arXiv:hep-th/0603024 v2 12 Apr 2006

LMU-ASC 09/06 MPP-2006-17

Twisted Gauge Theories

Paolo Aschieri^5, Marija Dimitrijević^4, Frank Meyer^{1,2}, Stefan Schraml^2 and Julius Wess^{1,2,3}

1Arnold Sommerfeld Center for Theoretical Physics

Universität München, Fakultät für Physik Theresienstr. 37, 80333 München, Germany

2Max-Planck-Institut für Physik Föhringer Ring 6, 80805 München, Germany

3Zentrum für Mathematische Physik DESY und Universität Hamburg Notkestr. 85, 22607 Hamburg, Germany

4University of Belgrade, Faculty of Physics Studentski trg 12, 11000 Beograd, Serbia and Montenegro

5Dipartimento di Scienze e Tecnologie Avanzate Universitá del Piemonte Orientale, and INFN Via Bellini 25/G 15100 Alessandria, Italy

Abstract

Gauge theories on a space-time that is deformed by the Moyal-Weyl product are constructed by twisting the coproduct for gauge transformations. This way a deformed Leibniz rule is obtained, which is used to construct gauge invariant quantities. The connection will be enveloping algebra valued in a particular representation of the Lie algebra. This gives rise to additional fields, which couple only weakly via the deformation parameter θ and reduce in the commutative limit to free fields. Consistent field equations that lead to conservation laws are derived and some properties of such theories are discussed.

email: aschieri,meyerf,wess@theorie.physik.uni-muenchen.de, dmarija@phy.bg.ac.yu, schraml@mppmu.mpg.de

1 Introduction

The aim of this work is to construct and investigate gauge theories on deformed spacetime structures that are defined by an associative but noncommutative product of C^∞ functions. Such products are known as star products; the best known is the Moyal- Weyl product [1, 2]. In this letter we shall deal with this product exclusively.

From previous work [3, 4, 5] we know that the usual algebra of functions and the algebra of vector fields can be represented by differential operators on the deformed manifold. The deformed diffeomorphisms have been used to construct a deformed theory of gravity. Here we shall show that along the same lines a deformed gauge theory can be constructed as well. The algebra, based on a Lie algebra, will not change but the comultiplication rule will. This leads to a deformed Hopf algebra. In turn this gives rise to deformed gauge theories because the construction of a gauge theory involves the Leibniz rule that is based on the comultiplication.

Covariant derivatives can be constructed by a connection. Different to a usual gauge theory the connection cannot be Lie algebra valued. The construction of covariant tensor fields (curvature or field strength) and of an invariant Lagrangian is completely analogue to the undeformed case. Field equations can be derived and it can be shown that they are consistent. This leads to conserved currents. It is for the first time that it is seen that deformed symmetries also lead to conservation laws; note that the Noether theorem is not directly applicable in the noncommutative context.

The deformed gauge theory has interesting new features. We start with a Lie(G)- valued connection and show that twisted gauge transformations close in Lie(G), however consistency of the equation of motion requires the introduction of additional, new vector potentials. The number of these extra vector potentials is representation dependent but remains finite for finite dimensional representations. Concerning the interaction, the Lie algebra valued fields and the new vector fields behave quite differently. The interaction of the Lie algebra valued fields can be seen as a deformation of the usual gauge interactions; for vanishing deformation parameters the interaction will be the interaction of a usual gauge theory. The interactions of the new fields are deformations of a free field theory for vector potentials; for vanishing deformation parameters the fields become free. As the deformation parameters are supposed to be very small we conclude that the new fields are practically dark with respect to the usual gauge interactions.

Finally we discuss the example of a SU(2) gauge group in the two dimensional representation.

The treatment introduced here can be compared with previous ones. In [6] the noncommutative gauge transformations for U(N) have an undeformed comultiplication. The action is the same as in (4.19) if we restrict our discussion, valid for any compact Lie group, to U(N) in the n-dimensional matrix representation. In other terms we show that noncommutative U(N) gauge theories have usual noncommutative gauge transformations and also twisted gauge transformations. In [7, 8, 9, 10, 11] the situation is different because we consider field dependent transformation parameters.

2 Algebraic formulation

A noncommutative coordinate space can be realized with the help of the Moyal-Weyl product [1, 2]. On such a space we are going to construct gauge theories based on a Lie algebra.

We start from the linear space of C^∞ functions on a smooth manifold M, F un(M). To define an algebra A_θ we shall use the associative but noncommutative Moyal-Weyl product. The algebra defined with the usual, commutative point-wise product we refer to as the algebra of C^∞ functions.

The Moyal-Weyl product is defined as follows f, g ∈ F un(M) f ⋆ g = μ{e^i2^{θρσ ∂ρ⊗∂σ} f ⊗ g} (2.1) μ{f ⊗ g} = f · g, where θ^{ρσ} = −θ^{σρ} is x-independent. The ⋆-product of two functions is a function again μ_⋆ : F un(M) ⊗ F un(M) → F un(M), μ_⋆{f ⊗ g} = f ⋆ g. (2.2) Derivatives are linear maps on F un(M) ∂_ρ : F un(M) → F un(M), f → ∂_ρf. (2.3) The Leibniz rule extends these maps to the usual algebra of C^∞ functions

(∂_ρ(f · g)) = (∂_ρf) · g + f · (∂_ρg). (2.4)

This concept can be lifted to the algebra A_θ [12] ∂^⋆_ρ : f → ∂^⋆_ρ f ≡ ∂_ρf ∂^⋆_ρ (f ⋆ g) = (∂^⋆_ρ f) ⋆ g + f ⋆ (∂^⋆_ρ g). (2.5)

The last line is true because θ^{μν} is x-independent.

Analogously to differential operators acting on the usual algebra of functions we define differential operators on A_θ D^⋆ ⋆ f = ∑ n d^{ρ1...ρn} ⋆ ∂^⋆_{ρ1} . . .∂^⋆_{ρn} f. (2.6) This is well defined, ⋆ and ∂^⋆_ρ always act on functions. The product of such differential operators can be computed with the help of the Leibniz rule.

We can now define the ⋆-product as the action of a bilinear differential operator f ⋆ g = μ{F^{−1} f ⊗ g}, (2.7) with F^{−1} = e^{i2 θρσ ∂ρ⊗∂σ} . (2.8) This differential operator can be inverted f · g = μ_⋆{F f ⊗ g}. (2.9) Equation (2.9) can also be written in the form [3] f · g = (^∞∑ n=0 ( − i 2 )_n 1 n! θ^{ρ1 σ1} . . .θ^{ρn σn} ( ∂_{ρ1} . . .∂_{ρn} f ) ⋆ ∂^⋆_{σ1} . . . ∂^⋆_{σn} ) ⋆ g. (2.10)

Equation (2.10) shows that the point-wise product f · g can also be interpreted as the ⋆-action of a differential operator X^⋆_f on g f · g = X^⋆_f ⋆ g = (X^⋆_f ⋆ g), (2.11) where X^⋆_f = ∞∑ n=0 1 n! ( − i 2 )_n θ^{ρ1 σ1} . . . θ^{ρn σn} (∂_{ρ1} . . . ∂_{ρn} f) ⋆ ∂^⋆_{σ1} . . . ∂^⋆_{σn} . (2.12) From the associativity of the ⋆-product follows immediately f · g · h = X^⋆_{f ·g} ⋆ h = X^⋆_f ⋆ X^⋆_g ⋆ h. (2.13) The differential operators X^⋆_f represent the usual algebra of functions X^⋆_f ⋆ X^⋆_g = X^⋆_{f ·g}. (2.14)

3 Gauge transformations

Ordinary gauge transformations are Lie algebra-valued α(x) = α^a(x)T^a, [T^a, T^b] = if^{abc}T^c . (3.1) The gauge transformation of a field is δ_αψ(x) = iα(x)ψ(x) = iα^a(x)T^aψ(x), (3.2) i.e. δ_αψ = iα · ψ. This can be viewed as a ⋆-action δ̂_αψ = iX^⋆_{αa} ⋆ T^aψ = iX^⋆_α ⋆ ψ = iα · ψ. (3.3) When we deal with a gauge theory in physics we not only use the Lie algebra but also the corresponding Hopf algebra obtained from the comultiplication rule Δ(δ_α)(ϕ ⊗ ψ) = (δ_αϕ) ⊗ ψ + ϕ ⊗ (δ_αψ),

Δ(δ_α) = δ_α ⊗ 1 + 1 ⊗ δ_α. (3.4)

The transformation of the product of fields is δ_α(ϕ · ψ) = δ_αμ{ϕ ⊗ ψ} = μΔ(δ_α)(ϕ ⊗ ψ). (3.5) But there are different ways to extend a Lie algebra to a Hopf algebra. A convenient way is by a twist F, that is a bilinear differential operator acting on a tensor product of functions. A well known example is F = e^{− i2 θρσ ∂ρ⊗∂σ} . (3.6) It satisfies all the requirements for a twist [13, 14] and therefore gives rise to a new coproduct (the dual description of twisted gauge transformations was already introduced in [15]; see also [16])

Δ_F (δ̂_α)(ϕ ⊗ ψ) = iF(α ⊗ 1 + 1 ⊗ α)F^{−1}(ϕ ⊗ ψ) (3.7) = ∑ n ( −i 2 )^n θ^{μ1 ν1} · · · θ^{μn νn} n! (δ̂_{∂μ1 ···∂νn α} ⊗ ∂_{ν1} · · ·∂_{νn} + ∂_{μ1} · · · ∂_{μn} ⊗ δ̂_{∂ν1 ···∂νn α})(ϕ ⊗ ψ) . This coproduct defines a new Hopf algebra, the Lie algebra is extended by the derivatives, the comultiplication is deformed. This twist can also be used to deform Poincaré transformations [15, 12, 17, 3] respectively diffeomorphisms [3, 4, 5]. In [18] gauge theories consistent with twisted diffeomorphisms where constructed without deforming the coproduct for gauge transformations.

We now look at the transformation law of products of fields based on the deformed coproduct (3.7).

δ̂_α(ϕ ⋆ ψ) = μ_⋆{Δ_F (δ̂_α)(ϕ ⊗ ψ)}, (3.8)

where μ_⋆ is defined in (2.2) and δ̂_α in (3.3). We obtain δ̂_α(ϕ ⋆ ψ) = iX^⋆_{αa} ⋆ ( (T^aϕ) ⋆ ψ + ϕ ⋆ (T^aψ) ) . (3.9)

Note that the operator X^⋆_αa is at the left of both terms, this is due to the coproduct Δ_F . Formula (3.9) is different from δ̂_α(ϕ ⋆ ψ) = (δ̂_αϕ) ⋆ ψ + ϕ ⋆ (δ̂_αψ). (3.10)

It is exactly the requirement that the ⋆-product of two fields should transform as (3.9) that leads to the twist F. It is by the twisted coproduct that the ⋆-product of fields transforms like (3.3) again. The commutator of two gauge transformation closes in the usual way δ̂_αδ̂_β − δ̂_βδ̂_α = δ̂_{−i[α,β]} . (3.11)

To construct an invariant Lagrangian we have to introduce covariant derivatives D_μψ = ∂_μψ − iA_μ ⋆ ψ. (3.12) From δ̂_αψ = iX^⋆_{αa} ⋆ (T^aψ) we find δ̂_α(D_μψ) = iX^⋆_{αa} ⋆ (T^a(D_μψ)) (3.13)

if we use the proper comultiplication for the term A_μ ⋆ ψ in the covariant derivative and if the vector field transforms as follows

δ̂_αA_μ = ∂_μα + iX^⋆_{αa} ⋆ [T^a, A_μ]. (3.14)

This can also be written in the familiar way:

δ̂_αA_μ = ∂_μα + i[α, A_μ]. (3.15)

The transformation would take Lie algebra-valued objects to Lie algebra-valued objects. For reasons that will become clear in the following we will assume the hermitian field A_μ to be n × n matrix valued where n is the dimension of the Lie algebra representation. Formula (3.14) will still be true in that case.

The field-strength tensor can be obtained as usual F_{μν} = i[D_μ^⋆, D_ν ], = ∂_μA_ν − ∂_ν A_μ − i[A_μ^⋆, A_ν ]. (3.16)

Using the deformed coproduct and the gauge variation of the potential we derive the following transformation law,

δ̂_αF_{μν} = iX^⋆_{αa} ⋆ [T^a, F_{μν} ] (3.17) = i[α, F_{μν} ]. 4 Field equations

With the tensor F_{μν} and the covariant derivatives we can construct invariant Lagrangians. Starting from the usual invariant Lagrangians we replace the point-wise product by the ⋆-product and the comultiplication (3.5) with (3.7). We convince ourselves that we can construct an invariant Lagrangian under the deformed Hopf algebra. The expression F^{μν} ⋆ F_{μν} transforms as follows

δ̂_α(F^{μν} ⋆ F_{μν} ) = iX^⋆_{αa} ⋆ [T^a, F^{μν} ⋆ F_{μν} ] (4.18) = i[α, F^{μν} ⋆ F_{μν} ]. This leads to an invariant and real action

S_g = c_1 ∫ d^4x Tr(F^{μν} ⋆ F_{μν} ). (4.19)

The integral introduced in (4.19) has the trace property ∫ d^4x (f ⋆ g) = ∫ d^4x (f · g) = ∫ d^4x (g ⋆ f). (4.20)

Therefore we obtain the field equations by writing the varied field to the very left. Varying with respect to the matrix algebra-valued field A_μ leads to the field equations

(∂_μF^{μρ})_{AB} − i([A_μ^⋆, F^{μρ}])_{AB} = 0. (4.21)

Here A and B are matrix indices.

From the field equations and the antisymmetry of F^{μν} in μ and ν follows the consistency requirement ∂_ρ ( i[A_μ^⋆, F^{μρ}] ) = 0. (4.22)

To show (4.22) we have to use the equation of motion (4.21). We calculate ∂_ρ ( i[A_μ^⋆, F^{μρ}] ) = i[∂_ρA_μ^⋆, F^{μρ}] + i[A_μ^⋆, ∂_ρF^{μρ}]. (4.23)

In the second term we insert the field equation (4.21). In the first term we complete ∂_ρA_μ to the tensor F_{ρμ} by adding and subtracting the respective terms. We then use

[F_{μρ}^⋆, F^{μρ}] = 0, (4.24)

and obtain + (i)^2 2 [[A_ρ^⋆, A_μ]^⋆, F^{μρ}] +

(i)^2 2 [A_μ^⋆, [A_ρ^⋆, F^{μρ}]] −

(i)^2 2 [A_ρ^⋆, [A_μ^⋆, F^{μρ}]] = 0

for the right hand side of equation (4.23). That it vanishes follows from the Jacobi identity. Thus, we obtained a conservation law

J^ρ = i[A_μ^⋆, F^{μρ}], (4.25) ∂_ρJ^ρ = 0.

From (3.16) follows that F_{μν} is enveloping algebra valued if A_μ is. From the field equation follows that A_μ and F_{μν} will remain enveloping algebra valued in the ndimensional representation of the Lie algebra. Thus, we try to replace matrix algebra valued by enveloping algebra valued for A_μ. As an example we treat the case SU(2) in the two-dimensional representation. In this representation the generators T^a of the Lie algebra satisfy the relations

[T^a, T^b] = iϵ^{abc}T^c (4.26) and {T^a, T^b} = 1 2 δ^{ab} . (4.27)

Note that (4.26) is valid for any representation. The anticommutator is representation dependent. Equation (4.27) is only true in the two dimensional representation. In our example we can write A_μ as follows:

A_μ = B_μ + A^d_μT^d .

This is consistent with the gauge transformations; the field equations are a consequence of (4.26) and (4.27).

The tensor F_{μν} is easy to calculate following (3.16):

F_{μν} = G_{μν} + F̃^d_{μν} T^d ,

where

G_{μν} = ∂_μB_ν − ∂_ν B_μ − i[B_μ^⋆, B_ν ] − i 4 [A^d_μ^⋆, A^d_ν ]

F̃^d_{μν} = ∂_μA^d_ν − ∂_μA^d_ν − i[B_μ ⋆, A^d_ν ] − i[A^d_μ ⋆, B_ν ] + 1 2 {A^a_μ^⋆, A^b_ν }ϵ^{abd} . (4.28) Varying the Lagrangian (4.19) with respect to B_μ and A^d_μ leads to the field equations ∂^μG_{μν} − i[B^{μ ⋆}, G_{μν} ] − i 4 [A^{μa ⋆}, F̃^a_{μν} ] = 0 ∂^μF̃^d_{μν} − i[A^{μd ⋆}, G_{μν} ] − i[B^{μ ⋆}, F̃^d_{μν} ] + 1 2 ϵ^{abd}{A^a_μ^⋆, F̃^b_{μν} } = 0 . (4.29)

These field equations are consistent. They describe a triplet of vector fields A^d_μ as expected and a singlet B_μ. In the limit θ → 0, B_μ becomes a free field; it interacts only via θ and higher order terms in θ. The triplet A^d_μ satisfies the usual field equations of SU(2) gauge theory in the limit θ → 0. For θ ≠ 0 both the triplet and the singlet couple to conserved currents but the current of B_μ has no θ-independent term.

We discover that the field equations (4.28) with four conserved currents also have a larger symmetry structure, i.e. the gauge transformations (3.1) can also be enveloping algebra valued.

Acknowledgements

The authors would like to thank B. Jurco and M. Wohlgenannt for helpful discussions and comments. F.M. would like to thank L. Álvarez-Gaumé and M. Vázquez-Mozo for many useful discussions. M.D. would like to thank the Centre for Mathematical Physics, DESY and University of Hamburg, for hospitality. Financial support from the DFG program (1096) ”Stringtheorie im Kontext von Teilchenphysik”, the EC contract MRTN-CT-2004-005104, the italian MIUR contract PRIN-2005023102 and the Max- Planck Institute for Physics Munich is gratefully acknowledged.

A Notations on coproduct

We might rewrite the first part of Section 3 (up to formula (3.8)) using a more mathematically oriented language. We consider (the semidirect product of) the Lie algebra of the local gauge group α(x) = α(x)^aT^a and of translations. The undeformed coproduct on the generators is

Δ(α) = α ⊗ 1 + 1 ⊗ α = α_1 ⊗ α_2 (1.30) Δ(∂_ν ) = ∂_ν ⊗ 1 + 1 ⊗ ∂_ν (1.31) where α_1 ⊗α_2 is a convenient notation for α⊗1+1⊗α. In α_1 ⊗α_2 a sum is understood so that α_1 respectively assumes the values α and 1 (and similarly for α_2).

The action of α and ∂_ν on fields is given by the gauge transformation δ_αϕ and by the usual derivative action ∂_ν ϕ. From the coproduct Δ we have the action of α on the product of fields

δ_α(ϕ · ψ) = δ_αμ{ϕ ⊗ ψ} = μ{(δ_{α1} ϕ) ⊗ (δ_{α2} ψ)} = (δ_{α1} ϕ)(δ_{α2} ψ) , (1.32)

and the usual Leibniz rule for partial derivatives.

We now deform the coproduct Δ by using the twist F, and obtain the new coprod- uct Δ_F (α) = F(α ⊗ 1 + 1 ⊗ α)F^{−1} (1.33) = ∑ n ( −i 2 )_n θ^{μ1 ν1} · · · θ^{μn νn} n! (∂_{μ1} · · ·∂_{μn} α ⊗ ∂_{ν1} · · · ∂_{νn} +∂_{μ1} · · ·∂_{μn} ⊗ ∂_{ν1} · · · ∂_{νn} α) = α_{1F} ⊗ α_{2F}

where in the convenient notation α_{1F} ⊗ α_{2F} sum over n is understood.

Since F satisfies all the requirements for a twist, we obtain that the universal enveloping algebra generated by derivatives ∂_ν and gauge parameters α(x) = α(x)^aT^a has been equipped with a new coproduct, the twisted coproduct Δ_F . This coproduct defines a new Hopf algebra.

We now consider the noncommutative action of α and ∂_ν on fields and on ⋆- products of fields. The noncommutative action of partial derivatives is undeformed, see (2.5). Our noncommutative gauge principle is implemented by defining noncommutative gauge transformations as

δ̂_αψ = iX^⋆_{αa} ⋆ T^aψ = iX^⋆_α ⋆ ψ = iα · ψ (1.34) and δ̂_α(ϕ ⋆ ψ) = μ_⋆{(δ̂_{α1F} ϕ) ⊗ (δ̂_{α2F} ψ)}, = μ_⋆{ ∑ n ( −i 2 )_n θ^{μ1 ν1} · · · θ^{μn νn} n! (∂_{μ1} · · · ∂_{μn} α)ϕ ⊗ (∂_{ν1} · · · ∂_{νn} ψ) +(∂_{μ1} · · ·∂_{μn} ϕ) ⊗ (∂_{ν1} · · · ∂_{νn} α)ψ} = iX^⋆_αa ⋆ ( (T^aϕ) ⋆ ψ + ϕ ⋆ (T^aψ) ) . (1.35)

where μ_⋆ is defined in (2.2). The Hopf algebra structure obtained with the twisted coproduct Δ_F insures the consistency of the noncommutative gauge transformation δ̂_α on ⋆-products of fields.

References

[1] H. Weyl, Quantum mechanics and group theory, Z. Phys. 46, 1 (1927).

[2] J. E. Moyal, Quantum mechanics as a statistical theory, Proc. Cambridge Phil.

Soc. 45, 99 (1949).

[3] P. Aschieri, C. Blohmann, M. Dimitijević, F. Meyer, P. Schupp, and J. Wess, A gravity theory on noncommutative spaces, Class. Quant. Grav. 22, 3511 (2005), hep-th/0504183.

[4] P. Aschieri, M. Dimitrijević, F. Meyer, and J. Wess, Noncommutative geometry and gravity, Class. Quant. Grav. 23, 1883 (2006), hep-th/0510059.

[5] F. Meyer, Noncommutative Spaces and Gravity, Contribution to the proceedings of the I Modave Summer School in Mathematical Physics, June 2005, Modave, Belgium (2005), LMU-ASC 69/05, MPP-2005-130, hep-th/0510188.

[6] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 09, 032 (1999), hep-th/9908142.

[7] B. Jurco and P. Schupp, Noncommutative Yang-Mills from equivalence of star products, Eur. Phys. J. C14, 367 (2000), hep-th/0001032.

[8] B. Jurco, P. Schupp, and J. Wess, Noncommutative gauge theory for Poisson manifolds, Nucl. Phys. B584, 784 (2000), hep-th/0005005.

[9] B. Jurco, P. Schupp, and J. Wess, Nonabelian noncommutative gauge theory via noncommutative extra dimensions, Nucl. Phys. B604, 148 (2001), hepth/0102129.

[10] B. Jurco, S. Schraml, P. Schupp, and J. Wess, Enveloping algebra valued gauge transformations for non- Abelian gauge groups on non-commutative spaces, Eur. Phys. J. C17, 521 (2000), hep-th/0006246.

[11] B. Jurco, L. Möller, S. Schraml, P. Schupp, and J. Wess, Construction of non- Abelian gauge theories on noncommutative spaces, Eur. Phys. J. C21, 383 (2001), hep-th/0104153.

[12] J. Wess, Deformed coordinate spaces: Derivatives, Lecture given at the Balkan workshop BW2003, August 2003, Vrnjacka Banja, Serbia , hep-th/0408080.

[13] V. G. Drinfel’d, Quasi-Hopf algebras, Leningrad Math. J. 1, 1419 (1990).

[14] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge: University Press (1995) 651 p.

[15] R. Oeckl, Untwisting noncommutative R^d and the equivalence of quantum field theories, Nucl. Phys. B581, 559 (2000), hep-th/0003018.

[16] D. V. Vassilevich, Twist to close, (2006), hep-th/0602185.

[17] M. Chaichian, P. Kulish, K. Nishijima, and A. Tureanu, On a Lorentz-invariant interpretation of noncommutative space-time and its implications on noncommutative QFT, Phys. Lett. B604, 98 (2004), hep-th/0408069.

[18] A. P. Balachandran, T. R. Govindarajan, K. S. Gupta, and S. Kurkcuoglu, Noncommutative Two Dimensional Gravities, (2006), hep-th/0602265.