arXiv:hep-th/0602188 v4 17 May 2006

IFT/4/2006 (Warsaw Univ.)

Rotating Black Holes at Future Colliders. III. Determination of Black Hole Evolution

Daisuke Ida^1, Kin-ya Oda^2, and Seong Chan Park^3

1Department of Physics, Gakushuin University, Tokyo 171-8588, Japan

2Institute of Theoretical Physics, Warsaw University, Hoża 69, Warsaw 00-681, Poland

3LEPP, Cornell University, Ithaca, N.Y. 14853, U.S.A.

Abstract

TeV scale gravity scenario predicts that the black hole production dominates over all other interactions above the scale and that the Large Hadron Collider will be a black hole factory. Such higher dimensional black holes mainly decay into the standard model fields via the Hawking radiation whose spectrum can be computed from the greybody factor. Here we complete the series of our work by showing the greybody factors and the resultant spectra for the brane localized spinor and vector field emissions for arbitrary frequencies. Combining these results with the previous works, we determine the complete radiation spectra and the subsequent time evolution of the black hole. We find that, for a typical event, well more than half a black hole mass is emitted when the hole is still highly rotating, confirming our previous claim that it is important to take into account the angular momentum of black holes.

1 Introduction

Black hole has been playing crucial roles for decades in the yet unaccomplished theoretical development to reconcile gravitational interactions with quantum description of nature [1, 2, 3, 4, 5, 6, 7]. From this point of view, it is no doubt desirable to have a direct experimental test of the Hawking radiation [2] through which black hole is expected to radiate off quanta almost thermally. An astrophysical black hole is too big to have a sizable Hawking temperature for this purpose. It has long been known that a collision of two particles above the Planck energy scale inevitably leads to a production of black holes [8], which can have large Hawking temperature.

Until recently, the Planck scale was always assumed to be unaccessibly high for human beings even in theories with extra compact dimensions such as string theory, under the assumption that the compactification radius is of the order of the Planck length. Without prejudice, there is no reason that forces one to keep this assumption. Recently it has been pointed out that the large extra dimensions can reduce the higher dimensional Planck scale down to TeV scale to solve the so-called hierarchy problem without contradicting any experimental data if the standard model interactions are confined to a 3-brane [9, 10, 11]. It has also been pointed out that a TeV scale gravity is realized if an extra dimension is compactified with the warped metric on AdS_5 [12].

The TeV scale gravity opens up a possibility of producing black holes and observing their decay products directly at next generation collider. First it was considered that such a black hole will mainly decay into the bulk graviton modes [13, 14]. Later it has been noticed that the decay channels into observable brane-localized standard model fields dominate over the bulk graviton emission [15].When the black hole is highly rotating, the bulk graviton emission is expected to be greatly enhanced [16, 17, 18, 19]. Currently the bulk graviton equation is obtained only for the non-rotating J = 0 hole [20, 21, 22] and we cannot conclude how much the graviton emission will be enhanced. There is also an argument that the higher dimensional graviton has a larger number of modes than four dimensions and that the graviton emission would be enhanced due to this fact [16, 17]. The actual number of modes that have smaller masses than the Hawking temperature, which is always smaller than the higher dimensional Planck scale, will depend on the details of the moduli stabilization. Typically one has much fewer light modes after the moduli fixing. The possibility of black hole production at collider and the detection of its Hawking radiation is studied from general perspective in [23] and the experimental signature at the CERN Large Hadron Collider (LHC) is studied in [24] in the approximation that the black hole has vanishing anglar momentum J = 0 and that the Hawking radiation spectrum is described with the high frequency limit r_hω ≫ 1, where r_h and ω are the black hole horizon radius and the energy of the emitted particle, respectively.

In [25], we have emphasized the importance to take into account the angular momentum of the black hole and have first estimated the differential production cross section for a given J, whose integral over J qualitatively agrees with the numerical results of the classical gravitational collision of two massless particles [26, 27], namely, the fact that the total cross section increases from the Schwarzschild approximation more and more for higher dimensions is well described.^1 Further, utilizing the Newman-Penrose formalism [30] we have obtained the field equations of the brane-localized scalar (s = 0), spinor (s = 1/2), and vector (s = 1) fields in a separable form for the D = 4 + n dimensional black hole background with a single angular momentum J ≥ 0 [31]. Later these equations are also derived for a non-rotating J = 0 black hole in Refs. [32, 33].

Once shown to be separable, its radial part can be solved to obtain the greybody factors that completely determine the Hawking radiation spectra without relying on the high frequency limit r_hω ≫ 1. A thermal radiation spectrum at the horizon is modified when the radiation passes through the curved geometry toward an observer located at the spatial infinity. The greybody factor is introduced to take this correction into account for each angular mode (l, m) and frequency ω of the emitted radiation. It is defined to be the absorption rate by the hole for a steady in-falling flux at the infinity

Γ_{lm} =

Ṅ^{(in)}_{lm} − Ṅ^{(out)}_{lm} Ṅ^{(in)}_{lm} (1) under the condition that the radial wave is purely ingoing at the horizon. This definition physically means, in a time-reversed sense, that Γ is identical to the proportion that passes through the gravitational potential from the horizon toward the infinity without being reflected back.

In early 1970’s, Teukolsky showed that the general wave equation in the four dimensional Kerr black hole background is separable into the angular and radial parts and developed analytic and numerical methods to solve the equation [34, 35, 36]. Page then calculated the Hawking radiation spectra with the greybody factors taken into account [37] and shown the whole time evolution of the four dimensional Kerr black hole [38]. The brane field equations that we have obtained in [25] is a generalization of the Teukolsky equation. In [25], we have further obtained the analytic formulae of the greybody factors of the s = 0, 1/2 and 1 brane fields in the low frequency limit r_hω ≪ 1 for D = 5 dimensional J ≥ 0 black hole.

Next goal is to obtain the greybody factors without relying on the low frequcy expansions. The numerical results with non-rotating J = 0 black hole are shown by Harris and Kanti in [33]. The greybody factors of s = 0 brane field for general J ≥ 0 hole are presented by ourselves [39, 40] and by Harris and Kanti [41, 42]. Recently there also appeared a paper that treats the s = 1 modes for J ≥ 0 black hole in a restricted range r_hω < 4 [43].

In this paper, we complete the series of our work by presenting the greybody factors for s = 1/2 and s = 1 brane fields for the general J ≥ 0 hole and the resultant Hawking spectra. Now that all the brane field spectra are completed, we are finally able to show the whole time evolution of the black hole to confirm our previous claim that the spindown phase, where the approximation J = 0 is not valid, is hardly negligible: we find that typically much more than a half of the black hole mass is emitted in the spin-down phase.

1A similar formula has appeared in [28], which predicts that the cross section would be reduced by taking into account the angular momentum, contrary to our result. See also [29] for another earlier attempt.

The organization of the paper is as follows. In section 2, we go beyond our previous treatment to obtain the brane field equations in a separable form for the lower spin components too and recast the results into a rather simple formulae (51) and (52). We then show the resultant forms of the asymptotic solutions and the greybody factors. In section 3, we explain our numerical methods to evade the contamination of the outgoing wave near the horizon when we impose the purely ingoing boundary condition there. In section 4, we show our results of the greybody factors and the Hawking spectra for the branelocalized spinor and vector fields. In section 5, we combine all the results of scalar [40] and spinor/vector obtained in the previous section to determine the whole time evolution of the black hole. The time evolution for the Randall-Sundrum (D=5) and the ADD (D=10) black hole are presented.

2 Brane field equations

The stationary rotating black holes would be described by the Myers-Perry solution [31] as indicated in [44, 45, 46, 47, 48, 49]. The induced metric on the three-brane in the (4 + n)- dimensional Myers-Perry solution with a single nonzero angular momentum is given by g = Δ − a^2 sin^2 ϑ Σ dt^2 +

2a(r^2 + a^2 − Δ) sin^2 ϑ Σ dtdφ − (r^2 + a^2)^2 − Δa^2 sin^2 ϑ Σ sin^2 ϑdφ^2 − Σ Δ dr^2 − Σdϑ^2, (2)

where

Σ = r^2 + a^2 cos^2 ϑ, Δ = r^2 + a^2 − μr^{1−n} . (3)

The parameters μ and a are equivalent to the total mass M and the angular momentum J M = (2 + n)A_{2+n}μ 16πG_{4+n} , J = A_{2+n}μa 8πG_{4+n} (4) evaluated at the spatial infinity of the (4 + n)-dimensional space-time, respectively, where A_{2+n} = 2π^{(3+n)/2}/Γ((3 + n)/2) is the area of a unit (2 + n)-sphere and G_{4+n} is the (4 + n)- dimensional Newton constant of gravitation.

In Ref. [25] it has been shown in terms of the Newman-Penrose formalism that the spin s = 0, 1/2 and 1 equations are of separable type in the background space-time with the metric (2). Here we give the basic equations in more compactified notation.

The null tetrad {n, n^′, m, m^′} on the brane is

n = ∂_t − a sin^2 ϑ∂_φ − Σ Δ ∂_r, n^′ = Δ 2Σ (∂_t − a sin^2 ϑ∂_φ) + 1 2 ∂_r, m = i sin ϑ √ 2(r + ia cos ϑ) [ a∂_t − (r^2 + a^2)∂_φ ] − r − ia cos ϑ √ 2 ∂_ϑ, m^′ = m̄. (5)

The spin-coefficients [30] in this tetrad system become τ = − ia sin ϑ √ 2Σ , ρ = − 1 r − ia cos ϑ , β = − ρ̄ cot ϑ 2 √ 2 , τ^′ = − iaρ^2 sin ϑ √ 2 , ρ^′ = − ρ^2ρ̄Δ 2 , ϵ^′ = ρ^′ − ρρ̄Δ_{,r} 4 , β^′ = τ^′ + β̄, κ = σ = κ^′ = σ^′ = ϵ = 0. (6)

The null tetrad basis vectors define the differential operators (D, D^′, m, m^′) = (∇_n, ∇_n′ , ∇_m, ∇_m′ ). In terms of these differential operators and the spin-coefficients, the field equations for s = 1/2 fields (ψ_0, ψ_1) (Weyl equation) are given by

Dψ_1 − δ^′ψ_0 = (β^′ − τ^′)ψ_0 + (ρ − ϵ)ψ_1, (7) δψ_1 − D^′ψ_0 = (ϵ^′ − ρ^′)ψ_0 + (τ − β)ψ_1. (8)

On the other hand, the field equations for s = 1 fields (ϕ_0, ϕ_1, ϕ_2) (Maxwell equation) are given by

Dϕ_1 − δ^′ϕ_0 = (2β^′ − τ^′)ϕ_0 + 2ρϕ_1 − κϕ_2, (9) Dϕ_2 − δ^′ϕ_1 = σ^′ϕ_0 − 2τ^′ϕ_1 + (ρ − 2ϵ)ϕ_2, (10) D^′ϕ_0 − δϕ_1 = (ρ^′ − 2ϵ^′)ϕ_0 − 2τ ϕ_1 + σϕ_2, (11) D^′ϕ_1 − δϕ_2 = −κ^′ϕ_0 + 2ρ^′ϕ_1 + (2β − τ )ϕ_2. (12)

The all field variables are assumed to have time and angular dependence ϕ_A, ψ_A ∝ e^{−iωt+imφ}.

Here it is useful to introduce the differential operators D = ∂_r − i K Δ , D^† = ∂_r + i K Δ , L_N = ∂_ϑ + Q + N cot ϑ, L^†_N = ∂_ϑ − Q + N cot ϑ (N = 0, ±1/2, ±1) (13)

where

K(r) = ω(r^2 + a^2) − ma, Q(ϑ) = −ωa sin ϑ + m csc ϑ (14)

have been defined.

2.1 s = 1/2 field equations

The s = 1/2 field equations (7) and (8) can be written as

DΔ^{12} η_− 1_2 = −L 1_2 η 1_2 (15) D^†Δ^{12} η 1_2 = L^†_{12} η_− 1_2 (16) where

η_− 1_2 = √ 2Δ^{− 12} ρ^{−1}ψ_1, η 1_2 = ψ_0 (17)

have been defined. From L^†_{12} × Eq. (15) + DΔ^12 × Eq. (16) we obtain

DΔ^{12} D^†Δ^{12} η 1_2 = −L^†_{12} L 1_2 η 1_2 . (18)

By putting η 1_2 = R 1_2 (r)S 1_2 (ϑ)e^{−iωt+imφ}, we have separated equations

DΔ^{12} D^†Δ^{12} R 1_2 = λ 1_2 R 1_2 , (19) L^†_{12} L 1_2 S 1_2 = −λ 1_2 S 1_2 (20)

where λ 1_2 is the separation constant. In a similar manner, D^†Δ^12 × (15) − L 1_2 × (16) and the substitution η_− 1_2 = R_− 1_2 (r)S_− 1_2 (ϑ)e^{−iωt+imφ} give the separated equations

D^†Δ^{12} DΔ^{12} R_− 1_2 = λ 1_2 R_− 1_2 , (21) L 1_2 L^†_{12} S_− 1_2 = −λ 1_2 S_− 1_2 . (22)

The separation constant must again be λ 1_2 , which can be seen from explicit forms of angular equations (20) and (22). Hereafter, the angular function S_A(ϑ) is normalized such that ∫_π 0 |S_A(ϑ)|^2 sin ϑdϑ = 1 2π . (23)

Furthermore, from Eqs. (15) and (16), we obtain relationships

S_− 1_2 = − 1 √ λ 1_2

L 1_2 S 1_2 (24)

S 1_2 = 1 √ λ 1_2

L^†_{12} S_− 1_2 , (25) and DΔ^{12} R_− 1_2 = √ λ 1_2 R 1_2 (26)

D^†Δ^{12} R 1_2 = √ λ 1_2 R_− 1_2 (27)

where the constant of proportionality can be determined by noting that ( L 1_2 S 1_2

)_2 sin ϑ = λ 1_2 S^21_2 sin ϑ + ∂_ϑ ( S 1_2 L 1_2 S 1_2 ) (28) ( L^†_{12} S_− 1_2

)_2 sin ϑ = λ 1_2 S^2_− 1_2 sin ϑ + ∂_ϑ ( S_− 1_2 sin ϑL^†_{12} S_− 1_2 ) (29)

hold.

2.2 s = 1 field equations

The s = 1 field equations (9)-(12) become

Dη = −ρ^{−2}L_1ρη_1, (30) L_0η = −ρ^{−2}DρΔη_{−1}, (31) L^†_0 η = ρ^{−2}D^†ρΔη_1, (32) D^†η = ρ^{−2}L^†_1 ρη_{−1}, (33)

where

η_1 = ϕ_0, η_{−1} = 2Δ^{−1}ρ^{−2}ϕ_2, η = √ 2ρ^{−2}ϕ_1, (34)

have been defined. From L^†_0 × Eq. (30) − D× Eq. (32), we obtain [ (D − ρ)(D^† + ρ)Δ + (L^†_0 − iρa sin ϑ)(L_1 + iρa sin ϑ) ] η_1 = ( DD^†Δ + L^†_0 L_1 − 2iω ρ̄ ) η_1 = 0. (35)

Putting η_1 = R_1(r)S_1(ϑ)e^{−iωt+imφ}, we obtain separated equations ( DD^†Δ + 2iωr ) R_1 = λ_1R_1 (36) ( L^†_0 L_1 − 2ωa cos ϑ ) S_1 = −λ_1S_1, (37)

where λ_1 is the separation constant. In a similar manner, from D^†× Eq. (31) − L_0× Eq. (33) we obtain [ (D^† − ρ)(D + ρ)Δ + (L_0 − iρa sin ϑ)(L^†_1 + iρa sin ϑ) ] η_{−1} = ( D^†DΔ + L_0L^†_1 + 2iω ρ̄ ) η_{−1}. (38)

Putting η_{−1} = R_{−1}(r)S_{−1}(ϑ)e^{−iωt+imφ}, we obtain another set of separated equations ( D^†DΔ − 2iωr ) R_{−1} = λ_1R_{−1} (39) ( L_0L^†_1 + 2ωa cos ϑ ) S_{−1} = −λ_1S_{−1} (40)

The constant of separation λ_1 is again common for both sets of equations.

The relationship between η_1 and η_{−1} is seen as following. From L_0× Eq. (30) − D× Eq. (31), we obtain

DDΔη_{−1} = L_0L_1η_1. (41)

From D^†× Eq. (32) − L^†_0 × Eq. (33), we obtain

D^†D^†Δη_1 = L^†_0 L^†_1 η_{−1}. (42)

These imply that

L_0L_1S_1 = BS_{−1}, (43) DDΔR_{−1} = BR_1, (44) L^†_0 L^†_1 S_{−1} = BS_1, (45) D^†D^†ΔR_1 = BR_{−1}, (46)

where B is a constant. The constant B is determined by

B^2 = ∫ (L_0L_1S_1)^2 sin ϑdϑ = ∫ S_1L^†_0 L^†_1 L_0L_1S_1

= λ^2_1 − 4ωa(ωa − m). (47)

We choose B = √ λ^2_1 − 4ωa(ωa − m). (48)

2.3 Master equations for brane fields

The angular and radial equations can be recasted into a neat form [( ∂_ϑ − s |s| Q + (1 − |s|) cot ϑ ) ( ∂_ϑ + s |s| Q + |s| cot ϑ )

+ (2|s| − 1) (^s_{|s|} Q sin ϑ)_{,ϑ} sin ϑ + λ_{|s|} ] S_s = 0, (49) [( ∂_r − i s |s| K Δ ) Δ^{1−|s|} ( ∂_r + i s |s| K Δ ) Δ^{|s|}

+ (2|s| − 1)i s |s| K_{,r} − λ_{|s|} ] R_s = 0, (50)

More explicit forms are given by 1 sin ϑ d dϑ ( sin ϑ dS_s(ϑ) dϑ )

+ [ (s − ωa cos ϑ)^2 − (s cot ϑ + m csc ϑ)^2 − ωa(ωa − 2m) − |s|(|s| + 1) + λ_{|s|} ] S_s(ϑ) = 0, (51)

Δ^{−|s|} d dr ( Δ^{1+|s|} dR_s(r) dr )

+ [ K^2 − isKΔ_{,r} Δ + 2isK_{,r} + |s|Δ_{,rr} − λ_{|s|} ] R_s(r) = 0. (52)

These expressions are valid also for the massless scalar field by setting s = 0.

Besides we have relationships between different radial components ( ∂_r + i K Δ ) Δ^{12} R 1_2 = √ λ 1_2 R_− 1_2 (53)

for spinor fields and ( ∂_r + i K Δ ) ( ∂_r + i K Δ ) ΔR_1 = √ λ^2_1 − 4ωa(ωa − m)R_{−1} (54)

for vector fields.

2.4 Asymptotic solutions

Asymptotic far field solution to the equation (52) is

R_s → Y^{(in)}_s e^{−iω∗ξ∗} ξ^{1−s+|s|} ( 1 − i λ_{|s|} + s − |s| 2ωξ )

+Y^{(out)}_s e^{iω∗ξ∗} ξ^{1+s+|s|} ( 1 + i λ_{|s|} − s − |s| 2ωξ ) , (55)

where we have introduced the new radial coordinate

r_⋆ = ∫_r K ωΔ (56)

and the dimensionless parameters ξ = r/r_h, ξ_∗ = r_⋆/r_h, ω_∗ = ωr_h and a_∗ = a/r_h have been defined.

Then, Eqs. (53) and (54) give the relationship between coefficients

Y^{(out)}_{− 12} = i 2ω_∗ √ λ 1_2

Y^{(out)}_{12} , (57)

Y^{(out)}_{−1} = −

4ω^2_∗ √ λ^2_1 − 4ω_∗a_∗(ω_∗a_∗ − m)

Y^{(out)}_1 . (58)

2.5 Greybody factors

The greybody factor is given by the absorption coefficient for the wave equations. By virtue of the Eqs. (57) and (58), the absorption coefficient can be calculated solely by solving single radial equation.

The number flux vector for s = 1/2 is

j^μ = k ( n^μψ_1ψ̄_1 + n^{′μ}ψ_0ψ̄_0 − m^μψ_1ψ̄_0 − m^{′μ}ψ_0ψ̄_1 ) (59) where k is a constant. The radial component become asymptotically

j^r = k ( |ψ_1|^2 − Δ 2Σ |ψ_0|^2 ) = k Δ 2Σ (| |η_{− 12} | |^2 − | |η_{12} | |^2 )

→ k 2Σ (| |Y^{(out)}_{− 12} | |^2 | |S_{− 12} | |^2 − | |Y^{(in)}_{12} | |^2 | |S_{12} | |^2 ) (r → +∞). (60)

Therefore, the absorption coefficient is given by

Γ 1_2 = 1 −

Ṅ (out)_1 2 Ṅ (in)_1 2 = 1 −

4ω^2_∗ λ 1_2

|Y^{(out)}_{12} |_2 | Y^{(in)}_{12}

|_2 , (61)

for spinor fields, where Ṅ^{(in/out)}_{12} denotes the total number flux. The last expression is determined by solving only s = 1/2 equation.

In a similar manner, we have the absorption coefficient

Γ_1 = 1 −

Ṅ (out)_1 Ṅ (in)_1 = 1 −

16ω^4_∗ [λ^2_1 − 4ω_∗a_∗(ω_∗a_∗ − m)]

|Y^{(out)}_1 | |^2 | |Y^{(in)}_1 | |^2

, (62)

for vector fields.

3 Numerical methods to obtain greybody factors

We explain our numerical methods. In this section, we take the unit

r_h = 1 (63)

and always consider the case s ≥ 0 unless otherwise stated. First, we switch from the Boyer-Lindquist frame (2) to the ingoing Kerr-Newman frame by: dv =dt + r^2 + a^2 Δ dr (64) d ~φ =dφ + adr Δ (65)

The radial wave equation now becomes

d^2R dr^2 + η dR dr + ζR = 0, (66)

with η = − (s − 1)Δ^′ + 2iK Δ , ζ = 2iωr(2s − 1) − λ Δ (67)

For the angular eigenvalue λ, we use the expansion of the form λ = ∑ n C_n (aω)^n (68)

presented in [50]. The coefficients C_n are given for each angular mode (l, m) and dumps quite fast, like a multiple of inversed factorials, as l increases. We take up to n = 6 terms. The accuracy of the approximation can be checked by the relative size of the last n = 6 term to the sum when aω is within the relevant region to the peak of the power spectrum, a posteriori. We have checked that the ratio is at most of order .1% for each relevant region.

The asymptotic solutions in the near horizon (NH) and far field (FF) regions are obtained as [25]

R^{NH} ∼ W_{in} + W_{out}e^{2ikr∗} Δ^s, R^{FF} ∼ Y_{in}r^{2s−1} + Y_{out}e^{2ikr∗} /r, (69)

where r_∗ is the tortoise coordinate defined by dr_∗/dr = (r^2 + a^2)/Δ and r_∗ → r for r → ∞. Recall that Δ → 0 for r → 1. This coordinate change is not essential for the following analysis but convenient because the near horizon ingoing solution does not contain the tortoise coordinate r_∗.

3.1 Removing outgoing contamination at near-horizon

For the case of scalar (s = 0) [40], the calculation is simply to put the purely ingoing boundary condition W_{in} = 0 at a point r_0 = 1 + ϵ close enough to the horizon ϵ ≪ 1 and to solve the second order ordinary differential equation (66) numerically toward the far field region. In this region we can easily read off the coefficients Y_{in}, Y_{out} by the χ^2 fit, whose ratio directly leads to the greybody factor Γ = 1 − |Y_{out}/Y_{in}|^2.

Putting the purely ingoing boundary condition W_{in} = 0 at the near horizon r = r_0 is always polluted by a tiny outgoing wave, numerically. This itself is the case for the scalar too. The difficulty in the spinor (s = 1/2) and vector (s = 1) case is that the amplitude of the outgoing wave grows with respect to that of the ingoing one as we go apart from r_0. To evade this problem, we first expand the near horizon solution

R^{NH}_{in} = 1 + a_1(r − 1) + a_2(r − 1)^2 + · · · , R^{NH}_{out} = e^{2ikr∗} (r − 1)^s (1 + b_1(r − 1) + · · · ) , (70)

where the coefficients a_i, b_i are straightforwardly obtained by substituting the expansion of Δ, η, ζ and (70) into (66), which serves linear equations for the coefficients. The point to remove the outgoing contamination is the following subtraction

~R = R − (1 + a_1(r − 1)) , (71)

introduced in [35] as Bardeen’s prescription. Then ~R satisfies the equation L ~R = g, (72) where L = d^2/dr^2 + η d/dr + ζ, g = −L (1 + a_1(r − r_H )) = −ηa_1 − ζ (1 + a_1(r − r_H )) . (73)

Now (72) can be safely solved toward the far field region without the growing outgoing contamination.

3.2 Matching at far field

We expand the far field solutions for spinor (s = 1/2)

R^{FF}_{in} = 1 + c^f_1 r + c^f_2 r^2 + c^f_3 r^3 + · · · , R^{FF}_{out} = e^{2ikr∗} 1 r ( 1 + d^f_1 r + d^f_2 r^2 · · · ) , (74)

and for vector (s = 1)

R^{FF}_{in} = r ( 1 + c^v_1 r + c^v_2 r^2 + c^v_3 r^3 + · · · ) , R^{FF}_{out} = e^{2ikr∗} 1 r ( 1 + d^v_1 r + d^v_2 r^2 + d^v_3 r^3 + · · · ) . (75)

Again the coefficients c^{f,v}_i , d^{f,v}_i can be straightforwardly obtained. The asymptotic form of the ~R_s is now

~R_{1/2} = (Y_{in} + 1 − a_1) + a_1r + Y_{in} c^{f1} r + Y_{out} e^{2iωr∗} r , (76)

~R_1 = (Y_{in} − a_1) r + (Y_{in}c^v_1 − 1 + a_1) + Y_{in} c^{v2} r + Y_{out} e^{2iωr∗} r . (77)

By the χ^2 fit to the obtained solution ~R in the far field region, we can determine Y_{in}, Y_{out} since the bigger terms than that contains Y_{out} are all fixed. The smallness of the oscillating term containing Y_{out} can be easily overcome by keeping sufficient digits in the numerics and by taking sufficiently dense sample points in the far field region for the χ^2 fit.

Finally the greybody factors can be obtained as

Γ_{s=1/2} = 1 −^{2ω}|_{cf1} | | | |^{Yout}_{Yin} | | |^2 , (78)

Γ_{s=1} = 1 −^{2ω2}|_{cv2} | | | |^{Yout}_{Yin} | | |^2 . (79)

4 Greybody factors and Hawking radiation spectra

In [25] we have argued that the black hole production cross section for a center of mass energy s is well approximated by dσ dJ (s) = 8πJ/s forJ < J_{max}, 0 forJ > J_{max},

(80)

except for the region where J is very close to J_{max}, and consequently that the black hole tends to be produced with large angular momentum. The rotation parameter a corresponding to J_{max} is [25]

a_{max} = n 2 + 1 (81)

for D = 4 + n dimensional black hole.

Once produced, we assume that the decay process of the black hole is governed by the Hawking radiation into the brane-localized standard model fields See [51] for a review on the estimation of the amount of energy radiated at the black hole formation process (balding phase) rather than by the Hawking radiation and see also [52] for the recent progress. in the spirit that the quantum gravitational correction will be read off as a deviation from this precise prediction in the black hole picture.

With this assumption in mind, the number of spin s particles emitted into an (l, m) angular mode of the spheroidal harmonics is given, per degree of freedom per unit time per energy interval [ω, ω + dω], by dN_{s,l,m} dωdt = 1 2π Γ_{s,l,m}(ω) e^{(ω−mΩ)/T} − (−1)^{2s} , (82)

where T = [(n + 1) + (n − 1)a^2_∗]/4πr_h(1 + a^2_∗) and Ω = a_∗/(1 + a^2_∗)r_h are the Hawking temperature and angular velocity of the black hole, respectively. The corresponding power and angular spectra are obtained by multiplying the number spectrum (82) by ω and m, respectively.

The time evolution of the black hole with mass M and angular momentum J is then governed by − d dt ( M J ) = ∑ s,l,m g_s ∫_∞ 0 dω dN_{s,l,m} dωdt ( ω m ) , (83)

where g_s is the number of massles degrees of freedom at temperature T , namely, the number of degrees of freedom whose masses are smaller than T with spin s.

4.1 Greybody factors for spinor and vector fields

We present the greybody factors obtained by the procedure above. Hereafter we limit ourselves to the case D ≤ 11 motivated by the fact that D = 11 is the highest possible dimension if we exclude the s > 2 component fields from the supergravity multiplet, though in principle we can consider a larger dimensional case as well [53].

In Fig. 1, we plot the greybody factors for the brane-localized spinor field for the nonrotating (a_∗ = 0) and highly-rotating (a_∗ = 1.5) black holes. Note that a_∗ = 1.5 is the highest possible rotation parameter for a D = 5 black hole when the black hole is produced by a collision of two particles, see Eq. (81).

The Figure 2 shows the corresponding plots for the vector field (s = 1). We observe that the greybody factor becomes negative when ω < mΩ, rendering the number spectrum (82) always positive. In other words, when the black hole is highly rotating, an incoming steady energy flux with ω < mΩ is scattered back by the hole with an increased amplitude, see Eq. (1). This is called the superradiance [54]. Though we cannot observe the superradiance itself for the TeV black hole since it is decaying so fast, we show the rate of the energy amplification in Fig. 3 for its own interest.

4.2 Power and angular spectra for spinor

Hereafter in this section, we present the dimensionless power and angular spectra per degree of freedom: r_h dE_{s,l,m} dωdt = 1 2π r_hω Γ_{s,l,m}(ω) e^{(ω−mΩ)/T} − (−1)^{2s} , dJ_{s,l,m} dωdt = 1 2π m Γ_{s,l,m}(ω) e^{(ω−mΩ)/T} − (−1)^{2s} , (84)

versus the dimensionless energy of the emitted particle r_hω. Note that this implies that the frequency ω in the horizontal axis is given in unit of r^{−1}_h , which varies for a fixed mass M when we vary the angular momentum J. For simpler presentation we show our plot for 0 < r_hω < 8 in this section but we have also calculated all the ω regions for a_∗ ≤ 1.5 to obtain the total power and angular spectra in the next section, see also Figs. 14.

In Figs. 4 and 5, we plot them for the brane-localized spinor and vector fields, respectively, with varying black hole rotation a_∗ for fixed D = 5 (Randall-Sundrum black hole) and D = 11 (ADD black hole). It is clear that the larger the rotation parameter a_∗ is, the more enhanced both the power and angular spectra are.

In Figs. 6 and 7, we plot the same for spinor and vector, respectively, for varying dimensions D with fixed black hole rotation a_∗ = 0 (non-rotating) and a_∗ = 1.5 (highlyrotating). These figures show that the black hole radiation is greatly enhanced for larger dimensions. Note that the peaks coming from e = m modes are distinctive only for the Randall-Sundrum black hole, especially in the case of the spinorial emission.

The substructure behind the total spectrum is shown in Figs. 8,9,10 and in Figs. 11,12,13. For each column, the greybody factor, power spectrum, and the angular spectrum are shown from above to below. We can see that each region of the greybody factor’s rise in r_hω coincides with each peak. For non-rotating hole, the angular modes m = −l, −l + 1, . . . , l give exactly the same greybody factors and the ±m modes cancel each other in each given l mode for power and angular spectra. When the black hole is highly rotating, the contributions from the l = m modes become dominant.

For a highly rotating black hole with large a_∗, the contributions from l = m modes become dominant, which greatly enhance the amplitude of total spectra at high frequency region r_hω > 1. This is sometimes called the superradiant enhancement of the higher spin emission, though it is not directly related to the original meaning [54] of the superradiance as shown in Fig. 3 To exhibit such a high frequency tails which are taken into account in the calculation of the next section, we present Figure 14.

5 Time evolution of black hole

In Fig. 15, we show the schematic pictures for the black hole life at various stages: production phase, the balding phase, the spin-down phase, the Schwarzschild phase, and the Planck phase [23]. The spin-down and Schwarzschild phases are of interest here.

We show the black hole time evolution as it emitts brane localized particles. We calculate the rates at which energy and angular momentum are radiated into the brane-localized standard model fields and the evolution of the mass and the angular momentum. A particular quantity of interest is the portion of the energy emitted during the spin-down phase and the (almost) Schwarzschild phase.

5.1 Setup for time evolution

To follow the time evolution, it is convenient to make quantities invariant under the scaling of r_s = (1 + a^2_∗)^{1/(n+1)}r_h, which does not vary for a fixed M when we vary J. We define a scale invariant function γ(a_s), with respect to the scale invariant rotation parameter a_s = a/r_s, as follows:

γ^{−1}(a_s) ≡ d ln a_s d ln M/M_i (85) = n + 2 2 ( 1 a dJ dM − 2 n + 1 ) , (86)

where the mass of a hole is measured in the unit of the initial mass M_i. This quantity is directly integrated. We calculate the ratio of the final mass M_f to the initial mass M_i by integrating Eq. (85) with an initial rotation parameter a_s(ini) M_f M_i = exp

(∫_{as(final)}

a_s(ini) da_s γ(a_s) a_s ) . (87)

The amount of energy which is radiated in spin-down phase (0 ≈ a_s(final) ⩽ a_s ⩽ a_s(ini)) is (M_i − M_f ) and then the remaining M_f will be subsequently radiated off in the Schwarzschild phase, where the angular momentum of black hole is vanishing.

We consider the evolution of the black hole. Since the time roughly scales as r^{n+3}_s in (4+n) dimensions, it is convenient to introduce scale invariant rates for energy and angular momentum as follows.^2 α(a_s) ≡ −r^{n+3}_s d ln M dt , (88) β(a_s) ≡ −r^{n+3}_s d ln J dt , (89)

with these new variables γ(a_s) can be written as γ^{−1}(a_s) = β/α(a_s) − (n + 2)/(n + 1). For all the standard model particles,

α_{SM} = g_sα_{s=0} + g_f α_{s=1/2} + g_v α_{s=1}, (90) β_{SM} = g_sβ_{s=0} + g_f β_{s=1/2} + g_v β_{s=1}, (91)

where g_s = 4, g_f = 90 and g_v = 24 are adopted in this section.

We also introduce dimensionless variables y and z to take angular momentum and mass of the hole:

y ≡ − ln a_s, (92) z ≡ − ln M M_i , (93)

then finally we get the time variation of energy and angular momentum in terms of scaleinvariant time parameter (τ = r^{−n−3}_s (ini)t) with initial mass of the hole: dz dy = α β − α (_{n+2} n+1 ), dy dτ = (β − α ( n + 2 n + 1 ) ) e^{n+3n+1 z} . (94)

After finding the solutions z(y) and τ (y) of the coupled differential equations 94, one can get y(τ ) and z(τ ), hence a_s and M/M_i , as a function of time. From these, one can find how other quantities evolve, such as the area.

For our purpose, it is convenient to convert the set of variables (r_h, a_∗) For conversion of unit, the following expressions are useful with a_s = a_∗/(1 + a^2_∗)^{1/(n+1)}.

α(a_s) = −ι^{n+1}_n (1 + a^2_∗)^{2n+1} r^2_h dM dt , (95)

β(a_s) = −κ^{n+1}_n (1 + a^2_∗)^{2n+1} r^2_h 1 a dJ dt , (96)

where

ι_n = r_sM^{− 1n+1} = ( 16πG (n + 2)Ω_{n+2}

) 1_{n+1} , (97)

κ_n = ι_n( n + 2 2 )^{1n+1} . (98)

2We can understand this by simply looking at the formula −dM/dt ∼ AT^4 where the surface area of horizon A ∼ r^2_s for brane fields and the temperature of the hole T ∼ 1/r_s and M ∼ r^{n+1}_s .

5.2 Results for time evolution

In this section we use the natural unit 8πG = 1. We assume that all the standard model fields are massless and therefore the effective degrees of freedom are given by g_s = 4, g_f = 90 and g_v = 24. In Fig. 16, we draw the rates at which the energy and angular momentum are radiated into the brane localized standard model fields. We have explicitly calculated the rates up to the rotation parameter a_∗ < 1.5 for the Randall-Sundrum black hole (D = 5) and for the ADD black hole (D = 10). For D = 10 we have extrapolated our result using the cubic-curve approximation up to a_∗ < 4 to cover all the possible rotation, see Eq. (81). The curves are plotted with respect to a_s rather than a_∗ using the conversion rules described in the previous section, namely up to a_s < 0.83 and 2.67 for D = 5 and 10, respectively. The D = 10 results are exact without using the cubic-curve extrapolation up to a_s < 1.27.

In Fig. 16, one can see that the power α and torque β are increasing functions of the angular momentum a_s. The vector emission dominates over the spinor and scalar emission for the high rotation parameter, sometimes called the superradiant enhancement of the higher spin particle emission, but as rotation becomes slower the fermion channel becomes increasingly important. Generally, angular momentum is emitted much faster than energy, therefore rapidly rotating black hole spins down to a nearly non-rotating state before its mass has been radiated off completely.

In Fig. 17, we plot the mass of a hole as a function of the rotation a_s for the virtual setup where only the scalar (s), spinor (f), or vector (v) field is emitted, respectively, and for the realistic case where all the standard model fields are emitted (SM). One can see that the larger the particle’s spin is, the more effectively the black hole angular momentum is carried away. For the most effective case of vector-only (v), the angular momentum is carried away so rapidly that more than 30% of the mass still remains after the spin-down phase, to be radiated off at the Schwarzschild phase. In contrast, the scalar-only case (s) exhibits that the black hole radiates its whole mass before it stops rotation. For the realistic case (SM), black hole loses roughly 70% to 80% in D = 5 and D = 10, respectively, before it stops rotation when starting from the maximum rotation. Note that the scalar emission (s) is subdominant comparing to the vector (v) and spinors (f) because of its small effective degrees of freedom and small emission rates.

In Figs. 18 and 19, we plot the time evolution of rotation parameter and mass The unit time t_0 is defined by the time duration from the initial state to the state with a_s = 0.01 for the virtual cases of spinor-only (f) and vector-only (v). For scalar-only case (s), the mass goes to zero before rotation stops, therefore we defined t_0 for scalar to be the duration until the whole mass is radiated off. The initial rotation parameter is fixed by a_s = 0.83 and 2.67 in D = 5 and D = 10, respectively. The mass of the hole goes to zero before the rotation parameter goes to zero when only scalar emission is available. We have taken the initial radiation parameter to be a_s = 0.83 and 2.67 for D = 5 and 10 that are maximally rotations allowed by the initial collision.

When all the standard model fields are turned on (SM), the evolution is essentially determined by the spinor and vector radiation. The figures show that a black hole spins down quickly at the first stage with large rotation parameter and the decrease of rotation parameter slows down as angular momentum of the hole is reduced.

6 Summary and Discussion

We have generalized our previous result [25] for the greybody factor and Hawking radiation spectrum of the higher dimensional Kerr black hole to general dimensions D = 4 + n, without relying on the low frequency limit r_hω ≪ 1, not only for the scalar field (s = 0) [40] but also for the spinor (s = 1/2) and vector fields (s = 1). Now we can completely describe the evolution of a black hole with any given initial mass and angular momentum by taking into account any type of field residing on the brane.

We have developed the numerical method to solve the radial Teukolsky equation which has been generalized to the higher dimension (D = 4 + n) in the first paper [25] of our series of publication. There are two points in our numerical methods. First, we have imposed the proper purely-ingoing boundary condition near the horizon without the growing contamination of the out-going wave by extracting lower order terms explicitly. Second, we have developed the method to fit the in-going and out-going part from the numerically integrated wave solution at far field region by explicitly obtaining the next-to-next order expansion (or next-to-next-to-next order in vector case) of the solution. With these progress in numerical treatment, we can safely integrate the generalized Teukolsky equation up to very large r without out-going wave contamination.

Then we have calculated all the possible modes to completely determine the radiation rate of the mass and angular momentum of the hole. Totally 3407 modes are computed explicitly, other than the modes which are confirmed to be negligible. A black hole tends to lose its angular momentum at the early stage of evolution. However the black hole still have a sizable rotating parameter after radiating half of its mass. Typically more than 70% or 80% of black hole’s mass is lost during the spin down phase. In the case of very fast initial rotation, the number could be modified quantitatively by taking the bulk graviton emission into account, especially for a larger number of extra dimensions as discussed in the Introduction, but the result would remain the case qualitatively.^3

We have determined the radiation and evolution of the spin-down and Schwarzschild phases up to the ambiguities for the initial fastest rotations shown above. The remaining hurdle is the evaluation of the balding phase, which is still being disputed due to its nonpurturbative nature, to extract the quantum gravitational information at the Planck phase from the experimental data at LHC.

Acknowledgement We would like to thank K. Hagiwara, Y. Okada, V. S. Rychkov, S. A. Teukolsky, and H. Yoshino for useful discussion. K.O. is supported by EU grant MRTN-CT-2004-503369,

3We note that a friction between the brane and black hole can be sizable and can also reduce the angular momentum faster at the initial stage [55, 56].

and S.C.P. is supported by the Korea Research Foundation Grant funded by the Korean Government (MOEHRD), grant KRF-2005-214-C00147.

References

[1] J. D. Bekenstein, “Black holes and entropy,” Phys. Rev. D7 (1973) 2333–2346.

[2] S. W. Hawking, “Particle creation by black holes,” Commun. Math. Phys. 43 (1975) 199–220.

[3] S. W. Hawking, “Black holes and thermodynamics,” Phys. Rev. D13 (1976) 191–197.

[4] S. B. Giddings, “The black hole information paradox,” hep-th/9508151.

[5] A. Strominger and C. Vafa, “Microscopic origin of the Bekenstein-Hawking entropy,” Phys. Lett. B379 (1996) 99–104, hep-th/9601029.

[6] G. T. Horowitz and J. Polchinski, “A correspondence principle for black holes and strings,” Phys. Rev. D55 (1997) 6189–6197, hep-th/9612146.

[7] T. Damour and G. Veneziano, “Self-gravitating fundamental strings and black holes,” Nucl. Phys. B568 (2000) 93–119, hep-th/9907030.

[8] G. ’t Hooft, “Graviton dominance in ultrahigh-energy scattering,” Phys. Lett. B198 (1987) 61–63.

[9] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, “The hierarchy problem and new dimensions at a millimeter,” Phys. Lett. B429 (1998) 263–272, hep-ph/9803315.

[10] I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, “New dimensions at a millimeter to a fermi and superstrings at a TeV,” Phys. Lett. B436 (1998) 257–263, hep-ph/9804398.

[11] N. Arkani-Hamed, S. Dimopoulos, and G. R. Dvali, “Phenomenology, astrophysics and cosmology of theories with sub-millimeter dimensions and TeV scale quantum gravity,” Phys. Rev. D59 (1999) 086004, hep-ph/9807344.

[12] L. Randall and R. Sundrum, “A large mass hierarchy from a small extra dimension,” Phys. Rev. Lett. 83 (1999) 3370–3373, hep-ph/9905221.

[13] P. C. Argyres, S. Dimopoulos, and a. J. March-Russell, “Black holes and sub-millimeter dimensions,” Phys. Lett. B441 (1998) 96–104, hep-th/9808138.

[14] T. Banks and W. Fischler, “A model for high energy scattering in quantum gravity,”

hep-th/9906038.

[15] R. Emparan, G. T. Horowitz, and R. C. Myers, “Black holes radiate mainly on the brane,” Phys. Rev. Lett. 85 (2000) 499–502, hep-th/0003118.

[16] V. P. Frolov and D. Stojkovic, “Black hole radiation in the brane world and recoil effect,” Phys. Rev. D66 (2002) 084002, hep-th/0206046.

[17] V. P. Frolov and D. Stojkovic, “Black hole as a point radiator and recoil effect on the brane world,” Phys. Rev. Lett 89 (2002) 151302, hep-th/0208102.

[18] M. Cavaglia, “Black hole multiplicity at particle colliders (Do black holes radiate mainly on the brane?),” Phys. Lett. B569 (2003) 7–13, hep-ph/0305256.

[19] D. Stojkovic, “Distinguishing between the small ADD and RS black holes in accelerators,” Phys. Rev. Lett. 94 (2005) 011603, hep-ph/0409124.

[20] A. S. Cornell, W. Naylor, and M. Sasaki, “Graviton emission from a higher-dimensional black hole,” hep-th/0510009.

[21] V. Cardoso, M. Cavaglia, and L. Gualtieri, “Hawking emission of gravitons in higher dimensions: Non- rotating black holes,” hep-th/0512116.

[22] S. Creek, O. Efthimiou, P. Kanti, and K. Tamvakis, “Graviton emission in the bulk from a higher-dimensional Schwarzschild black hole,” hep-th/0601126.

[23] S. B. Giddings and S. D. Thomas, “High energy colliders as black hole factories: The end of short distance physics,” Phys. Rev. D65 (2002) 056010, hep-ph/0106219.

[24] S. Dimopoulos and G. Landsberg, “Black holes at the LHC,” Phys. Rev. Lett. 87 (2001) 161602, hep-ph/0106295.

[25] D. Ida, K. Oda, and S. C. Park, “Rotating black holes at future colliders: Greybody factors for brane fields,” Phys. Rev. D67 (2003) 064025, hep-th/0212108.

[26] H. Yoshino and Y. Nambu, “Black hole formation in the grazing collision of highenergy particles,” Phys. Rev. D67 (2003) 024009, gr-qc/0209003.

[27] H. Yoshino and V. S. Rychkov, “Improved analysis of black hole formation in high-energy particle collisions,” Phys. Rev. D71 (2005) 104028, hep-th/0503171.

[28] L. A. Anchordoqui, J. L. Feng, H. Goldberg, and A. D. Shapere, “Updated limits on TeV-scale gravity from absence of neutrino cosmic ray showers mediated by black holes,” Phys. Rev. D68 (2003) 104025, hep-ph/0307228.

[29] S. C. Park and H. S. Song, “Production of spinning black holes at colliders,” J.

Korean Phys. Soc. 43 (2003) 30–33, hep-ph/0111069.

[30] R. Penrose and W. Rindler, Spinors and space-time, vol. 1. Cambridge University Press, Cambridge (UK), 1984.

[31] R. C. Myers and M. J. Perry, “Black holes in higher dimensional space-times,” Ann.

Phys. 172 (1986) 304.

[32] P. Kanti and J. March-Russell, “Calculable corrections to brane black hole decay. II:

Greybody factors for spin 1/2 and 1,” Phys. Rev. D67 (2003) 104019,

hep-ph/0212199.

[33] C. M. Harris and P. Kanti, “Hawking radiation from a (4+n)-dimensional black hole:

Exact results for the Schwarzschild phase,” JHEP 10 (2003) 014, hep-ph/0309054.

[34] S. A. Teukolsky, “Perturbations of a rotating black hole. 1. Fundamental equations for gravitational electromagnetic, and neutrino field perturbations,” Astrophys. J. 185 (1973) 635–647.

[35] S. A. Teukolsky, “Perturbations of a rotating black hole. II. Dynamical stability of the Kerr metric,” Astrophys. J. 185 (1973) 649–674.

[36] S. A. Teukolsky, “Perturbations of a rotating black hole. III - Interaction of the hole with gravitational and electromagnetic radiation,” Astrophys. J. 193 (1974) 443–461.

[37] D. N. Page, “Particle emission rates from a black hole: Massless particles from an uncharged, nonrotating hole,” Phys. Rev. D13 (1976) 198–206.

[38] D. N. Page, “Particle emission rates from a black hole. II. Massless particles from a rotating hole,” Phys. Rev. D14 (1976) 3260–3273.

[39] D. Ida, K. Oda, and S. C. Park, “Anisotropic scalar field emission from TeV scale black hole,” hep-ph/0501210.

[40] D. Ida, K. Oda, and S. C. Park, “Rotating black holes at future colliders. II:

Anisotropic scalar field emission,” Phys. Rev. D71 (2005) 124039, hep-th/0503052.

[41] C. M. Harris, “Physics beyond the standard model: Exotic leptons and black holes at future colliders,” hep-ph/0502005.

[42] C. M. Harris and P. Kanti, “Hawking radiation from a (4+n)-dimensional rotating black hole,” hep-th/0503010.

[43] M. Casals, P. Kanti, and E. Winstanley, “Brane decay of a (4+n)-dimensional rotating black hole. II: Spin-1 particles,” hep-th/0511163.

[44] G. W. Gibbons, D. Ida, and T. Shiromizu, “Uniqueness and non-uniqueness of static vacuum black holes in higher dimensions,” Prog. Theor. Phys. Suppl. 148 (2003) 284–290, gr-qc/0203004.

[45] G. W. Gibbons, D. Ida, and T. Shiromizu, “Uniqueness and non-uniqueness of static black holes in higher dimensions,” Phys. Rev. Lett. 89 (2002) 041101,

hep-th/0206049.

[46] G. W. Gibbons, D. Ida, and T. Shiromizu, “Uniqueness of (dilatonic) charged black holes and black p- branes in higher dimensions,” Phys. Rev. D66 (2002) 044010,

hep-th/0206136.

[47] Y. Morisawa and D. Ida, “A boundary value problem for the five-dimensional stationary rotating black holes,” Phys. Rev. D69 (2004) 124005, gr-qc/0401100.

[48] M. Rogatko, “Uniqueness theorem for static black hole solutions of sigma models in higher dimensions,” Class. Quant. Grav. 19 (2002) L151, hep-th/0207187.

[49] M. Rogatko, “Uniqueness theorem of static degenerate and non-degenerate charged black holes in higher dimensions,” Phys. Rev. D67 (2003) 084025, hep-th/0302091.

[50] E. Seidel, “A comment on the eigenvalues of spin weighted spheroidal functions,” Class. Quant. Grav. 6 (1989) 1057.

[51] V. Cardoso, E. Berti, and M. Cavaglia, “What we (don’t) know about black hole formation in high- energy collisions,” Class. Quant. Grav. 22 (2005) L61–R84,

hep-ph/0505125.

[52] H. Yoshino, T. Shiromizu, and M. Shibata, “The close limit analysis for head-on collision of two black holes in higher dimensions: Brill-Lindquist initial data,” Phys. Rev. D72 (2005) 084020, gr-qc/0508063.

[53] J. L. Hewett, B. Lillie, and T. G. Rizzo, “Black holes in many dimensions at the LHC: Testing critical string theory,” hep-ph/0503178.

[54] W. H. Press and S. A. Teukolsky, “Floating orbits, super-radiant scattering and the black-hole bomb,” Nature 238 (1972) 211.

[55] V. P. Frolov, D. V. Fursaev, and D. Stojkovic, “Rotating black holes in brane worlds,” JHEP 06 (2004) 057, gr-qc/0403002.

[56] V. P. Frolov, D. V. Fursaev, and D. Stojkovic, “Interaction of higher-dimensional rotating black holes with branes,” Class. Quant. Grav. 21 (2004) 3483–3498,

gr-qc/0403054.

23

24

25

26

27

28

29

30