arXiv:hep-th/0602157 v2 12 Mar 2006

Fermionic zero modes in gauge and gravity backgrounds on T^2

Yishi Duan and Yuxiao Liu^∗ Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, China

Yongqiang Wang Institute of Modern Physics, Chinese Academy of Sciences, Lanzhou 730000, China and Institute of Theoretical Physics, Lanzhou University, Lanzhou 730000, China (Dated: March 12, 2006)

Abstract

In this note we study fermionic zero modes in gauge and gravity backgrounds taking a two dimensional compact manifold T^2 as extra dimensions. The result is that there exist massless Dirac fermions which have normalizable zero modes under quite general assumptions about these backgrounds on the bulk. Several special cases of gauge background on the torus are discussed and some simple fermionic zero modes are obtained.

PACS numbers: 11.10.Kk., 04.50.+h.

Keywords: Fermionic zero modes, General Dirac equation.

∗Corresponding author; Electronic address: liuyx01@st.lzu.edu.cn

I. INTRODUCTION

Recently, there has been active interest in the brane world scenarios[1-8]. The pioneering work was done by Randall and Sundrum [2, 3]. In a five-dimensional brane world scenario, they assumed that the bulk geometry is warped. The RSI scenario provides a way to solve the hierarchy problem, and the RSII scenario gives Newton’s law of gravity on the brane of positive tension embedded in an infinite extra dimension. Another interesting topic is localization of different fields on a brane. It has been shown that the graviton [3] and the massless scalar field [9] have normalizable zero modes on branes of different types, that the Abelian vector fields are not localized in the RS model in five dimensions but can be localized in some higher-dimensional generalizations of it [10]. In Ref. [11, 12] it was shown that there exist massless Dirac fermions under quite general assumptions about the geometry and topology of the internal manifold of the higher-dimensional warp factor compactification. However, these fermionic modes are generically non-normalizable. To avoid this problem, the authors include a Yukawa-type coupling to a scalar field of a domain-wall type. While we shall study fermionic zero modes in gauge and gravity backgrounds taking a two dimensional compact manifold T^2 as extra dimensions.

The paper is organized as follows: In section II, we first present Dirac equation and the effective Lagrangian in gauge and gravity backgrounds. In section III, we discuss and solve the fermionic zero modes under several simple assumptions for gauge field on the torus. In the last section, a brief conclusion is presented.

II. DIRAC EQUATION IN GAUGE AND GRAVITY BACKGROUNDS

We shall consider a six-dimensional space-time manifold M^4 × T^2 with the geometry

ds^2 = G_{M N} dx^M dx^N = η_{μν} dx^μdx^ν − (R_1 + R_2 cos φ)^2dθ^2 − R^2dφ^2, (1)

where η_{μν} is the metric of our four-dimensional Minkowski space-time M^4, capital Latin indices M, N = 0, · · · , 5, Greek indices μ, ν = 0, · · · , 3, x^4 = θ and x^5 = φ are coordinates on T^2 = S^1 ×S^1, R_1 and R_2 are radii of the two circles S^1, respectively. The six-dimensional Dirac equation is Γ^AE^M_A (∂_M − Ω_M + iA_M )Ψ(x, θ, φ) = 0, (2) where E^M_A is the sechsbein with

E^M_A = (δ^μ_A, 1 R_1 + R_2 cos φ δ^4_A, 1 R_2 δ^5_A), (3)

and capital Latin indices A, B = 0, · · · , 5 correspond to the flat tangent six-dimensional Minkowski space-time, Ω_M =^1_2 Ω^{AB}_M I_{AB} is the spin connection with the following representation of six-dimensional 8 × 8 Dirac matrices Γ^A:

Γ^A = 0 Σ^A Σ̄^A 0 ,

where Σ^0 = Σ̄^0 = γ^0γ^0; Σ^i = −Σ̄^i = γ^0γ^i; Σ^4 = −Σ̄^4 = iγ^0γ^5; Σ^5 = −Σ̄^5 = γ^0, γ^μ and γ^5 are usual four-dimensional Dirac matrices in the chiral representation:

γ^0 = 0 1 1 0 , γ^i = 0 σ^i −σ^i 0 , γ^5 = iγ^0γ^1γ^2γ^3 = 1 0 0 −1 ,

here σ^i are the Pauli matrices. Γ^A have the following relation:

Γ^AΓ^B + Γ^BΓ^A = 2η^{AB} I,

in which η^{AB} = diag(+, −, · · · , −) is the six-dimensional Minkowski metric.

The non-vanishing component of Ω_M is

Ω_4 = 1 2 sin φΓ^4Γ^5. (4)

Assume A_μ = A_μ(x), A_θ = A_θ (θ, φ), A_φ = A_φ(θ, φ). The six-dimensional Dirac equation (2) then becomes { Γ^aδ^μ_a (∂_μ + iA_μ) +

Γ^4(∂_θ + iA_θ) R_1 + R_2 cos φ + Γ^5 R_2 ( ∂_φ +

R_2 sin φ 2(R_1 + R_2 cos φ) + iA_φ )} Ψ = 0. (5)

We denote the Dirac operators on M^4 and T^2 with D_M and D_T , respectively:

D_M = Γ̄Γ^aδ^μ_a (∂_μ + iA_μ), (6) D_T =

Γ̄Γ4(∂_θ + iA_θ) R_1 + R_2 cos φ + Γ̄Γ5 R_2 ( ∂_φ +

R_2 sin φ 2(R_1 + R_2 cos φ) + iA_φ ) , (7)

where Γ̄ = Γ^0Γ^1Γ^2Γ^3. Then we have the following commutative relations:

[D_M , D_T ] = 0, and can expand any spinor Ψ in a set of eigenvectors ϕ_m of the operator D_T D_T ϕ_m = λ_mϕ_m. (8) There may exist a set of discrete eigenvalues λ_m with some separation. All these eigenvalues play a role of the mass of the corresponding four-dimensional excitations [13]. We assume that the energy scales probed by a four-dimensional observer are smaller than the separation, and thus even the first non-zero level is not excited. So, we are interested only in the zero modes of D_T :

D_T ϕ = 0. (9) This is just the Dirac equation on the torus T^2 with gauge and gravity backgrounds. For fermionic zero modes, we can write Ψ(x, θ, φ) = ψ(x)ϕ(θ, φ), (10) where ψ and ϕ satisfy D_M ψ(x) = 0, (11) D_T ϕ(θ, φ) = 0. (12) The effective Lagrangian for ψ then becomes ∫ dθdφ √ −GΨ̄Γ^AE^M_A (∂_M − Ω_M + iA_M )Ψ = ψ̄Γ^aδ^μ_a (∂_μ + iA_μ)ψ × ∫ dθdφ(R_1 + R_2 cos φ)R_2ϕ^†ϕ. (13) Thus, to have the localization of gravity and finite kinetic energy for ψ, the above integral must be finite. This can be achieved if the function ϕ(θ, φ) does not diverge on the whole torus. This is very different from the case considered by Randjbar-Daemi and Shaposhnikov [11], who did this work on a D = D_1 + D_2 + 1 dimensional manifold with the geometry ds^2 = e^{A(r)}η_{μν} dx^μdx^ν + e^{B(r)}g_{mn}dy^mdy^n + dr^2, (14) under the assumptions A_μ = A_r = 0 and A_m = A_m(y). Their effective Lagrangian for ψ is ∫ drdy √ −GΨ̄Γ^AE^M_A (∂_M − Ω_M + A_M )Ψ = ψ̄Γ^aδ^μ_a ∂_μψ × ∫ dr e^{−A(r)/2} ∫ dy √ det(g_{mn})ϕ^†ϕ, (15) and the difficulty is that the integral ∫ dre^{−A(r)/2} is infinite for the exponential warp-factor A ∝ −|r| considered in the literature so far.

III. FERMIONIC ZERO MODES ON T^2

In this section, we discuss and solve the fermionic zero modes under some simple assumptions for gauge field A_θ and A_φ on the torus.

A. Case I: A_θ = A_θ(θ), A_φ = A_φ(φ)

In this assumption, the Dirac equation (9) becomes {¯ ΓΓ^4(∂_θ + iA_θ(θ)) R_1 + R_2 cos φ + Γ̄Γ5 R_2 ( ∂_φ +

R_2 sin φ 2(R_1 + R_2 cos φ) + iA_φ(φ) )} ϕ = 0. (16)

Here ϕ can be written as the following form: ϕ(θ, φ) = f(θ)h(φ), (17) where f and h satisfy

(∂_θ + iA_θ(θ)) f(θ) = 0, (18) ( ∂_φ +

R_2 sin φ 2(R_1 + R_2 cos φ) + iA_φ(φ) ) h(φ) = 0. (19)

Solve the last two equations one can easily get the formalized solutions: f(θ) = e^{−i ∫ dθAθ (θ)}, (20) h(φ) = √ R_1 + R_2 cos φ e^{−i ∫ dφAφ (φ)}, (21) ϕ(θ, φ) = √ R_1 + R_2 cos φ e^{−i ∫ dθAθ (θ)−i ∫ dφAφ (φ)}. (22) The effective Lagrangian for ψ then becomes ∫ dθdφ √ −GΨ̄Γ^AE^M_A (∂_M − Ω_M + iA_M )Ψ = ψ̄Γ^aδ^μ_a (∂_μ + iA_μ)ψ ∫_{2π} 0 dθ‖e^{−i ∫ dθAθ (θ)}‖^2 × ∫_{2π} 0 dφ(R_1 + R_2 cos φ)^2R_2‖e^{−i ∫ dφAφ (φ)}‖^2.

= ψ̄Γ^aδ^μ_a (∂_μ + iA_μ)ψ × 2π^2(2R^2_1 + R^2)R_2. (23)

This result shows that, whatever the forms of A_θ(θ) and A_φ(φ) are, the effective Lagrangian for ψ has the same form.

B. Case II: A_θ = A(φ), A_φ = 0

This simple case is considered by J. M. Frere etc. [14]. But a complex scalar field Φ(θ, φ) on S^2 is included in their work. For our current ansatz, The Dirac equation (9) is read as {¯ ΓΓ^4∂_θ R_1 + R_2 cos φ + Γ̄Γ5 R_2 ( ∂_φ +

R_2 sin φ + 2iR_2Γ^4Γ^5A(φ) 2(R_1 + R_2 cos φ) )} ϕ = 0 (24)

with ϕ(θ, φ) = f(θ)h(φ), (25) where f(θ) = C is a constant and h satisfies { ∂_φ +

R_2 sin φ + 2iR_2Γ^4Γ^5A(φ) 2(R_1 + R_2 cos φ) } h(φ) = 0, (26)

i.e. { ∂_φ +

R_2 sin φ − 2R_2γ^5A(φ) 2(R_1 + R_2 cos φ) } h(φ) = 0. (27)

Imposing the chirality condition γ^5h(φ) = +h(φ), the above equation can be written as { ∂_φ +

R_2 sin φ 2(R_1 + R_2 cos φ) − R_2A(φ) R_1 + R_2 cos φ } h(φ) = 0. (28)

So, the formalized solution of h can be given out h(φ) = √ R_1 + R_2 cos φ e ∫ dφ^{R2A(φ)} R1+R2 cos φ 1 0 . (29)

Let C = 1, the effective Lagrangian for ψ then becomes ∫ dθdφ √ −GΨ̄Γ^AE^M_A (∂_M − Ω_M + iA_M )Ψ

= ψ̄Γ^aδ^μ_a (∂_μ + iA_μ)ψ ∫_{2π} 0 dθ ∫_{2π} 0 dφ(R_1 + R_2 cos φ)^2R_2‖e ∫ dφ^{R2A(φ)} R1+R2 cos φ ‖2. (30)

When the Yang-Mills field on T^2 disappeared, the zero mode ϕ(θ, φ) take the following simplest form ϕ(θ, φ) = √ R_1 + R_2 cos φ 1 0 , (31)

and the effective Lagrangian is ∫ dθdφ √ −GΨ̄Γ^AE^M_A (∂_M − Ω_M + iA_M )Ψ

= ψ̄Γ^aδ^μ_a (∂_μ + iA_μ)ψ × 2π^2(2R^2_1 + R^2)R_2. (32)

Now we come to the issue of the presence of the zero modes. The the number of zeromodes of the Dirac operator is decided by the index of it. The index of the Dirac operator on manifold K is defined as the difference n_+ −n_− between the number n_+ of right-handed fourdimensional fermions obtained by dimensional reduction and the number n_− of left-handed 4D fermions. This number is a topological quantity of the manifold upon compactification and the gauge bundles the Dirac operator might be coupled to. Indeed, this index can be computed in terms of characteristic classes of the tangent and gauge bundles. The Atiyah– Singer index theorem in two dimensions gives the difference [15, 16, 17]

n_+ − n_− = e 4π ∫ M d^2q ε^{μν} F_{μν} , (33)

where ε^{μν} (ε^{12} = 1) is the contravariant Levi–Civita tensor density in two dimensions, and F_{μν} is the field strength of A_μ,

F_{μν} ≡ ∂_μA_ν − ∂_ν A_μ − ie[A_μ, A_ν ] . (34)

If we take K = S^2 with a U(1) magnetic monopole field of charge n on it, the number of chiral families will then be equal to n [18, 19]. Here, we can consider zero modes of the Dirac operator in the background of Abelian gauge potentials representing Dirac strings and center vortices on the torus T^2. The result is for a two-vortex gauge potential (smeared out vortices) there is one normalizable zero mode which has exactly one zero on the torus [20]. The probability density of the spinor field is peaked at the positions of the vortices.

IV. CONCLUSION

In conclusion, we studied fermionic zero modes and effective Lagrangian in gauge and gravity backgrounds taking a two dimensional compact manifold T^2 as extra dimensions. The result is that there exist massless Dirac fermions under quite general assumptions about the gauge field on the bulk. These fermionic zero modes are generically normalizable and we need not include any other field. Furthermore, Several special cases of these backgrounds are also discussed. Especially, in the case of A_θ = A_θ(θ), A_φ = A_φ(φ), we got very simple fermionic zero mode on the torus and the effective Lagrangian for ψ, which has the same form whatever these gauge fields are.

V. ACKNOWLEDGEMENTS

It is a pleasure to thank Dr. Lijie Zhang and Zhenhua Zhao for discussions. This work was supported by the National Natural Science Foundation and the Doctor Education Fund of Educational Department of the People’s Republic of China.

[1] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 429 (1998) 263. [2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370. [3] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690. [4] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84 (2000) 2778. [5] S.B. Ginddings, E. Katz and L. Randall, JHEP 0003 (2000) 023. [6] J. Lykken and L. Randall, JHEP 0006 (2000) 014.

[7] T. Shiromizu, K.I. Maeda and M. Sasaki, Phys. Rev. D 62 (2000) 024012. [8] A.N. Aliev and A.E. Gumrukcuoglu, Class. Quant. Grav. 21 (2004) 5081. [9] B. Bajc and G. Gabadadze, Phys. Lett. B 474 (2000) 282. [10] I. Oda, Phys. Lett. B 496 (2000) 113 [hep-th/0006203]. [11] S. Randjbar-Daemi and M. Shaposhnikov, Phys. Lett. B 492 (2000) 361. [12] Y.Q. Wang, T.Y. Si, Y.X. Liu and Y.S. Duan, Mod. Phys. Lett. A 20 (2005) 3045 [hep-th/0508111].

[13] M.V. Libanov and S.V. Troitsky, Nucl. Phys. B 599 (2001) 319 [hep-ph/0011095]. [14] J.-M. Frere, M.V. Libanov, E.Ya. Nugaev and S.V. Troitsky, JHEP 0306 (2003) 009. [15] M.F. Atiyah and I.M. Singer, Ann. Math. 87 (1968) 485. [16] M.F. Atiyah and I.M. Singer, Ann. Math. 87 (1968) 546. [17] M.F. Atiyah, R. Bott and V.K. Patodi, Invent. Math. 19 (1973) 279. [18] S. Randjbar-Daemi, A. Salam and J. Strathdee, Nucl. Phys. B 214 (1983) 491. [19] S. Deguchi and K. Kitsukawa, “Charge quantization conditions based on the Atiyah–Singer index theorem”, [hep-th/0512063].

[20] H. Reinhardt, O. Schröder, T. Tok and V.C. Zhukovsky, Phys. Rev. D 66 (2002) 085004.