arXiv:hep-th/0602214 v1 21 Feb 2006

hep-th/0602214
   DESY-06-018
  ZMP-HH/06-02

Exact expressions for quantum corrections to spinning strings

Sakura Schäfer-Nameki

II. Institut für Theoretische Physik der Universität Hamburg Luruper Chaussee 149, 22761 Hamburg, Germany and Zentrum für Mathematische Physik, Universität Hamburg Bundesstrasse 55, 20146 Hamburg, Germany

sakura.schafer-nameki at desy.de

Abstract

The one-loop worldsheet quantum corrections to the energy of spinning strings on R×S^3 within AdS_5 × S^5 are reexamined. The explicit expansion in the effective ’t Hooft coupling λ^′ = λ/J^2 is rigorously derived. The expansion contains both analytic and non-analytic terms in λ^′, as well as exponential corrections. Furthermore, we pin down the origin of the terms that are not captured by the quantum string Bethe ansatz, which only produces analytic terms in λ^′. It is shown that the analytic terms arise from string fluctuations within the S^3, whereas the non-analytic and exponential terms, which are not captured by the Bethe ansatz, originate from the fluctuations in all directions within the supersymmetric sigma model on AdS_5 × S^5. We also comment on the case of spinning string in AdS_3 × S^1.

1 Introduction and Summary

The world-sheet one-loop corrections to the energy of spinning strings in AdS_5 × S^5 has been the subject of vivid discussions. A better understanding of these quantum string corrections would not only elucidate various aspects of the AdS/CFT correspondence between string theory on AdS_5 × S^5 and d = 4, N = 4 SU(N_c) SYM theory, but would moreover provide valuable insight into the structure of quantum strings on curved, flux-supported backgrounds, which so far are not amenable to standard quantization techniques.

A bold and possibly very powerful conjecture was put forward, packaging the complete quantum string spectrum on AdS_5 × S^5 into a Bethe ansatz [1, 2, 3]. This proposal was partly inspired by the Bethe ansatz description of anomalous dimensions of gauge-invariant operators in SYM [4, 5, 6, 7, 2, 3, 8], and likewise the existence of a Bethe-ansatz-like structure for the classical string on AdS_5 × S^5 [9, 10, 11, 12, 13, 14]. Needless to say, testing this Bethe ansatz is of utmost importance.

A particularly restrictive constraint that has to be met by the Bethe ansatz are the worldsheet corrections to the Frolov-Tseytlin solutions that can be computed semi-classically [15, 16, 17, 18, 19]. The present status of these investigations is that the string Bethe ansätze capture these semi-classical results only partly [20, 21, 22, 23, 24]. The subject of this letter is to pinpoint the problem which is causing the disagreement.

The one-loop energy shift, i.e., the O(α^′) corrections to the string energy, has been discussed at leading order in the ’t Hooft coupling λ^′ = λ/J^2 in [20, 21]. In particular, the analysis of [20] showed, that these corrections could be computed from the Landau-Lifschitz model, which arises from the S^3 sector of the sigma model. In [22] a thorough investigation of the comparison between Bethe ansatz and semi-classical strings was undertaken, concluding, that under the assumption that a certain zeta-function regularization is applicable, there is agreement at least up to order λ^{′3} and furthermore the string energy has an analytic expansion in λ^′. However, the semi-classical strings and Bethe ansatz expressions were also shown to disagree when expanded for large winding numbers. This was the first indication that the Bethe ansatz may not entirely reproduce the semi-classical result.

In addition to the large winding number discrepancy, one can convince oneself of the limitations of zeta-function regularization, which can be pinned down already on the level of relatively simple sums [24]. Applying an integral approximation to the one-loop energy shift in the su(2) sector, i.e., spinning strings on S^3 × R, it was argued that the λ^′-expansion contains not only the analytic terms that arise from zeta-function regularization, but also contains non-analytic terms of order λ^{′(2n+1)/2} [23, 24, 25] and possibly exponential corrections of order e^{−λ′} [24]. Furthermore, neither of these are captured by the string Bethe ansatz. In [23] a proposal was put forward, which corrects the Bethe ansatz in order to incorporate the non-analytic terms.

The purpose of this letter is to derive the exact expression for the coefficients in the λ^′- expansion of the one-loop worldsheet correction in the su(2)-case as computed from a semiclassical analysis in [15, 18].

Before summarizing our findings, let us briefly recall the structure of the one-loop energy shift. Consider the classical spinning string solution to the supersymmetric sigma-model on AdS_5 × S^5, which is supported on S^3 × R and carries S^3 angular momentum J. Classically, the system is fully described by the fields on S^3×R, and the remaining directions in the sigma-model decouple. This is however no longer the case for the quantum corrections, which are a sum over characteristic frequencies with contributions from all fields within the supersymmetric AdS_5 × S^5 sigma-model (in the present case there are two S^3 fluctuation modes, in addition to the transverse six bosonic and eight fermionic fluctuations). In particular, the direct quantization of the classical reduced system need not lead to the correct quantum string spectrum, as was e.g. observed in [26]. Note that this is quite different to the dual gauge theory, where e.g., the su(2) subsector remains closed to all loops, see also [27].

Expanding the sum over frequencies at O(α^′) in a series in the effective ’t Hooft coupling λ^′, we find the following:

• Analytic terms λ^{′n}: S^3 modes

• Non-analytic terms λ^{′(2n+1)/2}: S^3, transverse bosonic and fermionic modes

• Exponential terms e^{−λ′} : S^3, transverse bosonic and fermionic modes.

This in particular confirm the leading order in λ^′ result of [20], where it was shown that the analytic terms can be reproduced from the Landau-Lifschitz model, which only sees the S^3- part of the fluctuations. Furthermore this is in agreement with the analytic terms arising from zeta-function regularization in [22, 24]. The non-analytic terms confirm the ones in [23, 25], where they were constructed by means of an Euler-Maclaurin type integral approximation to the sum over fluctuation frequencies. The procedure which we apply systematically incorporate all these results, and furthermore shows the existence of the exponentially suppressed terms.

Some comments are in order: firstly, one should keep in mind, that in the su(2) sector, which we study here in detail, the solution is not stable for arbitrary choices of the parameter k. In particular, the fluctuation frequencies become complex for 2k > 1. One therefore has to analytically continue the expression for the energy in k. This instability can also be seen from the Bethe ansatz, as was discussed in [20]. Therefore, any discussion of the su(2) sector needs to be taken with a grain of salt.

Keeping this in mind, one can nevertheless investigate the comparison to the Bethe ansatz. The Bethe ansatz of [1] captures precisely the analytic terms, however misses out the nonanalytic and exponential corrections. Put differently, our findings suggest that the Bethe ansatz only accounts for parts of the S^3 fluctuation modes, and in particular misses out the transverse bosonic and fermionic fluctuations. This may well be not surprising, as the quantum string Bethe ansatz is structurally formulated in a similar way to the SYM Bethe ansatz, and has the same number of degrees of freedom. The corrections proposed in [23] account for the nonanalytic terms (at half-filling), however, it remains unclear, how to systematically find these correction terms, and furthermore, how to incorporate the exponential terms.

Ideally the present analysis would be done for the stable solution in the sl(2) sector, which was explored and compared to the Bethe ansatz in [22], again making use of the infamous zeta-function regularization. The semi-classically computed one-loop energy shift in this sector [19] is structurally more complicated, however the method that we apply here can be expected to also compute the sl(2) case exactly. We shall briefly discuss this at the end of the letter.

The plan of this note is as follows. An outline of the general stratagem in section 2 is followed by the analysis for the su(2) sector energy shift in section 3, for which we derive the complete series in λ^′. We conclude with comments on the sl(2) sector.

2 The Strategy

Consider the following often-posed problem: given a sum S(λ^′) = ∑ n∈Zf(n, λ^′), find the expansion in terms of the parameter λ^′ around zero. Unless the sum converges uniformly, swapping the sum and expansion is not legitimate, wherefore in such an instant one is welladvised to first evaluate the sum and then perform the expansion in λ^′. In order to do so, we shall make use of a nice trick, which relates the sum to a contour integral in the complex plane, and allows to evaluate it by means of complex analytic methods, namely 2πi ∑ n∈Z f(n, λ^′) = π ∮ C_r dz cot(πz)f(z, λ^′) , (2.1) with the contour C_r encircling the real axis. In case f(z, λ^′) has branch-cuts inside the integration contour, the contribution of the integrals around these needs to be subtracted on the LHS. Subsequently deforming the contour to infinity, one is left with the sum over residues or cut integrals of possible poles and branch-cuts of f(z, λ^′) in the complex plane. This method was e.g., applied in the context of light-cone plane-wave string field theory [28, 29] and a version of it is known and used in field-theory as the Sommerfeld-Watson transform. The advantage is, that in this way one either obtains a closed expression for the sum, or the limit λ^′ → 0 can be performed directly on the resulting cut-integrals.

As a sample application consider the simple case of the folded string [16], the one-loop energy shift of which is

κδE_{fold} = −( √ 2 − 3)κ + 1 2 ∑ n∈Z (√ n^2 + 4κ^2 + 2 √ n^2 + 2κ^2 + 5 √ n^2 − 8 √ n^2 + κ^2 ) . (2.2)

To evaluate this in a series expansion for κ → ∞, apply (2.1), then the integrand is made out of terms of the type √ z^2 + a^2κ^2, with branch-cuts from ±iaκ to ±i∞. Deform the contour to encircle the respective cuts. One can formally do this by introducing a cutoff Λ for each cutintegral, which then drops out when summing over the contributions of all the different cuts. If one is only interested in the non-exponential correction terms, the integral can be computed by changing to z = iwκ and setting coth(πwκ) to one. Performing the integrals yields for each value of a I_a = 1 4 ( 2Λ^2 + a^2κ^2(1 + log(4)) − 2a^2κ^2 (log(iaκ) + log(1/Λ)) ) . (2.3)

There is a subtlety for the integral with a = 0, as the branch-cut in this case is not along the imaginary axis, but extends from −∞ to 0. The integral needs to be computed separately in this case and yields (in accord with the analytic continuation of the zeta-function)

Ĩ_0 = −1/12 + Λ^2/2 . (2.4)

Adding the terms present in δE together, the divergences and log-terms cancel and we arrive at δE_{fold} = 1 κ ( I_2 + 2I^√_2 + 5Ĩ_0 − 8I_1 ) = −3 log 2 κ + (3 − √ 2) − 5 12κ + O(e^{−κ}) , (2.5)

which indeed agrees with the findings in [16, 24].

3 The circular string on S^3 × R

Let us now apply this method to the circular string in the su(2) “subsector” with two equal spins J_1 = J_2 = J/2. The one-loop energy shift was obtained to be [15, 18, 20]

δE^{su(2)} = δE^{(0)} + ∞∑ n=1 δE^{(n)} , (3.1)

where

δE^{(0)} = 2 + √ 1 − 2k^2 J^2 + k^2 − 3 √ 1 − k^2 J^2 + k^2

δE^{(n)} = 2 √ 1 + (n + √ n^2 − 4k^2)^2 4(J^2 + k^2) + 2 √ 1 + n^2 − 2k^2 J^2 + k^2 + 4 √ 1 + n^2 J^2 + k^2 − 8 √ 1 + n^2 − k^2 J^2 + k^2 . (3.2) The various terms in δE^{(n)} are in turn: two S^3 characteristic frequencies, six transverse bosonic frequencies, and eight fermionic frequencies, which enter with the opposite sign. Furthermore λ^′ = 1/J^2 and we wish to expand this for large J .

To be precise, (3.2) is the result for even winding. For odd winding the fermions are halfinteger moded, the field being antiperiodic [15, 18]. In this case the fermionic fluctuations are to be replaced as follows

δE^{fermi} = −8 √ 1 + n^2 − k^2 J^2 + k^2 → −4 √ 1 + (n + 1/2)^2 − k^2 J^2 + k^2 − 4 √ 1 + (n − 1/2)^2 − k^2 J^2 + k^2

. (3.3)

We shall focus in the main part of the paper on the former and discuss the odd winding in appendix A. The frequencies appearing in δE are real for 2k < 1. We shall assume this throughout the computation. The result can then be analytically continued to other values of k at the end.

In order to make use of (2.1), let us first rewrite the 1-loop energy shift as a sum over all integers: the summands are all dependent only on n^2 so that

δE^{su(2)} √ J^2 + k^2 = 1 2 ∞∑ n=−∞ (ω_n + Ω_n) . (3.4)

where ω_n and Ω_n denotes the S^3 fluctuations and transverse/fermionic fluctuations, respectively. Note that the subtraction term from n = 0 is precisely δE^{(0)} √ J^2 + k^2. Applying (2.1) yields the contour integral representation ∑ n∈Z (ω_n + Ω_n) = 1 2i (∮ C_r − ∮ C_2 ) dz cot(πz) (ω_z + Ω_z ) . (3.5)

The first term is simply the integral around the real axis. In order to understand the second integral, one needs to analyse the cut-structure. Furthermore, the branch-cuts determine

Figure 1: Change of integration contours. The branch-cuts are depicted by the yellow zig-zag lines.

to which contour integrals we can deform the integration along C_r . The branch-cuts of the fermionic and transverse bosonic modes are between [−i∞, −i √ J^2 ± k^2] ∪ [i √ J^2 ± k^2, i∞] , [−i∞, −iJ ] ∪ [iJ , i∞] , (3.6) respectively and thus extend all along the imaginary axis. The fluctuations along the S^3 are essentially quartic roots, and the corresponding two branch-cuts can be aligned in the following non-intersecting fashion [ −i∞, −i J^2 √ J^2 + k^2 ] ∪ [ i J^2 √ J^2 + k^2 , i∞ ] , [−2k, 2k] . (3.7)

The former is of the same type as the imaginary cuts in (3.6). The latter is a real cut. Due to this branch-cut the corresponding integral around the cut (denoted by C_2) has to be subtracted in (3.5) – see the LHS of figure 1.

The first contour around the real axis in (3.5) can be deformed to encircle the remaining branch-cuts that extend on the imaginary axis, i.e. ∑ n∈Z (ω_n + Ω_n) = 1 2i (∮ C_1 − ∮ C_2 ) dz cot(πz) (ω_z + Ω_z ) , (3.8)

where the deformed contours are depicted in figure 1. Obviously the terms in Ω_z do not contribute to the integral C_2. In order to evaluate these integrals for large J we analyse the two contributions separately. In summary we will find the following contributions:

Consider first the integral along C_1. As the integration is along the imaginary axis, the cotangent becomes a hyperbolic cotangent. Changing variables to w = z/J , and expanding for large J we can set the cotangent to one and evaluate the resulting line integrals. This approximation neglects exponentially small contributions in J (cf. similar discussion in the pp-wave literature [30, 28, 29]). We shall see that the integrals along these cuts yield the non-analytic terms, i.e., of order 1/J^{2n+1} = λ^{′n+1/2}.

The evaluation of the integral along C_2 has to be performed without such an approximation as the cotangent clearly cannot be set to one. We evaluate these by expanding the integrand in 1/J and then integrating up each term with cot(πz) expanded as

cot(x) = 1 x + 2x ∞∑ m=1 1 x^2 − π^2m^2

. (3.9)

This gives precisely the analytic terms as they were computed using zeta-function regularization.

A remark in view of the analysis of Beisert and Tseytlin [23] is in order. The split between regular parts and singular parts of the integral approximation and the sum there, is precisely the split between the contours C_1 and C_2. The above argument makes the there-observed agreement between regular and singular parts of the integral and sum, respectively, precise. Furthermore our analysis shows that there are exponentially small contributions to the sums, which can be computed as in [30, 28, 29].

3.1 Non-analytic terms

The integrals along C_1 have contributions from all fluctuations, i.e., transverse, fermionic and S^3-modes. Computing the line integrals for the transverse and fermionic modes, with an explicit (fixed) cut-off Λ the integral is

I_{trans} = ∮ C^Λ_1

dw δE^{trans}(wJ )

= − 8 log(J )J^2 + 2Λ^2 + 2(J − k)(J + k) log(Λ) + (J^2 − k^2) log ( J^2 − k^2 ) + 2 ( J^2 + k^2 ) log ( J^2 + k^2 ) + (J^2 − k^2)(1 + log(4)) . (3.10) The regulator dependence will drop out, once we add the contributions from the S^3 modes.

Similarly the case of the frequencies coming from the S^3 can be discussed. Perform the change of variables suggested by appendix C of [25]^1. The line integral with cut-off Λ is straight forwardly computed

I_S3 = ∮ C^Λ_1

dw δE^{trans}(wJ )

= − log(4)J^2 − J^2 − k^2 − 2Λ^2 − 2 ( J^2 − k^2 ) log(Λ) + ( J^2 − k^2 ) log ( J^2 + k^2 ) + k^2 log(4) .

(3.11) Thus

I_{trans}+I_S3 = −8 log(J )J^2+3 log ( J^2 + k^2 ) J^2−2k^2+ ( J^2 − k^2 ) log ( J^2 − k^2 ) +k^2 log ( J^2 + k^2 ) . (3.12)

1Namely, y = n+ √ n^2 − 4k^2 for n > 0 and y = n− √ n^2 − 4k^2 for n < 0. Then the integral from n = −Λ · · · Λ extends from y = −Λ − √ Λ^2 − 4k^2 · · · Λ + √ Λ − 4k^2.

The contribution of these terms to the energy are

δE^{na} = 1 2 √ J^2 + k^2 ( 8 log(J )J^2 + 2k^2 + ( k^2 − J^2 ) log ( J^2 − k^2 ) − ( 3J^2 + k^2 ) log ( J^2 + k^2 )) , (3.13) and have the large J expansion

δE^{na} = − 1 3 k^6 1 J^5 + 1 3 k^8 1 J^7 − 49 120 k^{10} 1 J^9 + O ( 1 J^{11} ) . (3.14)

These are the non-analytic terms that were observed to be missed in the naive zeta-function regularization of the energy shift [23, 24, 25].

3.2 Analytic terms

Finally we are left with the cut-integral around C_2. As remarked earlier, the integral remains along the real axis and thus the cotangent gives non-trivial contributions in the large J limit. Expanding the integrand δE^{(z)} for large J yields

δE^{(z)} = ( k^2 − 1 2 z^2 + 1 2 z √ z^2 − 4k^2 ) 1 J^2 + ( z^4 8 − 5k^4 4 − 1 8 z ( 2k^2 + z^2 ) √ z^2 − 4k^2 ) 1 J^4 + ( 1 16 ( 14k^6 + 17z^2k^4 + 2z^4k^2 − z^6 ) + 1 16 z ( 3k^4 + z^4 ) √ z^2 − 4k^2 ) 1 J^6 + O ( 1 J^8 ) . (3.15) Integrating each order in J together with cot(πz) in the representation (3.9) yields precisely the zeta-function regularized part, i.e., the analytic in λ^′ terms. Consider first the non-zero mode terms (i.e., the sum part of (3.9)) 1 π ∮ C_2 dz (_∞ ∑ n=1 2z z^2 − n^2 ) δE^{(z)}

= ∞∑ n=1 1 2 ( 2k^2 + n (√ n^2 − 4k^2 − n )) 1 J^2 + ∞∑ n=1 1 8 ( n^4 − 6k^4 − n ( n^2 − 2k^2 ) √ n^2 − 4k^2 ) 1 J^4 + ∞∑ n=1 1 16 ( 10k^6 − n^2k^4 + 2n^4k^2 − n^6 + n ( 3k^4 + n^4 ) √ n^2 − 4k^2 ) 1 J^6 + O ( 1 J^8 ) . (3.16) We should emphasize, that at no time in this computation we made use of zeta-function (or any other) regularization. This result simply provides a rigorous derivation of the energy shift without any unjustified assumptions.

Finally we need to address the zero mode terms. The contribution from δE^{(0)} in (3.1) has already been accounted for in (3.4). So the term that still needs to be accounted for is the 1/z “zero-mode” term in the expansion of the cotangent (3.9), which has a non-trivial residue at 0 with the contribution

πRes_{z=0} cot(πz) √ 4J^2 + 4k^2 + (z + √ z^2 − 4k^2)^2 = 2J . (3.17)

This is again analytic in λ^′ and the corresponding term has the expansion

δE^{zero} = 1 − k^2 2 1 J^2 + 3k^4 8 1 J^4 − 5k^6 16 1 J^6 + O ( 1 J^8 ) . (3.18)

In summary we obtain the rather concise expressions for the energy in an expansion in 1/J

δE^{na} = 1 2 √ J^2 + k^2 ( 8 log(J )J^2 + 2k^2 + ( k^2 − J^2 ) log ( J^2 − k^2 ) − ( 3J^2 + k^2 ) log ( J^2 + k^2 ))

δE^a = 1 π ∞∑ i=1 ( 1 J^{2i} ∞∑ n=1 [∮ C_2 dz 2z z^2 − n^2 δE^{(z)} | |_{J −2i} ])

δE^{zero} = J √ J^2 + k^2 . (3.19) Here, δE^{(z)} | |_{J −2i} denotes the coefficient of 1/J 2i in the expansion of δE(z). Recall also that in the expression for the non-analytic terms δE^{na} is exact up to exponential corrections O ( e^{−J} ) . δE^a + δE^{zero} reproduce the terms that one obtains naively from zeta-function regularization.

3.3 Exponential corrections

The exponential corrections have so far been neglected in the contour integral along C_1 by setting cot(πJ z) for imaginary z and large J to one. Here, we wish to determine an exact formula for them. The strategy is to differentiate δE^{(n)} twice with respect to J . By this procedure we can treat each frequency separately, as each separate sum converges, although we loose information about the polynomial dependence on 1/J . However as we have explicit expressions for these to all orders already we can safely ignore this issue. For the transverse and fermionic fluctuations the relevant terms after acting with O =

(_1 J ∂ ∂J )_2

is, for a = a(J ) S(a) = − ∞∑ n=1 1 (a^2 + n^2)^{3/2}

. (3.20)

Applying (2.1) to this sum yields after integration by parts S(a) = − 1 a^2 + 1 2a^3 − π a ∫_∞ 1 dz z √ z^2 − 1 1 sinh^2(πaz)

. (3.21)

The combined expressions for the transverse modes, integrated up again is

δE^{trans}|_{exp} = 1 √ J^2 + k^2

O^{−1} ( 8S(J ) − 4S( √ J^2 + k^2) − 2S( √ J^2 − k^2) )| |_{exp} = 1 2π^2 √ J^2 + k^2 ∫_∞ 1 dz z^2 √ z^2 − 1 × × ∑ l=0,k,ik α_l [( 2πz √ J^2 + l^2 log ( 1 − e^{−2√J 2+l2 πz} ) − Li_2 ( e^{−2√J 2+l2 πz} ))] . (3.22) where α_0 = 8, α_k = −4, α_{ik} = −2 and the polylogs Li_n = ∑_∞ m=1 z^m m^n . Since the dependence on

J is now only in the prefactor and the (poly)log-terms, the exponential corrects are obtained by expanding the log in a power series in e^{−J} .

The remaining term from the S^3-fluctuations are

δE^{S3} |_{exp} = −4O^{−1} √ 2 ∫ C_2 dz 1 (2J^2 + z(z + √ z^2 − 4k^2))^{3/2} cot(πz) | | | exp = 1 π √ J^2 + k^2 ∫_∞ 1 dy y √ y^2 − 1 ∫_J dJ J (J^2 + k^2)^{3/2} log ( 1 − e^− 2π((^{y2−1})^{k2 +J 2y2}) √_{J 2+k2 y} ) . (3.23)

The combined expressions (3.22) and (3.23) are the exponentially suppressed terms in the string energy shift.

3.4 Comments on the AdS_3 × S^1 sector

From the foregoing analysis we can learn various points about the spinning strings on AdS_3 ×S^1. This case is of interest, as on does not require the analytic continuation in the winding number k that we had to make use of for the S^3 × R case. In particular the solutions in this sector are stable for all values of the winding numbers k and m (we refer the reader to [19, 22] for the notation used). The AdS_3 fluctuations are the obstruction to exactly evaluating the sum in this case, and they are given by

∑_4

I=1 ϵ_{n,I} ω^{(I)}n , where ω^{(I)}n are roots of a quartic polynomial P_n(ω), and ϵ_{n,I} are signs. As a function of n these are complicated non-analytic functions, and unfortunately we have nothing much to say about these. However the structure of the transverse and fermionic fluctuations is similar to the ones in (3.2). In particular, these contribute only through branch-cuts of the type C_1 and can be treated in an identical fashion to section 3.1. One finds that these again contribute with odd powers of 1/J and exponential terms, which when compared to [22] are again yet to be included into the Bethe ansatz.

Acknowledgments

I thank S. Frolov, A. Tseytlin, M. Zamaklar and K. Zarembo for discussions and for comments on the draft. This work was partially supported by the DFG, DAAD, and European RTN Program MRTN-CT-2004-503369.

Appendix A Half-integral fermion frequencies

In this appendix we discuss the energy shift for the circular string in the su(2) sector with the half-integer moded fermion frequencies (3.3), which arise for odd winding number. We shall confine our analysis to the non-analytic terms. Needless to say, the analytic terms are unchanged.

The main change to note is that the branch-cuts for the frequencies √ (n ± 1/2)^2 + J^2 are located from [1/2−i∞, 1/2−iJ ]∪[1/2+iJ , 1/2+i∞] , [−1/2−i∞, −1/2−iJ ]∪[−1/2+iJ , −1/2+i∞] (A.1) Together with the remaining cut-integrals for the other transverse modes, these contribute

I^{trans} =Λ^2 − (J^2 − k^2) log(Λ) + 1 2 ( 8 log(J )J^2 + ( k^2 − J^2 ) log ( J^2 − k^2 )

− 2 ( J^2 + k^2 ) log ( J^2 + k^2 ) + ( k^2 − J^2 ) (1 + log(4))

) (A.2)

Λ is again the cut-off. The S^3-fluctuation frequencies are unchanged (3.11) and joining these we arrive at

δE^{na} = 1 2 √ J^2 + k^2 ( 8 log(J )J^2 + 2k^2 + ( k^2 − J^2 ) log ( J^2 − k^2 ) − ( 3J^2 + k^2 ) log ( J^2 + k^2 )) (A.3) This agrees with the correction for the integer-moded fermion case in the main part of the paper.

References

[1] G. Arutyunov, S. Frolov, and M. Staudacher, Bethe ansatz for quantum strings, JHEP 10 (2004) 016, [hep-th/0406256].

[2] M. Staudacher, The factorized S-matrix of CFT/AdS, JHEP 05 (2005) 054, [hep-th/0412188].

[3] N. Beisert and M. Staudacher, Long-range PSU(2,2|4) Bethe ansaetze for gauge theory and strings, hep-th/0504190.

[4] J. A. Minahan and K. Zarembo, The bethe-ansatz for N = 4 super yang-mills, JHEP 03 (2003) 013, [hep-th/0212208].

[5] N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys.

B670 (2003) 439–463, [hep-th/0307042].

[6] D. Serban and M. Staudacher, Planar N = 4 gauge theory and the Inozemtsev long range spin chain, JHEP 06 (2004) 001, [hep-th/0401057].

[7] N. Beisert, V. Dippel, and M. Staudacher, A novel long range spin chain and planar N = 4 super Yang- Mills, JHEP 07 (2004) 075, [hep-th/0405001].

[8] A. Rej, D. Serban, and M. Staudacher, Planar N = 4 gauge theory and the Hubbard model, hep-th/0512077.

[9] V. A. Kazakov, A. Marshakov, J. A. Minahan, and K. Zarembo, Classical / quantum integrability in AdS/CFT, JHEP 05 (2004) 024, [hep-th/0402207].

[10] K. Zarembo, Semiclassical Bethe ansatz and AdS/CFT, Comptes Rendus Physique 5 (2004) 1081–1090, [hep-th/0411191].

[11] N. Beisert, V. A. Kazakov, and K. Sakai, Algebraic curve for the SO(6) sector of AdS/CFT, hep-th/0410253.

[12] S. Schafer-Nameki, The algebraic curve of 1-loop planar N = 4 SYM, Nucl. Phys. B714 (2005) 3–29, [hep-th/0412254].

[13] N. Beisert, V. A. Kazakov, K. Sakai, and K. Zarembo, The algebraic curve of classical superstrings on AdS(5) x S(5), hep-th/0502226.

[14] L. F. Alday, G. Arutyunov, and A. A. Tseytlin, On integrability of classical superstrings in AdS(5) x S(5), JHEP 07 (2005) 002, [hep-th/0502240].

[15] S. Frolov and A. A. Tseytlin, Quantizing three-spin string solution in AdS(5) x S(5), JHEP 07 (2003) 016, [hep-th/0306130].

[16] S. Frolov and A. A. Tseytlin, Semiclassical quantization of rotating superstring in AdS(5) x S(5), JHEP 06 (2002) 007, [hep-th/0204226].

[17] S. Frolov and A. A. Tseytlin, Multi-spin string solutions in AdS(5) x S(5), Nucl. Phys.

B668 (2003) 77–110, [hep-th/0304255].

[18] S. A. Frolov, I. Y. Park, and A. A. Tseytlin, On one-loop correction to energy of spinning strings in S(5), Phys. Rev. D71 (2005) 026006, [hep-th/0408187].

[19] I. Y. Park, A. Tirziu, and A. A. Tseytlin, Spinning strings in AdS(5) x S(5): One-loop correction to energy in SL(2) sector, JHEP 03 (2005) 013, [hep-th/0501203].

[20] N. Beisert, A. A. Tseytlin, and K. Zarembo, Matching quantum strings to quantum spins:

One-loop vs. finite-size corrections, Nucl. Phys. B715 (2005) 190–210, [hep-th/0502173].

[21] R. Hernandez, E. Lopez, A. Perianez, and G. Sierra, Finite size effects in ferromagnetic spin chains and quantum corrections to classical strings, JHEP 06 (2005) 011, [hep-th/0502188].

[22] S. Schafer-Nameki, M. Zamaklar, and K. Zarembo, Quantum corrections to spinning strings in AdS(5) x S(5) and Bethe ansatz: A comparative study, JHEP 09 (2005) 051, [hep-th/0507189].

[23] N. Beisert and A. A. Tseytlin, On quantum corrections to spinning strings and Bethe equations, Phys. Lett. B629 (2005) 102–110, [hep-th/0509084].

[24] S. Schafer-Nameki and M. Zamaklar, Stringy sums and corrections to the quantum string Bethe ansatz, JHEP 10 (2005) 044, [hep-th/0509096].

[25] J. A. Minahan, A. Tirziu, and A. A. Tseytlin, 1/J**2 corrections to BMN energies from the quantum long range Landau-Lifshitz model, JHEP 11 (2005) 031, [hep-th/0510080].

[26] G. Arutyunov and S. Frolov, Uniform light-cone gauge for strings in AdS(5) x S(5):

Solving su(1|1) sector, JHEP 01 (2006) 055, [hep-th/0510208].

[27] J. A. Minahan, The SU(2) sector in AdS/CFT, Fortsch. Phys. 53 (2005) 828–838, [hep-th/0503143].

[28] J. Lucietti, S. Schafer-Nameki, and A. Sinha, On the exact open-closed vertex in plane-wave light-cone string field theory, Phys. Rev. D69 (2004) 086005, [hep-th/0311231].

[29] J. Lucietti, S. Schafer-Nameki, and A. Sinha, On the plane-wave cubic vertex, Phys. Rev.

D70 (2004) 026005, [hep-th/0402185].

[30] Y.-H. He, J. H. Schwarz, M. Spradlin, and A. Volovich, Explicit formulas for Neumann coefficients in the plane- wave geometry, Phys. Rev. D67 (2003) 086005, [hep-th/0211198].