arXiv:hep-th/0602265 v2 9 May 2006

SU-4252-823 SINP/TNP/06-02 IMSC/2006/3/4 DIAS-STP-06-03

May 9, 2006

Noncommutative Two Dimensional Gravities

A. P. Balachandran^a, T. R. Govindarajan^{b12}, Kumar S. Gupta^c, Seçkin Kürkçüoǧlu^d

a Department of Physics Syracuse University Syracuse NY 13244-1130 USA e-mails: bal@phy.syr.edu

b Instituto de Física Universidade de São Paulo C.P. 66318, São Paulo, SP, 05315-970, Brazil e-mails: tiargi@fma.if.usp.br

c Saha Institute of Nuclear Physics Theory Division, 1/AF Bidhannagar Kolkata 700064, India.

e-mails: kumars.gupta@saha.ac.in

d School of Theoretical Physics Dublin Institute for Advanced Studies 10 Burlington Road Dublin 4, Ireland e-mails: seckin@stp.dias.ie

Abstract We give formulations of noncommutative two dimensional gravities in terms of noncommutative gauge theories. We survey their classical solutions and show that solutions of the corresponding commutative theories continue to be solutions in the noncommutative theories as well. We argue that the existence of “twisted” diffeomorphisms, recently introduced in [1], is crucial for this conclusion.

Dedicated to Rafael Sorkin, our friend and teacher, and a true and creative seeker of knowledge.

1On leave of absence from Institute for Mathematical Sciences, C. I. T. Campus Taramani,Chennai 600 113, India, E-mail:trg@imsc.res.in.

2At Max Planck Institute for Gravitation Physics, AEI, Golm, Germany, after 25^{th} February until 30^{th} June.

1 Introduction

Recently progress have been made in formulating gravity theories on noncommutative(NC) spaces. In [1], a new approach has been developed to restore the action of diffeomorphisms as a symmetry of the Groenewold-Moyal type NC spacetimes. . Using this new approach, the authors of [1] were able to construct a noncommutative version of the Einstein-Hilbert action, which is invariant under the deformed or “twisted” diffeomorphisms. However, due to the complicated nature of the resulting expressions, it is not easy to extract the physical predictions of the new theory [However, for recent progress along this line see [2]]. Thus it could be practically advantageous to study the consequences of these developments in the less complicated setting of two dimensional gravities. The latter are well-known in the literature and elegantly formulated as gauge theories [3, 4, 5, 6, 7, 8, 9].

In this article, we construct “twisted” generally covariant noncommutative gauge theories describing noncommutative gravity models on two dimensional noncommutative spaces. We analyze their classical solutions and show that they are the same as the solutions of their corresponding commutative theories. We argue that the presence of “twisted” diffeomorphisms is essential for the latter conclusion.

Our results for the case of the noncommutative version of the standard two dimensional gravity theory bear strong similarities with the earlier work of Cacciatori et. al. [12], our difference being in the class of diffemorphisms the relevant action admits and its implementation.

Our results in this article are also consistent with the results of work in progress of Balachandran et. al. [10], where another approach is being developed to understand the action of “twisted” symmetries. It has as one of its predictions that gravity theories without sources on the Groenewold-Moyal plane have the solutions of the corresponding commutative theories.

The need for “twisted” symmetries in formulating NC two dimensional gravities have also been recently argued in [11].

This paper is organized as follows. In section 2 we discuss NC gauge theory formulation of two dimensional gravity with zero cosmological constant and show that it has trivial solutions. In section 3 we formulate the NC gauge theories for two dimensional gravities with nonzero cosmological constant. Here we give the appropriate action and demonstrate its invariances under NC gauge transformations and “twisted” diffeomorphisms. In section 4, we study the classical solutions of the theories formulated in section 3 and arrive at the result that they are same as that of their corresponding commutative theories.

2 Noncommutative Gauge Theory for Two Dimensional Gravity with Zero Cosmological Constant

Let us formulate two dimensional noncommutative gravity using the noncommutative version of the SO(1,1) gauge group. In the commutative case, we can think of the SO(1, 1) gauge group as generated by a single Pauli matrix, say σ_2. It is well-known that gravity based on this group is completely trivial. We will see below that the same holds for gravity based on the noncommutative version of the SO(1, 1) gauge group. In this case, the gauge group has two commuting generators, σ_2 and the 2 × 2 identity matrix I, the latter arising due to the noncommutativity of space-time.

Consider the connection one form

A = ωσ_2 + fI (1) where ω is the spin connection and f is an additional one form. The corresponding curvature two form is F = dA + A ∧_∗ A = (dω + f ∧_∗ ω + ω ∧_∗ f) σ_2 + (df + ω ∧_∗ ω + f ∧_∗ f) I ≡ F^1σ_2 + F^2I , (2)

where ∧_∗ is understood to be the ordinary wedge product, except that the components of differential forms are now being multiplied with the Groenewold-Moyal ∗-product^1.

Let us also introduce a two component scalar field ϕ = (ϕ_1σ_2 + ϕ_2I). Using ϕ and F we can form the gauge invariant action S = 1 2 ∫ T r (ϕ ∗ F ) = 1 2 ∫ ϕ_1 ∗ F^1 + ϕ_2 ∗ F^2 . (3)

S is invariant under infinitesimal gauge transformations F → F + i[υ , F ]_∗ , ϕ → ϕ + i[υ , ϕ]_∗ , (4) where υ = υ_1σ_2 + υ_2I is the gauge transformation parameter.

Using (2) and (3) and the fact that one ∗-product can be removed under the integral sign we see the nonlinear terms in the integrand of (3) either become zero or reduce to total derivatives. Thus, we can rewrite S as S = 1 2 ∫ ϕ_1 ∗ dω + ϕ_2 ∗ df = 1 2 ∫ ϕ_1 dω + ϕ_2 df . (5)

From (5) we infer that dω = df = 0. They give trivial solutions for gravity.

It will become clear after the discussion in section 3 that the action (5) is indeed invariant under “twisted” diffemorphisms.

Hereafter we focus on theories with nonzero cosmological constant.

3 Noncommutative Gauge Theories for Two Dimensional Gravity with Nonzero Cosmological Constant

3.1 Generalities Let us now direct our attention to the formulation of possible gauge theories with nonzero cosmological constant and with or without a dilaton. They are based on the gauge group U(1, 1) ≈ SO(2, 1) × U(1) and its contractions. The presence of the extra U(1) factor is due to the noncommutativity of the theory.

1For two functions f , g ∈ Aθ(R^2) the Groenewold-Moyal ∗-product is defined as: f ∗ g(x) = f(x)e^{i2 ←−∂ μθμν−→∂ ν} g(x) , where θ^{μν} = θε^{μν} , (ε^{01} = 1) and θ is the noncommutativity parameter.

The associated Lie algebra so(2, 1) ⊕ u(1) is generated by P_a, J and I (a = 0, 1). The commutation relations among these generators are given by

[P_a, P_b] = − 1 2 Λ s ε_{ab}(2J − sI) , [P_a , J] = ε_a^bP_b , [P_a , I] = [J , I] = 0 , (ε^{01} = 1) . (6)

Thus I is a central element. Here Λ is the cosmological constant and s is a dimensionless parameter whose role will be explained below. For the generators we will sometimes use the notation

(Q_a, Q_2, Q_3) ≡ (P_a, J, I) , a ∈ {0, 1} (7)

in the text.

For finite values of Λ and s, the commutation relations in (6) are those of the standard so(2, 1) ⊕ u(1) Lie algebra as can be seen by making the substitutions^Λ_s → Λ and (J −^1_2 sI) → J. Keeping Λ finite and letting s → ∞ results in what is known as the centrally extended Poincaré algebra [9]. We also recall that the gauge theory formulation of the two dimensional gravity model is based on so(2, 1), while the centrally extended Poincaré algebra is required for the formulation “string-inspired” gravity [9].

Throughout the paper we work with the fundamental representation of (6). It is given by:

P_0 = 1 2 √ Λ s iσ_3 , P_1 = 1 2 √ Λ s σ_1 , J = 1 2 (σ_2 + sI) , (8)

where σ_i , (i = 1, 2, 3) as usual denote the Pauli matrices. In this representation the following relations hold:

J^2 = sJ +

1 − s^2 4 I , {J, P_a} = sP_a , {P_a, P_b} = − Λ 2s h_{ab}I T rP_aP_b = − Λ 2s h_{ab} , T rJ^2 =

1 + s^2 2 , T rI = 2 , (9)

where h_{ab} = diag(1, −1) and {., .} denote anticommutators.

Let us consider the connection one form A. It is composed of the zweibein’s e^a(a = 0, 1), the spin connection ω and the additional one form k. Expanding in the Lie algebra basis, A reads

A := A^αQ_α = e^aP_a + ωJ + Λ 2 kI , (α = 0, 1, 2, 3) . (10)

We compute the curvature associated to A in a straightforward fashion using

F = dA + A ∧_∗ A . (11)

We find F = [ de^a + 1 2 ε_b^a(e^b ∧_∗ ω − ω ∧_∗ e^b) + 1 2 Λ(k ∧_∗ e^a + e^a ∧_∗ k) + s 2 (e^a ∧_∗ ω + ω ∧_∗ e^a) ] P_a+ [ dω + sω ∧_∗ ω − Λ 2s ε_{ab}e^a ∧_∗ e^b + Λ 2 (k ∧_∗ ω + ω ∧_∗ k) ] J+ [ Λ 2 dk + Λ^2 4 k ∧_∗ k − Λ 4s h_{ab}e^a ∧_∗ e^b + Λ 4 ε_{ab}e^a ∧_∗ e^b +

1 − s^2 4 ω ∧_∗ ω ] I . (12)

Under the infinitesimal gauge transformations generated by υ = υ^aP_a + υ^2J + υ^3I, we have A −→ A^′ = A + iD^∗υ , D^∗υ = dυ + i[υ , A]_∗ F −→ F^′ = F + i[υ , F ]_∗ , (13)

while under finite gauge transformations A −→ A^′ = e^{iυ} ∗ (A + d) ∗ (e^{iυ})^{−1}_∗ , F −→ F^′ = e^{iυ} ∗ F ∗ (e^{iυ} )^{−1}_∗ . (14)

Note that in above (e^{iυ})^{−1}_∗ is the ∗-inverse of (e^{iυ}).

3.2 The Action We now give the gauge theory action describing NC gravity theories with nonzero cosmological constant, in two dimensions. Generalizing from the commutative theory we write, S = ∫ T r(ξ ∗ F ) , (15) Here we introduced the 4-component scalar field ξ = − 2s Λ η^aP_a + 2 1 + s^2 η^2J + 1 Λ η^3I , (16)

and the trace is taken over the Lie algebra basis. We note the peculiar factors in front of the component fields in (16); in the action S, they cancel with the factors coming from the traces.

In terms of the component fields, the action S reads S = ∫ η_a ∗ [ de^a + 1 2 ε_b^a(e^b ∧_∗ ω − ω ∧_∗ e^b) + Λ 2 (k ∧_∗ e^a + e^a ∧_∗ k) + s 2 (e^a ∧_∗ ω + ω ∧_∗ e^a) ] + ∫ η_2 ∗ [ dω + sω ∧_∗ ω − Λ 2s ε_{ab}e^a ∧_∗ e^b + Λ 2 (k ∧_∗ ω + ω ∧_∗ k) ] + ∫ η_3 ∗ [ dk + Λ 2 k ∧_∗ k − 1 2 h_{ab}e^a ∧_∗ e^b + 1 2 ε_{ab}e^a ∧_∗ e^b +

1 − s^2 2Λ w ∧_∗ ω ] . (17)

Let us note that several terms in this action do in fact vanish. Recalling that one ∗-product can be removed under the integral and removing the ∗ in the ∧_∗, we find that the 3^{rd} and 4^{th} terms of the first integral, the 2^{nd} and 4^{th} terms of the second integral and the 2^{nd} and 3^{rd} and 5^{th} terms of the third integral are zero. Thus we have S = ∫ η_a ∗ ( de^a + 1 2 ε_b^a(e^b ∧_∗ ω − ω ∧_∗ e^b) ) + η_2 ∗ ( dω − Λ 2s ε_{ab}e^a ∧_∗ e^b ) + η_3 ∗ ( dk + 1 2 ε_{ab}e^a ∧_∗ e^b ) . (18)

S is invariant under both the infinitesimal NC gauge transformations and “twisted” diffeomorphisms. We now explicitly demonstrate these invariances.

3.3 Symmetries Gauge Invariance:

The action given in (15) is gauge invariant under the infinitesimal gauge transformation given in (13) for the curvature F and the standard infinitesimal transformation law of scalar fields in the NC gauge theories:

ξ → ξ + i[υ , ξ]_∗ (19)

Explicitly, we have S(ξ + δξ, F + δF ) = ∫ T r(ξ + i[υ , ξ]_∗) ∗ (F + i[υ , F ]_∗) = ∫ T r ( ξ ∗ F + iξ ∗ [υ , F ]_∗ + i[υ , ξ]_∗ ∗ F + O(υ^2) )

= ∫ T r(ξ ∗ F ) + i ∫ T r[υ , ξ ∗ F ]_∗ + O(υ^2) = ∫ T r(ξ ∗ F ) + i ∫ υ^α ∗ ξ^β ∗ F^γ T r[Q^α , Q^βQ^γ ] + i ∫ T rQ^αQ^βQ^γ [υ^α , ξ^β ∗ F^γ ]_∗ + O(υ^2) = ∫ T r(ξ ∗ F ) + O(υ^2) , (20)

as was to be shown.

Twisted Diffemorphisms:

Implementation of space-time symmetries on noncommutative spaces was a long standing problem until very recently. It is well-known that on a d-dimensional noncommutative space R^d_θ generated by the coordinates x_μ ∈ A_θ (R^d), the Poincaré and diffeomorphism symmetries are explicitly broken due to the noncommutativity

[x_μ , x_ν ]_∗ = iθ_{μν} , (21)

if they are naively implemented. Very recently it has been reported by Chaichian et. al.[13] and Aschieri et. al. [1] that these symmetries can be restored by twisting their coproduct (See also the earlier work of Oeckl [15], Such a twist in a general context is due to Drinfel’d [16]). A clear way to understand these developments is as follows [1, 14].

Let A be an algebra. A comes with a rule for multiplying its elements. For f, g ∈ A there exists the multiplication map μ such that μ : A ⊗ A → A , f ⊗ g → μ(f ⊗ g) . (22) Now let G be the group of symmetries acting on A by a given representation D : g → D(g) for g ∈ G. We can denote this action by f −→ D(g)f . (23)

The action of G on A⊗A is formally implemented by the coproduct Δ(g). The action is compatible with μ only if a certain compatibility condition between Δ(g) and μ is satisfied. This action is f ⊗ g −→ (D ⊗ D)Δ(g)f ⊗ g , (24) and the compatibility condition requires that μ ((D ⊗ D)Δ(g)f ⊗ g) = D(g) μ(f ⊗ g) . (25) The latter can be expressed neatly in terms of the following commutative diagram : f ⊗ g Δ (D ⊗ D)Δ(g)f ⊗ g

μ(f ⊗ g) μ D(g)μ(f ⊗ g) μ

If a Δ satisfying the above compatibility condition exists, then G is an automorphism of A. If such a Δ cannot be found, then G does not act on A.

We can now specialize to the algebra A_θ (R^d). The multiplication law on A_θ (R^d) is nothing but the Groenewold-Moyal ∗-product μ_θ (f ⊗ g) = μ_{θ=0} (F f ⊗ g) = f ∗ g , (26) where μ_{θ=0}(f ⊗ g) = fg is the pointwise product and we have introduced F = e^{i2 θμν ∂μ⊗∂ν} . (27) The twisted coproduct is given by Δ_θ(g) = F^{−1}Δ_{θ=0}(g)F . (28) Δ_θ(g) satisfies the compatibility condition (25) with μ_θ as can be easily checked.

For infinitesimal symmetries, it is sufficient to consider only the Lie algebra G of G and the coproduct associated with its universal enveloping algebra.

Infinitesimal diffeomorphisms are generated by vector fields of the form ζ = ζ^μ(x)∂_μ and they form a Lie algebra. The twisted coproduct of ζ is given by Δ_θ(ζ) = F^{−1}Δ_0(ζ)F = F^{−1}(ζ ⊗ 1 + 1 ⊗ ζ)F . (29) It is compatible with the multiplication map μ_θ on A_θ (R^d).

Variation of tensor fields under twisted diffeomorphisms can be suitably represented by defining the operator X^∗_ζ acting on A_θ (R^d) as δ̂_ζ f ≡ −X^∗_ζ (f) := −ζ^α∂_αf , (30) on scalars f. Its action on tensor fields follows by the standard transformation rules of tensors. For example, on a contravariant vector field V^μ we have δ̂_ζ V^μ ≡ −X^∗_ζ (V^μ) + X^∗_{(∂ρζμ)}(V^ρ) := −ζ^ρ(∂_ρV^μ) + (∂_ρζ^μ)V^ρ . (31)

We observe that the Leibniz rule for the “twisted” vector fields is a deformed one. It is given by

X^∗_ζ (f ∗ g) = μ_θ { F^{−1}(X^∗_ζ ⊗ 1 + 1 ⊗ X^∗_ζ )F (f ⊗ g) } . (32)

This deformation of the Leibniz rule ensures that the product of two tensor fields of rank n and m transforms as a tensor field of rank n + m.

This much of information on “twisted” diffeomorphisms is sufficient for our purposes. For further details on the subject we refer to [1].

We are now ready to demonstrate the invariance of the action S in (15) under the ”twisted” diffemorphisms. We have ξ transforming as a scalar, and ε^{μν} F_{μν} transforming as a tensor density of weight −1:

δ_{ζ̂} ξ = −X^∗_ζ (ξ) := −ζ^α∂_αξ δ_{ζ̂} (ε^{μν} F_{μν} ) = −X^∗_ζ (ε^{μν} F_{μν} ) − X^∗_{(∂αζ}α_)(ε^{μν} F_{μν} ) . (33)

Using (33) we find δ_{ζ̂} (ξ ∗ ε^{μν} F_{μν} ) = −∂_α ( ζ^α(ξ ∗ ε^{μν} F_{μν} ) ) , (34) or equivalently δ_{ζ̂} (ξ ∗ ε^{μν} F_{μν} ) = −∂_α ( X^∗_ζα (ξ ∗ ε^{μν} F_{μν} ) ) . (35) Thus under the infinitesimal “twisted” diffemorphisms generated by δ_{ζ̂} , the Lagrangian changes by a total derivative: T r(ξ ∗ ε^{μν} F_{μν} ) −→ T r(ξ ∗ ε^{μν} F_{μν} ) − ∂_α ( X^∗_ζα (T r(ξ ∗ ε^{μν} F_{μν} )) ) , (36)

and hence the action S is invariant.

4 Classical Solutions

4.1 Equations of Motion Let us first examine the equations of motion following from the S in (18) when the fields η_a, η_2, η_3 are varied. We find

D^∗e^a := de^a + 1 2 ε^a_b(ω ∧_∗ e^b − e^b ∧_∗ ω) = 0 , (37a) dω − Λ 2s ε_{ab}e^a ∧_∗ e^b = 0 , (37b) dk + 1 2 ε_{ab}e^a ∧_∗ e^b = 0 . (37c)

The commutative limit of these classical equations can immediately be obtained by replacing the ∗-product with the usual pointwise product. That gives the familiar equations

De^a = de^a + ε^a_bω ∧ e^b = 0 , (38a) dω − 1 2 Λ s ε_{ab}e^a ∧ e^b = 0 , (38b) dk + 1 2 ε_{ab}e^a ∧ e^b = 0 . (38c)

We now study the solutions of the equations of motion (37) for various values of the parameters Λ and s.

4.2 The AdS_2 solution

In this case we take both Λ and s to be finite and let^Λ_s → Λ.

Let us first study the commutative theory from the equations of motion given in (38). To this end first substitute k = a −^s_Λ ω to (38c) and use (38b) to find da = 0. Thus the 1-form field a is closed and hence non-dynamical, and can be eliminated. Thus we set a = 0 in what follows. The equations of motion then describe standard two dimensional gravity [4, 9]. Making the substitution k = a −^s_Λ ω in A as well and letting (J −^1_2 sI) → J, the gauge field and the algebra can also be put into their conventional form. Thus the connection one form A in (10) can be rewritten as A = e^aP_a + ωJ . (39)

For Λ < 0, this commutative model has the well-known AdS_2 solution given by the metric

ds^2 = Λr^2dt^2 − 1 Λr^2 dr^2 . (40)

It gives the connection

A_t = iΛr 2 ( 1 1 −1 −1 ) , A_r = 1 2r ( 0 1 1 0 ) . (41)

The zweibein’s and the spin connection can be read from (41) as

e^0_t = √ Λr , e^1_t = 0 , e^0_r = 0 , e^1_r = 1 √ Λr ω_t = −Λr , ω_r = 0 . (42)

It can be easily verified that (42) satisfies the equations of motion given in (38).

It has been shown in [12] that the above AdS_2 geometry is in fact a solution of the noncommutative version of the standard two dimensional gravity model. Below we also reach this result by virtue of the presence of twisted diffeomorphisms in our theory.

Let us now show that (42) is indeed also a solution for the NC equations of motion given in (37). We reason that due to the invariance of our theory under twisted diffeomorphisms, the commutation relation between coordinates is preserved under a general coordinate transformation. Thus we have [x_0 , x_1] = iθ

(twisted diffeos) −→ [t , r] = iθ . (43) We observe that the solution given in (42) is time-independent. Hence all the ∗-products in (37) collapse to pointwise products and these equations of motion are satisfied immediately. This indeed shows that the AdS_2 geometry is a solution to our noncommutative gauge theory.

4.3 The Black Hole Solution

In this case we keep Λ finite and take s → ∞. This is the NC version of the “string inspired” gravity model [9].

In order to discuss the solutions to the equations of motion in this case, it is useful to express the action in terms of the light cone coordinates

x^± = x^0 ± x^1 . (44)

Following Verlinde [5], this task can be carried out rather easily. The action S in (18) takes the form ∫ dx^+dx^− [ η^+ ∗ ( de^+ + 1 2 (ω ∧_∗ e^− − e^− ∧_∗ ω) ) + η^− ∗ ( de^− − 1 2 (ω ∧_∗ e^+ − e^+ ∧_∗ ω) ) + χ ∗ dω + η_3 ∗ dk + η_3 ∗ e^+ ∧_∗ e^− ] , (45)

where χ := η_2 = e^φ and φ is the dilaton field.

Let us first note that the variation of (45) with respect to k gives η_3 = constant. We set this constant equal to Λ. Variations with respect to the e^− and e^+ give

e^+ = − 1 Λ D^∗η^+ = − 1 Λ ( dη^+ − 1 2 (η^+ ∗ ω + ω ∗ η^+)) ,

e^− = 1 Λ D^∗η^− = 1 Λ ( dη^− + 1 2 (η^− ∗ ω + ω ∗ η^−) ) (46)

respectively, and from variation of ω we find dχ = − 1 2 {η^−, e^+}_∗ + 1 2 {η^+, e^−}_∗ . (47)

Let us also define M^∗ = −Λχ + 1 2 (η^+ ∗ η^− + η^− ∗ η^+) . (48)

In the commutative limit M^∗ approaches the black hole mass M. Using the above equations of motion we find dM^∗ = 1 4 [ ω , [η^+ , η^−]_∗ ] ∗ + 1 4 [η^+ , [ω , η^−]_∗ ] ∗ . (49)

We recall that in the commutative theory the conformally scaled metric is given by [5] ~G = h_{ab} e^a ⊗ e^b χ ≡ Dη^+ ⊗ Dη^− −^1_Λ (M − η^+η^−)

. (50)

We take the ansatz below as the natural generalization of (50) to the NC case: ~G^∗_{μν} = 1 8 (D^∗_μη^+ ∗ D^∗_ν η^− + D^∗_ν η^+ ∗ D^∗_μη^−) ∗ ( 1 −^1_Λ ( M^∗ −^1_2 (η^+ ∗ η^− + η^− ∗ η^+) ) ) + 1 8 ( 1 −^1_Λ ( M^∗ −^1_2 (η^+ ∗ η^− + η^− ∗ η^+) ) ) ∗ (D^∗_μη^+ ∗ D^∗_ν η^− + D^∗_ν η^+ ∗ D^∗_μη^−) + (+ ←→ −) . (51)

We note that ~G_{μν} as given above is symmetric and transforms as a second rank covariant tensor under “twisted” diffeomorphisms. Thus according to the definition given in [1], it qualifies as a metric. In what follows, we proceed by setting Λ = −1.

In the commutative theory, the fields η^± are related to light cone coordinates u and v by

u(x) = η^+(x)e^− ∫_x ω , v(x) = η^−(x)e ∫_x ω . (52)

In these coordinates the black hole metric and the dilaton are given by

ds^2 = dudv 1 − uv , φ = ln(1 − uv) , (53) where M is set to be equal to 1. u and v are also closely related to the Schwarzchild type of coordinates t and r by u = sinh re^t , v = − sinh re^{−t} . (54) The metric and the dilaton in these coordinates take the form ds^2 = dr^2 − tanh^2 rdt^2 , φ = ln cosh^2 r . (55) Using the metric (55), it is easy to see that one has e^+_t e^−_t = − sinh^2 r , e^+_r e^−_r = cosh^2 r . (56) We see from (52) that η^+η^− = − sinh^2 r and thus is time-independent. Let us make the gauge choice that η^+ and η^− are time-independent and only functions of r. The equations of motion of the commutative theory for e^− and e^+ then become e^+_t = D_tη^+ = −ω_tη^+ e^−_t = D_tη^− = −ω_tη^− . (57) Thus e^+_t e^−_t = η^+η^−ω^2_t , (58) and hence ω^2_t = 1 and ω_t = ±1 . (59) The scalar curvature can be directly computed from the metric to be R = 4 cosh^2 r

. (60)

It can also be expressed as R = 2 det e ε^{μν} ∂_μω_ν . (61) Using this and (59) and (60) in (61) and the result det e = tanh r, we find

∂_tω_r = −2 tanh r cosh^2 r

(62)

with the obvious solution ω_r = −2 tanh r cosh^2 r t + h(r) . (63) Once more we reason that due to the invariance of our theory under twisted diffeomorphisms, the canonical commutation relation between coordinates are preserved under a general coordinate transformation. Thus we have

[x_0 , x_1] = iθ

(twisted diffeos) −→ [t , r] = iθ . (64) Now using the above developments we find, expanding in powers of θ:

D^∗η^+ = dη^+ − ωη^+ + 1 2 θ^2ε_{ij} ε_{kl}∂_i∂_kω∂_j ∂_lη^+ + higher order terms in θ = dη^+ − ωη^+ = Dη^+ . (65)

The result above is exact to all orders in θ since odd powers in θ vanish anyway due to antisymmetry of θ_{μν} in its indices and even powers like the θ^2 term above vanish after the differentiations on ω. Similarly we find D^∗η^− = Dη^− to all orders in θ. Time dependent solutions of the theory can be obtained through NC gauge transformations of η^±.

Thus we conclude that the black hole solution of the commutative theory, given by the metric in (55) is at the same time a solution to our noncommutative theory. For this conclusion the presence of twisted diffeomorphisms is crucial as can be clearly observed from the arguments above.

5 Concluding Remarks

In this article we have constructed noncommutative two dimensional gravities in terms of noncommutative gauge theories. We have shown that the presence of twisted diffemorphisms ensure that solutions of the corresponding commutative gauge theories continue to be solutions to these noncommutative models.

Acknowledgments

A.P.B is supported in part by the DOE grant DE-FG02-85ER40231. T.R.G was on leave of absence from IMSc at DIAS and thanks Denjoe O’Connor for making his visit possible and for the hospitality in DIAS, where part of this work was done. The work of S.K. is supported by Irish Research Council for Science Engineering and Technology (IRCSET). K.S.Gupta would like to thank S. Kürkçüoǧlu and D. O’Connor for hospitality in DIAS where a part of this work was done.

References

[1] P. Aschieri, C. Blohmann, M. Dimitrijevic, F. Meyer, P. Schupp and J. Wess, “A gravity theory on noncommutative spaces, Class. Quant. Grav. 22, 3511 (2005) [arXiv:hep-th/0504183].

[2] P. Aschieri, M. Dimitrijevic, F. Meyer and J. Wess, “Noncommutative geometry and gravity,” arXiv:hep-th/0510059.

[3] C. Teitelboim, ”Gravitation And Hamiltonian Structure In Two Space-Time Dimensions”, Phys. Lett. B 126, 41 (1983) and “The Hamiltonian structure of two-dimensional space-time and its relation with the conformal anomaly,” in Quantum Theory of Gravity, S. Christensen, ed. (Adam Hilger, Bristol, 1984);

R. Jackiw, “Liouville field theory: a two-dimensional model for gravity?,” in Quantum Theory of Gravity, S. Christensen, ed. (Adam Hilger, Bristol, 1984) and R. Jackiw, “Lower Dimensional Gravity,”, Nucl. Phys. B 252, 343 (1985);

[4] K. Isler and C. A. Trugenberger, ”Gauge Theory of Two-Dimensional Gravity”, Phys. Rev.

Lett. 63, 834 (1989);

A. H. Chamseddine and D. Wyler, “Gauge Theory Of Topological Gravity In (1+1)- Dimensions,” Phys. Lett. B 228, 75 (1989).

[5] H. Verlinde “Black Holes and string in Two Dimensions” Lectures given at Spring School on Strings and Quantum Gravity, Trieste, Italy, Apr 15-23, 1991 and at 6th Marcel Grossmann

Mtg., Kyoto, Japan, Jun 23-29, 1991 R. Dijkgraaf, H. L. Verlinde and E. P. Verlinde, “String propagation in a black hole geometry, Nucl. Phys. B 371, 269 (1992).

[6] G. Mandal, A. M. Sengupta and S. R. Wadia, “Classical solutions of two-dimensional string theory,” Mod. Phys. Lett. A 6, 1685 (1991).

[7] E. Witten, “On string theory and black holes,”, Phys. Rev. D 44, 314 (1991);

[8] C. G. . Callan, S. B. Giddings, J. A. Harvey and A. Strominger, “Evanescent black holes,” Phys. Rev. D 45, 1005 (1992) [arXiv:hep-th/9111056].

[9] D. Cangemi and R. Jackiw, ”Gauge Invariant Formulation of Lineal Gravities”, Phys. Rev.

Lett. 69, 233 (1992).

[10] A. P. Balachandran, A. Pinzul, B.Qureshi, S. Vaidya, In Progress.

[11] D. V. Vassilevich, R. Fresneda and D. M. Gitman, “Stability of a noncommutative Jackiw- Teitelboim gravity,” arXiv:hep-th/0602095.

[12] S. Cacciatori, A. H. Chamseddine, D. Klemm, L. Martucci, W. A. Sabra and D. Zanon, Noncommutative gravity in two dimensions, Class. Quant. Grav. 19, 4029 (2002) [arXiv:hep-th/0203038].

[13] M. Chaichian, P. P. Kulish, K. Nishijima and A. Tureanu, “On a Lorentz-invariant interpretation of noncommutative space-time and its implications on noncommutative QFT,” Phys. Lett. B 604, 98 (2004) [arXiv:hep-th/0408069].

[14] A. P. Balachandran, G. Mangano, A. Pinzul and S. Vaidya, “Spin and statistics on the Groenwald-Moyal plane: Pauli-forbidden levels and transitions,”, arXiv:hep-th/0508002.

[15] R. Oeckl, “Untwisting noncommutative R**d and the equivalence of quantum field theories,” Nucl. Phys. B 581, 559 (2000) [arXiv:hep-th/0003018].

[16] V. G. Drinfel’d, Quasi-Hopf Algebras, Alg. Anal. 1N6, 114 (1989). See for example, M.

Chachian, A. Demichev, Introduction to Quantum Groups, World Scientific, Singapore, 1996.