arXiv:hep-th/0602122 v1 13 Feb 2006

The eight-vertex model and Painlevé VI

V V Bazhanov^∗, V V Mangazeev^†

Department of Theoretical Physics, Research School of Physical Sciences and Engineering, Australian National University, Canberra, ACT 0200, Australia.

February 13, 2006

Abstract

In this letter we establish a connection of Picard-type elliptic solutions of Painlevé VI equation with the special solutions of the non-stationary Lamé equation. The latter appeared in the study of the ground state properties of Baxter’s solvable eight-vertex lattice model at a particular point, η = π/3, of the disordered regime.

1 Introduction

The Painlevé transcendents have numerous remarkable applications in the theory of integrable models of statistical mechanics and quantum field theory (see, for instance, [1–3]). Mention, in particular, the calculation of the “supersymmetric index” and related problems of dilute polymers on a cylinder which lead to Painlevé III [4,5]. These problems are connected with the finite volume massive sine-Gordon model with N = 2 supersymmetry. The lattice analog of this continuous quantum field theory corresponds to a special case of Baxter’ famous solvable eight-vertex lattice model [6]. In this paper we continue our study [7] of this special model on a finite lattice and unravel its deep connections with Painlevé VI theory.

We consider the eight-vertex model on a square lattice with an odd number, N = 2n + 1, of columns and periodic boundary conditions. The eigenvalues of the row-to-row transfer matrix of the model, T (u), satisfy the TQ-equation [6], T (u) Q(u) = ϕ(u − η) Q(u + 2η) + ϕ(u + η) Q(u − 2η), (1) where u is the spectral parameter,

ϕ(u) = ϑ^N_1 (u | q), q = e^{iπτ} , Im τ > 0, (2)

and ϑ_1(u | q) is the standard theta-function with the periods π and πτ (we follow the notation of [8]). Here we consider a special case η = π/3, where the ground state eigenvalue has a very simple form [9,10] for all (odd) N T (u) = ϕ(u), η = π 3 . (3)

The equation (1) with this eigenvalue, T (u), has two different solutions [11, 12], Q_±(u) ≡ Q_±(u, q, n), which are entire functions of the variable u and obey the following periodicity conditions [6, 13]^1

Q_±(u + π) = ±(−1)^nQ_±(u), Q_±(u + πτ ) = q^{−N/2} e^{−iNu} Q_∓(u), Q_±(−u) = Q_±(u). (4)

∗email: Vladimir.Bazhanov@anu.edu.au
† email: vladimir@maths.anu.edu.au

1 The factor (−1)^n in (4) and (9) reflects our convention for labeling the eigenvalues for different n

The above requirements uniquely determine Q_±(u) to within a common u-independent normalization factor. It is convenient to rewrite the functional equation (1) for Q_±(u) in the form

Ψ_±(u) + Ψ_±(u + 2π 3 ) + Ψ_±(u + 4π 3 ) = 0, (5)

where Ψ_±(u) ≡ Ψ_±(u, q, n) = ϑ^{2n+1}_1 (u | q) ϑ^n_1 (3u | q^3) Q_±(u, q, n), (6) are the meromorphic functions of the variable u for any fixed values of q and n. As shown in [7] these functions satisfy the non-stationary Lamé equation 6 q ∂ ∂q Ψ(u, q, n) = { − ∂^2 ∂u^2 + 9 n (n + 1) ℘(3u | q^3) + c(q, n) } Ψ(u, q, n), (7) where the elliptic Weierstrass ℘-function, ℘(v | e^{iπϵ}), has the periods π and πϵ [8]. The constant c(q, n) appearing in (7) is totally controlled by the (u-independent) normalization of Q_±(u). Note that this equation (in fact, a more general equation, usually called the non-autonomous Lamé equation) arose previously [14–17] in different contexts. We will not explore these connections here.

Let us quote other relevant results of [7]. Define the combinations

Q_1(u) = (Q_+(u) + Q_−(u))/2, Q_2(u) = (Q_+(u) − Q_−(u))/2. (8)

such that Q_{1,2}(u + π) = (−1)^n Q_{2,1}(u). (9)

Bearing in mind this simple relation we will only consider Q_1(u), writing it as Q^{(n)}_1 (u) to indicate the n-dependence. Obviously the linear relations (5) and (7) remain unaffected if Q_±(u) in (6) is replaced by Q^{(n)}_1 (u). The partial differential equation (7) has, of course, many solutions. Here we are only interested in the very special solutions, relevant to our original problem of the eight-vertex model (by definition the functions Q^{(n)}_1 (u) are entire quasi-periodic function of u with the periods π and 2πτ ). Introduce new variables γ and x, instead of q and u, γ ≡ γ(q) = − [ ϑ_1(π/3 | q^{1/2}) ϑ_2(π/3 | q^{1/2}) ]2 , x = γ [ ϑ_3(u/2 | q^{1/2}) ϑ_4(u/2 | q^{1/2}) ]2 , (10)

and new functions P_n(x, z) instead of Q^{(n)}_1 (u),

Q^{(n)}_1 (u) = N (q, n) ϑ_3(u/2 | q^{1/2}) ϑ^{2n}_4 (u/2 | q^{1/2}) P_n(x, z), z = γ^{−2}, (11)

where N (q, n) is an arbitrary normalization factor (which remains at our disposal). The properties of the functions P_n(x, z) corresponding to the required solutions of (5) and (7) can be summarized by the following

Conjecture 1

(a) The functions P_n(x, z) are polynomials in x, z of the degree n in x, P_n(x, z) = n∑ k=0 r^{(n)}_k (z) x^k. (12)

while r^{(n)}_i (z), i = 0, . . . , n, are polynomials in z of the degree

deg[r^{(n)}_k (z)] ≤ ⌊ n(n − 1)/4 + k/2 ⌋ (13)

with positive integer coefficients. The normalization of P_n(x, z) is fixed by the requirement r^{(n)}_n (0) = 1 and ⌊x⌋ denotes the largest integer not exceeding x.

(b) The coefficients of the lowest and highest powers in x, corresponding to k = 0 and k = n in (12), read r^{(n)}_0 (z) = τ_n(z, −1/3), r^{(n)}_n (z) = τ_{n+1}(z, 1/6) , (14)

where the functions τ_n(z, ξ) (for each fixed value of the their second argument ξ) are determined by the recurrence relation

2z(z − 1)(9z − 1)^2[log τ_n(z)]^{′′}_z + 2(3z − 1)^2(9z − 1)[log τ_n(z)]^′_z + +8 [ 2n − 4ξ − 1 3 ]_2 τ_{n+1}(z)τ_{n−1}(z)

τ^2_n(z) − −[12(3n − 6ξ − 1)(n − 2ξ) + (9z − 1)(n − 1)(5n − 12ξ)] = 0, (15)

with the initial condition τ_0(z, ξ) = 1, τ_1(z, ξ) = −4ξ + 5/3 . (16)

The functions τ_n(z, ξ) are polynomials in z for all n = 0, 1, 2, . . ., ∞.

The conjecture has been verified by an explicit calculation [7] of P_n(x, z) for all n ≤ 50.

The polynomials P_n(x, z) can be effectively calculated using the algebraic form (see [7]) of the equation (7). The first few of them read^2

P_0(x, z) = 1, P_1(x, z) = x + 3, P_2(x, z) = x^2(1 + z) + 5x(1 + 3z) + 10, (17)

P_3(x, z) = x^3(1 + 3z + 4z^2) + 7x^2(1 + 5z + 18z^2) + 7x(3 + 19z + 18z^2) + 35 + 21z. (18)

As explained in [7], Eq.(7) leads to a descending recurrence relations for the coefficients in (12), in the sense that each coefficient r^{(n)}_k (z) with k < n can be recursively calculated in terms of r^{(n)}_m (z), with m = k + 1, . . ., n and, therefore, can be eventually expressed through the coefficient r^{(n)}_n (z) of the leading power of x. The conditions that this procedure truncates (and thus defines a polynomial, but not an infinite series in negative powers of x) completely determine the starting leading coefficient as a function of z. The above conjecture implies that these truncation conditions are equivalent to the particular case (ξ = 1/6) of recurrence relation (15), (16). A similar statement applies to the (smallest power in x) coefficient r^{(n)}_0 of P_n(x, z). The results quoted above are due to [7] (except for the expression for r^{(n)}_0 in (14) , which is new).

In this paper we show that the recurrence relation (15) exactly coincides with that for the taufunctions associated with special elliptic solutions of the Painlevé VI equation, revealing hitherto unknown connections of the eight-vertex model and the non-stationary Lamé equation (7) to Painlevé VI theory.

Before concluding this introduction, let us briefly mention some problems related to the special eightvertex model considered here. In the trigonometric limit (q → 0) this model reduces to the special six-vertex model (with the parameter Δ = −1/2), which is closely connected with various interesting combinatorial problems [18–21], particularly, with the theory of alternating sign matrices. The fact that the polynomials P_n(x, z) have positive integer coefficients makes it plausible to suggest that these coefficients have some (yet unknown) combinatorial interpretation.

In the scaling limit n → ∞, q → 0, t = 8 nq^{3/2} = fixed, (19)

the functions (6) essentially reduce to the ground state eigenvalues Q_±(θ) ≡ Q_±(θ, t) of the Q-operators [11,22] of the restricted massive sine-Gordon model (at the so-called, super-symmetric point) on a cylinder of the spatial circumference R, where t = M R and M is the soliton mass and the variable θ is defined as u = πτ /2 − iθ/3. With a suitable t-dependent normalization of Q_±(θ), Eq.(7) then reduces to the “non-stationary Mathieu equation” [7] t ∂ ∂t Q_±(θ, t) = { ∂2 ∂θ^2 − 1 8 t^2 (cosh 2θ − 1) } Q_±(θ, t). (20) 2 The higher polynomials with n ≤ 50 are available in electronic form upon request to the authors.

This equation determines the asymptotic behavior of Q_±(θ) at large θ

log Q_±(θ) = − 1 4 t e^θ + log D_±(t) + 2 (∂_t log D_±(t) − t/8) e^{−θ} + O(e^{−2θ}), θ → +∞, (21)

where D_±(t) are the Fredholm determinants, which previously appeared in connection with the “supersymmetric index” and the dilute polymers on a cylinder [4, 5, 23, 24]. Note, in particular, that the quantity F (t) = d dt U (t), U (t) = log

D_+(t) D_−(t) , (22)

describes the free energy of a single incontractible polymer loop and satisfies the Painlevé III equation [23] 1 t d dt t d dt U (t) = 1 2 sinh 2U (t). (23)

2 Painlevé VI equation

The Painleve P_{V I} (α, β, γ, δ) is the following second order differential equation [25, 26] q^{′′}(t) = 1 2 ( 1 q(t) + 1 q(t) − 1 + 1 q(t) − t ) q^′(t)^2 − ( 1 t + 1 (t − 1) + 1 q(t) − t ) q^′(t)+ + q(t)(q(t) − 1)(q(t) − t) t^2(t − 1)^2 [ α + β t q(t)^2 + γ t − 1 (q(t) − 1)^2 + δ t(t − 1) (q(t) − t)^2 ] , (24)

where the following parameterizations of four constants [27] is chosen α = 1 2 κ^2_∞, β = − 1 2 κ^2_0, γ = 1 2 κ^2_1, δ = 1 2 (1 − θ^2), (25)

κ_0 = b_1 + b_2, κ_1 = b_1 − b_2, κ_∞ = b_3 − b_4, θ = b_3 + b_4 + 1. (26) This equation is equivalent to the Hamiltonian system H_{V I} (t; q, p) described by the equations dq dt = ∂H ∂p , dp dt = − ∂H ∂q , (27)

with the Hamiltonian function H_{V I} (t; q, p) = 1 t(t − 1) [ q(q − 1)(q − t)p^2− −{κ_0 (q − 1)(q − t) + κ_1 q(q − t) + (θ − 1)q(q − 1)}p + κ (q − t)], (28)

where q ≡ q(t), p ≡ p(t) and κ = 1 4 (κ_0 + κ_1 + θ − 1)^2 − 1 4 κ^2_∞. (29)

One can introduce an auxiliary Hamiltonian h(t),

h(t) = t(t − 1)H(t) + e_2(b_1, b_3, b_4) t − 1 2 e_2(b_1, b_2, b_3, b_4) (30)

where e_i(x_1, . . . , x_n) is the i-th elementary symmetric function in n variables.

Okamoto [27] showed that for each pair {q(t), p(t)} satisfying (27), the function h(t) solves the E_{V I} equation, h^′(t) [ t(1 − t)h^{′′}(t) ]_2 + [ h^′(t)[2h(t) − (2t − 1)h^′(t)] + b_1b_2b_3b_4

]_2 = 4∏ k=1 ( h^′(t) + b^2_k ) , (31)

and q(t) solves P_{V I} (α, β, γ, δ), (24).

Conversely, for each solution h(t) of (31), such that^{d2}_{dt2} h(t) ≠ 0, there exists a solution {q(t), p(t)} of (27), where q(t) solves (24). An explicit correspondence between three sets {q(t), q^′(t)}, {q(t), p(t)} and {h(t), h^′(t), h^{′′}(t)} is given by birational transformations, which can be found in [27].

The equation E_{V I} is a particular case of a more general class of the second order second degree equation y^{′′}(t)^2 = F (t, y(t), y^′(t)) (32) where F is rational in y(t), y^′(t), locally analytic in t, with the property that the only movable singularities of y(t) are poles. Such equations were classified in [28], where Eq.(31) is refered to the “SD-I type”. Originally, we have obtained equations of the form (32) for asymptotics of the polynomals P_n(x, z) and only then reduced them to (31) and (24).

The group of Backlund transformations of P_{V I} is isomorphic to the affine Weyl group of the type D_4. It contains the following transformations of parameters (only 5 of them are independent)

w_1 : b_1 ↔ b_2, w_2 : b_2 ↔ b_3, w_3 : b_3 ↔ b_4, w_4 : b_3 → −b_3, b_4 → −b_4, (33)

x^1 : κ_0 ↔ κ_1, x^2 : κ_0 ↔ κ_∞, x^3 : κ_0 ↔ θ (34) and the parallel transformation

l_3 : b ≡ (b_1, b_2, b_3, b_4) → b^+ ≡ (b_1, b_2, b_3 + 1, b_4). (35)

Here we shall use only two transformations: x^2 and l_3. The canonical transformation x^2 corresponds to a simple change of variables [27], x^2_⋆ : (q, p, H, t) → (q^{−1}, ϵq − q^2p, −H/t^2, 1/t), ϵ = 1 2 (κ_0 + κ_1 + θ − 1 + κ_∞) . (36)

The birational canonical transformation,

{q, p} = {q(b), p(b)} → {q^+, p^+} = {q(b^+), p(b^+)} , (37)

corresponding to l_3, can be obtained from the observation that [27]

h^+(t, q^+, p^+) = h(t, q, p) − q(q − 1)p + (b_1 + b_4)q − 1 2 (b_1 + b_2 + b_4). (38)

Here we shall only give the expression for q in terms of {q^+, p^+} q { p^2_+q_+(q_+ − 1)(q_+ − t) + +p_+ [ 2(1 + b_1 + b_3)q_+(1 − q_+) + (b_1 + b_2)(q_+ − t) + 2b_1(t − 1)q_+ ] + +(1 + b_1 + b_3) [ (1 + b_1 + b_3)(q_+ − 1) + t(1 + b_3 − b_1) + b_1 − b_2 ]} − −t [ p_+(q_+ − 1) − 1 − b_1 − b_3 ][ p_+q_+(q_+ − 1) − (1 + b_1 + b_3)q_+ + b_1 + b_2 ] = 0. (39)

Later we will need the transformation x^2l_3x^2

x^2l_3x^2 : {b} = {b_1, b_2, b_3, b_4} → {b̃} = {b_1 + 1 2 , b_2 + 1 2 , b_3 + 1 2 , b_4 + 1 2 }. (40)

Combining (36-39) one obtains q = { p̃^2(q̃ − t)(q̃ − 1) + p̃ (2 + b_1 + b_2 + b_3 + b_4 + (b_1 − b_2)t − (2 + 2b_1 + b_3 + b_4)q̃) +(1 + b_1 + b_3)(1 + b_1 + b_4) } / { (1 + b_1 + b_3 + p̃ (1 − q̃))(1 + b_1 + b_4 + p̃ (1 − q̃)) } , (41)

where q = q(b) and q̃ = q(b̃), p̃ = p(b̃).

3 Special elliptic solutions

It goes back to Picard [29] that if parameters (26) satisfy

b_1 = b_2 = 0, b_3 = b_4 = −1/2, (42)

then a general solution of P_{V I} reads (see also [30])

q(t) = ℘(c_1ω_1 + c_2ω_2; ω_1, ω_2) + t + 1 3 (43)

where ℘(u; ω_1, ω_2) is the Weierstrass elliptic function with half-periods ω_{1,2}, c_{1,2} are arbitrary constants and ω_{1,2}(t) are two linearly independent solutions of the hypergeometric equations

t(1 − t)ω^{′′}(t) + (1 − 2t)ω^′(t) − 1 4 ω(t) = 0. (44)

It is convenient to choose

ω_1(t) = π 2^2

F_1( 1 2 , 1 2 ; 1; t) = K(t^{1/2}), ω_2(t) = i π 2^2

F_1( 1 2 , 1 2 ; 1; 1 − t) = iK^′(t^{1/2}), (45)

where K and K^′ are the complete elliptic integrals of the modulus k = t^{1/2}.

Using expressions for invariants of the Weierstrass function e_1, e_2, e_3

e_1 = 1 − t + 1 3 , e_2 = t − t + 1 3 , e_3 = − t + 1 3 (46)

we can rewrite Picard’s solution of P_{V I} as

q(t) = ns^2(c_1K + c_2iK^′, k), k = t^{1/2} . (47)

Let us choose c_1 = 1, c_2 = 1 3 (48)

and denote corresponding solution of (24) as q_1(t). Using addition theorems for elliptic functions it is easy to show that q_1(t) satisfies the algebraic equation

q^4_1(t) − 4t q^3_1(t) + 6t q^2_1(t) − 4t q_1(t) + t^2 = 0. (49)

In fact, this algebraic solution of P_{V I} is very special. It solves (24) not only for the Picard’s choice of parameters (42) but also for

b_1 = ξ − 1 6 , b_2 = 0, b_3 = ξ − 2 3 , b_4 = 2ξ − 5 6 , (50)

where ξ is an arbitrary parameter. This happens because P_{V I} , (24), splits up into two different equations which are both satisfied by (49).

Using above formulas we can easily find expressions for p_1(t) and h_1(t) corresponding (49)

p_1(t) =

(1 − 3ξ)(3t − 2tq_1(t) − q^2_1(t)) 6t(q_1(t) − 1)^2

, h_1(t) = 1 − 2t 72 + (1 − 2ξ)(1 − 3ξ) 4 (t + q_1(t) − 2t q_1(t))

q_1(t) − t

. (51)

Now we shall assume that this solution corresponds to the case n = 1 and apply Backlund transformation x^2 (l_3)^{1−n}x^2 to obtain a series of solutions {q_n(t), p_n(t), h_n(t)} with parameters

b_1 = 1 3 + ξ − n 2 , b_2 = 1 2 − n 2 , b_3 = − 1 6 + ξ − n 2 , b_4 = − 1 3 + 2ξ − n 2 . (52)

At this stage we are ready to establish a connection with the elliptic parametrization from the first section. Let us assume that the elliptic nome q in (2), (6-7) and (10) is given by

q = exp { iπ 2 3 K^′(k) K(k) } , k = t^{1/2}, (53) where K(k) and K^′(k) are defined by (45).

Using Landen transformation for elliptic functions it is easy to obtain the following rational parametrization for z = 1/γ(q)^2 defined in (10), (11), and for t, q_1(t) in (49) z = 1 γ^2(q) = 1 + γ (3 − γ)γ , t = (1 − γ)(3 + γ)^3 (1 + γ)(3 − γ)^3

, q_1(t) =

(1 − γ)(3 + γ) (1 + γ)(3 − γ)

, (54)

in terms of a new parameter γ ≡ γ(q^{1/2}) , (55) defined by (10) with q replaced by q^{1/2}. Note that such parameterization of Picard’s solutions of P_{V I} with the above choice (48) of the parameters c_1 and c_2 has already appeared in [30, 31].

From these formulas one can get an explicit connection of variables t and z t = (z − 1)(1 − 9z)^3 32z [ 1 + 27z^2 − 18z − 1 √ (1 − z)(1 − 9z)^3 ] . (56)

Now we can construct a sequence of τ -functions associated with a series of auxiliary Hamiltonians h_n(t). It appears that corresponding τ -functions are polynomials in variable z.

First, let us introduce a sequence of functions σ_n(z) considering them as functions of z

σ_n(z) = 1 tz √ 1 − 9z 1 − z { h_n(t) + 1 72 (2t − 1) + (n − 1)^2 [t − 1 4 + 1 − 9z 8 √ (1 − t)z ] + (57)

+(n − 1) ( ξ − 5 12 )[ 1 − t + t(1 − 3z) √ (1 − z)(1 − 9z) ] + (ξ − 1 2 )(ξ − 1 3 ) [ 3 2 − √ 1 − t z ]} . Comparing it with (51) and using (54) it is easy to see that

σ_1(z) = 0. (58)

Then using Backlund transformations x^2l^{−1}_3 x^2 and x^2l_3x^2 it is not difficult to show that

σ_i(z) = 0, i = 0, 1, 2. (59)

The easiest way to do that is to calculate h_i(t) , i = 0, 2 in terms of h_1(t) (51), substitute into (57) and use a rational parametrization (54).

Now let us introduce a family of τ -functions τ_n(z, ξ) via

σ_n(z) = d dz [log τ_n(z, ξ)] (60)

and fix a normalization for n = 0, 1, 2 as

τ_0(z, ξ) = 1, τ_1(z, ξ) = −4ξ + 5/3, τ_2(z, ξ) = 3(2ξ − 1)(3ξ − 1). (61)

Using Okamoto’s Toda-recursion relations for τ -functions for P_{V I} , generated via successive applications of parallel transformation l_3 [27], one can show the recurrence relation for τ_n(z, ξ) exactly coincides with (15). Thus, we showed that the leading coefficient and the constant term of P_n(x, z) (considered as polynomials in x) can be expressed in terms τ -functions for special solutions of P_{V I} .

At the moment we do not have a complete proof of the polynomiality of τ_n(z). Note, that this property takes place provided that two successive τ -functions τ_n(z) and τ_{n+1}(z) do not have a nontrivial common divisor (which is a polynomial in z).

One of the challenging problems is to find a determinant representation for τ_n(z, ξ) similar to that known other polynomial solutions of the Painlevé equations. It could help to clarify the structure of P_n(x, z) and possibly to establish a connection with problems of combinatorics.

Acknowledgments

The authors thank M.T. Batchelor, P.J. Forrester, N. Frankel, I.M. Krichever, S.L. Lukyanov, S.M. Sergeev, Yu.G. Stroganov, N.S. Witte, A.B. Zamolodchikov, Al.B. Zamolodchikov and Z.-B. Zuber for stimulating discussions and valuable remarks.

References

[1] Barouch, E., McCoy, B. M., and Wu, T. T. Zero-field susceptibility of the two-dimensional Ising model near T_c. Phys. Rev. Lett. 31 (1973) 1409–1411.

[2] Jimbo, M., Miwa, T., Sato, M., and Môri, Y. Holonomic quantum fields. The unanticipated link between deformation theory of differential equations and quantum fields. In Mathematical problems in theoretical physics (Proc. Internat. Conf. Math. Phys., Lausanne, 1979), volume 116 of Lecture Notes in Phys., pages 119–142. Springer, Berlin, 1980.

[3] Cecotti, S. and Vafa, C. Topological antitopological fusion. Nucl. Phys. B367 (1991) 359–461. [4] Cecotti, S., Fendley, P., Saleur, H., Intriligator, K., and Vafa, C. A new supersymmetric index.

Nuclear Phys. B 386 (1992) 405–452.

[5] Zamolodchikov, A. B. Painleve III and 2D polymers. Nuclear Phys. B 432 (1994) 427–456. [6] Baxter, R. J. Partition function of the eight-vertex lattice model. Ann. Physics 70 (1972) 193–228. [7] Bazhanov, V. V. and Mangazeev, V. V. Eight-vertex model and non-stationary Lamé equation. J.

Phys. A 38 (2005) L145–L153.

[8] Whittaker, E. and Watson, G. A course of modern analysis. “Cambridge University Press”, Cambridge, 1996.

[9] Baxter, R. J. Solving models in statistical mechanics. Adv. Stud. Pure Math. 19 (1989) 95–116. [10] Stroganov, Y. The importance of being odd. J. Phys. A 34 (2001) L179–L185. [11] Bazhanov, V. V., Lukyanov, S. L., and Zamolodchikov, A. B. Integrable structure of conformal field theory. II. Q-operator and DDV equation. Comm. Math. Phys. 190 (1997) 247–278. [hep-th/9604044].

[12] Krichever, I., Lipan, O., Wiegmann, P., and Zabrodin, A. Quantum integrable models and discrete classical Hirota equations. Comm. Math. Phys. 188 (1997) 267–304. [hep-th/9604080].

[13] Fabricius, K. and McCoy, B. M. New Developments in the Eight Vertex Model II. Chains of odd length. (2004). cond-mat/0410113.

[14] Etingof, P. I. and Kirillov, Jr., A. A. Representations of affine Lie algebras, parabolic differential equations, and Lamé functions. Duke Math. J. 74 (1994) 585–614.

[15] Knizhnik, V. G. and Zamolodchikov, A. B. Current algebra and Wess-Zumino model in two dimensions. Nuclear Phys. B 247 (1984) 83–103.

[16] Bernard, D. On the Wess-Zumino-Witten models on the torus. Nuclear Phys. B 303 (1988) 77–93. [17] Olshanetsky, M. A. Universality of Calogero-Moser model. J. Nonlinear Math. Phys. 12 (2005) 522–534.

[18] Razumov, A. V. and Stroganov, Y. G. Spin chains and combinatorics. J. Phys. A 34 (2001) 3185– 3190.

[19] Batchelor, M. T., de Gier, J., and Nienhuis, B. The quantum symmetric XXZ chain at Δ = −^1_2 , alternating-sign matrices and plane partitions. J. Phys. A 34 (2001) L265–L270.

[20] Zuber, J.-B. On the counting of fully packed loop configurations: some new conjectures. Electron.

J. Combin. 11 (2004) Research Paper 13, 15 pp. (electronic).

[21] Francesco, P. D. and Zinn-Justin, P. The quantum Knizhnik-Zamolodchikov equation, generalized Razumov-Stroganov sum rules and extended Joseph polynomials. J. Phys. A 38 (2005) L815–L822.

[22] Fendley, P. Airy functions in the thermodynamic Bethe ansatz. Lett. Math. Phys. 49 (1999) 229–233. [23] Fendley, P. and Saleur, H. N = 2 supersymmetry, Painleve III and exact scaling functions in 2D polymers. Nuclear Phys. B 388 (1992) 609–626.

[24] Tracy, C. A. and Widom, H. Proofs of two conjectures related to the thermodynamic Bethe ansatz.

Comm. Math. Phys. 179 (1996) 1–9.

[25] Painlevé, P. Sur les Equations Differentielles du Second Ordre et d’Ordre Superieur, dont l’Interable Generale est Uniforme. Acta Math. 25 (1902) 1–86.

[26] Gambier, B. Sur le Equations Differentielles du Second Ordre et du Primier Degré dont l’Integrale est a Points Critiques Fixes. Acta Math. 33 (1910) 1–55.

[27] Okamoto, K. Studies on the Painlevé equations. I. Sixth Painlevé equation P_{VI}. Ann. Mat. Pura Appl. (4) 146 (1987) 337–381.

[28] Cosgrove, C. M. and Scoufis, G. Painlevé classification of a class of differential equations of the second order and second degree. Stud. Appl. Math. 88 (1993) 25–87.

[29] Picard, E. Mémoire sur la théorie des functions algébriques de deux varables”, Journal de Liouville.

Journal de Liouville 5 (1889) 135–319.

[30] Mazzocco, M. Picard and Chazy solutions to the Painlevé VI equation. Math. Ann. 321 (2001) 157–195.

[31] Dubrovin, B. Geometry of 2D topological field theories. In Integrable systems and quantum groups (Montecatini Terme, 1993), Lecture Notes in Math., 1620 , pages 120–348. Springer, Berlin, 1996.