k 0 ) , where σ^k are the Pauli matrices. As to the vierbein, we will consider the one used in [12], which are given by the following expressions

e^μ_{(a)} =

1 0 0 0 0 cos φ −^ν_ρ sin φ 0 0 sin φ +^ν_ρ cos φ 0 0 0 0 1 ,

where rows correspond to the number (a) of the vector e^μ_{(a)}. Thus, we obtain the results

γ^τ = γ^{(0)}, γ^ρ = cos φγ^{(1)} + sin φγ^{(2)}, γ^φ = − ν ρ sin φγ^{(1)} + ν ρ cos φγ^{(2)}, γ^z = γ^{(3)}, and Γ_μ = − ν − 1 2ν γ^{(2)}γ^{(1)}δ_{μ,φ} = i ν − 1 2ν Σ_3δ_{μ,φ}, where Σ_3 = −iγ^1γ^2. Therefore, the spinor Green function S obeys the following equation (γ^μ∂_μ − ν − 1 2ρ γ^ρ + m)S(x; x^′) = −I_4 δ^4(x − x^′) √ g . Let us define the Green function G of the squared Dirac operator by the relation

S(x; x^′) = D̸_{−m}G(x; x^′). (2)

It obeys the following equation

D̸^2G(x; x^′) = −I_4 δ^4(x − x^′) √ g , where D̸^2 = D̸_mD̸_{−m} = ( g^{μν} ∂^2_{μν} + 1 ρ ∂_ρ − (ν − 1)^2 4ρ^2 + i ν(ν − 1) ρ^2

Σ_3∂_φ − m^2 − 1 4 R ) . (3)

This equation has no the form of the equation for the scalar Green function. Its general form was presented in [46]. In this paper we will omit the term with the singular scalar curvature. The contribution arising from it has been discussed in the literature[3, 4, 5, 29].

Due to the fact that Σ_3 is diagonal, the Green function G is diagonal, too. In order to obtain the Green function in explicitly form let us find the full set of bispinors which satisfies the equation

D̸^2ϕ(x) = −λ^2ϕ(x). (4)

We shall numerate the eigenfunctions by eigenvalues of operators ^p_τ , ^p_z and the projection of the full momentum ^J_3, as ^p_τ ϕ = −i∂_τ ϕ = Eϕ, ^p_zϕ = −i∂_z ϕ = p_3ϕ, ^J_3ϕ = (^p_φ + 1 2ν Σ_3)ϕ = (−i∂_φ + 1 2 Σ_3)ϕ = jϕ,

and define the number p_⊥ by relation λ^2 = p^2_⊥ + E^2 + p^2_3 + m^2. All these operators commute with each other and with Dirac and squared Dirac operators. The above set of operators define the eigenfunction up to four arbitrary constants. Let us numerate these independent solutions by eigenvalues of matrices Σ_3 with eigenvalue a = ±1 and γ_5 = γ^{(0)}γ^{(1)}γ^{(2)}γ^{(3)} with eigenvalue b = ±1. Both these operators commute with the above set of operators. We shall numerate eigenfunctions by numbers q = E, p_3, p_⊥, l where E, p_3 ∈ R, p_⊥ ∈ R^+, l = 0, ±1, . . .(j = l +^1_2 ) and by (a, b) = (±1, ±1). Therefore we have the following four independent solutions ϕ^{(+,±)} q = √ ν 4π^{3/2} e^{iEτ+ip3 z+ilφ}J_{β−} (p_⊥ρ)w_{(+,±)}, ϕ^{(−,±)} q = √ ν 4π^{3/2} e^{iEτ+ip3 z+i(l+1)φ}J_{β+} (p_⊥ρ)w_{(−,±)}, where

w_{(+,±)} = 1 0 ±1 0 , w(−,±) = 0 1 0 ±1 are the eigenfunctions of Σ_3 and γ_5. Here J_μ(z) is the Bessel function with indices β_∓ = |νj ∓^1_2 |. This full set obeys the following relations of completeness and orthogonality ∑ l ∫∫ ∫ dEdp_3p_⊥dp_⊥ϕ^{(a,b)}_q^†(x^′)ϕ^{(a,b)}_q (x) = δ^{(4)}(x − x^′) √ g , ∫ ϕ^{(a′,b′)} q^′ †(x^′)ϕ^{(a,b)}_q (x) √ gd^4x = δ_{a,a}′ δ_{b,b}′ δ_{l,l}′ δ(E − E^′)δ(p_3 − p^′_3) δ(p_⊥ − p^′_⊥) p_⊥ . Now we are ready to obtain the Green function in manifest form. To do this, let us represent the Green function in the following form

G(x; x^′) = ∑ a,b ∑ l ∫∫ ∫ dEdp_3p_⊥dp_⊥ ϕ^{(a,b)}_q (x) ⊗ ϕ^{(a,b)}_q^†(x^′) p^2_⊥ + E^2 + p^2_3 + m^2 (5)

= ν (2π)^3 ∑ l ∫ ∫ ∫ dEdp_3p_⊥dp_⊥ e^{iE△τ+ip3 △z} p^2_⊥ + E^2 + p^2_3 + m^2

× diag(J_{β−} (r)J_{β−} (r^′)e^{il△φ}, J_{β+} (r)J_{β+} (r^′)e^{i(l+1)△φ}, J_{β−} (r)J_{β−} (r^′)e^{il△φ}, J_{β+} (r)J_{β+} (r^′)e^{i(l+1)△φ}), where r = p_⊥ρ, r^′ = p_⊥ρ^′. By changing the variable l → l − 1 in the second and forth terms, we can write the Green function in more simple form, as

G(x; x^′) = ν (2π)^3 ∑ l ∫∫ ∫ dEdp_3p_⊥dp_⊥ e^{iE△τ+ip3 △z+il△φ} p^2_⊥ + E^2 + p^2_3 + m^2 × diag(J_{ξ+} (r)J_{ξ+} (r^′), J_{ξ−} (r)J_{ξ−} (r^′), J_{ξ+} (r)J_{ξ+} (r^′), J_{ξ−} (r)J_{ξ−} (r^′)),

where ξ_± = |νl ±^{ν−1}_2 |.

It is easy to find from this expression the heat kernel of the squared Dirac operator in Eq. (3). It is given by K(x; x^′|s) = ν (2π)^3 ∑ l ∫ ∫ ∫ dEdp_3p_⊥dp_⊥e^{iE△τ+ip3 △z+il△φ−s(p2⊥+E2 +p23 +m2 )} × diag(J_{ξ+} (r)J_{ξ+} (r^′), J_{ξ−} (r)J_{ξ−} (r^′), J_{ξ+} (r)J_{ξ+} (r^′), J_{ξ−} (r)J_{ξ−} (r^′)) = K^{(2)}_m (△τ, △z|s)K^{(2)}_ν (△φ, ρ, ρ^′|s), (6) where K^{(2)}_m (△τ, △z|s) is the heat kernel of the operator ^L_m = ∂^2_{τ 2} + ∂^2_{z2} − m^2 and K^{(2)}_ν (△φ, ρ, ρ^′|s) is the heat kernel of the operator

^L_ν = ∂^2_{ρ2} + 1 ρ ∂_ρ + ν^2 ρ^2

∂^2_φ2 −

(ν − 1)^2

4ρ^2 + i ν(ν − 1) ρ^2

Σ_3∂_φ.

Integrating over E, p_3, p_⊥, we get K^{(2)}_m (△τ, △z|s) = 1 4πs e^{−m2 s− △τ2 +△z24s} , (7a) K^{(2)}_ν (△φ, ρ, ρ^′|s) = ν 4πs ∑ l e^{il△φ− ρ2+ρ′24s} diag(I_{β−} ( ρρ^′ 2s ), I_{β+} ( ρρ^′ 2s )e^{i△φ}, I_{β−} ( ρρ^′ 2s ), I_{β+} ( ρρ^′ 2s )e^{i△φ}) = ν 4πs ∑ l e^{il△φ− ρ2+ρ′24s} diag(I_{ξ+} ( ρρ^′ 2s ), I_{ξ−} ( ρρ^′ 2s ), I_{ξ+} ( ρρ^′ 2s ), I_{ξ−} ( ρρ^′ 2s )). (7b)

It is worth noting that this expression leads to a heat kernel which is a diagonal matrix. The components of this matrix are defined in terms of the first component K_{1,1} which we denote by K by relations: K_{3,3} = K and K_{2,2} = K_{4,4} = K^∗. Indeed, because ξ_± → ξ_∓ with changing l → l then ∑ l e^{il△φ}I_{ξ−} = ∑ l e^{−il△φ}I_{ξ+} = ( ∑ l e^{il△φ}I_{ξ+} )_∗ , and the heat kernel has the following structure

K^{(2)}_ν = diag (K, K^∗, K, K^∗) . (7c)

Using Eqs. (2) and (6) we obtain the spinor Green function in manifest form, which can be written as

S(x; x^′) = ν (4π)^2 ∑ l e^{il△φ} ∫_∞ 0 ds s^2 e^{−sm2− △τ2 +△z2 +ρ2 +ρ′2} 4s (−mS_1 − △τ 2s S_2 + i △ z 2s S_3 − i 2s S_4) (8)

where

S_1 = diag ( I_{β−} , I_{β+} e^{i△φ}, I_{β−} , I_{β+} e^{i△φ} ) , S_2 = diag ( I_{β−} , I_{β+} e^{i△φ}, −I_{β−} , −I_{β+} e^{i△φ} ) ,

S_3 =

0 0 I_{β−} 0 0 0 0 −I_{β+} e^{i△φ} −I_{β−} 0 0 0

0 I_{β+} e^{i△φ} 0 0 , (9)

S_4 =

0 0 0 e^{−iφ′} (ρ^′I_{β−} − ρI_{β+} ) 0 0 e^{iφ}(ρ^′I_{β+} − ρI_{β−} ) 0 0 −e^{−iφ′} (ρ^′I_{β−} − ρI_{β+} ) 0 0 −e^{iφ}(ρ^′I_{β+} − ρI_{β−} ) 0 0 0 and the argument of the Bessel functions of second kind I_{β±} is z =^{ρρ′}_{2s} . To obtain previous expression we used the relations : I^′_{β−} − ϵ_lβ_− z I_{β−} = I_{β+} , I^′_{β+} + ϵ_lβ_+ z I_{β+} = I_{β−} ,

where ϵ_l = sgn(l).

Now, let us consider some limiting cases. In the massless case, m = 0, the Green function can be found in a closed form and is given explicitly by

G(x; x^′) = ν 8π^2 1 ρρ^′ 1 sinh η sinh(^{ν+1}_2 η)I_4 + sinh(^{ν−1}_2 η)e^{−i△φΣ3} cosh νη − cos △φ . We note that this Green function does not coincide with that obtained in [17, 37] and it does not obey the relation G(φ + 2π) = −G(φ). Instead of this, it obeys the relation above with minus sign changed to plus sign. The reason for this fact is connected with the use of another vierbein as compared with the one used in [17].

In order to reobtain the result showed in [17], we have to apply a rotation of the vierbein we have chosen by an angle φ, in the plane (ρ, φ). It is well-known that the bispinor will be multiplied by a factor e^{i2 φΣ3} . The Green function, as a bispinor at point x and point x^′, is multiplied by factor e^{i2 △φΣ3} . Thus, multiplying by this factor we arrive at the formula

G(x; x^′) = ν 8π^2 1 ρρ^′ 1 sinh η e^{i2 △φΣ3} sinh(^{ν+1}_2 η) + e^{− i2 △φΣ3} sinh(^{ν−1}_2 η) cosh νη − cos △φ

which coincides with the results obtained in [17, 37], if we take into account that iΣ_3 = γ^{(1)}γ^{(2)}.

In the case of zero angle deficit, ν = 1, we have ξ_± = |l| and thus K(x; x^′|s) = 1 (4πs)^2 e^{−m2s− R24s} I_4, where R = (△τ^2 + △z^2 + ρ^2 + ρ^{′2} − 2ρρ^′ cos △φ)^{1/2} is the distance between points x and x^′ in the Euclidean 4-dimensional space in cylindrical coordinates. The Green function in this case turns into

G(x; x^′) = ∫_∞ 0 K(x; x^′|s)ds = 1 4π^2 m R K_1(mR)I_4,

as it should be. Here K_μ is the Bessel function of second kind.

III. HEAT KERNEL EXPANSION

Let us investigate the asymptotic expansion of the heat kernel of the squared Dirac operator which is given by Eqs. (7b) and (7c). It is impossible to take an expansion of the Bessel function because the asymptotic expansion of the Bessel function depends on the ratio argument and indices. For this reason we use the integral representation for the Bessel function, as follows

I_μ(z) = 1 2π ∫ Γ e^{i(w− π2 )μ+z sin w}dw. The contour Γ lies in the half-strip ℜz ∈ [−^π_2 ,^{3π}_2 ], ℑz > 0. It goes from −^π_2 + i∞ to^{3π}_2 + i∞.

Let us consider, in general, the series f(α, r) = ν ∑ l e^{il△φ}I_{|ν(l+α)|}(r), where |α| ≤ 1. For our cases we have α = ±^{ν−1}_{2ν} and |α| <^1_2 . Then we use the representation above for the Bessel function and change the integration and summation and shift the variable w to z = w −^π_2 . In this situation, we obtain the following expression for the function f(α, r) f(α, r) = ν 2π ∫ Γ^′

e^{r cos z} [ e^{−iz|να|} e^{−i(zν−ϵα△φ)} − 1 − e^{iz|να|} e^{i(zν+ϵα△φ)} − 1 ] dz, where ϵ_α = sgn(α). The contour Γ^′ is the contour Γ shifted by π/2 to the left. It lies in the positive part of the strip z ∈ [−π, π]. Then we divide the integral in two parts according with integrand and in the second part, we do the change of variable z → −z. The integrand takes the form as the first integrand but the contour is the central symmetry of Γ^′. Therefore we may recombine both integrals into a single integral and arrive at the following formula for function f(α, r) f(α, r) = ν 2π ∫ γ e^{−iz|να|+r cos z} e^{−i(zν−ϵα△φ)} − 1 dz. The contour γ has two branches. First one is contour Γ^′ and the second is the central symmetry of Γ^′. Taking into account this formula we arrive at the following expressions for heat kernel component K = e^{− ρ2+ρ′24s} 4πs f( ν − 1 2ν , ρρ^′ 2s ) = νe^{− ρ2+ρ′24s} 8π^2s ∫ γ e^{−iz ν−12 + ρρ′2s cos z} e^{−i(zν−△φ)} − 1 dz. The complex conjugate K^∗ differ from K by the sign of △φ only.

Now, let us return to the function f(α, r) and modify the contour γ. It is easy to see that the zeros of the denominator are in the points z_n = ϵ_α^{△φ}_ν +^{2πn}_ν . Because of |△φ| < π and ν > 1, then we have that|△φ/ν| < π. Therefore, the first zero of the denominator, z_0 = ϵ_α^{△φ}_ν , belongs to the interval of integration [−π, π]. Let us extract this first pole in manifest form. With this we add the integrals over two lines around point z = ϵ_α△φ/ν in each of which we integrate in opposite directions. The contribution from these additional integrals are zero. Then we divide the contour γ with additional lines in two parts and represent the integral as an integral over contour χ and over a circle around point ϵ_α^{△φ}_ν . The contour χ has two branches. The first one goes from −π + i∞ to −π − i∞, very close to the point ϵ_α^{△φ}_ν from the left side. The second part of the contour goes from π + i∞ to π − i∞, very close to the point ϵ_α^{△φ}_ν from the right side. The second integral is minus the residue at point ϵ_α^{△φ}_ν . Therefore we may represent our function f(α, r) in the form below f(α, r) = e^{r cos △φν −iα△φ} + ν 2π ∫ χ e^{−iz|να|+r cos z} e^{−i(zν−ϵα△φ)} − 1 dz. Taking into account this representation we arrive at the following expression for component K K = e^{− d24s −i ν−12ν △φ} 4πs [ 1 + ν 2π ∫ χ e^{−i(zν−△φ) ν−12ν + ρρ′2s (cos z−cos △φν )} e^{−i(zν−△φ)} − 1 dz ] , where d^2 = ρ^2 + ρ^{′2} − 2ρρ^′ cos^{△φ}_ν . The expression for the complex conjugate K^∗ component differs from the above by the sign of △φ.

Therefore, in the coincidence limit ρ^′ = ρ and φ^′ = φ we obtain the following expression for the heat kernel

K^{(2)}_ν (x; x|s) = 1 4πs [ 1 + ν 2π ∫ χ e^{−iz ν−12 − ρ2s sin2 z2} e^{−izν} − 1 dz ] I_4, (10)

where the contour χ intersects the real axis close to the origin. In order to find the expansion of the heat kernel over s we use the formula presented in [9], which is given by νσ π e^{−σρ2} = ∞∑ n=0 △^n_{(2)}δ^{(2)}(⃗r) n!(4σ)^n ,

where δ^{(2)}(⃗r) =^ν_ρ δ(ρ)δ(φ) and △_{(2)} = ∂^2_{ρ2} +^1_ρ ∂_ρ +^{ν2}_{ρ2} ∂^2_{φ2} . The integral may be calculated by the method of residue at the zero point. Thus, we obtain

K^{(2)}_ν (x; x|s) = 1 4πs [ I_4 + ∞∑ n=1 a_n(x; x)s^n ] , where

a_n(x; x) = I_4 R_{n−1} (n − 1)!4^{n−1}

△^{n−1}_{(2)} δ^{(2)}(⃗r) and R_n = Res_0 iπe^{−iz ν−12} (e^{−izν} − 1) sin^{2n+2 z}_2 . Therefore, the first three coefficients are given by

R_0 = − π(ν^2 − 1) 6ν , R_1 =

7ν^2 + 17 60 R_0, R_2 =

31ν^4 + 178ν^2 + 367 2520

R_0.

The expansion of the four dimensional heat kernel is expressed in terms of the same coefficients, as K(x; x^′|s) = 1 (4πs)^2 [ I_4 + ∞∑ n=1 a_n(x; x)s^n ] . From the above expression we observe that the first coefficient R_0 for the spinor field is minus 1/2 of the same coefficient corresponding to the scalar field. Therefore, we have

tra^{(1/2)}_1 = − N 2 a^{(0)}_1 = −2a^{(0)}_1 ,

and thus in accordance with [19, 20, 28]. The other coefficients have different structure.

IV. VACUUM EXPECTATION VALUES

First of all let us find in closed form the coincidence limit of the renormalized Green function of the squared Dirac operator. To do the process of renormalization we subtract the same function with ν = 1. Because the second integral in Eq. (10) is zero for ν = 1, we have the following expression in the coincidence limit G^{ren}(x; x) = ν 32π^3 ∫_∞ 0 ds s^2 ∫ χ e^{−iz ν−12 − ρ2s sin2 z2 −m2 s} e^{−izν} − 1 dzI_4. (11)

Firstly, let us consider the massless case. We may integrate easily with respect to s and obtain G^{ren}(x; x) = ν 32π^3ρ^2 ∫ χ e^{−iz ν−12} (e^{−izν} − 1) sin^{2 z}_2 dzI_4. Then we close the contour to infinities and calculate this expression with the residue at the point zero. Thus, we get the result G^{ren}(x; x) = νR_0 16π^3ρ^2

I_4 = − ν^2 − 1 96π^2ρ^2

I_4. (12)

In the massive case, we deform the contour in two straight lines over z = ±π. We have to take into account the residues at points z_n = 2πn/ν, where |n| < ν/2. For ν < 2 there is no zeros in the denominator and no residues. By changing the variable z = ±π + iy we obtain, in general, the result ∫ χ e^{−iz ν±12 − ρ2s sin2 z2} e^{−izν} − 1 dz = 4 cos πν 2 ∫_∞ 0 e^{− ρ2s cosh2 y2} sinh^y_2 sinh^{yν}_2 cosh νy − cos πν dy. Taking into account this formula we arrive at the following expression G^{ren}(x; x) = m 16π^2ρ [ν/2]∑

n=1 (−1)^n tan πn ν K_1(2mρ sin πn ν ) + mν cos^{πν}_2

4π^3ρ ∫_∞ 0 K_1(2mρ cosh^y_2 ) cosh^y_2 sinh^y_2 sinh^{yν}_2 cosh νy − cos πν dyI_4. In the case ν < 2, only the last term survives. The appearance of additional terms, when ν > 2, is related with the fact that additional closed geodesics in C^2_ν, appears in this case [30]. For mρ ≫ 1 the above expression exponentially falls down, according to G^{ren}(x; x) ≈ νR_0 16π^{5/2} m^2e^{−2mρ} (mρ)^{3/2} .

FIG. 1: The plot of the ratio F = G^{ren} (x; x)m≠0 /G^{ren}(x; x)m=0 for ν = 0.01 (thin curve) and ν = 2 (thick curve).

In the opposite case, if mρ ≪ 1, the expression for G^{ren}(x; x) is given by Eq. (12). The plot of the ratio F = G^{ren}(x; x)_{m≠0}/G^{ren}(x; x)_{m=0} is reproduced in Fig. 1 as a function of mρ.

To calculate the energy-momentum tensor we use the following formula [22] ⟨T_{μν} ⟩^{ren} = − 1 4 lim_{x′→x} Im{Tr[γ^L_{(μ}(∇_{ν)}[S + S^c]^{ren} − g^{·λ′}_{ν)} ∇_λ′ [S + S^c]^{ren})I(x^′; x)]}, (13)

where S^c is the charge conjugate spinor Green function S^c = −Cγ^{(0)T}_L S^∗γ^{(0)}_L C^† = −γ^{(2)}_L S^∗γ^{(2)}_L . In above formulas γ^μ_L are the gamma matrices in Lorentz regime: γ^{(0)} = γ^{(0)}_L , γ^{(k)} = −iγ^{(k)}_L , and τ = it. In manifest form

S^c(x; x^′) = ν (4π)^2 ∑ l e^{−il△φ} ∫_∞ 0 ds s^2 e^{−sm2 − △τ2 +△z2 +ρ2+ρ′2} 4s (−mS^c_1 − △τ^∗ 2s S^c_2 + i △ z 2s S^c_3 − i 2s S^c_4) (14)

where

S^c_1 = diag ( I_{β+} e^{−i△φ}, I_{β−} , I_{β+} e^{−i△φ}, I_{β−} ) , S^c_2 = diag ( −I_{β+} e^{−i△φ}, −I_{β−} , I_{β+} e^{−i△φ}, I_{β−} ) ,

S^c_3 =

0 0 I_{β+} e^{−i△φ} 0 0 0 0 −I_{β−} −I_{β+} e^{−i△φ} 0 0 0 0 I_{β−} 0 0 , (15)

S^c_4 =

0 0 0 e^{−iφ}(ρ^′I_{β+} − ρI_{β−} ) 0 0 e^{iφ′} (ρ^′I_{β−} − ρI_{β+} ) 0 0 −e^{−iφ}(ρ^′I_{β+} − ρI_{β−} ) 0 0 −e^{iφ′} (ρ^′I_{β−} − ρI_{β+} ) 0 0 0

and the argument of the Bessel functions is z =^{ρρ′}_{2s} . The manifest form of the spinor Green function S is given by Eq. (8). In order to renormalize the spinor Green functions S and S^c we have to subtract from them the same expression with ν = 1. It means that the renormalized Green functions have the same form in which we have to make the changes νI_{β−} → νI_{β−} − I_{|l|}, νI_{β+} → νI_{β+} − I_{|l+1|}. In what follows we assume these changes in the Green functions. Because the renormalized Green functions are finite in the coincidence limit we may use δ^{λ′}_ν instead of g^{λ′}_ν . To obtain the energy-momentum tensor we use the following relations ∑ l I_{β−} = ∑ l I_{β+} , (16a) ∑ l lI_{β−} = − ∑ l (l + 1)I_{β+} , (16b) which can be easy proved by changing l → −l − 1 in the sum in the left hand side. Let us briefly show the main steps of calculations (for simplicity we consider the case ν < 2).

From Eq. (13) we conclude that the energy-momentum tensor has diagonal form with components (no summation):

T^μ_μ = − 1 4 lim x^{′μ}→x^μ Im Trγ^μ_L(∂_μ − ∂_μ′ )(S + S^c)^{ren}.

In this formula the coincidence limit for all variables except x^μ has already done. The contributions from S^c coincides with contribution from S. Let us consider consequently different components of the energy-momentum tensor.

T^t_t : There is non-zero contribution only due to S_2, because S_1 and S_4 do not depend on the time:

T^t_t = 1 8π^2 ∫_∞ 0 ds s^3 e^{−sm2} { e^{− ρ22s} ν ∑ l I_{β−} ( ρ^2 2s ) }_{ren} . T^z_z : The calculations of the T^z_z component is similar. The non-zero contribution is only due to S_3 and we obtain T^z_z = T^t_t , as should be the case due to boost-invariance along z-axis.

T^ρ_ρ : In the coincidence limit S_1 and S_4 survive. The term S_1 gives no contribution because lim_{ρ′ →ρ}(∂_ρ − ∂_ρ′ )e^{− ρ2 +ρ′24s} I_{β±} ( ρρ^′ 2s ) = 0.

The non-zero contribution appears only due to S_4. By using the relations lim_{ρ′→ρ}(∂_ρ − ∂_ρ′ ) { ρ^′I_{β∓} ( ρρ^′ 2s ) − ρI_{β±} ( ρρ^′ 2s ) } = −I_{β−} ( ρ^2 2s ) − I_{β+} ( ρ^2 2s ) and (16a) one has

lim_{ρ′→ρ} γ^ρ_L(∂_ρ − ∂_ρ′ )S_4 = −2I_{β−} ( ρ^2 2s )γ^ρ_L^2 = 2I_{β−} ( ρ^2 2s )I_4.

Therefore, we obtain T^ρ_ρ = T^t_t .

T^φ_φ : In the coincidence limit S_1 and S_4 survive. The component S_1 has no contribution to T^φ_φ . Indeed, by using Eq. (16b) one has

Tr lim_{φ′→φ} γ^φ_L(∂_φ − ∂_φ′ )e^{il△φ}S_1 = 2ilI_{β−} ( ρ^2 2s )Trγ^φ_L diag(1, −1, 1, −1) = 0.

The non-zero contribution exists only due to S_4. One has lim φ^′ →φ (∂_φ − ∂_φ′ )e^{il△φ}S_4 = 2il lim_{φ′→φ} S_4 + lim_{φ′→φ}(∂_φ − ∂_φ′ )S_4

= −2l(I_{β−} − I_{β+} ) ρ^2 ν γ^φ_L − (I_{β−} − I_{β+} ) ρ^2 ν γ^φ_L . As a consequence of the Eq. (16a), the last term gives no contribution to T^φ_φ and we arrive at the expression

T^φ_φ = 1 8π^2 ∫_∞ 0 ds s^3 e^{−sm2} { e^{− ρ22s} ν^2 ∑ l l [ I_{β−} ( ρ^2 2s ) − I_{β+} ( ρ^2 2s ) ]}ren

Thus, using the results of the last section we obtain

T^t_t = T_0, T^φ_φ = −3T_0 + T_1.

Therefore one has the following structure of the energy-momentum tensor

⟨T^μ_ν ⟩^{ren} = T_0diag(1, 1, −3, 1) + T_1diag(0, 0, 1, 0), (17a) where

T_0 = ν 16π^3 ∫_∞ 0 ds s^3 e^{−sm2} ∫ χ e^{−iz ν−12 − ρ2s sin2 z2} e^{−iνz} − 1 dz, (17b) T_1 = − νm^3 cos^{πν}_2 π^3ρ ∫_∞ 0 K_1(2mρ cosh^y_2 ) cosh^y_2 sinh^y_2 sinh^{νy}_2 cos νy − cos πν dy. (17c)

In the massless case, m = 0, we get

T_0 = νR_1 8π^3ρ^4 = − (ν^2 − 1)(7ν^2 + 17) 2880π^2ρ^4

, (17d) T_1 = 0, and in the massive one, we have

T_0 = νm^2 cos^{πν}_2

2π^3ρ^2 ∫_∞ 0 K_2(2mρ cosh^y_2 ) cosh^{2 y}_2 sinh^y_2 sinh^{νy}_2 cos νy − cos πν dy. (17e) The energy-momentum tensor obtained obeys the conservation relation: ∇_μT^μ_ν = 0.

Indeed, the non-trivial equation for ν = r reads as ∂_rT^r_r + 1 r (T^r_r − T^φ_φ ) = 0.

Taking into account the manifest structure of the energy-momentum tensor given by (17), above relations takes the following form ∂_rT_0 + 1 r (4T_0 − T_1) = 0.

It is easy to verify that this equation is valid due to well-known relation: K^′_2(z) = − 2 z K_2 − K_1.

The term T_1 appears due to the non-zero mass of the field. It may be represented by the following form T_1 = −m^2Tr[G^{ren}(x; x)] = mTr[S^{ren}(x; x)], and gives right the trace of the energy-momentum tensor ⟨T^μ_μ ⟩^{ren} = T_1. For mρ ≫ 1, the energy-momentum tensor is exponentially small

T_0 ≈ νR_1 8π^{5/2} m^4e^{−2mρ} (mρ)^{5/2} . Therefore the energy is localized very close to the string in a radius smaller than the Compton length of the spinor particle, ρ < m^{−1}. For mρ ≪ 1 the expression for T_k is given by (17d). The plot of the ratio T_{0(m≠0)}/T_{0(m=0)} looks very similar to the plot in Fig.1.

V. CONCLUSION In this paper we considered the Dirac field in the space-time of an infinitely thin and straight cosmic string. We found in manifest form the Green function and heat kernel of the squared Dirac operator. We showed that the trace of the first heat kernel coefficient is minus two times the corresponding coefficient for the scalar field in accordance with Ref. [20] and found the first three coefficients in manifest form. Thus, the energy-momentum tensor of the massive spinor field was obtained in manifest form. In the massless case the tensor is expressed in terms of the second heat kernel coefficient. The mass of the field brings an additional parameter, the Compton length of the Dirac particle. Due to this parameter the energy-momentum tensor has an Yukawa type dependence over the distance and the energy density of the vacuum polarization is concentrated close to the string, in a domain such that ρ < m^{−1}.

Acknowledgments

NK is grateful to Departamento de Física, Universidade Federal da Paraíba, Brazil for hospitality. This work was supported in part by Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq), FAPESQ- Pb/CNPq(PRONEX) and by the Russian Foundation for Basic Research Grants No. 05-02-17344, No. 05-02-39023- SFNS.

[1] Aliev A N and Gal’tsov D V 1989 Ann. Phys. 193 142 [2] Aliev A N, Hortacsu M and Ozdemir N 1997 Class. Quant. Grav. 14 3215 [3] Allen B and Ottewill A C 1990 Phys. Rev. D42 2669 [4] Allen B, McLaughlin J G and Ottewill A C 1992 Phys. Rev. D45 4486 [5] Allen B, Kay B S and Ottewill A C 1996 Phys. Rev. D53 6829 [6] Audretsch J, Jasper U and Skarzhinsky V D 1994 Phys. Rev. D49 6576 [7] Bordag M, Kirsten K and Dowker S 1996 Commun. Math. Phys. 182 371 [8] Cheeger J 1983 J. Diff. Geom. 18 575 [9] Cognola G, Kirsten K and Vanzo L 1994 Phys. Rev. D49 1029 [10] Davies P C and Sahni 1988 V Class. Quant. Grav. 5 1 [11] De Lorenci V A and Moreira E S Jr 2002 Phys. Rev. D65 107503 [12] De Sousa Gerbert P and Jackiw R 1989 Commun. Math. Phys. 124 229 [13] Deutsch D and Candelas P 1979 Phys. Rev. D20 3063 [14] Dowker J S 1987 Phys. Rev. D36 3095 [15] Dowker J S, Apps J S, Kirsten K and Bordag M 1996 Class. Quantum Grav. 13 2911 [16] Ford L H and Vilenkin A 1981 J. Phys. A14 2353; Bezerra V B 1987 Phys. Rev. D35 2031; id. 1989 J. Math. Phys. 30 2895 [17] Frolov V P and Serebriany E M 1987 Phys. Rev. D35 3779 [18] Frolov V P, Pinzul A and Zelnikov A I 1995 Phys. Rev. D51 2770 [19] Fursaev D V 1994 Class. Quant. Grav. 11 1431 [20] Fursaev D V and Miele G 1997 Nucl. Rev. B484 697 [21] Gott J R 1985 Astrophys. J. 288 422 [22] Groves P B, Anderson P R and Carlson E D 2002 Phys.Rev. D66 124017 [23] Guimarães M E X and Linet B 1994 Commun. Math. Phys. 165 297 [24] Guimarães M E X 1995 Class. Quant. Grav. 12 1705 [25] Helliwell T M and Konkowski D A 1986 Phys. Rev. D34 1918 [26] Harari D D and Skarzhinsky V D 1990 Phys. Lett. B240 330 [27] Iellici D 1997 Class. Quant. Grav. 14 3287 [28] Iellici D and Moreira E S (Jr) 1999 Phys. Rev. D60 124015 [29] Kay B S and Studer U M 1991 Comm. Math. Phys. 139 103 [30] Khusnutdinov N R 1995 Theor. Math. Phys. 103 603 [31] Kibble T W B 1976 J. Phys A9 1387; Zel’dovich Ya B 1980 Not. R. Astron. Soc. 192 663 [32] Kirsten K 2001 Spectral functions in mathematics and physics (Chapman & Hall/CRC Press) [33] Kirsten K, Loya P and Park J 2005 Exotic expansions and pathological properties of zeta-functions on conic manifolds, e-Print Archive: math.sp/0511185 [34] Linet B 1986 Phys. Rev. D33 1833 [35] Linet B 1987 Phys. Rev. D35 536 [36] Linet B 1992 Class. Quant. Grav. 9 2429 [37] Linet B 1995 J. Math. Phys. 36 3694 [38] Linet B 1996 Class. Quant. Grav. 13 97 [39] Matsas G E A 1990 Phys. Rev. D42 2927 [40] Sazhin M. et al, Mon. Not. R. Astron. Soc. 343, 353 (2003) [41] Skarzhinsky V D, Harari D D and Jasper U 1994 Phys. Rev. D49 755 [42] Smith A G 1990 The Formation and Evolution of Cosmic Strings ed G W Gibbons, S W Hawking and T Vachaspati (Cambridge: Cambridge University Press) [43] Sokolov D D and Starobinsky A A 1977 Sov. Phys. Dokl. 22 312 [44] Souradeep T and Sahni V 1992 Phys. Rev. D46 1616 [45] Spinelly J and Bezerra de Mello E R 2003 Class. Quant. Grav. 20 873; id. 2004 Int. J. Mod. Phys. D13 607 [46] Vassilevich D V 2003 Phys. Rep. 388 278 [47] Vilenkin A 1981 Phys. Rev. D23 852 [48] Vilenkin A and Shellard E P S 1994 Cosmic String and other Topological Defects (Cambridge: Cambtidge University Press) [49] Zerbini S, Cognola G and Vanzo L 1996 Phys. Rev. D54 2669