arXiv:hep-th/0602182 v1 18 Feb 2006

Potentials for Light Moduli in Supergravity and String Theory

S. P. de Alwis Perimeter Institute, 31 Caroline Street N., Waterloo, ON N2L 2Y5, Canada and Department of Physics, University of Colorado, Box 390, Boulder, CO 80309.

e-mail: dealwis@pizero.colorado.edu

Abstract

This is an account of lectures that were given at TASI 2005, the Shanghai Summer School in M-theory 2005 and the Perimeter Institute. I review 1) the derivation of the potential for chiral scalar fields in N =1 supergravity 2) the relation between F and D terms for chiral scalars, Weyl anomalies and the generation of non-perturbative terms in the superpotential and 3) the derivation of effective potentials for light moduli in type IIB string theory.

I. INTRODUCTION

These lectures are aimed at giving a logically consistent account of recent work on potentials for moduli in string theory. To this end I have tried to give a systematic presentation of the supergravity formulae that are at the basis of these discussions and to show how these potentials will arise in string theory (in particular in type IIB compactified on Calabi-Yau orientifolds with D-branes and fluxes). The lectures are organized as follows:

1. I discuss N = 1 global supersymmetric actions for chiral scalar superfields in superspace formalism and derive the potential. I motivate the construction of the corresponding supergravity action coupled to chiral scalars and derive the F-term potential for the latter.

2. I discuss the coupling of gauge fields in global and local supersymmetry and the Dterm contribution to the potential. In particular a relation between the F and D terms is derived. Finally I discuss the issue of Weyl anomalies and the derivation of the non-perturbative contribution to the superpotential from gaugino condensation.

3. I discuss the derivation of potentials for moduli in type IIB supergravity following the work of Giddings, Kachru and Polchinski, and Kachru, Kallosh, Linde and Trivedi. Then I discuss how heavy moduli may be integrated out in supergravity theories to give effective theories for light moduli.

Sections 1 and 2 depend heavily on two classic text books, Wess and Bagger [1] (whose notation and conventions I use also) and Gates, Grisaru, Rocek and Siegel [2]. Section 2. also uses the work of [3][4]. Section 3 begins with a short review of [5] and[6]. I should mention here that these works are in turn based on earlier work on flux compactifications such as [7][8][9][10][11][12][13][14][15] even though I do not use these directly. Then I review some of my own attempts [16][17][18][19] to understand the logical structure of these derivations. It should be noted that these lectures represent my personal view on these issues rather than being a comprehensive review. While they contain references to other work on these matters the list is far from being complete. The focus of these lectures is on supergravity and the derivations of moduli potentials. For comprehensive reviews of the subject of flux compactifications as such, the reader should consult the recent reviews [20][21][22] [23].

II. POTENTIAL FOR CHIRAL SCALARS IN N = 1 SUPERGRAVITY

String phenomenology is based on integrating out string states and Kaluza-Klein (KK) modes to get an N = 1 supergravity (SUGRA). The standard argument in the context of superstring theory (which so far has only an on-shell S-matrix formulation)) is that one needs to compactify the extra six dimensions of string theory, on a manifold which admits one killing spinor. This ensures that the four dimensional theory has supersymmetric vacua. The fluctuations around such a vacuum must necessarily be described by four dimensional supergravity, and the requirement that there is one and only one killing spinor, guarantees N = 1 four dimensional supersymmetry. Once one has derived this SUGRA it is possible to argue that the non-supersymmetric solutions (if they exist) are also (low energy) solutions to string theory. This is the approach that is normally taken in string phenomenology and that is what we will adopt.

We will only discuss N = 1 supersymmetry in these notes so from now on this should understood. The notation and conventions are as in Wess and Bagger [1].

A. Global supersymmetry in Superspace

Global supersymmetry is defined by a Weyl spinor supercharge Q_α α = 1, 2 and its complex conjugate Q̄_{α̇} that transform bosons into fermions. The most convenient formulation of supersymmetry is in terms of superfields which may be viewed as fields that live in a space (superspace) with superspace coordinate z^M = {x^m, θ^μ, θ_{μ̇}}with x^m, m = 0, ..3 being the usual space-time coordinates and θ^μ, μ = 1, 2 (and its complex conjugate) being fermionic coordinates represented by Grassman numbers. The supercharge is then essentially a translation operator in the fermionic direction Q_α = ∂_α − iσ^m_{αα̇}θ̄^{α̇}∂_m (with ∂_α = ∂/∂θ_α, ∂_m = ∂/∂x^mand σ^mare the Pauli matrices for m = 1, 2, 3, and the unit matrix for m = 0. The conjugate supercharge is Q̄_{α̇} = −∂_{α̇} + iθ^ασ^m_{αα̇}∂_m. The supercharges satisfy the algebra {Q_α, Q̄_{α̇}} = 2iσ^m_{αα̇}∂_m (1) {Q_α, Q_β} = 0 {Q̄_{α̇}, Q̄˙_β } = 0 (2) A general superfield has many terms and is a reducible representation of supersymmetry. The simplest irreducible representation is the chiral scalar superfield which in a sense depends only on the thetas and not on their complex conjugates. To make this statement in a supersymmetric way we introduce the operator D_α = ∂_α + iσ^m_{αα̇}θ̄^{α̇}∂_{α̇} such that it and its conjugate anti-commute with all the super charges (and give another representation of the superalgebra). Thus a chiral scalar superfield Φ is defined by the constraint

D̄_{α̇}Φ = 0, (3)

whose solution is (in terms of a bosonic field A(x) a fermionic field ψ_α(x) and an auxiliary (i.e. non-propagating) field F (x) is,

Φ = A(y) + √ 2θ^αψ_α(y) + θ^αθ_αF (y) where y = x^m + iθσ^mθ̄. The conjugate of this chiral superfield would be anti-chiral. Note that fermionic indices are raised and lowered with ϵ_{αβ} : ϵ_{21} = ϵ^{12} = 1. Supersymmetry transformations take A to ψ the latter to F . The highest component of a superfield (in this case F ) transforms into a total derivative. Also note that since D^3 = D̄^3 = 0, the operator (D̄^2)D̄^2 is a (anti-) chiral projector.

The next simplest irreducible representation is the real superfield (V ) defined by

V = V^†, giving components{c, χ^α, χ̄^{α̇}, M, N, λ^α, λ^{α̇}, v_m, D}. (4)

Note that the definition is ambiguous up to Kaehler gauge transformations

V → V + Λ + Λ^† (5)

where Λ is a chiral superfield. Looking at the transformations of the components it is easy to see that the first five components are gauge degrees of freedom. In a particular gauge which still leaves the freedom to make the usual gauge transformations (the so-called Wess- Zumino (WZ) gauge) a real super field has a fermion (so-called gaugino) its conjugate, a real vector field (these are physical propagating fields) and a scalar auxiliary field D. Again the highest component, i.e. D, transforms into a total derivative. It is often convenient to redefine components in terms of the D_α operator. Thus for a chiral superfield the scalar the fermion and the auxiliary F field may be defined by,

A = Φ|, ψ_α = 1 √ 2 D_αΦ|, F = − 1 4 D^αD_αΦ| (6) where the vertical bar is an instruction to set θ = θ̄ = 0 after performing the operations on the superfield. Also the D-term in a real field would now be defined by D = (−^1_4D̄_{α̇}D̄^{α̇})(−^1_4 D_αD^α)V |. The product of two chiral superfields would also be chiral while the product of a chiral field and its conjugate would be a real superfield. Note also that under the space-time integral sign, ∫ d^2θ → − 1 4 D_αD^α, and ∫ d^4θ ≡ ∫ d^2θd^2θ̄ → 1 16 D̄^2D^2 (7)

We may now write the most general globally supersymmetric action for chiral superfields as S = ∫ d^4x [∫ d^4θK(Φ, Φ̄) + (∫ d^2θW (Φ) + h.c. )] (8) In the above W the so-called superpotential is a holomorphic function of Φ and so is a chiral field whilst K the so-called Kaehler potential is a real superfield. For example W could be a polynomial in Φ while K = ΦΦ̄. The integrals over the thetas are essentially instructions to pick the D or the F terms of the corresponding integrals and since these transform into total derivatives the action above is invariant under supertransformations. Clearly in the above we may replace the superfield Φ by a set of superfields {Φ^i}.

The action also has invariance under Kaehler transformations,

K(Φ, Φ̄) → K(Φ, Φ̄) + Λ(Φ) + Λ̄(Φ̄), (9)

where Λ is an arbitrary chiral superfield.

Let us compute the potential for scalar fields from (8). Retaining just the scalar contributions and using (7)(6) we have ∫ d^4θK → K_i¯_j F^iF^{j̄} , ∫ d^2θW → F^iW_i ∫ d^2θ̄W̄ → F̄^īW̄¯_i. (10)

Hence we have −V = K_i¯_j F^iF^{j̄} + F^iW_i + F̄^īW̄¯_i, (11) where W_i = ∂W/∂Φ^i and K_i¯_j = ∂_i∂¯_j K.

The auxiliary field has an algebraic equation of motion - ∂V/∂F^i = K_i¯_j F^{j̄} + W_i = 0. Hence we may rewrite the potential as

V = K_i¯_j F^iF̄^{j̄} = K^{ij̄} W_iW̄¯_j (12)

It is useful to note that the potential can be computed either from evaluating just the F-term in the action (i.e. the ∫ d^2θ term) or its conjugate, or the D-term (the ∫ d^4θ term) with reversed sign.

Let us now compute the superfield equation of motion. To do this it is convenient to use the first replacement in (7) to write the action as S = ∫ d^4x ∫ d^2θ[− 1 4 D̄^2K(Φ, Φ̄) + W (Φ)] + ∫ d^2θ̄W̄ (Φ̄). (13)

When this action is varied w.r.t. the chiral field, the variation can be pulled through the operator D̄, so that we immediately get the field equation, 1 4 D̄^2K_i = W_i (14)

which may be rewritten as 1 4 K_i¯_jD̄^2Φ̄^{j̄} + 1 4 K_i¯_j¯_lD̄_{α̇}Φ̄^{j̄}D̄^{α̇}Φ̄^{l̄} = ∂W ∂Φ^i (15)

The lowest component of this equation gives the auxiliarly field equation F̄^{j̄} = −K^{j̄i}W_i + fermion terms. Operating on it once with D̄_{α̇} and then setting the thetas to zero gives the fermion equation and doing this twice gives the bosonic equation

∂^2Φ̄^{j̄} = K^{j̄i}

D^2 4 W_i + . . . = −K^{j̄i}W_{il}F^l + . . . = K^{j̄i} ∂V ∂Φ^i + . . . , (16)

where the ellipses represent terms which are quadratic in the fermions and we’ve used the identity 1 16 D^2D̄^2Φ̄ = ∂^2Φ̄.

B. Supergravity in Superspace

The global SUSY action is invariant under the constant SUSY transformations z^M → z^M − ξ^M , z^M ≡ {x^m, θ^μ, θ_{μ̇}} (17) Local SUSY transformations naturally lead to general coordinate transformations since the anti-commutator of two supercharges generate translations, which in this case become general coordinate transformations. Thus the above transformations are replaced by the following general coordinate transformations (GCT) in superspace: x^m → −i(θσ^mξ̄(x) − ξ(x)σ^mθ̄) (18) θ^μ → θ^μ − ξ^μ(x), θ̄_{μ̇} → θ̄_{μ̇} − ξ̄_{μ̇}(x) (19) or z^M → z^{′M} − ξ^M (z).

We need to to introduce a set of frames with Lorentz superspace indices A = {a, α, α̇}[33] with the supervielbein one-form in superspace being written as E^A = dz^M E^A_M (z); E^A_M E^N_A = δ^N_M ; E^M_A E^B_M = δ^B_A . (20) These are taken to have the following transformation properties:

δ_ξE^A_M = −ξ^N ∂_N E − (∂_M ξ^N )E^A_N (21) under superspace GCT, and δE^A_M = E^B_M L^A_B (z), whereL^A_B = {L^a_b , L^α_β , L^{β̇}_{α̇}} (with the different L’s being matrices in the Lorentz algebra in the vector and Weyl (anti) spinor representations. One may also define a Lorentz connection one form ϕ = dz^M ϕ_M with ϕ_M = {ϕ^A_{M B} } (22) which transforms as δϕ = ϕL − Lϕ − dL (23) under Lorentz transformations. Also one defines a torsion superfield two-form by, T^A = ∇E^A = dE^A + E^Bϕ^A_B = 1 2 dz^M dz^N T^A_{N M} = 1 2 E^C E^BT^A_{BC} . (24) It is important to realize that torsion on superspace does not vanish even if the metric is flat. Thus in flat space we have the super-covariant derivative with D_A = e^N_A ∂_N . The inverse of the matrix defines the flat space vielbein one form by E^A = e^A_M dz^M with e^m_a = δ^m_a , e^m_α = iσ^m_{αα̇}θ̄^{α̇} . . .. In flat superspace there exist transformations to coordinates in which ϕ = 0 but torsion has non-vanishing components T^c_{αβ̇} = T^c_{β̇α} = 2iσ^c_{αβ̇}. (25)

As in ordinary differential geometry here too one can define a curvature two form by

R^A_B = dϕ^A_B + ϕ^C_B ∧ ϕ^A_C (26)

Thus one needs to solve ∇∇E^A = ∇T^A = E^BR^A_B (27) subject to torsion constraints such as (25) except that (unlike in flat space) not all of the other components vanish. The result is that the minimal number of independent components of the supervielbein are e^a_m, ψ^α_m, ψ̄_{mα̇} , M, b_a = b̄_a (28) where the first is the usual vielbein, the second and third are the gravitino and its conjugate, and the last two are a complex scalar auxiliary field and a real vector auxiliarly field. In addition it turns out that all components of the torsion and the curvature superfields can be expressed in terms of three superfields R, G_{αα̇}, W_{αβγ} (29) (with the last being symmetric in its indices) subject to constraints such as the covariant chirality constraint ¯∇_{α̇}R = 0. (30)

In SUGRA the chirality projector D̄^2 of global supersymmetry is replaced by

¯∇_{α̇} ¯∇^{α̇} − 8R. (31)

It turns out also that R(z)| = − 1 6 M(x) . . . , ∇^α∇_αR(z)| = 1 3 e^m_a e^n_b R^{ab}_{mn} (x) + . . . , , G_a(z)| = − 1 3 b_a(x). (32)

C. General Matter SUGRA Action

Now we can discuss the action for supergravity coupled to chiral scalar matter. It is useful to rewrite the supervielbein E^a_min terms of a real axial vector field superfield H_m, and a chiral superfield φ (called the chiral compensator) which satisfies the flat space chirality constraint D̄_{α̇}φ = 0. It turns out that the graviton and the gravitino as well as the axial vector auxiliary field (in Wess-Zumino gauge) are contained in H_m. Also the superdeterminant[34] of the supervielbein may be written as

E ≡ sdetE^A_M = E(H)φ̄φ (33)

For any superfield L there is a useful identity that relates different expressions for superfield actions found in the literature, − 1 4 D̄^2EL = φ^3(−1 4 ¯∇^2 + 2R)L. (34)

Setting L = R^{−1}we get since ¯∇R = 0,

φ^3 = − 1 4 D̄^2 E 2R (35)

consistent with the fact that the RHS is flatspace chiral. Also setting L = W (Φ)/2R, where W is a holomorphic function of the covariantly chiral scalar superfield Φ : ¯∇_{α̇}Φ = 0, we get φ^3W = − 1 4 D̄^2 E 2R W (Φ). (36) This identity gives us two equivalent ways of writing the SUGRA invariant term corresponding to the superpotential term in (8) ∫ d^4xd^4θ E 2R W (Φ) = ∫ d^4xd^2θφ^3W (Φ). (37)

The chiral density φ^3 is a measure for integrating (over half of superspace) any chiral term in the action.

The general SUGRA - chiral scalar action can then be written as S = − 3 κ^2 ∫ d^8zE(H, φ)e^{− κ23 K(Φ,Φ̄)} + (∫ d^6zφ^3W (Φ) + h.c. ) (38)

In the above we’ve defined the superspace measures d^8z ≡ d^4xd^4θ and d^6z ≡ d^4xd^2θ and κ^2 ≡ 8πG_N . Let us motivate this: First observe that in the flat space limit κ → 0, φ → 1, E → 1, this reduces to the globally supersymmetric action (8). As in that case W (Φ), the superpotential, is a holomorphic function of the chiral superfields while K(Φ, Φ̄) is a real superfield which is a function of the chiral fields and the anti-chiral fields. Secondly let us observe that the superfieldbein determinant contains the Einstein action. − 3 κ^2 ∫ d^8zE = − 3 κ^2 ∫ d^6zφ^32R = 2 κ^2 ∫ d^4xeR + . . . (39)

In the first equality above we used the identity (34) with L = 1, and in the second we’ve used ϕ^3| = e and −^1_4 ∇^2R| = −^1_{12} R where e = det[e^a_m] and R is the Ricci-scalar (see (32)).

D. Weyl Invariant Formalism

Before we go on to discuss the potential is useful to consider a slightly generalized formalism where the Weyl invariance becomes manifest. We introduce a chiral scalar[35] ϕ (with ¯∇_{α̇}ϕ = 0). The action (38) (we will set κ2 = 1 from now on) is generalized to S = −3 ∫ d^8zEϕϕ̄e^{−K/3} + (∫ d^8z E 2R ϕ^3W (Φ) + h.c. )

= −3 ∫ d^6zφ^3(− 1 4 ¯∇^2 + 2R)ϕϕ̄e^{−K/3} + (∫ d^6zφ^3ϕ^3W (Φ) + h.c. ) (40)

This action is invariant under Weyl transformations (with a Weyl transformation parameter chiral superfield τ : ¯∇_{α̇}τ = 0) given below. Φ → Φ, ϕ → e^{−2τ} ϕ, φ → e^{2τ} φ, E^α_M → e^{(2τ̄−τ )}(E^α_M − . . .) E^a_M → e^{(τ −τ̄)}E^a_M , E → e^{2(τ +τ̄)}τ ∇_α → e^{(τ −2τ̄)}(∇_α − . . .) (41)

The omitted terms in the above are proportional to the covariant spinor derivatives of τ . These transformations are actually an invariance of the torsion and chirality constrains of minimal supergravity. The Weyl compensator ensures that the action is also invariant.

The action is also invariant under Kaehler transformations K → K + f((Φ, ϕ) + f̄(Φ̄, ϕ), W → e^{−f (Φ,ϕ)}W, ϕ → e^{f (Φ,ϕ)/3}ϕ (42) Note that unlike in the case of global SUSY here the superpotential is not invariant under Kaehler transformations. However the quantity

G = K + ln |W |^2 (43)

is invariant and in fact Kaehler invariance implies that the action is only dependent on this Kaehler invariant combination and not separately on K and W . It also means that only the zeroes and singularities of W have an invariant significance. Away from them it can be transformed to unity.

E. Calculating the Potential

To discuss the potential it is sufficient to look at conformally flat metrics g_{mn} = σ^2η_{mn}. This amounts to ignoring the complications coming from the fields H_m and therefore in effect also replacing ∇_α → D_α. In other words for the purpose of deriving the potential[36] one may just consider the action, S = − 3 κ^2 ∫ d^8zϕ̄ϕe^{− κ3 K(Φ,Φ̄)} + (∫ d^6zϕ^3W (Φ) + h.c. ) (44)

Note that in the above we have chosen to fix the Weyl gauge by putting φ = 1. Also Φ represents a set of chiral scalr superfields {Φ^i}. Alternatively we could have chosen ϕ = 1 in which case the above would have been rewritten in terms of φ. The Weyl invariance implies that we can switch the one for the other. We can derive the equations of motion from this action following the same procedure as in the global SUSY case (see discussion around (14, 15)). We get (after setting κ = 1) − 1 4 D̄^2(ϕ̄e^{−K/3}) = ϕ^2W (45) − 1 4 D̄^2(ϕϕ̄e^{−K/3}K_i) = −ϕ^3W_i. (46)

In the above the subscript i denotes differentiation with respect to the ith chiral scalar field Φ^i. Ignoring fermionic terms (D_αΦ, D_αϕ etc) we get by taking the lowest components of the above equations (with F_ϕ = −(1/4)D^2 ϕ etc.) F̄_{ϕ̄}e^{−K/3}| − ϕ̄1 3 K¯_iF^īe^{−K/3}| = ϕ^2W | (47) ϕ[− 1 4 D̄^2(ϕ̄e^{−K/3})]K_i| + ϕϕ̄e^{−K/3}K_{ij̄}F̄^{j̄} = −ϕ^3W_i. (48)

Solving for the two F-terms we have,

F̄_{ϕ̄} = e^{K/3}ϕ^2W + 1 3 ϕ̄K_īF̄^ī (49)

F̄^{j̄} = − ϕ^3 ϕϕ̄ e^{K/3}K^{ij̄} D_iW (50)

where we’ve defined the Kaehler covariant derivative

D_iW = W_i + K_iW. (51)

The potential may now be calculated from the superpotential term in the action (44) - see discussion around (12) − V = ∫ d^2θϕ^3W |_{boson} = − 1 4 D^2(ϕ^3W )|_{boson} (52) = 3ϕ^2F_ϕW + ϕ^3W_iF^i. (53) Using the expressions (49,50) we get V = ϕ^2ϕ̄^2e^{K/3}(K^{ij̄} D_iW D¯_jW̄ − 3|W |^2) (54) This potential is not quite in the canonical form since we are not in the Einstein frame.

Recall that the gravitational action is hidden in the term −3 ∫ d^8zϕϕ̄E(H)e^{−K/3} (55) To get the canonical form of the Einstein action (see 39) we need to choose ϕ| = ϕ̄| = e^{K/6}| Then we finally get V = e^K (K^{ij̄} D_iW D¯_jW̄ − 3|W |^2) (56) This is the well-known F-term potential for chiral scalars coupled to supergravity first derived in [24].

We may rewrite this in terms of the Kaehler invariant potential G as (43) V = e^G(G^{ij̄} G_iG¯_j − 3). (57)

F. Gauge Fields Usually the Kaehler potential (metric) has isometries and if they are gauged we need to include gauge fields in the theory. A space-time dependent isometry of the Killing potential (for the moment consider just linear transformations) is represented on the chiral scalars by Φ → e^{iΛ}Φ, Φ̄ → Φ̄e^{−iΛ̄}, (58) (where Λ is a chiral scalar superfield) is gauged by introducing a real superfield V, V^† = V, which transforms as follows.

e^V → e^{iΛ̄}e^V e^{−iΛ} (59)

Note that in the above we’ve taken Φ to be a column matrix in some representation and V a square matrix V = V^aT_a where T_a are the generators of the gauge group. Note that we need two copies of the gauge group G → G × G, since the gauge transformations are represented by a chiral superfield. As in the Abelian case one can go to the Wess-Zumino gauge in which V = {A_m, λ_α, D}, V^3 = 0. (60) Here A_mis the usual gauge field, λ is its fermionic partner the gaugino and D is an auxiliary field. Observe that under gauge transformations

Φ̄e^V → Φ̄e^V e^{−iΛ}, (61)

so that invariants are constructed out of Φ and Φ̄e^V . Thus for instance the globally gauge invariant Kaehler potential Φ̄Φ is to be replaced by Φ̄e^V Φ. In general we replace

K(Φ, Φ̄) → K(Φ, Φ̄e^V ). (62)

The gauge field strength is given by a chiral superfield

W_α = −( 1 4 ¯∇^2 − 2R)e^{−V} ∇_αe^V = W^a_αT_a (63)

(note that the first factor is the chiral projector) whose components in the WZ gauge are W_α = {λ_α, F_{mn}, D}. The kinetic terms for the gauge fields may then be written as ∫ d^4xd^4θ E 2R ( 1 4 f_{ab}W^{aα}W^b_α + h.c.), (64) where in general the gauge coupling function f_{ab}, an invariant tensor of the gauge group, may be a function of the chiral fields which are neutral under the group. The bosonic part of this action contains the usual gauge field kinetic term as well as the axion coupling term, − 1 4 ∫ d^4x √ g(ℜf_{ab}F^a_{mn}F^{bmn} − 1 2 ℑf_{ab}ϵ^{mnpq}F^a_{mn}F^b_{pq}) Note that with the Weyl transformation rule V → V which implies W → e^{−3τ} W , the action (64) is Weyl invariant without any Weyl compensator factor.

To derive the equations of motion for the gauge field from (64) we use the following trick (for simplicity we’ll just consider the global SUSY case). Define ΔV ≡ e^{−V} δe^V = δV + ... =

ΔV^aT^a and the gauge covariant derivative ∇^α ≡ e^{−V} D^αe^V . Then δ_V 1 2 ∫ d^6zf_{ab}W^{αa}W^b_α = ∫ d^6zf_{ab}δ_V tr(T^ae^{−V} D^αe^V )W^b_α = ∫ d^6zf_{ab}tr(T^a[e^{−V} D^αe^V , ΔV ]W^b_α = ∫ d^6zf_{ab}(∇^αΔV )^aW^b_α = − ∫ d^6zΔV^a∇^α(f_{ab}W_α^b),

giving the contribution ∇^α(f_{ab}W_α^b) to the gauge field EOM. Also note that under an infinitesimal gauge transformation, Δ_ΛV = −iΛ + ie^{−V} Λ̄e^V ≡ −iΛ + iΛ̃.

Now we are in a position to evaluate the D-term contribution to the potential for chiral scalars. As before in evaluating the potential contributions we ignore curvature terms and Lorentz connection terms. We make the Kaehler potential term gauge invariant by writing K(Φ, Φ̄) → K(Φ, Φ̄e^V ) + ξtrV ), where we’ve also added a Fayet-Illiopoulos (FI) term when the gauge group contains a U((1) generator. So the equations of motion for the auxiliary fields and hence the potential can be derived from S = −3 ∫ d^8zϕ̄ϕe^{− 13 (K(Φ,Φ̄eV )+ξtrV )} + { ∫ d^6z(ϕ^3W + f_{ab}W^aW^b + h.c.} (65)

The invariance of K gives,

(iΛ − iΛ̃) δK δV + Λ^ak^i_aK_i + Λ̃^ak^ī_aK¯_i = 0

where k_a is the Killing vector corresponding to the gauge generator with label a. From this we have the relation δK δV^a = ik^i_aK_i (66) Under the gauge transformation the FI term transforms ξtrV → ξtrV + ξtr(iΛ − iΛ̄). To make the action invariant we need to have the chiral compensator field also transform under U(1) gauge transformations as ϕ → e^{itrΛ ξ}3 ϕ. Then in order to keep the superpotential term invariant we need δ(ϕ^3W ) = 3iΛ^atrT^a ξ 3 ϕ^3W + ϕ^3Λ^ak^i_a∂_iW = 0 giving us the useful relation k^i_a∂_iW = −iξtrT^aW (67) It is convenient to redefine ϕ → ϕ/W^{1/3}and eliminate the superpotential from the action (65) which is now rewritten with K → G = K + ln |W |^2 and W → 1. Then we have the following equations of motion.

− 1 4 D̄^2(ϕ̄e^{−G̃/3}) = ϕ^2 −ϕϕ̄e^{−G̃/3} 1 4 ¯∇^2G_i = −ϕ^3G_i − 1 4 f_{ab,i}(Φ)W^{αa}W^b_α −ϕϕ̄e^{−G̃/3}ik^i_aG_i + 1 2 ∇^α(f_{ab}W^b_α) + 1 2 ¯∇^{α̇}(f̄_{ab}W^b_{α̇}) = 0

In the above we have ignored fermionic terms and used (66) with K → G. Also in getting the the second equation we used the first. The third equation gives the D-term (D^a =^1_2 ∇^αW_α|) 2ℜf_{ab}D^b = ϕϕ̄e^{−G̃/3}|ik^{ai}G_i| Choosing the Einstein frame (see discussion after (55)) ϕ| = ϕ̄| = e^{G̃/6}| = e^{G/6}| (the last is valid in WZ gauge) we finally have, 2ℜf_{ab}D^b = ik^{ai}G_i| = ik^{ai} D_iW W | = ik^{ai}K_i + ξtrT^a (68) where in the last equality we’ve used the relation (67). The last form of the D-term is the more familiar one and may be used whether or not W is zero. However the penultimate form shows that at minima where the F-terms D_iW are zero with (W ≠ 0) i.e. at a generic supersymmeric AdS minimum, the D-term is also zero. In other words such a minimum cannot be lifted by D-terms even with an FI term.

Now we are in a position to calculate the additional contribution to the potential from the gauge theory D-terms. These are − ∫ d^2θ 1 4 f_{ab}W^{aα}W^b_α|_{scalar} + h.c. = 1 2 ℜf_{ab}(Φ)|D^aD^b Thus the complete potential for chiral scalars coupled to gauge fields and supergravity is V = e^K(K^{ij̄} D_iW D¯_jW̄ − 3|W |^2) + 1 2 ℜf_{ab}(Φ)|D^aD^b (69) with the D-term given by (68). This is the most important formula in string (and SUGRA) phenomenology.

G. Quantum effects and the non-perturbative superpotential

At the quantum level the Weyl transformations discussed in subsection (II D) are anomalous. The origin of the anomaly is the same one-loop effect that causes chiral gauge transformations to be anomalous. In fact the Weyl transformations include an R-transformation.

For putting τ (x, θ) = iν we see from (41) that the chiral fermions transform as ψ_α → e^{3iν} ψ_α, λ_α → e^{−3iν} λ_α, where ψ is the fermion in the chiral scalar superfield and λ is the gaugino. The anomaly can be thought of as arising from the non-invariance of the functional integral measure (following Fujikawa’s argument) and by supersymmetrizing the usual (ABJ) expression we have (note that by abuse of notation we are now labeling the gauge groups by a rather than the generators of a given group - the trace over each gauge group is being suppressed) [dΦ][dΦ̄][dV ] → e^{iν 3ca}16π^{2 ∫ d8z E2R (W αaW aα+h.c.)}[dΦ][dΦ̄][dV ]. (70) The anomaly coefficient is given by

c_a = T (G_a) − ∑ r n_rT_a(r) (71)

where T_a(r) = tr_r(T^2_a ) for a representation r of the gauge group G_a, and r = G_a means that the corresponding trace is evaluated in the adjoint representation. Note that by the standard Adler-Bardeen argument this anomaly is exact.

This anomaly needs to be cancelled since it is actually an anomaly in a local (super) Weyl symmetry which furthermore is necessary to obtain Einstein gravity. This can be done by modifying the gauge coupling function in the following manner [3]:

f_a(Φ) → f_a(Φ, ϕ) = f_a(Φ) − 3c_a 8π^2 ln ϕ. (72)

The cancellation of the anomalous transformation of the measure then follows from the Weyl transformation ϕ → e^{−2τ} ϕ of the Weyl compensator.

If one of the gauge groups that contributes to this anomaly is confining (exhibits gaugino condensation and develops a mass gap as in QCD) then this quantum anomaly actually results in a non-perturbative addition to the classical superpotential [25] (the present argument is a simplified version of one given in [4]). Non-renormalization theorems imply that the classical superpotential is not corrected in perturbation theory but there is no such restriction non-perturbatively.

Suppose the non-perturbatively generated scale of the confining gauge group is Λ. Then one expects the gauginos to condense with < λλ̄ >∼ Λ^3 ∼ M^3e^{−1/g2Y M (M )} and all fields that are charged under the gauge group to acquire masses of O(Λ). In this case for energies

E ≪ Λ we may integrate out this gauge theory giving an effective contribution to the low energy action of the form,

e^{−Γ(Φ,ϕ)} = ∫ [dV ] exp { − 1 4 ∫ [f_a(Φ) − 3c_a 8π^2 ln ϕ]W^{aα}W_{aα} + h.c. } (73)

(Note that here the chiral fields Φ are neutral under the group - fields which are charged are integrated out). However (super) Weyl invariance tells us that the superpotential term in action must come multiplied by a factor of ϕ^3. The above then tells us that the superpotential term in Γ must be of the form

ϕ^3W_{np} = w_aϕ^3e^{− 8π2c}a^{fa(Φ)}.

If there are several gauge groups that develop a mass gap then (below the lowest such scale) there will be a sum of such terms - one for each gauge group.

Also since the Kaehler potential in the action occurs with the Weyl compensator in the combination ϕϕ̄e^{−K/3} the anomaly canceling term also generates a correction to the Kaehler potential so that the total Kaehler potential is given by the equation e^{−K/3} = e^{−Kp/3} + e^{−Knp/3}, where exp(−K_{np}/3) = k_a exp{−^{8π2}_{3ca} (f_a(Φ) + f̄_a(Φ̄)} and K_p is the perturbatively corrected classical Kaehler potential. Of course since, unlike the superpotential, the Kaehler potential gets corrected in perturbation theory, these NP terms are less important.

III. POTENTIAL FOR MODULI IN IIB STRING THEORY

A. Classical equations and the flux potential

We will now discuss the derivation of the effective potential for the dilaton and the complex structure moduli in type IIB string theory compactified on Calabi-Yau (CY) orientifolds. We start with the (bosonic part of the) ten dimensional IIB action (in other words we are in the supergravity approximation i.e. at energy scales which are much less than the string scale (E ≪ M_s = 1/2πα^′). The action is (putting 2κ^2_{10} = 1) S = ∫ d^{10}x √ g{R − 1 2τ^2_I ∂_M τ ∂^Mτ̄ − 1 2.3! 1 τ_I G_{M N P} Ḡ^{M N P} − 1 4.5! F̃_{M N P QR}F̃^{M N P QR}} + 1 4i ∫ 1 τ_I C_4 ∧ G_3 ∧ Ḡ_3 (74)

Here we have put

τ = C_0 + ie^{−ϕ}, G_3 = F_3 − τ H_3, F_3 = dC_2, H_3 = dB_2 (75) F̃_5 = F_5 − 1 2 C_2 ∧ H_3 +^1_2 B_2 ∧ F_3, F_5 = dC_4 (76)

In the above the numerical index denotes the rank of the corresponding form, ϕ is the dilaton (not to be confused with the field introduced in the last section) C_i is a RR potential of rank i and B_2 is the NSNS potential.

Now we need to compactify this theory to four dimensions. For phenomenological reasons it is desirable that the four dimensional theory is N = 1 SUGRA. Since IIB has 32 supersymmetries compactification on a Calabi-Yau gives eight supersymmetries (i.e. N = 2) in four dimensions but if we orientifold, we can reduce this to N = 1. However it will turn out that tadpole cancellations (i.e. satisfaction of Gauss’ law constraints) will require the addition of D-branes and or fluxes in the internal directions. We will not get into the details here but it turns out that with a particular orientifold projection we will end up with orientifold three-planes and D3 and D7 branes (which actually is a limit of an F-theory construction). For the moment let us focus on just the three brane action whose leading terms take the form S_{loc} = ∑ i (−T_3 ∫ i d^4x √ g^{(4)} + μ_3 ∫ i C_4) (77)

This is an action that is localized at a set points i on the CY orientifold X where the Dbranes (orientifolds) are located. The equations of motion/Bianchi identities coming from the total action S + S_{loc} are, R_{M N} − 1 2 g_{M N} R = 1 2 T_{M N} d ∗(G_3 + Ḡ_3) 2τ_I + H_3 ∧ F̃_5 = 0 d ∗(τ Ḡ_3 + τ̄ G_3) 2τ_I + F_3 ∧ F̃_5 = 0 dF̃_5 = H_3 ∧ F_3 − ∑ i μ_3δ^i_6

∗F̃_5 = F̃_5

In the above δ^i_6 is a delta function on X localized at the point i where a brane/orientifold plane is located and the last is the self-duality condition for the five form which is imposed by hand as usual.

Now we need to do a Kaluza-Klein reduction of these equations to derive the effective four dimensional equations from these ten dimensional equations, when as we discussed above six of the dimensions are compactified on a Calabi-Yau orientifold X. This is unfortunately not as straightforward as one might think. The problem is that a simple truncation leads to inconsistencies.

One may try to derive the four dimensional effective action by introducing the metric ansatz ds^2 = e^{2ω(y)−6u(x)}g̃_{μν} (x)dx^μdx^ν + e^{−2ω(y)+2u(x)}g̃_{mn}(x, y)dy^mdy^n (78) with ∂_μ det g̃_{mn} = 0. The coordinates x^μ are taken over the four dimensional space so that g̃_{μν} is the metric measured in our observed world, while y^m are the coordinates on the compact space X. For simplicity let us assume that the number of Kaehler structure moduli in X is just one (h_{11} = 1) but we shall keep the number of complex structure moduli h_{21} arbitrary. The Kaehler deformation (which is thus just the volume modulus corresponding to changes in the overall size of X) is given by the factor e^{2u}. In fact we may normalize the internal metric by putting ∫ X e^{−2ω} √ det g̃_{mn} =1 so that the physical volume of X is e^{6u}. The factor e^{−6u} in the first term is then introduced in order to ensure that g̃_{μν} is the four-dimensional Einstein metric.

The effective potential was derived in [5] by reducing the ten D action using the static version of this ansatz (i.e with ∂_μu = 0 and ∂_μg_{mn} = 0 and setting the warp factor e^{2ω(y)} = α). Thus the expression (the tilde denotes the use of the metric g̃ in the inner product) V = ∫ d^6y √ g̃^{(6)} e^{4ω−12u} 24τ_I ~ |iG_3 − ∗_6G_3|^2 (79)

was obtained. However, except at the minimum of the potential the static ansatz cannot really be used and immediately leads to the no-go theorem forbidding positive potentials [26][27][28]. The resolution, as pointed out in [16], is to include time dependence of the volume modulus u(x). Furthermore in the presence of fluxes and D-branes/orientifolds, the warp factor is necessarily non-trivial, as can be seen from the internal components of the Einstein equation, and it was shown in [16] that a consistent derivation was not possible without including all the Kaluza-Klein (KK) modes, including non-diagonal terms in (78). In fact it was argued that the full ten-dimensional equations with time dependent moduli (and except at the minimum of the potential the moduli are necessarily time-dependent) and non-trivial warp factor, imply that the metric ansatz (78) is invalid. In other words the effective potential (79) would have additional terms involving KK modes and the derivatives of the warp factor.

If we ignore these issues (for progress towards resolving them see [29]) then the above potential can be written in the N = 1 SUGRA form. The superpotential is of the form proposed in [13] (see also [12])

W = W_{f lux} ≡ ∫ Ω ∧ G_3.

Here Ω is the holomorphic three form on X. W_{f lux} depends implicitly on the complex structure moduli z_i (through Ω) and the dilaton S ≡ iτ . However it is important to note that it is independent of the Kahler modulus T (with ℜT = e^{4u}). Non-renormalization theorems for the superpotential then imply that this remains true to all orders in perturbation theory.

K = − ln(S + S̄) − 3 ln(T + T̄ ) + k(z^i, z̄^{j̄} ). (80)

This leads to a no scale potential for S, z_i [5]

V = e^K (D_S W D¯_SW̄ K^{SS̄} + D_z W D_{z̄}W̄ K^{zz̄} ) ≥ 0.

This has a minimum at

D_S W = ∂_S W + K_S W = 0, D_z W = ∂_zW + K_z W = 0 (81)

However genericallyF_T = D_T W_0 = −3^{W0}_{T +T̄} ≠ 0. So SUSY is broken in general but the potential at the minimum V_0 = 0. However T ( and so the overall size of the internal manifold) is unfixed - hence the name no-scale. This is of course unacceptable since we need to get rid of all Brans-Dicke scalars.

B. Non-perurbative terms and the KKLT potential

A proposal to fix T was given by Kachru et al [6] KKLT. Let us discuss this.

The no-scale feature arises from the fact that the superpotential is independent of the Kaehler modulus T . By standard non-renormalization theorems the superpotential does not get corrected in perturbation theory. However there can be non-perturbative terms. There are two sources for such terms in the present context.

a) A confining gauge theory on a stack ofD7 branes wrapping wrapping a 4-cycle in X. b) String instanton effects.

In case a) one can see from examining the DBI action for a stack of D7-branes that the gauge theory has a gauge coupling function f (see subsection (II F) that is proportional to ℜT . The latter comes from the volume of the 4-cycle which is simply given in terms of ℜT since we only have one Kaehler modulus. It should also be observed that in the Einstein frame there is no additional modulus dependence of f at the classical level. By the arguments of subsection (II G) we then get an additional term in the superpotential so that the total superpotential becomes

W = W_{f lux} + Ce^{−aT} , (82) where C, a are constants that depend on the particular D-brane configuration. A similar term arises from mechanism b). In either case a non-vanishing pre-factor C requires that the configuration generating it have two fermionic zero modes corresponding to the d^2θ integration of a superpotential term.

KKLT proceed to discuss the physics of the potential that is generated from this by resorting to a two stage argument. First ignore the NP term and solve for S, z by imposing (81). This results in a constant superpotential W_0 which is simply W_{f lux} evaluated at the solution to (81). Now add the NP term. Then we have a potential for the single (complex) modulus T with the Kahler potential given by the second term of (80) (up to a constant) and the superpotential by (82) with W_{f lux} → W_0. The resulting potential just has one AdS SUSY min. with F_T = ∂_T W −3^W_{T +T̄} = 0 and V_0 = −3|W |^2/(T +T̄ )^3. The self-consistency of the argument requires that the value at which the stabilization occurs is such that ℜT >> 1 aℜT >> 1. The first of these comes from the fact that since our starting point is the ten dimensional supergravity we are effectively assuming that the Kaluza-Klein mass scale (proportional to T^{−1/4}) is small compared to the string scale. The second comes from the fact that the NP term is just the leading term in an expansion (an instanton sum) which is only valid only if this is satisfied. Then the stabilization condition requires that W_0 << 1.

Generically of course W_0 is of order unity, but given a sufficient number of fluxes it is possible that there would be configurations where this is satisfied.

To get a SUSY breaking dS minimum KKLT add a D̄_3 term to the SUGRA potential to get a potential

V = V_{sugra} + d (ReT )^3 .

This procedure is rather ad hoc! The Dbar branes break SUSY at string scale (there would be tower of string states associated with it which break the opposite half of supersymmetry to the D-brane/orientifold system). Thus it is unclear how one can use the four dimensional N = 1 SUGRA formalism at all. A rigorous derivation would require that we try to repeat the arguments of GKP in the presence of the Dbar branes. Given that we already had problems of decoupling KK modes even in the case with more control it seems unlikely that one could find a rigorous derivation of such a potential with SUSY broken already at the ten-dimensional level. In fact even if the naive truncation is done we would have ended up with a runaway potential for T at the first stage of the KKLT argument!

Can the Dbar term be interpreted as a D term in N=1 SUGRA? This is unclear but even if this is true, there is no uplift of a F-term supersymmeric AdS vacuum. As we discussed in subsection (II F) the F and D terms are related (when the superpotential is non-vanishing) by

f_{ab}D^b = ik^i_aD_iW W

So for an F-term supersymmetric minimum which is AdS i.e. D_iW = 0, W ≠ 0, the D-term also vanishes so that it cannot be used to uplift the potential [37]. One might ask however whether by including more NP terms in the superpotential one can get a dS minimum by F-terms alone. Within the context of the two stage procedure this is impossible though it can be done if at least two light moduli are included[30].

However one should ask whether this two step procedure is justified - even assuming large masses for S,z? The full superpotential is given by (82) and it is clear that even if one is justified in assuming that for some range of values of T the masses of S and z are heavy it is clear that the equations for integrating out these fields will not set them to be constant but to be functions of T . Thus the correct procedure would yield a potential that is much more complicated than what one obtains in the two stage calculation where the “heavy” fields have been set to constants. There is in fact no approximation scheme in which the two stage procedure is justified. However we will find that assuming there are flux configurations such that M_S , M_z ∼ M_{KK} so that we can integrate out S, z, it is possible to avoid the ad hoc uplifting procedure.

C. Integrating out in SUSY and SUGRA

Before we discuss the KKLT potential however it is worthwhile discussing the general procedure of (classically) integrating out fields in field theory. There does not seem to be much discussion of these issues in the case of supersymmetric (especially supergravity) theories so it is perhaps worthwhile going through this exercise in some detail.

Suppose the potential of a scalar field theory with a heavy (Φ) and a light (ϕ) field is

V (Φ, ϕ) = 1 2 M^2Φ^2 + Ṽ (Φ, ϕ)

Solving the equation of motion (EOM) for Φ we get Φ = 1 □ − M^2 ∂Ṽ ∂Φ = − 1 M^2 ∂Ṽ ∂Φ + 1 M^2 O( □ M^2 ∂Ṽ ∂Φ ).

So up to terms O(E/M) Φ solves ∂V ∂Φ = 0

The effective potential for light fields is then V (Φ(ϕ), ϕ).

Now let us look at a SUSY (global) theory:

S = ∫ d^4xd^4θΦ̄^iΦ^i + ( ∫ d^4xd^2θW (Φ^i) + c.c.).

with superfield EOM

− 1 4 D̄^2Φ̄i + ∂W ∂Φ^i = 0.

Let i = H for heavy and i = l, l^′ for light fields. The standard argument for integrating out Φ^H is that one should use ∂W ∂Φ^H = 0. (83)

However this condition is valid only under certain restrictions. Consider the following superpotential

W (Φ^H , Φ^l) = 1 2 MΦ^{H2} + W̃ (Φ^H , Φ^l).

Solving the E of M for heavy field:

Φ^H = 1 □ − M^2 (M ∂W̃ ∂Φ^H + D̄2 4 ∂ ¯W̃ ∂Φ̄^H )

Expand in powers of □/M^2 as before to get, ∂W ∂Φ^H = − D̄^2 4M ∂ ¯W̃ ∂Φ̄^H + O( □ M^2

). (84)

So we see that when W̃ ≠ 0, to get the usual condition (83) we need in addition to

E^2 M^2 << 1, also |Φl| << M.

Let us illustrate this with a simple example having one heavy H and one light field L. ∫ d^4θ(H̄H + L̄L) + [∫ d^2θ 1 2 (MH^2 + HL^2) + c.c. ]

The potential is easily worked out giving,

−V = F̄ F + f̄f + 1 2 (F a^2 + F̄ ā^2) + (Aaf + Āāf̄) + M(AF + ĀF̄ )

Ignoring fermions let us put H = (A, F ), l = (a, f). The heavy eqns. are −□Ā = MF + af F̄ = −a^2 2 − MA Plug these solution for F into V ignoring O(□/M^2) to get

−V = f̄ f(1 + āa M^2 ) − 1 2M (fa^3 + f̄ā^3).

Eliminating the light auxiliary field using its equation of motion,

V = |a|^6 4M^2

(1 + |a|^2 M^2

)^{−1}.

If ∂W/∂H = 0 had been used the term |a|^2/M^2 would not be obtained. So the usual condition is valid for |a|^2 M^2 << 1. What is the corresponding condition in SUGRA?

We expect (83) to be replaced by

D_H W = ∂_H W + 1 M^2_p

W ∂_H K = 0. (85)

Using the flat space chiral compensator formalism of GGRS [2] we have (with M^2_p = 1)

S = −3 ∫ d^4xd^4θϕ̄ϕe^{−K/3} + ( ∫ d^4xd^2θϕ^3W + h.c.) (86)

Take K = HH + K^l(L, L), (87) with a superpotential W = 1 2 MH^2 + W̃ (H, L), (88) We need to solve heavy field equation ignoring O(E^2/M^2) terms. Effectively this amounts to putting □H = 0. So we get

D^2(e^{K/3M 2p} ϕ^2)D_H W + 4Me^{2K/M 2p} ϕ^2ϕ̄^2(1 +^{H̄H}_{M 2p} )D¯_HW̄ = −e^{K/3M 2p} ϕ^2D^2D_HW̃ +O(D_αH) (89)

Note that the global limit M_p → ∞, ϕ → 1 gives the previous result (84). As in that case here too we can ignore the first term in the RHS for |L| << M. But what about the fermionic terms? It turns out that D_H W = 0 is a sufficient condition. Spinor derivation of this condition gives W D_{α̇}H=0 and so at generic points in field space the fermion terms vanish. However the condition D_H W = 0 is not a necessary one - in fact it is too strong and we cannot ignore the fermion terms (even for L << M). To see this take K = K^h(H, H) + K^l(L, L)

The condition (85) is ∂_H W + ∂_H K^hW = 0 (90)

This is not a chiral eqn. Take the anti-chiral derivative to get

W K^h_{HH̄} D_{α̇}H̄ = 0 (91)

Suppose (90) is solved by H = H(L, L̄). From chirality of H, L and (91),

D̄_{α̇}H = ∂H ∂L D̄_{α̇}L + ∂H ∂L̄ D̄_{α̇}L̄ = ∂H ∂L̄ D̄_{α̇}L̄ = 0.

D_αH = ∂H ∂L D_αL + ∂H ∂L̄ D_αL̄ = ∂H ∂L D_αL = 0

This implies that there are no fermions in the light field theory! The lesson is that D_H W = 0 can be imposed for computing scalar potential (for L << M) but should not be used as a superfield relation, since in that case we would need to keep the fermion squared terms in (89).

Note that even with L << M < M_p, non-trivial SUGRA terms will be present since

W (L.L̄) = W_0 + .... with W_0 ∼ O(M_p) in typical situations so SUGRA corrections to global SUSY K_LW/M^2_p , |W |^2/M^2_p are not necessarily negligible!

D. String theory potentials for light moduli

Let us now get back to string theory effective potentials. First consider a simple model where the compact dimensions are taken to be on a rigid CY manifold. This means we just have the Kaehler modulus that corresponds to changing the overall size of the manifold. This then gives a model with just S and T .

The classical Kaehler potential is

K = − ln(S + S̄) − 3 ln(T + T̄ )

The superpotential coming from fluxes and a NP term is

W = A + SB + Ce^{−aT}

Assume that the fluxes are such that S is heavy so we may integrate it out using

D_S W = B − A + SB + Ce^{−aT} S + S̄ = 0.

This is solved by

S̄ = (A + Ce^{−aT} )/B

This equation is not holomorphic! This is not necessarily a problem since the SUGRA action is determined by the Kaehler invariant combination

G = K(Φ, Φ̄) + ln W (Φ) + ln W̄ (Φ̄).

After using the solution for S we get an effective potential for T that is determined by

G = − ln( (A + Ce^{−aT} ) B + (Ā + C̄e^{−aT̄} ) B̄ ) − 3 ln(T +

T̄ )

+ ln(A + B (Ā + C̄e^{−aT̄} ) B̄ + Ce^{−aT} ) + c.c.).

On the other hand if the KKLT two stage process is used, S = A/B, so that

G = −3 ln(T + T̄ ) + (ln(A + B Ā B̄ + Ce^{−aT} ) + c.c.)

The problem is that the missing NP terms, for example the term B B̄ C̄e^{−aT̄} is of the same magnitude as the ones that are being kept! Note that this calculation would still be valid when there is more than one Kaehler modulus (but keeping h_{21} = 0) with the replacement Ce^{−aT} → ∑ i C_ie^{−aiTi} . This model actually has no minima in S, T space as shown in [31]. The SUSY extremum at D_S W = D_T W =0 is a saddle point. Of course since we have AdS supersymmetry that’s OK! But obviously it cannot even be uplifted by D̄ terms to get a phenomenologically viablemodel.

Let us now consider models with complex structure moduli z^i but with just one Kaehler modulus:

K = − ln(S + S̄) − 3 ln(T + T̄ ) + k(z^i, z̄^{j̄} )

W = A(z^i) + SB(z^i) + Ce^{−aT} . As before, the first two terms in W give the flux superpotential and the third term is coming from NP effects. The Kaehler derivatives are D_T W = −aCe^{−aT} − 3 T + T̄ W, D_S W = B − W S + S̄ , D_iW = ∂_iA + S∂_iB + ∂_ikW. Let us assume that the z^i are heavy and integrate them out using D_iW = 0. Now unlike in the previous case we cannot solve this explicitly but it is easy to show that there is no holomorphic solution contrary to claims in the literature.

Suppose now that there is a holomorphic solution. So

W = W_{ef f} + Ce^{−aT} ,

with W_{ef f} = A(z^i(S, T )) + B(z^i(S, T ))S,

and K = − ln(S + S̄) − 3 ln(T + T̄ ) + k(z(S, T ), z̄(S̄, T̄ )).

The eqn to be solved is

D_iW = ∂_iA(z^i) + S∂_iB(z^i) + W (S, T, z^i)k_i = 0. (92)

The assumption is that this is solved by z^i = z^i(S, T ). Differentiate (92) w.r.t. S̄;

W (S, T, z^i(S, T ))k_{i,}¯_j ∂z̄^{j̄} ∂S̄ = 0.

At generic points W ≠ 0 and k_i¯_j is non-degenerate. So ∂z^i ∂S = 0

Similarly we get^{∂zi}_{∂T} = 0. But this obviously cannot be the case so we conclude that the z^i cannot be holomorphic functions of S,T. So we expect a solution of the form z^i = z^i(S, T, S̄,T̄ ). As in the simple case (with no z) that we solved explicitly, we need to compute V from

G = K = − ln(S + S̄) − 3 ln(T + T̄ ) + k(z(S, T, S̄, T̄ ), z̄(S̄, T̄ , S, T )) + ln |W (S, T, z(S, T, S̄, T̄ ))|^2

Since it is hard to deal with two complex variables let us assume that S is heavy as well for some choice of fluxes. i.e put D_S W = 0 so that z^i = z^i(T, T̄ ) and S = S(T, T̄). Let us assume that there is a power series solution, valid for aℜT >> 1.

S = α + βCe^{−aT} + γC̄e^{−aT̄} + ... z^i = α^i + β^iCe^{−aT} + γ^iC̄e^{−aT̄} + ...

where α, ...γ^i are functions of flux integers. Then

G = ln(v + bCe^{−aT} + b̄C̄e^{−aT̄} + cC^2e^{−2aT} + c̄C̄^2e^{−2aT̄} +d|C|^2e^{−a(T +T̄ )} + ...) − 3 ln(T + T̄ ), and the potential becomes

V = 1 (T + T̄ )^2 [a(bCe^{−aT} + 2cC^2e^{−2aT} + c.c.) + a|C|^2((4 a|b|^2 v − 3ad) T + T̄ 3 + 2d)e^{−a(T +T̄ )}].

This differs from a two stage calculation by terms such as

2cC^2e^{−2aT} + c.c.

which are obviously of the same magnitude as terms which are kept. Note that even in the real direction this potential has more parameters than in the two stage process. The reason is that in the latter all the flux parameters are subsumed into W_0.

With the two stage version we can show that there are no dS minima even with multiple condensate terms.[30]. The above on the other hand can have positive minima!

An explicit example is the following

We choose the following parameters: a = 2π 320 v = 0.22941751641574312 b = 1 c = −1.4097828718993035 d = 15.786002156414208

This then has a local minimum at ℜT_{min} = 117.138, ℑT = 0, V_{min} = 10^{−15}. The example is of course somewhat artificial and certainly does not give a viable phenomenology. What it does demonstrate is that the uplift terms of KKLT are not really essential. Finding a viable model without them however might be a challenge! Of course in any case it is not really necessary to get dS minima at the classical level - quantum contributions from integrating out high frequency modes from the string scale down to cosmological scales, together with contributions from the standard model and QCD phase transitions could well lift a ADS vacuum whose CC is not too large (i.e. of the order of the standard model scale).

E. Conclusions

In this section we argued that in SUSY theories imposing ∂_H W = 0 to integrate out a heavy field H is valid if the light field space is restricted to |L| << M. In SUGRA the corresponding equation is D_H W = 0, but it has to be used with caution - in particular it is not valid as an equation for superfields, but it is valid subject to the same restrictions as in the SUSY case, for the purpose of calculating the potential.

In applying this to potentials arising from flux compactifications corrected by nonperturbative terms, in order to derive an effective potential for a light Kaehler modulus we found that the correct procedure leads to a more complicated potential than what one gets if one followed the two stage procedure of KKLT. The additional terms are of the same magnitude as the terms which kept in the two stage procedure. It was argued that these may lead to phenomenologically viable models for inflation without the need for ad hoc uplifting terms.

IV. ACKNOWLEDGEMENTS

I wish to thank Shamit Kachru and Eva Silverstein for inviting me to give these lectures at TASI 2005, JianXin Lu for inviting me to lecture at the Shanghai Summer School on Mtheory 2005, and Rob Myers for inviting me to give these lectures at the Perimeter Institute.

I also wich to thank Ramy Brustein, Marc Grisaru, Peter Nilles, and especially Martin Rocek for discussions on the content of section 3 and Paul Martens for the Mathematica plot displayed there.

This work is supported by DOE grant No. DE-FG02-91-ER-40672.

[1] J. Wess and J. Bagger, Supersymmetry and supergravity (1992), princeton, USA: Univ. Pr.

259 p.

[2] S. J. Gates, M. T. Grisaru, M. Rocek, and W. Siegel, Superspace, or one thousand and one lessons in supersymmetry - Front. Phys. 58, 1 (1983), hep-th/0108200.

[3] V. Kaplunovsky and J. Louis, Nucl. Phys. B422, 57 (1994), hep-th/9402005. [4] C. P. Burgess, J. P. Derendinger, F. Quevedo, and M. Quiros, Annals Phys. 250, 193 (1996), hep-th/9505171.

[5] S. B. Giddings, S. Kachru, and J. Polchinski, Phys. Rev. D66, 106006 (2002), hep-th/0105097. [6] S. Kachru, R. Kallosh, A. Linde, and S. P. Trivedi (2003), hep-th/0301240. [7] M. Dine, R. Rohm, N. Seiberg, and E. Witten, Phys. Lett. B156, 55 (1985). [8] A. Strominger, Nucl. Phys. B274, 253 (1986).

[9] J. Polchinski and A. Strominger, Phys. Lett. B388, 736 (1996), hep-th/9510227. [10] K. Becker and M. Becker, Nucl. Phys. B477, 155 (1996), hep-th/9605053. [11] K. Dasgupta, G. Rajesh, and S. Sethi, JHEP 08, 023 (1999), hep-th/9908088. [12] T. R. Taylor and C. Vafa, Phys. Lett. B474, 130 (2000), hep-th/9912152. [13] S. Gukov, C. Vafa, and E. Witten, Nucl. Phys. B584, 69 (2000), hep-th/9906070. [14] B. R. Greene, K. Schalm, and G. Shiu, Nucl. Phys. B584, 480 (2000), hep-th/0004103. [15] M. Grana and J. Polchinski, Phys. Rev. D63, 026001 (2001), hep-th/0009211. [16] S. P. de Alwis, Phys. Rev. D68, 126001 (2003), hep-th/0307084. [17] S. P. de Alwis, Phys. Lett. B603, 230 (2004), hep-th/0407126.

[18] S. P. de Alwis, Phys. Lett. B626, 223 (2005), hep-th/0506267. [19] S. P. de Alwis, Phys. Lett. B628, 183 (2005), hep-th/0506266. [20] A. R. Frey (2003), hep-th/0308156.

[21] V. Balasubramanian, Class. Quant. Grav. 21, S1337 (2004), hep-th/0404075. [22] E. Silverstein, TASI / PiTP / ISS lectures on moduli and microphysics (2004), hep-th/0405068. [23] M. Grana (2005), hep-th/0509003.

[24] E. Cremmer et al., Nucl. Phys. B147, 105 (1979). [25] G. Veneziano and S. Yankielowicz, Phys. Lett. B113, 231 (1982).

[26] G. W. Gibbons (1984), three lectures given at GIFT Seminar on Theoretical Physics, San Feliu de Guixols, Spain, Jun 4-11, 1984.

[27] B. de Wit, D. J. Smit, and N. D. Hari Dass, Nucl. Phys. B283, 165 (1987). [28] J. M. Maldacena and C. Nunez, Int. J. Mod. Phys. A16, 822 (2001), hep-th/0007018. [29] S. B. Giddings and A. Maharana (2005), hep-th/0507158.

[30] R. Brustein and S. P. de Alwis, Phys. Rev. D69, 126006 (2004), hep-th/0402088. [31] K. Choi, A. Falkowski, H. P. Nilles, M. Olechowski, and S. Pokorski, JHEP 11, 076 (2004), hep-th/0411066.

[32] C. P. Burgess, R. Kallosh, and F. Quevedo, JHEP 10, 056 (2003), hep-th/0309187. [33] These frame indices are often called flat indices in the supergravity literature whilst the index set M are called curved indices) [34] For a definition and more details see section 3.7 and chapter 5 of [2]. Here we will only need to know that they are superdensities which enable one to define superspace integrals which are invariant under local SUSY transformations.

[35] This should not to be confused with the connection! In fact we will not use the latter explicitly in the rest of these notes.

[36] For details see chapter 8 of [2].

[37] Burgess et al give a proposal for getting explicit FI D terms[32]. The above argument shows that they cannot be used to lift AdS SUSY minima as in the KKLT case but some such mechanism might work if the F term potential gave a SUSY breaking AdS minimum.