arXiv:hep-th/0602057 v2 3 May 2006

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS

PETER BOUWKNEGT AND DAVID RIDOUT

Abstract. The fusion rings of Wess-Zumino-Witten models are re-examined. Attention is drawn to the difference between fusion rings over Z(which are often of greater importance in applications) and fusion algebras over C . Complete proofs are given characterising the fusion algebras (over C ) of the SU (r + 1) and Sp (2r) models in terms of the fusion potentials, and it is shown that the analagous potentials cannot describe the fusion algebras of the other models. This explains why no other representation-theoretic fusion potentials have been found.

Instead, explicit generators are then constructed for general WZW fusion rings (over Z). The Jacobi-Trudy identity and its Sp (2r) analogue are used to derive the known fusion potentials. This formalism is then extended to the WZW models over the spin groups of odd rank, and explicit presentations of the corresponding fusion rings are given. The analogues of the Jacobi-Trudy identity for the spinor representations (for all ranks) are derived for this purpose, and may be of independent interest.

1. Introduction

The fusion process is a fundamental ingredient in the standard description of all rational conformal field theories. Roughly speaking, the fusion coefficient N^c_{ab} counts the multiplicity with which the family of fields ϕ_c appears in the operator product expansion of a field from family ϕ_a with a field from family ϕ_b. This is succinctly written as a fusion rule:

ϕ_a × ϕ_b = ∑ c N^c_{ab} ϕ_c. (1.1)

This definition makes clear the fact that fusion coefficients are non-negative integers. Of course, one can define fusion in a more mathematically precise manner in terms of the Grothendieck ring of a certain abelian braided monoidal category that appears in the vertex operator algebra formulation of conformal field theory. However, we will not have need for such sophistication in what follows. For our purposes a fusion ring is defined by Eqn. (1.1), where the coefficients N^c_{ab} are explicitly given.

The standard assumptions and properties of the operator product expansion then translate into properties of the fusion coefficients. It is convenient to express these in terms of matrices N_a defined by [N_a]_{bc} = N^c_{ab} . We assume that the identity field is in the theory; the corresponding family is denoted by ϕ_0, and N_0 is therefore the identity matrix. 1

2 P BOUWKNEGT AND D RIDOUT

Commutativity and associativity of the operator product expansion translate into

N_aN_b = N_bN_a and N_aN_b = ∑ c N^c_{ab} N_c,

respectively. Last, given a family ϕ_a, there is a unique family ϕ_a+ such that their operator product expansions contain fields from the family ϕ_0 with multiplicity one (this is effectively just the normalisation of the two-point function). It follows^1 that N_a+ = N^T_a , where^T denotes transposition.

These matrices thus form a commuting set of normal matrices, and so may be simultaneously diagonalised by a unitary matrix U. The diagonalisation N_aU = UD_a (D_a diagonal) is equivalent to ∑ c N^c_{ab} U_{cd} = U_{bd}λ^{(a)}_d where λ^{(a)}_d are the eigenvalues of N_a. Putting b = 0 then gives U_{ad} = U_{0d}λ^{(a)}_d , which determines the eigenvalues completely (if U_{0d} were to vanish, U_{ad} would vanish for all a contradicting unitarity).

The celebrated Verlinde conjecture [1] identifies the diagonalising matrix U with the Smatrix S describing the transformations of the characters of the chiral symmetry algebra induced by the modular transformation τ → −1/τ . This gives a closed expression for the fusion coefficients: N^c_{ab} = ∑ d S_{ad}S_{bd}S^∗_{cd} S_{0d} . (1.2)

It is worthwhile noting that the Verlinde conjecture has recently been proved for a fairly wide class of conformal field theories (in the vertex operator algebra approach) [2].

Mathematically, these families with their fusion product define a finitely-generated, associative, commutative, unital ring. Moreover, this fusion ring is freely generated as a Z-module (abelian group), and possesses a distinguished “basis” in which the structure constants are all non-negative integers. The matrices N_a introduced above correspond to this basis in the regular representation of the fusion ring. It is often convenient to generalise this structure to a fusion algebra (also known as a Verlinde algebra) by allowing coefficients in an algebraically closed field, C say. We will denote the fusion ring by F^Z, and the corresponding fusion algebra (over C ) by F^C = F^Z⊗_ZC . It is important to note that the structure which arises naturally in applications is the fusion ring, and that the fusion algebra is just a useful mathematical construct.

One of the first advantages in considering F^C is that it contains the elements [3]

π_a = S_{0a} ∑ b S^∗_{ab}ϕ_b, (1.3)

1Here we are implicitly excluding logarithmic conformal field theories from our considerations.

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 3

where the sum is over the distinguished basis of F^C . A quick calculation shows that the π_a then form a basis of orthogonal idempotents: π_a × π_b = δ_{ab}π_b. It follows that there are no non-zero nilpotent elements in F^C , and hence the same is true for F^Z.

Since the fusion algebra is finitely-generated, associative, and commutative, it may be presented as a free polynomial ring (over C ) in its generators, modulo an ideal I^C . The lack of non-trivial nilpotent elements implies that this ideal has the property that whenever some positive power of a polynomial belongs to the ideal, so does the polynomial itself. That is, the ideal is radical, hence completely determined by the variety of points (in C^n ) at which every polynomial in the ideal vanishes [4]. This variety will be referred to as the fusion variety.

As F^C is a finite-dimensional vector space over C , it follows that the fusion variety consists of a finite number of points, one for each basis element [4]. Since the π_a of Eqn. (1.3) form a basis of idempotents, they correspond to polynomials which take the values 0 and 1 on the fusion variety. Their supports (points of the fusion variety where the representing polynomials take value 1) cannot be empty, and their orthogonality ensures that their supports must be disjoint. This forces the supports to consist of a single point, different for each π_a. We denote this point of the fusion variety by v^a. It now follows from inverting Eqn. (1.3) that the polynomial p_a representing ϕ_a takes the value λ^{(a)}_b = S_{ab}/S_{0b} at v^b.

Suppose now that there is a subset {ϕ_{ai} : i = 1, . . . , r} of the ϕ_a which generates the entire fusion algebra. If we take the free polynomial ring to be C [ϕ_{a1} , . . . , ϕ_{ar} ], then the coordinates of the fusion variety are just v^b_i = p_{ai} ( v^b ) = S_{aib} S_{0b} . This proves the following result of Gepner [5]:

Proposition 1. F^C ∼= C [ϕ_{a1} , . . . , ϕ_{ar} ] /I^C , where I^C is the (radical) ideal of polynomials vanishing on the points {( S_{a1b} S_{0b} , . . . , S_{ar b} S_{0b} ) ∈ C^r } . Notice that this result only characterises the fusion algebra. The fusion ring may likewise be represented as a quotient of Z[ϕ_{a1} , . . . , ϕ_{ar} ], where the fusion ideal is given by I^Z = I^C ∩ Z[ϕ_{a1} , . . . , ϕ_{ar} ] [3]. The fusion ideal over Zthus inherits the property from I^C that if any integral multiple of a polynomial is in the ideal, then so is the polynomial itself. This ensures that the quotient is a free Z-module, as required. By analogy with radical ideals (and for wont of a better name), we will refer to ideals with this property as being dividing.

In this paper, we are interested in the fusion rings of Wess-Zumino-Witten models. These are conformal field theories defined on a group manifold G (which we will take to be simplyconnected, connected, and compact), and parametrised by a positive integer k called the

4 P BOUWKNEGT AND D RIDOUT

level. Our motivation derives from the determination of the dynamical charge group of a certain class of D-brane in these theories. The brane charges [6,7] can be computed explicitly, and the order of the charge group can be shown to be constrained by the fusion rules [8, 9]. A suitably detailed understanding of the structure of the fusion rules therefore makes the computation of the charge group possible. This was achieved for the models based on the groups G = SU (r + 1) in [9], and the general case in [10].

However, the general charge group computations have only been rigorously proved for G = SU (r + 1) and^2 Sp (2r), essentially because the detailed structure of the fusion rules associated with the other groups is not well understood. The aim of this paper is to reexamine the cases which have been described, and try to elucidate a corresponding detailed structure in other cases.

The field families of a level-k Wess-Zumino-Witten model on the group manifold G are conveniently labelled by an integrable highest weight representation of the associated untwisted affine Lie algebra ^g, hence by the projection of the highest weight onto the weight space of the horizontal subalgebra g (which will be identified with the Lie algebra of G). In other words, the abstract elements naturally appearing in the fusion rules may be identified with the integral weights (of g) in the closed fundamental affine alcove. We denote this set of weights by ^P_k . In what follows, it will usually prove more useful to regard these weights as the integral weights in the open, shifted fundamental alcove. Concretely, ^P_k = {λ ∈ P : (λ + ρ, α_i) > 0 for all i, and (λ + ρ, θ) < k + h^∨} ,

where P is the weight lattice, α_i are the simple roots, θ denotes the highest root, ρ the Weyl vector, and h^∨ is the dual Coxeter number of g. The inner product on the weight space is normalised so that (θ, θ) = 2.

For these Wess-Zumino-Witten models, the Verlinde conjecture was proven in [11–13]. By combining this with the Kac-Peterson formula [14] for the Wess-Zumino-Witten S-matrix elements, S_{λμ} = C (^g, k) ∑ w∈W det w e^{−2πi(w(λ+ρ),μ+ρ)/(k+h∨)} (1.4)

(here C (^g, k) is a constant and W is the Weyl group of G), one can derive a very useful expression for the fusion coefficients, known as the Kac-Walton formula [15–19]:

N^ν_{λμ} = ∑ ^w∈ ^W_k det ^w N^{^w·ν}_{λμ} . (1.5)

2In this paper we denote by Sp (2r) the (unique up to isomorphism) connected, simply-connected, compact Lie group whose Lie algebra is sp (2r).

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 5

This formula relates the fusion coefficients to the tensor product multiplicities N^ν_{λμ} of the irreducible representations of the group G (or its Lie algebra g), via the shifted action of the affine Weyl group ^W_k at level k, ^w · ν = ^w (ν + ρ) − ρ.

The Kac-Walton formula suggests that for Wess-Zumino-Witten models, it may be advantageous to choose the free polynomial ring appearing in Proposition 1 to be the complexified representation ring (character ring) of G. The character of the irreducible representation of highest weight λ is given by

χ_λ = ∑ μ∈P_λ e^μ = ∑ w∈W det w e^{w(λ+ρ)} ∑ w∈W det w e^{w(ρ)} , where P_λ is the set of weights of the representation with multiplicity (and the second equality is the Weyl character formula). The character ring is freely generated by the characters χ_{Λi} ≡ χ_i (i = 1, . . . , r = rank G) of the representations whose highest weights are the fundamental weights Λ_i of G. Gepner’s result for Wess-Zumino-Witten models may therefore be recast in the form:

Proposition 2. The fusion algebra of a level-k Wess-Zumino-Witten model is given by F^C_k ∼= C [χ_1, . . . , χ_r] /I^C_k , where I^C_k is the (radical) ideal of polynomials vanishing on the points {( S_{Λ1 λ} S_{0λ} , . . . , S_{Λr λ} S_{0λ} ) ∈ C^r : λ ∈ ^P_k } . We will likewise denote a level-k Wess-Zumino-Witten fusion ring by F^Z_k and the corresponding fusion ideal of Z[χ_1, . . . , χ_r] by I^Z_k .

We are interested in explicit sets of generators for these fusion ideals (over C and Z). Given a candidate set of elements in I^C_k , the verification that this set is generating may be broken down into three parts: First, one checks that each element vanishes on the fusion variety. Second, one must show that these elements do not collectively vanish anywhere else. Third, the ideal generated by this candidate set must be verified to be radical. This last step is always necessary because there is generically an infinite number of ideals corresponding to a given variety (consider the ideals ⟨x^n⟩ ⊂ C [x] which all vanish precisely at the origin). It should be clear that verifying radicality does not consist of the trivial task of checking that the candidate generating set contains no powers of polynomials (consider ⟨x^2 + y^2, 2xy⟩ ⊂ C [x, y]). For the SU (r + 1) and Sp (2r) fusion algebras, generating sets for I^C_k have been postulated in [5, 20, 21] as the partial derivatives of a fusion potential. The first step of the verification process is well-documented there, the second step appears somewhat sketchy, and the third does not seem to have appeared in the literature at all. We rectify this in Section 2. The

6 P BOUWKNEGT AND D RIDOUT

methods we employ are then used to show why analogous potentials have not been found for the other groups, despite several attempts [22, 23].

However, we would like to repeat our claim that it is the fusion ring which is of physical interest in applications, and the above verification process does not allow us to conclude that a set of elements is generating over Z. In other words, a set of generators for I^C_k need not form a generating set for I^Z_k , even if the set consists of polynomials with integral coefficients (a simple example would be if I^C_k = ⟨x + y, x − y⟩ ⊂ C [x, y] then I^Z_k ≠ ⟨x + y, x − y⟩ ⊂ Z[x, y] as this latter ideal is not dividing). This consideration also seems to have been overlooked in the literature, and is, in our opinion, quite a serious omission. We will rectify this situation in Section 3 by removing the need to postulate a candidate set of generators; instead, we shall derive generating sets ab initio.

In the cases G = SU (r + 1) and Sp (2r), some simple manipulations will allow us to reduce the number of generators in these sets drastically. We will see that these manipulations reproduce the aforementioned fusion potentials. Our results therefore constitute the first complete derivation of this description from first principles, and we emphasise that this derivation holds over Z. The results to this point have already been detailed in [24]. We then detail the analagous manipulations for Spin (2r + 1) in Section 4, producing a relatively small set of explicit generators for the corresponding fusion ideal. It is not clear to us whether these generators are related to a description by fusion potentials. The manipulations essentially rely upon the application of a class of identities generalising the classical Jacobi- Trudy identity (which we will collectively refer to as Jacobi-Trudy identities). Many of these are well-known [25], but we were unable to find identities for spinor representations in the literature, so we include derivations in Appendix A. We also include the corresponding identities for Spin (2r), as they may be of independent interest.

2. Presentations of Fusion Algebras

In this section, we consider the description of the fusion ideals I^C_k by fusion potentials. We introduce the potentials for the Wess-Zumino-Witten models over the groups SU (r + 1) and Sp (2r), and verify that the induced ideals vanish precisely on the fusion variety, and are radical. We then investigate the obvious class of analogous potentials for Wess-Zumino- Witten models over other groups, and show that in these cases, no potential in this class correctly describes the fusion algebra. Readers that are only interested in fusion rings and presentations of the ideals I^Z_k should skip to Section 3.

2.1. Fusion Potentials. For Wess-Zumino-Witten models over SU (r + 1) and Sp (2r), the fusion ideal is supposed to be generated by the partial derivatives (with respect to the characters χ_i of the fundamental representations) of a single polynomial, called the fusion

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 7

potential. At level k, [5] gives the SU (r + 1)-potential as

V_{k+r+1} (χ_1, . . . , χ_r) = 1 k + r + 1 r+1∑ i=1 q^{k+r+1} i , (2.1)

where the q_i are the (formal) exponentials of the weights ε_i of the defining representation (whose character is χ_1). Note that q_1 · · · q_{r+1} = 1. The ε_i are permuted by the Weyl group W = S_{r+1} of SU (r + 1), and W acts analogously on the q_i. Therefore, V_{k+r+1} is clearly W-invariant, hence is indeed a polynomial in the χ_i [26].

The level-k Sp (2r)-potential is given in [20, 21] as

V_{k+r+1} (χ_1, . . . , χ_r) = 1 k + r + 1 r∑ i=1 [ q^{k+r+1} i + q^{−(k+r+1)} i ] , (2.2)

where the q_i and q^{−1}_i refer to the (formal) exponentials of the weights ±ε_i of the defining representation of Sp (2r) (whose character is again χ_1). The Weyl group W = S_r ⋉ Z^r_2 acts on the ε_i by permutation (S_r ) and negation (each Z_2 sends one ε_i to −ε_i whilst leaving the others invariant). We see again that the given potential is a W-invariant, hence a polynomial in the χ_i.

These potentials are obviously best handled with generating functions. We also note that these potentials may be unified as

V_{k+h}∨ (χ_1, . . . , χ_r) = 1 k + h^∨ ∑ μ∈P_{Λ1} e^{(k+h∨)μ}, (2.3)

where P_λ denotes the set of weights of the irreducible representation of highest weight λ. Putting this form into a generating function (and dropping the explicit χ_i dependence) gives

V (t) = ∞∑ m=1 (−1)^{m−1} V_mt^m = log ∏ μ∈P_{Λ1} (1 + e^μt) . This generating function may therefore be expressed in terms of the characters of the exterior powers of the defining representation. These exterior powers are well-known [27], and give

SU (r + 1): V (t) = log

[_{r+1} ∑ n=0 χ_nt^n ] , (2.4)

where χ_0 = χ_{r+1} = 1, and

Sp (2r): V (t) = log [_{r−1} ∑ n=0 E_n ( t^n + t^{2r−n} ) + E_rt^r ] , (2.5)

where χ_0 = 1, χ_n = 0 for all n < 0, and E_n = χ_n + χ_{n−2} + χ_{n−4} + . . ..

8 P BOUWKNEGT AND D RIDOUT

At this point it should be mentioned that there is an explicit construction for arbitrary rational conformal field theories [28], which determines a function whose derivatives vanish on the fusion variety. This construction, however, requires an explicit knowledge of the Smatrix elements, and is quite unwieldy (as compared with the above potentials). Indeed, it also seems to possess significant ambiguities, and it is not clear how to fix this so as to find a potential with a representation-theoretic interpretation. In any case, it also appears to be difficult to determine if these ideals thus obtained are radical or dividing, so we will not consider this construction any further. There is also a paper [22] postulating simple potentials for every Wess-Zumino-Witten model, similar in form to those of Eqns. (2.1) and (2.2). But, as pointed out in [23], the partial derivatives of the potentials given do not always vanish on the fusion variety, and so cannot generate the fusion ideal. In [23], fusion potentials are presented for rings related to the fusion rings of the Wess-Zumino-Witten models over the special orthogonal groups. Unfortunately, their method fails to give the fusion rings for the special orthogonal groups. We will see in in Section 2.3 why this is the case.

2.2. Verification. Let us first establish that the ideals defined by the potentials given in Eqns. (2.1) and (2.2) vanish on their respective fusion varieties. From Proposition 2, the points of the fusion variety have coordinates

v^λ_i = S_{Λiλ} S_{0λ} = χ_i ( −2πi λ + ρ k + h^∨ ) , where the second equality follows readily from Weyl’s character formula and Eqn. (1.4). It follows that the fusion potentials should have critical points precisely when the characters are evaluated at ξ_λ = −2πi (λ + ρ) / (k + h^∨), for λ ∈ ^P_k. In fact, the functions κ_i defined by κ_i (λ) = χ_i ( −2πi λ + ρ k + h^∨ ) = ∑ μ∈P_{Λi} e^{−2πi(μ,λ+ρ)/(k+h∨)} are invariant under the shifted action of the affine Weyl group ^W_k. Thus, the potentials should have critical points when evaluated at χ_i = κ_i (λ), for any λ ∈ P which is not on a shifted alcove boundary.

We denote the gradient operations with respect to the fundamental characters χ_i and the Dynkin labels λ_j by ∇_χ and ∇_λ respectively, and the jacobian matrix of the functions κ_i with respect to the λ_j by J. From the chain rule, it follows that if the potential has a critical point with respect to λ at which J is non-singular, then this is also a critical point with respect to the fundamental characters. It is therefore necessary to determine when J becomes singular.

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 9

Explicit calculation shows that the jacobian, as a function on the weight space, satisfies

J (w (ν)) = J (ν) w, (2.6)

hence det J is anti-invariant under the Weyl group W (here, w on the right hand side refers to the matrix representation of w with respect to the basis of fundamental weights). It is therefore a multiple of the primitive anti-invariant element [26], and by comparing leading terms, we arrive at

det J = ( −2πi k + h^∨ )_r 1 |P/Q^∨| ∏ α∈Δ_+ ( e^{α/2} − e^{−α/2} ) , where Q^∨ is the coroot lattice and Δ_+ are the positive roots of g (explicit details may be found in [24]). Evaluating at −2πi (λ + ρ) / (k + h^∨), it follows that the jacobian is singular precisely when ∏ α∈Δ_+ sin [ π (α, λ + ρ) k + h^∨ ] = 0.

That is, when λ is on the boundary of a shifted affine alcove. Therefore, these boundaries are the only places where a potential may have critical points with respect to λ which need not be critical points with respect to the χ_i.

Evaluating the potentials, Eqn. (2.3), as above gives

V_{k+h}∨ (κ_1 (λ) , . . . , κ_r (λ)) = 1 k + h^∨ ∑ μ∈P_{Λ1} e^{−2πi(μ,λ+ρ)} = 1 k + h^∨ χ_1 (−2πi (λ + ρ)) .

Note that the level dependence becomes quite trivial. We now determine the critical points of these potentials with respect to the Dynkin labels λ_j .

Sp (2r): The 2r weights of the defining representation are the ε_j and their negatives.

The potentials therefore take the form V_{k+h}∨ ( −2πi λ + ρ k + h^∨ ) = 2 k + h^∨ r∑ j=1 cos [2π (ε_j , λ + ρ)] .

Critical points therefore occur when r∑ j=1 (Λ_i, ε_j ) sin [2π (ε_j , λ + ρ)] = 0,

for each i = 1, . . . , r. The (Λ_i, ε_j ) form the entries of a square matrix which is easily seen to be invertible, as ε_j =^1_2 ( α^∨_j + . . . + α^∨_r ) [26]. We therefore have critical points precisely when

sin [2π (ε_j , λ + ρ)] = sin [π (λ_j + ρ_j + . . . + λ_r + ρ_r )] = 0,

10 P BOUWKNEGT AND D RIDOUT

for all j = 1, . . . , r. It follows that λ_j + . . . + λ_r ∈ Z for each j = 1, . . . , r, hence λ ∈ P. SU (r + 1): In this case, the r + 1 weights of the defining representation are the ε_j , but we have the constraint ε_1 + . . . + ε_{r+1} = 0. Finding the critical points on the weight space is a constrained optimisation problem in R^{r+1}, so we add a Lagrange multiplier Ω to the potential: ~V_{k+h∨} ( −2πi λ + ρ k + h^∨ ) = 1 k + h^∨ r+1∑ j=1 e^{−2πi(εj ,λ+ρ)} + Ω (λ, ε_1 + . . . + ε_{r+1}) .

It is now straightforward to show that the critical points are again λ ∈ P, so we leave this as an exercise for the reader.

So, for both SU (r + 1) and Sp (2r), the critical points with respect to λ of the potentials of Eqn. (2.3) coincide with the weight lattice P. Every integral weight which is not on a shifted affine alcove boundary therefore corresponds to a critical point with respect to the fundamental characters (since J is non-singular there). To conclude that the critical points of the potentials coincide with the points of the corresponding fusion varieties, we therefore need to exclude the possibility that an integral weight on a shifted affine alcove boundary can correspond to a critical point with respect to the fundamental characters. This follows readily from a study of the determinant of the hessian matrix H_λ = (_{∂2Vk+h∨} ∂λ_i∂λ_j ) of the potentials at these points, whose computation we now turn to.

SU (r + 1): Here (indeed, for any simply-laced group), P coincides with the dual of the root lattice. Thus, λ ∈ P implies that (μ, λ + ρ) = (Λ_1, λ + ρ) (mod 1) for all μ ∈ P_{Λ1} . It follows that

(H_λ)_{ij} = −4π^2 k + h^∨ ∑ μ∈P_{Λ1} (μ, Λ_i) (μ, Λ_j ) e^{−2πi(μ,λ+ρ)}

= −4π^2 k + h^∨ e^{−2πi(Λ1 ,λ+ρ)}I_{Λ1} (Λ_i, Λ_j ) ,

where I_{Λ1} is the Dynkin index of the irreducible representation of highest weight Λ_1. Thus, det H_λ = ( −4π^2I_{Λ1} k + h^∨ )_r e^{−2πir(Λ1,λ+ρ)} |P/Q^∨| ≠ 0, when λ ∈ P.

Sp (2r): The weights of P_{Λ1} take the form ±ε_ℓ = ±^1_2 (α^∨_ℓ + . . . + α^∨_r ), for ℓ = 1, 2, . . . , r, so (ε_ℓ, Λ_i) (ε_ℓ, Λ_j ) =^1_4 if i ⩾ ℓ and j ⩾ ℓ, and 0 otherwise. Computing the hessian as

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 11

before gives

(H_λ)_{ij} = −2π^2 k + h^∨ min{i,j} ∑ ℓ=1 cos [π (λ_ℓ + . . . + λ_r + r − ℓ + 1)] .

Elementary row operations now suffice to compute

det H_λ = ( −2π^2 k + h^∨ )_{r r}∏ ℓ=1 cos [π (λ_ℓ + . . . + λ_r + r − ℓ + 1)] ,

so again det H_λ ≠ 0 on the weight lattice.

Denote the hessian matrix with respect to the χ_i of the potentials by H_χ. Then, from ∂^2V_{k+h}∨ ∂λ_i∂λ_j = ∑ s,t ∂χ_s ∂λ_i ∂^2V_{k+h}∨ ∂χ_s∂χ_t ∂χ_t ∂λ_j + ∑ ℓ ∂V_{k+h}∨ ∂χ_ℓ ∂^2χ_ℓ ∂λ_i∂λ_j , we see that H_λ = J^TH_χJ when ∇_χV_{k+h}∨ = 0.

It follows that at the critical points of the potential with respect to the χ_i,

det H_λ = (det J)^2 det H_χ. (2.7)

Now, we have just demonstrated that det H_λ ≠ 0 on the weight lattice, but we know that det J = 0 on the shifted affine alcove boundaries. As det H_χ is a polynomial (hence finitevalued), this forces the conclusion that any integral weight lying on a shifted affine alcove boundary is not a critical point of the potential with respect to the χ_i. Of course, this is exactly what we wanted to show.

To summarise, we have shown that the ideal generated by the derivatives of the potentials given in Eqns. (2.1) and (2.2) vanishes precisely on the fusion variety. To complete the proof (over C ) that these potentials describe the fusion ideal I^C_k , we need to show that this ideal is radical. Happily, this follows immediately from Eqn. (2.7) and some standard multiplicity theory, specifically the theory of Milnor numbers [29, 30]: The ideal generated by the derivatives of a potential is radical if and only if the hessian of the potential is nonsingular at each point of the corresponding (zero-dimensional) variety. Since H_λ and J are non-singular at the points of the fusion variety, H_χ is non-singular there by Eqn. (2.7), and we are done. The ideals are radical, so the potentials given by Eqns. (2.1) and (2.2) correctly describe the fusion algebras of SU (r + 1) and Sp (2r) (respectively).

2.3. A Class of Candidate Potentials. In searching for fusion potentials appropriate for the Wess-Zumino-Witten models over the other (simply-connected) simple groups G, an

12 P BOUWKNEGT AND D RIDOUT

obvious class of potentials to consider is those of the form (compare Eqn. (2.3))

V^Γ_{k+h}∨ = 1 k + h^∨ ∑ μ∈Γ e^{(k+h∨)μ}. (2.8)

Here, Γ is a finite W-invariant set of integral weights. This ensures that these potentials are polynomials in the fundamental characters with rational coefficients. Indeed, the derivatives of such polynomials have integral coefficients, as may be seen by differentiating the generating function V^Γ (t) = ∞∑ m=1 (−1)^{m−1} V^Γ_m t^m = log [ ∏ μ∈Γ (1 + e^μt) ] . In this section, we will show (with the aid of an example) that the fusion algebra of these other Wess-Zumino-Witten models is not described by potentials from this class^3. For our example, we choose the exceptional group G_2 because its weight space is easily visualised. Specifically, we consider the two potentials obtained from Eqn. (2.8) by taking Γ to be the Weyl orbit W (Λ_i) of a fundamental weight. One might prefer to take the potentials based on the weights of the fundamental representations, but this leads to more difficult computations.

As in Section 2.2, we evaluate these potentials on the weight space (at ξ_λ). It is extremely important to realise that as functions on the weight space, the potentials are invariant under the shifted action of the affine Weyl groups ^W_k for all k (because the level dependence is essentially trivial). We can therefore restrict to computing the critical points in a fundamental alcove at (effective) level κ ≡ k + h^∨ = 1 (a truly fundamental domain for the periodicity of the potentials). The results are shown in Figure 1. It is immediately evident that in contrast with the SU (r + 1) and Sp (2r) fusion potentials, these G_2 potentials have critical points (with respect to the Dynkin labels λ_i) which include, but are not limited to, the weight lattice.

These non-integral critical points are the crux of the matter. When these critical points lie on a shifted (level-k) alcove boundary, we saw in Section 2.2 that they need not correspond to genuine critical points (with respect to the fundamental characters). However, any critical point in the interior of a shifted alcove is necessarily a critical point with respect to the fundamental characters, and Gepner’s characterisation of the fusion variety requires these to be integral. Unfortunately, at any given level k > 0, the invariance of the critical points under ^W_k′ for all k^′ means that there will always be non-integral critical points in the interior of the alcoves (for k sufficiently large). This is illustrated in Figure 2 for the potential V^{W(Λ1 )}_5

3To be precise, we will prove that the potential cannot take the form of Eqn. (2.8) for all levels, unless G is SU (r + 1) or Sp (2r).

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 13

PSfrag replacements

Figure 1. The (shifted) critical points λ + ρ of the potentials V^{W(Λ1 )}_{k+h}∨ and V^{W(Λ2 )}

k+h^∨ for G2 as a function of the weight space. (Our convention is that Λ1 is

the highest weight of the adjoint representation.)

PSfrag replacements

Figure 2. The critical points λ of the potential V^{W(Λ2)}_{k+h}∨ for G_2 in the shifted fundamental alcove at level k = 1. The white points denote those in the interior which do not belong to the weight lattice.

(corresponding to level k = 1). It follows that the potentials based on the Weyl orbits of the G_2 fundamental weights do not describe the fusion variety.

We can, of course, consider potentials V^Γ_{k+h}∨ based on more complicated W-invariant sets Γ. However, when evaluating on the weight space, any such potential is just a W-invariant linear combination of formal exponentials of integral weights, and so is a polynomial in

14 P BOUWKNEGT AND D RIDOUT

the potentials V^{W(Λ1 )}_{k+h}∨ and V^{W(Λ2 )}_{k+h}∨ considered before. It follows now from the chain rule for differentiation that if λ + ρ is a common critical point of all the V^{W(Λi )}_{k+h}∨ , then it is also a critical point of V^Γ_{k+h}∨ . From Figure 1, we see that any potential V^Γ_{k+h}∨ for G_2 will have critical points at non-integral weights, and so will not correctly describe the fusion variety.

The situation is similarly bleak for the other simple groups because any potential of the form V^Γ_{k+h}∨ will have (shifted) critical points at the vertices of the affine alcoves (at all levels). We will demonstrate this claim shortly. What it implies is that the only time a potential of this form stands of chance of describing the fusion variety is when the alcove vertices are integral (at all levels). This only happens when the comarks of the Lie group are all unity, which is only the case for G = SU (r + 1) and Sp (2r).

Let us finish with the promised demonstration. Our earlier remarks show that it is sufficient to consider the potentials V^{PΛi}m , i = 1, . . . , r. We will show that these always have critical points (with respect to λ) when λ + ρ is the vertex of an affine alcove. Identifying m with k + h^∨, the condition for V^{PΛi}m to have a critical point is just that J_{ij} (−2πi (λ + ρ)) = 0 for each j. We therefore need to show that J (−2πiν) = 0 whenever ν is an alcove vertex.

We rewrite Eqn. (2.6) in terms of the i^{th} row of J, ∇_λχ_i: ∇_λχ_i (−2πiw (ν)) = ∇_λχ_i (−2πiν) w. Here w (on the right hand side) denotes the matrix representing w with respect to the basis of fundamental weights. We will treat the row vector ∇_λχ_i (−2πiν) as an element of the dual of the weight space (the Cartan subalgebra).

We can also restrict our attention to the fundamental alcove vertices, by ^W-invariance of the characters. If ν = 0, then ν is fixed by every w ∈ W, so ∇_λχ_i (−2πiν) is a row vector fixed by every w ∈ W. Thus, ∇_λχ_i (0) is the zero vector (for each i), verifying our claim for this vertex (and its ^W-images).

The other fundamental alcove vertices have the form ν = Λ_j /a^∨_j , where a^∨_j is the j^{th} comark of g. As ν is invariant under all the simple Weyl reflections except w_j , ∇_λχ_i (−2πiν) is also invariant under all these simple reflections, hence ∇_λχ_i (−2πiν) is orthogonal to every simple root except α_j . But, ν is fixed by the affine reflection about the hyperplane (μ, θ) = 1. This reflection has the form ^w (μ) = w_θ (μ) + θ, where w_θ ∈ W is the Weyl reflection associated with the highest root θ. Hence, using the invariance of the characters under translations in Q^∨,

∇_λχ_i (−2πiν) = ∇_λχ_i (−2πi (w_θ (ν) + θ)) = ∇_λχ_i (−2πiw_θ (ν)) = ∇_λχ_i (−2πiν) w_θ.

It follows now that ∇_λχ_i (−2πiν) is also orthogonal to θ. But, θ and the simple roots, excepting α_j , together constitute a basis of the weight space (as the mark a_j never vanishes).

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 15

Thus, ∇_λχ_i (−2πiν) is again the zero vector, verifying our claim for all the vertices of the fundamental alcove.

3. Presentations of Fusion Rings

We now turn to the study of fusion rings over Z. Given the results of Section 2.3, we introduce a characterisation of the fusion ideal I^Z_k for general Wess-Zumino-Witten models which makes no mention of potentials. We then analyse this characterisation in the cases of SU (r + 1) and Sp (2r), and show that it can be reduced to recover the potentials of Eqns. (2.1) and (2.2). We would like to emphasise that this constitutes a derivation of these fusion potentials over Z, and not an a posteriori verification over C . In Section 4, we will apply this reduction to Spin (2r + 1).

3.1. A General Characterisation. We begin with the simple observation that given any weight λ and ^w ∈ ^W_k, we have

χ_λ − det ^w χ_{^w·λ} ∈ I^Z_k . (3.1)

(The definition of character has been extended to non-dominant weights by Weyl’s character formula.) This follows easily from Gepner’s characterisation of the fusion algebra, Proposition 2 (and the remarks which follow it). Since the fusion ideal is dividing (Section 1), it follows that χ_λ ∈ I^Z_k whenever λ is on a shifted affine alcove boundary.

Let L_λ denote the irreducible representation of G of highest weight λ. Letting λ_i denote the Dynkin labels of the weight λ, it follows from the familiar properties of the representation ring that λ is the highest weight of the representation L^{⊗λ1}_{Λ1} ⊗ · · · ⊗ L^{⊗λr}_{Λr} . As a polynomial in the character ring, Z[χ_1, . . . , χ_r], we see that the character χ_λ has the form χ_λ = χ^{λ1}_1 · · · χ^{λr}_r − . . . where the omitted terms correspond, in a sense, to lower weights which we regard as being of lesser importance. Our strategy now is to make this lack of importance precise by introducing a monomial ordering on the character ring such that the leading term (lt) of χ_λ is precisely lt (χ_λ) = χ^{λ1}_1 · · · χ^{λr}_r . Of course, we are studying fusion, so we also want to assign (relative) importance to characters according to whether the associated weight is on a shifted affine alcove boundary or not. In particular, we should distinguish weights on the boundary (λ, θ) = k + 1 from those inside the fundamental alcove (λ, θ) ⩽ k.

Happily, these requirements can both be satisfied by defining a monomial ordering ≺ on the character ring, Z[χ_1, . . . , χ_r], by

χ^{λ1}_1 · · · χ^{λr}_r ≺ χ^{μ1}_1 · · · χ^{μr}_r if and only if

16 P BOUWKNEGT AND D RIDOUT (λ, θ) < (μ, θ) , or (λ, θ) = (μ, θ) and (λ, ρ) < (μ, ρ) , or (λ, θ) = (μ, θ) and (λ, ρ) = (μ, ρ) and χ^{λ1}_1 · · · χ^{λr}_r ≺^′ χ^{μ1}_1 · · · χ^{μr}_r ,

where ≺^′ is any other monomial ordering, lexicographic for definiteness. This is an example of a weight order [4] (and is therefore a genuine monomial ordering).

We demonstrate that lt (χ_λ) is indeed χ^{λ1}_1 · · · χ^{λr}_r . This proceeds inductively on the height, as it is obvious when λ is zero or a fundamental weight. We decompose L^{⊗λ1}_{Λ1} ⊗ · · · ⊗ L^{⊗λr}_{Λr} into irreducible representations, so that

χ^{λ1}_1 · · · χ^{λr}_r = χ_λ + ∑ μ c_μχ_μ, where the μ are all of lower height than λ: (μ, ρ) < (λ, ρ). By induction, lt (χ_λ) is the greatest (under ≺) of χ^{λ1}_1 · · · χ^{λr}_r and the monomials −c_μχ^{μ1}_1 · · · χ^{μr}_r . Now, since each μ is a weight of L^{⊗λ1}_{Λ1} ⊗ · · · ⊗ L^{⊗λr}_{Λr} , μ = λ − ∑ i m_iα_i, where the m_i are non-negative integers.

It follows that (μ, θ) ⩽ (λ, θ) since the Dynkin labels of θ are never negative. But, in the definition of ≺, ties in (·, θ) are broken by height, hence χ^{λ1}_1 · · · χ^{λr}_r is the greatest of the monomials (under ≺) as required.

Consider now the ideal ⟨ lt ( I^Z_k )⟩ generated by the leading terms (with respect to ≺) of the polynomials in the fusion ideal. Since the fusion ring is freely generated (as a Zmodule) by (the cosets of) the characters of the weights in ^P_k, the leading terms χ^{λ1}_1 · · · χ^{λr}_r , with (λ, θ) ⩽ k must be the only monomials not in ⟨ lt ( I^Z_k )⟩ . That is, ⟨ lt ( I^Z_k )⟩ is freely generated as an abelian group by the set of monomials M = { χ^{λ1}_1 · · · χ^{λr}_r : (λ, θ) > k } . As an ideal, it is now easy to see that ⟨ lt ( I^Z_k )⟩ is generated by the atomic monomials of M, where the atomic monomials are defined to be those which cannot be expressed as the product of a fundamental character and a monomial from M. Equivalently, atomic monomials are those corresponding to weights from which one cannot subtract any fundamental weight and still remain in the set of weights corresponding to M.

It should be clear that every weight λ with (λ, θ) = k + 1 corresponds to an atomic monomial. In fact, for SU (r + 1) and Sp (2r), these are all the atomic monomials, as the comarks are a^∨_i = 1 (so if (μ, θ) > k + 1, one can always subtract a fundamental weight from μ yet remain in M). For other groups, it will generally be necessary to include other monomials. For example, a^∨_1 = 2 for G_2, so it follows that when the level k is even, the monomial χ^{(k+2)/2}_1 is also atomic (this is illustrated in Figure 3).

Let χ^{λ1}_1 · · · χ^{λr}_r be an atomic monomial of M. If the associated weight λ is on a shifted affine alcove boundary, we associate to this atomic monomial the polynomial p_λ = χ_λ ∈ I^Z_k .

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 17

PSfrag replacements

Figure 3. The weights corresponding to the atomic monomials for the ideal ⟨ lt ( I^Z_k )⟩ associated with G_2 at even and odd level. Weights corresponding to monomials in the ideal are grey or black, the latter corresponding to atomic monomials. The arrows indicate the effect of multiplying by χ_1 and χ_2.

If not, we use Eqn. (3.1) to reflect λ into the fundamental affine alcove, and take p_λ = χ_λ − det ^w χ_{^w·λ} ∈ I^Z_k . In either case, we have constructed a p_λ in the fusion ideal whose leading term with respect to ≺ is χ^{λ1}_1 · · · χ^{λr}_r . Therefore, ⟨ lt ( I^Z_k )⟩ = ⟨ atomic χ^{λ1}_1 · · · χ^{λr}_r in M ⟩ = ⟨lt (p_λ) : λ is associated to an atomic monomial in M⟩ .

But, this is exactly the definition of a Gröbner basis for I^Z_k [4, 29].

Proposition 3. The polynomials p_λ constructed above for each weight λ associated to an atomic monomial of M = { χ^{λ1}_1 · · · χ^{λr}_r : (λ, θ) > k } form a Gröbner basis for the fusion ideal I^Z_k , with respect to the monomial ordering ≺. That is,

I^Z_k = ⟨p_λ : λ is associated to an atomic monomial in M⟩ .

Note the crucial, but subtle, rôle played by the monomial ordering ≺. Note also that because the Gröbner basis given has elements whose leading coefficient is unity, this presentation shows explicitly that the fusion ideal is dividing. Whilst this presentation has a nice Lie-theoretic interpretation, it is rather more cumbersome than we would wish for. Indeed, a presentation in terms of a potential would give a set of r = rank G generators for the fusion ideal (at every level k), whereas Proposition 3 gives a set whose cardinality is of the order of k^{r−1}. We will therefore indicate in what follows how one can reduce the number of generators to something a bit more manageable (at least for the classical groups).

3.2. Deriving Fusion Potentials. We will begin with the case of SU (r + 1). As noted in Section 3.1, the atomic monomials of M = { χ^{λ1}_1 · · · χ^{λr}_r : (λ, θ) > k } are precisely those corresponding to weights λ with (λ, θ) = k + 1. It follows from Proposition 3 that

I^Z_k = ⟨χ_λ : (λ, θ) = k + 1⟩ .

18 P BOUWKNEGT AND D RIDOUT

The highest root has the form θ = ε_1 −ε_{r+1}, so for these weights, k +1 = (λ, θ) = λ^1 −λ^{r+1} =

λ^1. Here, we write λ = ∑_{r+1} j=1 λ^j ε_j , and fix the ambiguity corresponding to ∑_{r+1} j=1 ε_j = 0 by

setting λ^{r+1} = 0. We emphasise that the λ^j are not to be confused with the Dynkin labels

λ_j .

We now use the Jacobi-Trudy identity, Eqn. (A.3), to decompose these generators of the

fusion ideal into complete symmetric polynomials (denoted by H_m) in the q_i. We have

χ_λ =

| | | | | | | | |

H_λ1 H_λ2_{−1} · · · H_λr_{−r+1}

H_λ1_{+1} H_λ2 · · · H_λr_{−r+2} . . . . ... . . H_λ1_{+r−1} H_λ2_{+r−2} · · · H_λr

| | | | | | | | | =

| | | | | | | | |

H_{k+1} H_λ2_{−1} · · · H_λr_{−r+1}

H_{k+2} H_λ2 · · · H_λr_{−r+2} . . . . ... . . H_{k+r} H_λ2_{+r−2} · · · H_λr

| | | | | | | | | .

Since H_m = χ_{mΛ1} ∈ Z[χ_1, . . . , χ_r], expanding this determinant down the first column gives χ_λ

as a Z[χ_1, . . . , χ_r]-linear combination of the H_{k+i} = χ_{(k+i)Λ1} , where i = 1, . . . , r. Therefore,

I^Z_k ⊆ ⟨ χ_{(k+i)Λ1} : i = 1, . . . , r ⟩ . Conversely, we show that each (k + i) Λ_1, i = 1, . . . , r, is on a shifted affine alcove boundary,

hence is fixed by an affine reflection ^w, and thus that χ_{(k+i)Λ1} is in the fusion ideal. This

amounts to verifying that ((k + i) Λ_1, α) ∈ (k + h^∨) Zfor some root α, and the reader can

easily check that α = ε_1 − ε_{r+2−i} works. We have therefore demonstrated that

I^Z_k = ⟨ χ_{(k+i)Λ1} : i = 1, . . . , r ⟩ . (3.2)

It is rather pleasing that such a simple device can reduce the number of generators from

(the order of) k^{r−1} to r. Before turning to the integration of these generators to a potential,

we would like to mention one further observation that may be of interest. We consider the

characters χ_{kΛ1 +Λi} , where i = 1, . . . , r. Expanding with the Jacobi-Trudy identity, we find

that

χ_{kΛ1+Λ1} = H_{k+1}

χ_{kΛ1+Λ2} = H_1H_{k+1} − H_{k+2}

χ_{kΛ1+Λ3} = ( H^2_1 − H_2 ) H_{k+1} − H_1H_{k+2} + H_{k+3}

χ_{kΛ1+Λ4} = ( H^3_1 − 2H_1H_2 + H_3 ) H_{k+1} − ( H^2_1 − H_2 ) H_{k+2} + H_1H_{k+3} − H_{k+4} . .

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 19

We call this the method of 1’s due to the line of 1’s which appear off-diagonal in the Jacobi- Trudy expansion of these characters. These equations show (inductively) that there is another simple generating set for the fusion ideal:

I^Z_k = ⟨χ_{kΛ1+Λi} : i = 1, . . . , r⟩ .

This generating set is suggested by the computations of [9] (though not explicitly stated there) on the corresponding brane charge groups^4. Note that this set has the nice property of consisting entirely of characters χ_λ with (λ, θ) = k + 1.

We now turn to the derivation of the fusion potential, Eqn. (2.1). Let E_n denote the n^{th} elementary symmetric polynomial in the q_i. From the identity ∑ m H_mt^m = [ ∑ n (−1)^n E_nt^n ]_{−1} , we can derive ∂H_m ∂E_j = (−1)^{j+1} ∑ n H_nH_{m−j−n} . (3.3) For SU (r + 1), E_j = χ_j ≡ χ_{Λj} for j = 1, . . . , r, so we see that (−1)^{i−1} ∂H_{k+h}∨_{−i} ∂χ_j = (−1)^{i+j} ∑ n H_nH_{k+h}∨_{−i−j−n} is symmetric in i and j. Therefore, ∑ i (−1)^{i−1} H_{k+h}∨_{−i}dχ_i is a closed 1-form, hence integrates to a potential V_{k+h}∨ (there is no topology).

We can compute this potential using generating functions. If V (t) = ∑ m (−1)^{m−1} V_mt^m, then ∂V (t) ∂χ_i = ∑ m (−1)^{m+i} H_{m−i}t^m = t^i ∏ ℓ (1 + q_ℓt) = t^i ∑ n E_nt^n = t^i 1 + χ_1t + . . . + χ_rt^r + t^{r+1} ⇒ V (t) = log [ 1 + χ_1t + . . . + χ_rt^r + t^{r+1} ] , up to a constant. This is of course Eqn. (2.4), from which one can easily recover the fusion potential, Eqn. (2.1).

We would like to emphasise once again that not only have we given a complete derivation of the fusion potential for the SU (r + 1) Wess-Zumino-Witten models, but we have shown that this potential describes the fusion process over Z, rather than just over C .

4To elaborate somewhat, the authors of [9] computed the brane charge group of the level k SU (r + 1) Wess- Zumino-Witten model from the greatest common divisor of the dimensions of the irreducible representations of highest weight kΛ_1 + Λ_i, i = 1, . . ., r. In [10], the brane charge group was shown to be determined by the greatest common divisor of the dimensions of any set of generators of the ideal I^Z_k of the fusion ring. This suggests that the χ_{kΛ1+Λi} are such a set of generators, and here we have given a simple proof of this fact.

20 P BOUWKNEGT AND D RIDOUT

Consider now the fusion ring for Sp (2r). As before, Proposition 3 gives the characters χ_λ with (λ, θ) = k + 1 as a set of generators for the fusion ideal, I^Z_k . The highest root is θ = 2ε_1, so for these characters, k + 1 = (λ, θ) = λ^1 (note that ‖ε_i‖^2 =^1_2 ). We expand the Sp (2r) Jacobi-Trudy identity, Eqn. (A.4), down the first column. Noting that H_m = χ_{mΛ1} , this shows that the generating characters can be expressed as Z[χ_1, . . . , χ_r]-linear combinations of the r elements H_{k+1} and H_{k+1+i} + H_{k+1−i} (i = 1, . . . , r − 1). Here, the H_m are complete symmetric polynomials in the q_i and their inverses. It is obvious that these elements belong to I^Z_k , hence I^Z_k = ⟨ χ_{(k+1)Λ1} , χ_{(k+1+i)Λ1} + χ_{(k+1−i)Λ1} : i = 1, . . . , r − 1 ⟩ . (3.4) Applying the method of 1’s to these elements gives an alternative set of generators:

I^Z_k = ⟨χ_{kΛ1+Λi} : i = 1, . . . , r⟩ .

Deriving a potential from these generators is somewhat more cumbersome than before. For this purpose, we use the set of generators {_{r−i} ∑ ℓ=0 H_{k+h}∨_{−i−2ℓ} : i = 1, . . . , r } , which is easily derived from those given above. From Eqn. (3.3) and the expressions for E_n in terms of the χ_j [27], we compute that (−1)^{i−1} ∂ ∂χ_j r−i∑ ℓ=0 H_{k+h}∨_{−i−2ℓ} = (−1)^{i+j} ∑ n H_n r−i∑ m=0 r−j∑ m^′=0 H_{k+h}∨_{−n−i−j−2(m+m}′_), which is symmetric in i and j (indeed, this symmetry is what suggests the above generating set, as it leads to a closed 1-form). These generators may therefore be integrated to a potential, and the derivation may be completed using generating functions as in the SU (r + 1) case. In this way, we recover Eqn. (2.5) and therefore the fusion potential, Eqn. (2.2).

4. Presentations for Spin (2r + 1)

We now apply the techniques of Section 3.1 to the fusion rings of the Wess-Zumino- Witten models over Spin (2r + 1). We are not aware of any concise, representation-theoretic presentations of these rings (nor of the corresponding algebras) in the literature^5. We will see that the appropriate Jacobi-Trudy identities may be employed to substantially simplify

5In the course of preparing this section, we were made aware of a conjecture regarding the presentations of the fusion ideals of the Spin (2r + 1) (and Spin (2r)) Wess-Zumino-Witten models [31]. This elegant conjecture amounts to the statement that the fusion ideal at level k is the radical of the ideal generated by the χ_{(k+i)Λ1} , for i = 1, 2, . . ., h^∨ − 1. This is a generalisation of the SU (r + 1) result, Eqn. (3.2). It is further conjectured that the radical of this ideal is generated by the above characters and χ_{kΛ1+Λr} (χ_{kΛ1+Λr−1} is also needed for Spin (2r)).

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 21

the presentations given by Proposition 3, though the simplification turns out to be not quite so drastic as that found for SU (r + 1) and Sp (2r). In particular, it seems rather doubtful that the presentations obtained are related to potentials.

Recall from Section 3.1 that we can derive a generating set for the fusion ideal I^Z_k by computing the atomic monomials of the set { χ^{λ1}_1 · · · χ^{λr}_r : (λ, θ) > k } . As shown there for G_2, this computation depends upon the comarks a^∨_i , which for Spin (2r + 1) are 1 for i = 1, r, and 2 otherwise (we will only consider r > 2). The atomic monomials therefore correspond to the weights

k odd : {λ : (λ, θ) = k + 1} k even : {λ : (λ, θ) = k + 1} ∪ {λ : (λ, θ) = k + 2 and λ_1 = λ_r = 0} .

Finding elements of I^Z_k whose leading terms are these monomials is easy, and we deduce from Proposition 3 that the fusion ring is generated by:

k odd : {χ_λ : (λ, θ) = k + 1} k even : {χ_λ : (λ, θ) = k + 1} ∪ {χ_λ + χ_{λ−θ} : (λ, θ) = k + 2 and λ_1 = λ_r = 0} .

(4.1)

We note that if λ_2 = 0, χ_{λ−θ} = 0.

In order to reduce the size of this generating set, we again turn to the appropriate Jacobi- Trudy identities. As noted in Appendix A.3, these identities distinguish between tensor and spinor representations (whose highest weight λ has λ_r even and odd, respectively). We consider first the tensor representations. The appropriate Jacobi-Trudy identity, Eqn. (A.7), gives the irreducible characters as a determinant of an r × r matrix:

χ_λ =

| | | | | | | | |

H_λ1 − H_λ1_{−2} H_λ2_{−1} − H_λ2_{−3} · · · H_λr_{+1−r} − H_λr_{−1−r} H_λ1_{+1} − H_λ1_{−3} H_λ2 − H_λ2_{−4} · · · H_λr_{+2−r} − H_λr_{−2−r} . . . . . .. . . H_λ1_{+r−1} − H_λ1_{−r−1} H_λ2_{+r−2} − H_λ2_{−r−2} · · · H_λr − H_λr_{−2r}

| | | | | | | | | . (4.2)

Here, λ^j denotes the components of λ with respect to the usual orthonormal basis ε_j of the weight space, and H_m denotes the m^{th} complete symmetric polynomial in the q_i = exp (ε_i), their inverses, and 1.

How this treatment differs from the analysis of Section 3.2, and is thereby significantly complicated, is that θ = ε_1 + ε_2, so (λ, θ) = λ_1 + λ_2. It follows that the elements in any single column of the Jacobi-Trudy determinant of a character χ_λ with (λ, θ) = k + 1 will not generally belong to the fusion ideal, so expanding the determinant down a single column is pointless. Instead, we notice that the top-left 2×2 subdeterminant is the character χ_λ1_{ε1+λ}2_{ε2} , and that (λ, θ) = k + 1 implies that this subdeterminant is in I^Z_k .

22 P BOUWKNEGT AND D RIDOUT

This observation suggests that we must expand Eqn. (4.2) down the first two columns. In

this way, χ_λ is expressed as a Z[χ_1, . . . , χ_r]-linear combination of the 2 × 2 determinants ψ_{m1m2} ( λ^1, λ^2 ) = | | | | H_λ1_{+m1 −1} − H_λ1_{−m1 −1} H_λ2_{+m1 −2} − H_λ2_{−m1 −2}

H_λ1_{+m2 −1} − H_λ1_{−m2 −1} H_λ2_{+m2 −2} − H_λ2_{−m2 −2} | | | | . Here, 1 ⩽ m_1 < m_2 ⩽ r counts the (_r 2 ) choices of rows used in these subdeterminants. We

have already noted that ψ_{12} (λ^1, λ^2) ∈ I^Z_k when λ^1 + λ^2 = k + 1, so it is natural to enquire if

the same is true for general m_1 and m_2.

To investigate this, we need to digress a little in order to derive a more amenable form for

the ψ_{12} (λ^1, λ^2) (Eqn. (4.4) below). This derivation is an exercise in manipulating generating

functions. Introducing parameters t_1 and t_2, we compute ∑ λ^1,λ^2∈Z ψ_{m1 m2} ( λ^1, λ^2 ) t^{λ1}_1 t^{λ2}_2 = ∑ λ^1∈Z H_λ1 t^{λ1}_1 ∑ λ^2∈Z H_λ2 t^{λ2}_2 | |t^{j−mi}_j − t^{j+mi}_j | |^2_{i,j=1} . (4.3)

Denoting the determinant on the right by A_{m1m2} , we form the generating function ∞∑ m_1 ,m_2=0

A_{m1m2} z^{m1}_1 z^{m2}_2 = | | | | ( t^{j−1}_j − t^{j+1}_j ) z_i (1 − t_j z_i) ( 1 − t^{−1}_j z_i ) | | | | 2

i,j=1 . Applying Eqn. (A.2) to this determinant gives ∞∑ m_1,m_2 =0

A_{m1m2} z^{m1}_1 z^{m2}_2 = ( 1 − t^2_1 ) ( t_2 − t^3_2 ) | | | ( t_j + t^{−1}_j )_{2−i}| | | | | ( z_i + z^{−1}_i )_{j−1} z^2_i | | | 2∏ i,j=1 (1 − t_jz_i) ( 1 − t^{−1}_j z_i )

= −A_{12} | | | | | z^2_1 z^3_1 + z_1

z^2 z^3_2 + z_2 | | | | | ∏ i [ ∑ m_i∈Z h_{mi} ( t_1, t^{−1}_1 , t_2, t^{−1}_2 ) z^{mi}_i ] , where we recognise A_{12} = (1 − t^2_1) (1 − t^2) (1 − t_1t_2) ( 1 − t^{−1}_1 t_2 ) . Here, h_m denotes the m^{th}

complete symmetric polynomial in the t_i and their inverses (to be distinguished from the

H_m).

It follows that A_{12} is a factor of A_{m1 m2} :

A_{m1m2} = A_{12} | | | | h_{m2 −2} h_{m2−1} + h_{m2 −3}

h_{m1 −2} h_{m1−1} + h_{m1 −3} | | | | . Fascinatingly, if we set t_j = exp (η_j ), where η_j denotes the usual orthogonal basis vectors for

the weight space of Sp (4), then comparing with Eqn. (A.4) gives A_{m1m2} A_{12}

= χ^{Sp(4)}_{(m2 −2)η1+(m1−1)η2} .

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 23

This rather unexpected relation turns out to be extremely useful. For example, we can substitute it back into Eqn. (4.3) to recover an expression for the original determinants: ψ_{m1m2} ( λ^1, λ^2 ) = ∑ μ χ^{Spin(2r+1)}

(λ^1−μ^1 )ε_1+(λ^2−μ^2 )ε_2 . (4.4)

Here, the sum is over the weights μ = μ^1η_1 + μ^2η_2 of the irreducible Sp (4)-module of highest weight (m_2 − 2) η_1 + (m_1 − 1) η_2.

Recall that the fusion ideal is generated by the characters χ_λ with (λ, θ) = k + 1 and, if k is even, by the same set augmented by the χ_λ +χ_{λ−θ} with (λ, θ) = k +2 and λ_1 = λ_r = 0. We have seen that when the characters correspond to tensor representations, the generators of the first type may be expressed as a Z[χ_1, . . . , χ_r]-linear combination of the ψ_{m1m2} (λ^1, λ^2), with λ^1 + λ^2 = k + 1. Since θ = ε_1 + ε_2, it follows that the Jacobi-Trudy determinant for χ_λ and χ_{λ−θ} will be identical in columns 3, . . . , r. Therefore, the generators of the second type (which always correspond to tensor representations) may be expressed as a Z[χ_1, . . . , χ_r]- linear combination of the ψ_{m1 m2} (λ^1, λ^2)+ψ_{m1m2} (λ^1 − 1, λ^2 − 1), with λ^1+λ^2 = k+2. Indeed, λ_1 = 0 implies that λ^1 = λ^2, so the generators of the second type can all be expressed in terms of the elements ψ_{m1m2} (_k 2 + 1,^k_2 + 1 ) + ψ_{m1m2} (_k 2 ,^k_2 ) . Consider now a single Spin (2r + 1)-character in the sum of Eqn. (4.4), labelled by the weight (λ^1 − μ^1) ε_1 + (λ^2 − μ^2) ε_2, with λ^1 + λ^2 = k + 1. We can pair it with the character labelled by the weight (λ^1 + μ^2) ε_1 + (λ^2 + μ^1) ε_2, its image under the fundamental affine Weyl reflection ^w_0. If this character is also (always) in the sum, then we can conclude that the right-hand-side of Eqn. (4.4) belongs to I^Z_k , that is ψ_{m1 m2} (λ^1, λ^2) ∈ I^Z_k .

But this follows immediately from the fact that the transformation

−μ^1η_1 − μ^2η_2 −→ μ^2η_1 + μ^1η_2

is precisely the action of the Sp (4)-Weyl reflection about the (short) root η_1 + η_2. Since the sum in Eqn. (4.4) is over the weights of an Sp (4)-representation, which is invariant under this (indeed any) Sp (4)-Weyl reflection, it is clear that ψ_{m1m2} (λ^1, λ^2) ∈ I^Z_k (when λ^1 + λ^2 = k + 1). More generally, an almost identical argument shows that ψ_{m1m2} (_k 2 + 1,^k_2 + 1 ) + ψ_{m1m2} (_k 2 ,^k_2 ) ∈ I^Z_k . It follows that the generators of I^Z_k that correspond to tensor representations can be replaced by ψ_{m1m2} ( λ^1, λ^2 ) , λ^1 + λ^2 = k + 1,

and ψ_{m1m2} ( k 2 + 1, k 2 + 1 ) + ψ_{m1m2} ( k 2 , k 2 ) if k is even,

where 1 ⩽ m_1 < m_2 ⩽ r.

24 P BOUWKNEGT AND D RIDOUT

The story for the spinor representations (λ^j half-integral) is much the same. Using the appropriate Jacobi-Trudy identity, Eqn. (A.6), we find that the χ_λ are Z[χ_1, . . . , χ_r]-linear combinations of the subdeterminants φ_{m1m2} ( λ^1, λ^2 ) = χ_r | | | | H_λ1_{+m1 −} 3_2 − H_λ1_{−m1 −} 1_2 H_λ2_{+m1 −} 5_2 − H_λ2_{−m1 −} 3_2 H_λ1_{+m2 −} 3_2 − H_λ1_{−m2 −} 1_2 H_λ2_{+m2 −} 5_2 − H_λ2_{−m2 −} 3_2 | | | | . Constructing generating functions as before, one can prove that φ_{m1m2} ( λ^1, λ^2 ) = ∑ ν χ^{Spin(2r+1)} (λ^1−ν^1 −^1_2 )ε1 +(λ^2−ν^2 −^1_2 )ε2+Λr , (4.5)

where this sum is over the weights ν = ν^1ζ_1 + ν^2ζ_2 of the irreducible Spin (5)-module of highest weight (m_2 − 2) ζ_1 + (m_1 − 1) ζ_2 (and the ζ_i are the usual orthonormal basis vectors for this weight space). As before, it now follows quickly from the fact that ζ_1 + ζ_2 is a root of Spin (5) that φ_{m1m2} (λ^1, λ^2) ∈ I^Z_k .

These manipulations for the tensor and spinor representations finally prove that the fusion ideal has the following generators:

k odd : I^Z_k = ⟨ ψ_{m1 m2} ( λ^1, λ^2 ) , φ_{m1m2} ( λ^1, λ^2 ) : λ^1 + λ^2 = k + 1, 1 ⩽ m_1 < m_2 ⩽ r ⟩ , k even : I^Z_k = ⟨ ψ_{m1 m2} ( λ^1, λ^2 ) , ψ_{m1m2} (_k 2 + 1,^k_2 + 1 ) + ψ_{m1m2} (_k 2 ,^k_2 ) , φ_{m1m2} ( λ^1, λ^2 ) (4.6)

: λ^1 + λ^2 = k + 1, 1 ⩽ m_1 < m_2 ⩽ r ⟩ . Since λ^1 ⩾ λ^2 are integers and half-integers in the ψ_{m1m2} and φ_{m1 m2} respectively, it follows that the number of generators in this set is of the order of k (_r 2 ) . This compares favourably with the set of generators given in Eqn. (4.1), whose number is of the order k^{r−1}, though perhaps not with the expectation that we could reduce the number of generators to r. Finally, we note that other sets of generators can be deduced from this one, in particular by using the method of 1’s. We leave this as an exercise for the enthusiastic reader.

5. Discussion and Conclusions

In this paper we have attempted to give a complete account of our understanding regarding explicit, representation-theoretic presentations of the fusion rings and algebras associated to the Wess-Zumino-Witten models over the compact, connected, simply-connected (simple) Lie groups. We have discussed presentations in terms of fusion potentials, and have provided complete proofs of the fact that there are explicitly known potentials which correctly describe the fusion algebras of the models over SU (r + 1) and Sp (2r). These potentials appear to have been guessed in an educated manner. We hope that our proofs will complement what has already appeared in the literature, and will be useful for subsequent studies. We have

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 25

also proven that the fusion algebras of the other groups cannot be described by potentials analogous to those known, which explains why attempts to guess these potentials have not been successful.

We recalled that it is the fusion ring, rather than the fusion algebra, which is of physical interest in applications. Despite the fact that the fusion ring is torsion-free, we noted that a presentation for the fusion algebra need not give a presentation of the fusion ring. To overcome this, we have stated and proved a fairly elementary result (Proposition 3) giving an explicit presentation (that is easily constructed) of the fusion ring in all cases. We believe that this is the first time such a presentation has been formulated. It is in terms of (linear combinations) of irreducible characters, and so should be regarded as representation-theoretic in the strongest possible sense.

These general presentations have one rather obvious disadvantage in that the number of characters appearing is quite large. Whilst easy to write down, these presentations nevertheless contain quite a bit of complexity. However, we have seen that it is sometimes possible to express the relevant characters in terms of simpler characters, and so reduce the number of characters that appear. In particular, we have used the well-known determinantal identities for the characters of SU (r + 1) and Sp (2r) to derive the fusion potentials from first principles. An important corollary to our results is then that these fusion potentials correctly describe the fusion rings of the SU (r + 1) and Sp (2r) models.

We then extended this result to the Spin (2r + 1) models. The corresponding determinantal identities for the characters did not lead to as nice a simplification as before, in particular we did not end up with a potential description, but the result, Eqn. (4.6), is still relatively concise. To the best of our knowledge, this is the first rigorous representation-theoretic presentation of the fusion ideal (over C or Z) for these Wess-Zumino-Witten models. Nonetheless, this presentation is not as concise as we would like for the concrete applications we have in mind. Certainly, for our motivating application to D-brane charge groups, our result allows us to write down an explicit form for this group^6. However, we have been unable to substantially simplify this formula, so as to rigorously prove the result conjectured in [10]. We have checked that this result is numerically consistent (to high level) with the generators presented here.

We expect that this result can also be extended to the Spin (2r) models. However, we have not done so for two reasons. First, as mentioned in Appendix A.4, the derivation of the appropriate determinantal identities requires a slightly more general approach than what

6The charge group has the form Z^{2r−2}_x [32], and we can determine x to be the greatest common divisor of the integers obtained by evaluating the fusion ideal generators at the origin of the weight space. With respect to Eqn. (4.6), this amounts to replacing the complete symmetric polynomials H_m ( q, 1, q^{−1} ) by (_{m+2r} 2r ) (and then finding the greatest common divisor).

26 P BOUWKNEGT AND D RIDOUT

we have been using. It follows that the methods we applied in analysing the Spin (2r + 1) case will require an analagous generalisation. However, we believe that this generalisation should follow easily from the methods used in [27]. Our second reason in that as with the Spin (2r + 1) case, we do not expect to get as simple a presentation as we would like. We feel that the root of this is the observation that determinants are not particularly wellsuited to computations when the Weyl group is not a symmetric group. A far more elegant approach would be to generalise the algebra of determinants to the other Weyl groups, and then derive “generalised determinantal identities” for the Lie group characters in terms of Weyl-symmetric polynomials. It would be very interesting to see if such an approach can be constructed (if it has not already been), and we envisage that it may lead to more satisfactory fusion ring presentations. We hope to return to this in the future.

Acknowledgements

PB is financially supported by the Australian Research Council, and DR would like to thank the Australian National University for a visiting fellowship during this project. We would also like to thank Arzu Boysal, Volker Braun and Howard Schnitzer for helpful and stimulating correspondence.

Appendix A. Determinantal Identities of Jacobi-Trudy Type

In this section, some formulae are presented, expressing the irreducible characters of the classical groups in terms of determinants of matrices whose entries are relatively simple characters. These formulae, which we will call Jacobi-Trudy identities are well-known for the groups SU (r + 1), Sp (2r), SO (2r + 1), and O (2r), and may be found in [25, 27]. We are not aware of a reference for the corresponding formulae for the spinor representations of Spin (2r + 1) or Spin (2r), nor for the tensor representations of the latter which are not restrictions of O (2r) representations. We therefore indicate how Jacobi-Trudy identities for these cases may be derived, following the “transcendental” method of Weyl.

The transcendental method relies on Weyl’s character formula [25]:

χ_λ = A_{λ+ρ} A_ρ where A_λ = ∑ w∈W det w e^{w(λ)},

and an identity of Cauchy [27]: | | | | 1 1 − x_iy_j | | | | k

i,j=1 = | | |x^{k−j}_i | | |^k_{i,j=1} | |y^{k−i}_j | |^k_{i,j=1} k∏ i,j=1 (1 − x_iy_j )

. (A.1)

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 27

Here, |a_{ij} |^k_{i,j=1} denotes the determinant of the k × k matrix with entries a_{ij} . An alternative

form of Cauchy’s identity is obtained by replacing y_j by y^{−1}_j and multiplying through: | | | 1 y_j − x_i | | |^k i,j=1 = | | |x^{k−j}_i | | |^k_{i,j=1} | |y^{i−1}_j | |^k_{i,j=1} k∏ i,j=1 (y_j − x_i) .

We will often apply this in the form | | | | | t_j (1 − q_it_j ) ( 1 − q^{−1}_i t_j ) | | | | | k

i,j=1 = | | | ( q_i + q^{−1}_i )_{k−j} | |^k_{i,j=1} | | | ( t_j + t^{−1}_j )_{i−1} t^k_j | | |^k_{i,j=1} k∏ i,j=1 (1 − q_it_j ) ( 1 − q^{−1}_i t_j ) , (A.2)

obtained by putting x_i = q_i + q^{−1}_i and y_j = t_j + t^{−1}_j .

A.1. SU (r + 1). The Weyl group is S_{r+1}, acting as permutations on the weights ε_i of the

defining representation. We put q_i = e^{εi} , so q_1 · · · q_{r+1} = 1, and write λ = ∑_r i=1 λ^iε_i, with

λ^{r+1} = 0 (in particular, ρ^j = r + 1 − j). Then, λ^1 ⩾ λ^2 ⩾ . . . ⩾ λ^{r+1} = 0 are all integers, and A_λ = | | |q^{λj}_i | | |^{r+1}_{i,j=1} . We would like to emphasise that the λ^j are to be distinguished from the Dynkin labels,

which we denote by λ_j .

We form a generating function and apply Cauchy’s identity, Eqn. (A.1): ∞∑ λ^1,...,λ^{r+1}=0 A_λt^{λ1}_1 · · · t^{λr+1}_{r+1} = | | | | ∞∑ λ^j =0 q^{λj}_i t^{λj}_j | | | | r+1

i,j=1 = | | | 1 1 − q_it_j | | | r+1

i,j=1 = | |q^{r+1−j} i | | | |t^{r+1−i} j | | ∏ i,j (1 − q_it_j ) .

We recognise A_ρ in the numerator, and expand the denominator in terms of complete sym-

metric polynomials H_m (q) in the q_i. We then get ∞∑ λ^1,...,λ^{r+1} =0 A_λ A_ρ t^{λ1}_1 · · · t^{λr+1}_{r+1} = | |t^{r+1−i} j | | ∏ j ∑ m_j ∈Z H_{mj} (q) t^{mj}_j . Bringing the symmetric polynomials into the determinant, changing the summation variables

so that the power of t_j is λ^j + ρ^j , and then bringing the t_j out of the determinant finally

28 P BOUWKNEGT AND D RIDOUT

gives the original Jacobi-Trudy identity:

χ_λ = | |H_{λj +i−j} (q) | |^{r+1}_{i,j=1} . (A.3)

Note that applying this formula to λ = mΛ_1 = mε_1 gives H_m (q) = χ_{mΛ1} .

A.2. Sp (2r). This time the Weyl group is S_r ⋉ Z^r_2, acting on the weights ±ε_i of the defining representation by permutation (S_r) and sign flips (each Z_2 negates one of the ε_i whilst leaving the others invariant). With λ = ∑ i λ^iε_i, so ρ^j = r + 1 − j, we find

A_λ = | |q_λj_i − q−λj_i | |^r i,j=1 . Here, λ^1 ⩾ λ^2 ⩾ . . . ⩾ λ^r ⩾ 0 are all integers. What follows is very similar to Appendix A.1, so the details are left to the reader. The generating function this time gives the left-hand-side of Eqn. (A.2), up to a product ∏ i ( q_i − q^{−1}_i ) . After applying the alternative form of Cauchy’s identity, this product combines with the q-determinant so obtained to give A_ρ. From there, the story is as before, and we find that

χ_λ = | | | | H_λj_{+1−j} (q, q^{−1}) H_λj_{+i−j} (q, q^{−1}) + H_λj_{+2−i−j} (q, q^{−1}) | | | | r

i,j=1 . (A.4)

In this equation, the top entry of the matrix should be understood to describe the elements of row i = 1, and the bottom entry describes the rows i > 1. The complete symmetric functions are in the q_i and their inverses. Note that H_m (q, q^{−1}) = χ_{mΛ1} .

A.3. Spin (2r + 1). The Weyl group is again S_r ⋉ Z^r_2, acting on the non-zero weights ±ε_i of the defining representation as in the Sp (2r) case. Therefore, we again find that

A_λ = | |q^{λj}_i − q^{−λj}_i | |^r_{i,j=1} , where λ = ∑ i λ^iε_i, and λ^1 ⩾ λ^2 ⩾ . . . ⩾ λ^r ⩾ 0. In contrast to the Sp (2r) case, the λ^i can either be all integers (corresponding to a representation of SO (2r + 1), also called a tensor representation) or all half-integers (a spinor representation). Indeed, ρ^j = r +^1_2 − j.

If we form a generating function with λ^j integral, Eqn. (A.2) gives ∞∑ λ^1,...,λ^r=0 A_λt^{λ1}_1 · · · t^{λr}_r = ∏ i ( q_i − q^{−1}_i ) · | | ( t_j + t^{−1}_j )_{i−1} t^r_j | | | | ( q_i + q^{−1}_i )_{r−j} | | ∏ i,j (1 − q_it_j ) ( 1 − q^{−1}_i t_j ) .

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 29

Recognising that A_ρ factors as ∏ i ( q^{1/2}_i − q^{−1/2}_i ) · | | | ( q_i + q^{−1}_i )_{r−j} | |, and proceeding as usual gives

χ_λ = ∏ i ( q^{1/2}_i + q^{−1/2}_i ) · | | | | | H_λj_+ 1_{2 −j} (q, q^{−1})

H_λj_− 1_{2 +i−j} (q, q^{−1}) + H_λj_+ 3_{2 −i−j} (q, q^{−1}) | | | | | r

i,j=1 . (A.5)

Note that because the ρ^j are half-integers, this describes the characters of the spinor representations. Note also that χ_r ≡ χ_{Λr} = ∏ i ( q^{1/2}_i + q^{−1/2}_i ) . Finally, as the defining representation has a zero weight, it may be more convenient to express this result in terms of the complete symmetric polynomials in the q_i, their inverses, and 1. This gives the Jacobi-Trudy identity for the spinor representations of Spin (2r + 1):

χ_λ = χ_r | |H_{λj − 1} 2 +i−j ( q, 1, q^{−1} ) − H_λj_+ 1_{2 −i−j} ( q, 1, q^{−1} )| |^r_{i,j=1} . (A.6)

Forming the generating function with λ^j half-integral then gives the Spin (2r + 1) Jacobi- Trudy identity for the tensor representations. The manipulations are straightforward, and give χ_λ = | |H_{λj +i−j} (q, 1, q^{−1}) − H_{λj −i−j} (q, 1, q^{−1}) | |^r_{i,j=1} . (A.7)

Note that χ_{mΛ1} = H_m (q, 1, q^{−1}) − H_{m−2} (q, 1, q^{−1}), so H_m (q, 1, q^{−1}) = χ_{mΛ1} + χ_{(m−2)Λ1} + . . ..

Finally, if we compare Eqn. (A.5) with Eqn. (A.4), we find that we have established a strange relationship between the characters of the spinor representations of Spin (2r + 1) and those of Sp (2r). This is perhaps best written in the following form, where λ labels a tensor representation: χ^{Spin(2r+1)}

λ+Λ_r = χ

Spin(2r+1) Λ_r χ

Sp(2r) λ . (Of course, this has to be interpreted appropriately.) Evaluating the characters at 0 to get the dimensions of the corresponding representations gives an identity of [33]. Interestingly, it is claimed there that this identity cannot hold at the level of characters.

A.4. Spin (2r). The Weyl group is S_r ⋉ Z^{r−1}_2 , acting on the weights ±ε_i of the defining representation as in the Sp (2r) case, except that the Z^{r−1}_2 factor corresponds to transformations where an even number of the ε_i are negated and the rest are left invariant. Therefore,

2A_λ = | | |q^{λj}_i + q^{−λj}_i | | |^r_{i,j=1} + | | |q^{λj}_i − q^{−λj}_i | | |^r_{i,j=1} , (A.8)

where λ = ∑ i λ^iε_i, and λ^1 ⩾ λ^2 ⩾ . . . ⩾ λ^{r−1} ⩾ |λ^r |. As in the previous case, we have tensor representations (λ^i ∈ Z) and spinor representations (λ^i ∈ Z+^1_2 ). A non-trivial Dynkin diagram symmetry (for r > 4 this is the only such symmetry) acts via λ^r → −λ^r, so representations with λ^r = 0 will be referred to as symmetric^7. Symmetric representations

7For r odd, this symmetry is conjugation, so symmetric coincides with self-conjugate. However, for r even, the conjugation automorphism is trivial.

30 P BOUWKNEGT AND D RIDOUT

correspond to representations of O (2r), and it is clear that for these representations, the second term in the above formula for A_λ vanishes. Note that ρ^j = r − j defines a symmetric (tensor) representation:

A_ρ = 1 2 | |q^{r−j}_i + q^{−(r−j)}_i | |^r_{i,j=1} = | | ( q_i + q^{−1}_i )_{r−j} | |^r_{i,j=1} . Since ρ is tensor, forming a generating function with each λ^j half-integral and positive gives an identity for spinor representations. The derivation of this identity should by now be an easy exercise for the reader. It is:

2χ_λ = ∏ i ( q^{1/2}_i + q^{−1/2}_i ) · | | |H_λj_− 1_{2 +i−j} ( q, q^{−1} ) − H_λj_+ 1_{2 −i−j} ( q, q^{−1} )| |^r_{i,j=1} + ∏ i ( q^{1/2}_i − q^{−1/2}_i ) · | | |H_λj_− 1_{2 +i−j} ( q, q^{−1} ) + H_λj_+ 1_{2 −i−j} ( q, q^{−1} )| |^r_{i,j=1} . Setting all λ^i =^1_2 gives 2χ_{r−1} = ∏ i ( q^{1/2}_i + q^{−1/2}_i ) + ∏ i ( q^{1/2}_i − q^{−1/2}_i ) . As we assumed

λ^i ⩾^1_2 when computing the generating function, this formula cannot be applied to χ_r directly. Instead, it is determined from χ_{r−1} by applying the Dynkin symmetry q_r → q^{−1}_r (this symmetry has the effect of changing the sign of the second term in the above equation). Thus, 2χ_r = ∏ i ( q^{1/2}_i + q^{−1/2}_i ) − ∏ i ( q^{1/2}_i − q^{−1/2}_i ) , leading to the Spin (2r) Jacobi-Trudy identity for spinor representations:

χ_λ = 1 2 (χ_{r−1} + χ_r) | | |H_{|λ}j_{|−} 1_{2 +i−j} ( q, q^{−1} ) − H_{|λ}j_{|+} 1_{2 −i−j} ( q, q^{−1} )| |^r_{i,j=1} ± 1 2 (χ_{r−1} − χ_r) | | |H_{|λ}j_{|−} 1_{2 +i−j} ( q, q^{−1} ) + H_{|λ}j_{|+} 1_{2 −i−j} ( q, q^{−1} )| |^r_{i,j=1} . (A.9)

The ± appearing here reflects the sign of λ^r. Of course, the absolute values appearing in |λ^j | are only necessary for j = r.

The corresponding derivation for tensor representations is somewhat unique in that Weyl’s transcendental method does not seem to be directly applicable to the first term in Eqn. (A.8). Instead, we have to resort to the algebraic method (see [27]). Weyl’s method has no problem with the second term, so this hybrid gives the Spin (2r) Jacobi-Trudy identity for tensor representations:

χ_λ =

| H_λj_{+i−j} (q, q^{−1}) − H_λj_{−i−j} (q, q^{−1}) |_r i,j=1 if λ r = 0, 1 2 | |H_{|λj |+i−j} (q, q^{−1}) − H_{|λj |−i−j} (q, q^{−1}) | |^r_{i,j=1} ±^1_2 ( χ^2_{r−1} − χ^2_r ) | | | | | H_{|λ}j_{|−j} (q, q^{−1}) H_{|λ}j_{|−1+i−j} (q, q^{−1}) + H_{|λ}j_{|+1−i−j} (q, q^{−1}) | | | | | r

i,j=1 if λ^r ≠ 0.

(A.10)

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 31

Again, the ± reflects the sign of λ^r and correlates with the application of the Dynkin symmetry q_r → q^{−1}_r . Note that χ_{mΛ1} = H_m (q, q^{−1}) − H_{m−2} (q, q^{−1}). We also note that χ^2_{r−1} − χ^2_r = χ_{2Λr−1} − χ_{2Λr} .

A.5. Further Remarks. Comparing these Spin (2r) identities to those derived for the other groups, we note two novelties. One is the fact that two determinants are generally required, and the second is that explicit factors of^1_2 appear (in spite of the fact that the right hand side must be a polynomial in the fundamental characters with integral coefficients). These novelties are direct consequences of the form of Eqn. (A.8), which itself reflects the increasing complexity of the Weyl group of Spin (2r), as compared to the cases already treated. Roughly speaking, the Weyl group is sufficiently “non-symmetric” (where “symmetric” refers to the symmetric group) that the use of determinants in Weyl’s transcendental method, in particular applying Cauchy’s identity (Eqns. (A.1) and (A.2)), leads to annoyingly complicated Jacobi-Trudy identities.

The Weyl groups of the exceptional groups are even less “symmetric”, and so we expect that the above methods used to derive Jacobi-Trudy identities will be next to useless in these cases. Indeed, the simplest exceptional group G_2 has the dihedral group of order 12 for its Weyl group: W = D_{12} = Z_2 ⋉ S_3. Naïvely proceeding with Weyl’s transcendental method leads to the evaluation of an unpleasant quotient. Forcing the evaluation with the aid of a computer suggests that the corresponding Jacobi-Trudy identity may require as many as sixty determinants!

The appropriate course of action seems therefore clear. Rather than try to force determinants unnaturally upon a Weyl group in order to apply Cauchy’s identity, we should instead try to generalise Cauchy’s identity in such a way that it applies to Weyl’s alternants A_λ = ∑ w∈W det w e^{w(λ)} directly. We are not aware of any such generalisation, but given the magic of Weyl groups, we would not be surprised if such a generalisation could be found. We speculate that such a finding may lead to simple and useful identities of Jacobi-Trudy type for all simple Lie groups.

References

[1] E Verlinde, Fusion Rules and Modular Transformations in 2D Conformal Field Theory, Nuclear Physics B300 (1988), 360–376.

[2] Y. Huang, Vertex Operator Algebras and the Verlinde Conjecture (2004), [arXiv:math.QA/0406291]. [3] J Fuchs, Fusion Rules in Conformal Field Theory, Fortschritte Der Physik 42 (1994), 1–48, [arXiv:hep-th/9306162].

[4] D Cox, J Little, and D O’Shea, Ideals, Varieties, and Algorithms, Undergraduate Texts in Mathematics, Springer-Verlag, New York, 1992.

[5] D Gepner, Fusion Rings and Geometry, Communications in Mathematical Physics 141 (1991), 381–411.

32 P BOUWKNEGT AND D RIDOUT

[6] J Polchinski, Dirichlet-Branes and Ramond-Ramond Charges, Physical Review Letters 75 (1995), 4724– 4727, [arXiv:hep-th/9510017].

[7] R Minasian and G Moore, K-Theory and Ramond-Ramond Charge, Journal of High Energy Physics 9711 (1997), 002, [arXiv:hep-th/9710230].

[8] P Bouwknegt and D Ridout, A Note on the Equality of Algebraic and Geometric D-Brane Charges in WZW Models, Journal of High Energy Physics 0405 (2004), 029, [arXiv:hep-th/0312259].

[9] S Fredenhagen and V Schomerus, Branes on Group Manifolds, Gluon Condensates, and Twisted Ktheory, Journal of High Energy Physics 0104 (2001), 007, [arXiv:hep-th/0012164].

[10] P Bouwknegt, P Dawson, and D Ridout, D-Branes on Group Manifolds and Fusion Rings, Journal of High Energy Physics 0212 (2002), 065, [arXiv:hep-th/0210302].

[11] A Tsuchiya, K Ueno, and Y Yamada, Conformal Field Theories on Universal Families of Stable Curves with Gauge Symmetries, Integrable Systems in Quantum Field Theory and Statistical Mechanics, Advanced Studies in Pure Mathematics, vol. 19, Academic Press, Boston, 1989, pp. 459–566.

[12] G Faltings, A Proof for the Verlinde Formula, Journal of Algebraic Geometry 3 (1994), 347–374. [13] A. Beauville, Conformal Blocks, Fusion Rules and the Verlinde Formula, Israel Math. Conf. Proc. 9 (1996) 75–96, [arXiv:alg-geom/9405001].

[14] V Kac and D Peterson, Infinite-dimensional Lie Algebras, Theta Functions and Modular Forms, Advances in Mathematics 53 (1984), 125–264.

[15] V Kac, Infinite Dimensional Lie Algebras: An Introduction, Progress in Mathematics, vol. 44, Birkhauser, Boston, 1983.

[16] M Walton, Fusion Rules in Wess-Zumino-Witten Models, Nuclear Physics B340 (1990), 777–790. [17] M Walton, Algorithm for WZW Fusion Rules: A Proof, Physics Letters B241 (1990), 365–368. [18] J Fuchs and P van Driel, WZW Fusion Rules, Quantum Groups, and the Modular Matrix S, Nuclear Physics B346 (1990), 632–648.

[19] P Furlan, A Ch Ganchev, and V Petkova, Quantum Groups and Fusion Rules Multiplicities, Nuclear Physics B343 (1990), 205–227.

[20] M Bourdeau, E Mlawer, H Riggs, and H Schnitzer, Topological Landau-Ginzburg Matter from Sp (N )_K Fusion Rings, Modern Physics Letters A7 (1992), 689–700, [arXiv:hep-th/9111020].

[21] D Gepner and A Schwimmer, Symplectic Fusion Rings and their Metric, Nuclear Physics B380 (1992), 147–167, [arXiv:hep-th/9204020].

[22] M Crescimanno, Fusion Potentials for G_k and Handle Squashing, Nuclear Physics B393 (1993), 361– 376, [arXiv:hep-th/9110063].

[23] E Mlawer, H Riggs, and H Schnitzer, Integrable N = 2 Landau-Ginzburg Theories from Quotients of Fusion Rings, Nuclear Physics B418 (1994), 603–636, [arXiv:hep-th/9310082].

[24] D Ridout, D-Brane Charge Groups and Fusion Rings in Wess-Zumino-Witten Models, Ph.D. thesis, University of Adelaide, 2005.

[25] H Weyl, The Classical Groups, Princeton University Press, Princeton, 1939. [26] N Bourbaki, Lie Groups and Lie Algebras, Chapters 4–6, Elements of Mathematics, Springer-Verlag, Berlin, 2002.

[27] W Fulton and J Harris, Representation Theory: A First Course, Graduate Texts in Mathematics, vol.

129, Springer-Verlag, New York, 1991.

PRESENTATIONS OF WESS-ZUMINO-WITTEN FUSION RINGS 33

[28] O Aharony, Generalized Fusion Potentials, Physics Letters B306 (1993), 276–282, [arXiv:hep-th/9301118].

[29] D Cox, J Little, and D O’Shea, Using Algebraic Geometry, Graduate Texts in Mathematics, vol. 185, Springer, New York, 1998.

[30] J Milnor, Singular Points of Complex Hypersurfaces, Princeton University Press, Princeton, 1968. [31] A Boysal and S Kumar, Private Communication (2005).

[32] V Braun, Twisted K-Theory of Lie Groups, Journal of High Energy Physics 0403 (2004), 029, [arXiv:hep-th/0305178].

[33] M Gaberdiel and T Gannon, The Charges of a Twisted Brane, Journal of High Energy Physics 0401 (2004), 018, [arXiv:hep-th/0311242].

(Peter Bouwknegt) Department of Theoretical Physics, Research School of Physical Sciences and Engineering, and Department of Mathematics, Mathematical Sciences Institute, Australian National University, Canberra, ACT 0200, Australia

E-mail address: peter.bouwknegt@anu.edu.au

(David Ridout) Department of Physics and Mathematical Physics, University of Adelaide, Adelaide, SA 5005, Australia, and Department of Mathematics, La Trobe University, Bundoora, Melbourne, Vic 3086, Australia

Current address: Département de Physique, Université Laval, Québec, G1S 7P4, Canada E-mail address: darid@phy.ulaval.ca