arXiv:hep-th/0603050 v3 3 Nov 2006

Schwinger Model In Noncommutating Space-Time

Anirban Saha^{a,b}, Anisur Rahaman^{c,d}, Pradip Mukherjee^{1 a,e} aDepartment of Physics, Presidency College 86/1 College Street, Kolkata - 700 073, India cDepartment of Physics, Durgapur Govt. College, Durgapur - 713214, Burdwan, West Bengal, India

 bani saha09@dataone.in
danisur.rahman@saha.ac.in
   epradip@bose.res.in

Abstract The 1 + 1 dimensional bosonised Schwinger model has been studied in a noncommutative scenario. The theory in the reduced phase space exhibits a massive boson interacting with a background. The emergence of this background interaction is a novel feature due to noncommutativity. The structure of the theory ensures unitarity and causality.

PAC codes: 11.15.-q, 11.10.Nx, Keywords: Schwinger Model, Hamiltonian Analysis, Noncommutativity

1Also Visiting Associate, S. N. Bose National Centre for Basic Sciences, JD Block, Sector III, Salt Lake City, Calcutta -700 098, India and IUCAA, Post Bag 4, Pune University Campus, Ganeshkhind, Pune 411 007,India

The idea of fuzzy space time where the coordinates x^μ satisfy the noncommutative (NC) algebra

[x^μ, x^ν ] = iθ^{μν} (1)

with constant anti-symmetric θ^{μν} , was mooted long ago [1]. This idea has been revived in the recent past and field theories defined over this NC space has been studied extensively [2]. A contentious issue in this scenario is the aspect of noncommutativity in the time-space sector. It was argued that introduction of space-time noncommutativity spoils unitarity [3, 4] or even causality [5]. However, much attention has been devoted in recent times to circumvent these difficulties in formulating theories with θ^{0i} ≠ 0 [6, 7, 8]. The 1 + 1 dimensional field theoretic models are particularly important in this context because any noncommutative extension of such models essentially contains fuzziness in the time-space sector. The two dimensional field theories have long been recognized as the laboratory where important ideas can be tested in a simple setting. However, not much analysis of the corresponding NC theories is available in the literature. In the present paper we will consider the 1 + 1 dimensional Schwinger model [9] on a NC setting. Apart from the specific NC aspect such studies are also motivated by the inherent interest of the model as 1 + 1 dimensional electrodynamics.

Historically, the first two dimensional model was proposed by Thirring [10] describing a pure fermionic current-current interaction. The interest increased a huge when Schwinger was able to obtain an exact solution of two dimensional electrodynamics with massless spinor [9]. The Schwinger model i.e., the theory of mass less fermion interacting with an Abelian gauge field in (1+1) dimensional space time is an exactly solvable field theoretical model. It has been extensively studied over the years [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26] mainly due to the emergence of phenomena such as mass generation and confinement of fermions (quarks). The gauge field acquires a mass via a kind of dynamical symmetry breaking and the fermions disappear from the physical spectra.

In 1+1 dimensions an exact mapping can be established between the bosonic and fermionic theories. The singularities of the Schwinger model can be accommodated by regularizing the fermionic current. An equivalent approach is to obtain the effective action by integrating out the fermions. Commonly it is known as bosonization of the Schwinger model. For extension to NC scenario the bosonised version is more economical. So we will follow this approach in the present paper.

The Schwinger model is defined by the Lagrangian density L_F = ψ̄(i∂/ − eA/)ψ − 1 4 F^{μν} F_{μν} , (2)

where the Lorentz indices run over the two values 0, 1 and the rest of the notation is standard. Notice that the coupling constant e has unit mass dimension in this situation. Bosonizing the fermion field we get the Lagrangian density involving a scalar field ϕ instead of the Dirac field ψ:

L_B = 1 2 ∂_μϕ∂^μϕ + e 2 ϵ_{μν} F^{μν} ϕ + ae^2A_μA^μ + α 4 F_{μν} F^{μν} . (3)

The first piece is the kinetic energy term for the scalar field and the second one describes the interaction between the matter field and gauge field. The last two terms involve something new, viz., two undetermined parameters a and α.^2 These are fallouts of the regularization process. To be more specific, if the left handed and the right handed component of ψ are integrated out one by one the regularization of the determinant contains such parameters [16, 19, 22]. Setting a to be zero and α to

2Note that the usual kinetic energy term is absorbed within α.

be −1 we get the bosonized version of the usual gauge invariant vector Schwinger model. We will use this version for the NC extension in the sequel.

The NC action which we consider is ∫ d^2xL_{NCBS} = ∫ d^2x [ 1 2 ( D̂_μ ⋆ ϕ̂ ) ⋆ ( D̂^μ ⋆ ϕ̂ ) + 1 2 eϵ^{μν}ϕ̂ ⋆ F̂_{μν} − 1 4 F̂_{μν} ⋆ F̂^{μν} ] . (4)

where ϕ̂ is the NC scalar field and Â_μ is the ⋆-gauge field. We adopt the Minkowski metric η_{μν} = diag (+, −). The covariant derivative D̂_μ ⋆ ϕ̂ is defined as D̂_μ ⋆ ϕ̂ = ∂_μϕ̂ − i [ Â_μ, ϕ ] ⋆ (5) Here ⋆ denotes that the ordinary multiplication is replaced by the star multiplication defined by ϕ̂(x) ⋆ ψ̂(x) = ( ϕ̂ ⋆ ψ̂ ) (x) = e^{i2 θαβ ∂α∂′β} ϕ̂(x)ψ̂(x^′ )|_x′_{=x.} (6) The action (4) is invariant under the ⋆-gauge transformation

δ̂_{λ̂}Â_μ = D̂_μ ⋆ λ̂, δ̂_{λ̂}ϕ̂ = −i [ ϕ̂, λ̂ ] ⋆ (7) The physics behind the NC theory (4) can be explored by several approaches which sometimes compliment each other [27]. Thus one can think of the fields as operators carrying the realization of the basic algebra (1) or a conventional phase space may be used where the ordinary product is deformed. A particularly interesting scenario appears in case of the gauge theories where one can use the Seiberg–Witten (SW) type transformations [28, 29, 30] to construct commutative equivalent models [31, 32, 33, 34] of the actual NC theories in a perturbative framework. In the present paper we adopt this approach. Note that even if the fields and the coordinates in the commutative equivalent model are commuting it is not obvious that the usual Hamiltonian procedure could produce dynamics with respect to noncommuting time. This issue has been addressed by Dayi [8] where noncommutativity in time space sector emerges in a theory with spatial noncommutativity due to a duality transformation. Specifically a Hamiltonian formulation was obtained with commutating time which was shown to be identical to order θ for both the original theory ( with noncommutativity in the spatial sector only ) and its dual containing space time noncommutativity [8]. Following this we propose to carry out our analysis to first order in θ and assume the applicability of the usual Hamiltonian dynamics for the commutative equivalent model. Since our motivation is to investigate what new features emerge from the presence of noncommutativity in the Schwinger model, introduction of minimal noncommutativity will be sufficient.

To the lowest order in θ the explicit forms of the SW maps are known as [28, 29, 30] ϕ̂ = ϕ − θ^{mj}A_m∂_j ϕ Â_i = A_i − 1 2 θ^{mj}A_m (∂_j A_i + F_{ji}) (8)

Using these expressions and the star product (6) to order θ in (4) we get

Ŝ^{SW map}= ∫ d^2x [{ 1 + 1 2 Tr (F θ) } L_c − (F θ)_μ^β∂_βϕ∂^μϕ − e 2 ϵ^{μν} (F θF )_{μν} ϕ + 1 2 (F θF )^{μν} F_{μν} ] (9) where L_c stands for the commutative Lagrangean

L_c = 1 2 ∂_μϕ∂^μϕ + e 2 ϵ_{μν} F^{μν} ϕ − 1 4 F_{μν} F^{μν} (10)

Note that we can write the action (9) in a form which, modulo total derivative terms, does not contain second or higher order time derivatives. This happens because we are considering a perturbative calculation to first order in θ. If we would calculate to second order or beyond, higher derivatives of time would appear in the Lagrangean from star product expansion which brings complication in the Hamiltonian formulation [35, 36].

The Eular–Lagrange equations following from the action (9) are ∂_ξ [{ 1 + 1 2 Tr (F θ) } ∂^ξϕ − (F θ + θF )^{ξμ} ∂_μϕ ] − e 2 ϵ^{μν} [{ 1 + 1 2 Tr (F θ) } F_{μν} + (F θF )_{μν} ] = 0 ∂_ξ [ −θ^{ξα}L_c + { 1 + 1 2 Tr (F θ) } ( eϵ^{ξα}ϕ − F^{ξα} ) − θ^{αμ}∂_μϕ∂^ξϕ + θ^{ξμ}∂_μϕ∂^αϕ −eϕ { ϵ^{ξμ} (θF )^α_μ − ϵ^{αμ} (θF )^ξ_μ } + (F F θ + θF F )^{ξα} + (F θF )^{ξα} ] = 0 (11)

We work out the canonical momenta conjugate to ϕ and A_α respectively:

π_ϕ = { 1 + 1 2 Tr (F θ) − (F θ + θF )^{00} } ϕ̇ − (F θ + θF )^{0i} ∂_iϕ π^α = −θ^{0α}L_c + { 1 + 1 2 Tr (F θ) } ( eϵ^{0α}ϕ − F^{0α} ) − θ^{αμ}∂_μϕ∂^0ϕ +θ^{0μ}∂_μϕ∂^αϕ − eϕ [ ϵ^{0μ} (θF )^α_μ − ϵ^{αμ} (θF )^0_μ ] + (F F θ + θF F )^{0μ} + (F θF )^{0μ} (12)

From (12) we get after a few steps

π_ϕ = ϕ̇ + θF_{01}ϕ̇ π^0 = 0 π^1 = F_{01} + eϕ + θ 2 [ ϕ̇^2 − (∂_1ϕ)^2 + 3F^2_{01} ] (13)

The Hamiltonian follows as ∫ dxH_{CEV} = ∫ dx [ H_{CS} + θ 2 { 3π^2_ϕπ^1 + 3eϕϕ^{′2} − 3π^1ϕ^{′2} − 3eϕπ^2_ϕ +3eϕ ( π^1

)_2 − ( π^1

)_3 − 3e^2ϕ^2π^1 + e^3ϕ^3 }] (14)

where H_{CS} is given by H_{CS} = 1 2 [ π^2_ϕ + (π^1)^2 + ϕ^{′2} + e^2ϕ^2 ] + π^1A^′_0 − eπ^1ϕ (15)

Note that this θ-independent term is nothing but the Hamiltonian of the commutative theory.

From the second equation of (12) we get one primary constraint

π^0 ≈ 0 (16)

Conserving this in time a secondary constraint

∂_1π^1 ≈ 0 (17)

emerges. The constraints (16, 17) have vanishing Poission brackets with the Hamiltonian as well as between themselves. No new constraint, therefore, is obtained. It is interesting to note that the constraint structure is identical with the commutative Schwinger model. This structural similarity is remarkable because the gauge field in our commutative equivalent theory is the SW map of a NC gauge field belonging to the Groenewold–Moyal deformed C^⋆ algebra.

To proceed further we require to eliminate the gauge redundancy in the equations of motion (11) by invoking appropriate gauge fixing conditions. The structure of the constraints (16, 17) suggests the choices : A_0 = 0 and A_1 = 0. The simplectic structure in the reduced phase space will be obtained from the Dirac brackets which enables to impose the constraints strongly [37]. It is easy to verify that the nontrivial Dirac brackets of the reduced phase space remains identical with the corresponding canonical brackets. The hamiltoinan density in the constrained subspace can be written down as

H_R = 1 2 [ (π^2_ϕ + ϕ^{′2} + e^2ϕ^2) + eθϕ ( 3ϕ^{′2} − 3π^2_ϕ + e^2ϕ^2 )] (18)

The Reduced Hamiltonian (18) along with the Dirac brackets leads to the following equations of motion.

ϕ̇ = (1 − 3eθϕ) π_ϕ (19)

π̇_ϕ = ϕ^{′′} − e^2ϕ + 1 2 eθ ( 3π^2_ϕ − 3ϕ^{′2} − 3e^2ϕ^2 ) + 3eθ ( ϕϕ^{′′} + ϕ^{′2} ) (20)

The equation (19) and (20) after a little algebra reduced to

(□ + e^2)ϕ = 3 2 eθ ( −ϕ̇^2 + ϕ^{′2} + e^2ϕ^2 ) (21)

Equation (21) is the relevant equation of motion obtained by removing the gauge arbitrariness of the theory. To zero order in θ it gives (□ + e^2)ϕ = 0 (22)

The equation (21) looks complicated but, thanks to the fact that our theory is order-θ, in the right hand side we can substitute ϕ to 0-order. Again, to this order ϕ satisfies (22) the solution to which can easily be expanded in terms of the plane wave solutions ϕ = ∫ dp̄ (2π) 1 √ 2p_0 [ a(p̄)e^{−ip0x0+ip̄x̄} + a^†(p̄)e^{ip0x0−ip̄x̄} ] (23)

where x^μ ≡ ( x^0, x̄ ) , p^μ ≡ ( p^0, p̄ ) and p_0 = √ p̄^2 + e^2. Hence from (21) we get

(□ + e^2)ϕ = j(x) (24)

where j(x) is given by j(x) = 3eθ 2 ∫ dp̄dq̄ (8π^2) e^{i(p̄+q̄)x̄} √ p^0q^0 [( p_0q_0 − p̄q̄ + e^2 ) { a(p̄)a(q̄)e^{−i}(^{p0+q0})^{x0} + a^†(−p̄)a^†(−q̄)e^i(^{p0+q0})^{x0} }

+ ( −p_0q_0 − p̄q̄ + e^2 ) { a(p̄)a^†(−q̄)e^{−i}(^{p0−q0})^{x0} + a^†(−p̄)a(q̄)e^i(^{p0−q0})^{x0} }] (25)

We thus have a bosonic field ϕ interacting with a source j(x). It is easy to recognise that the equations (24) represents the Klien–Gordon (KG) theory with a classical source.

A remarkable observation is inherent in (24). To understand the proper perspective we have to briefly review the results from the corresponding commutative theory. There we end up with (22) and interpreat that the photon has acquired mass and the fermion has disappeared from the physical spectrum [9, 11, 12, 13, 14, 15]. This means the fermion is confined. The introduction of noncommutativity changes the scenario in a fundamental way. The gauge boson again acquires mass but this time it is interacting with a background. The origin of this background interaction is the fuzziness of spacetime. This is a physical effect carrying NC signature. In this context it may be mentioned that generation of interactions by casting non-interacting theories in NC coordinates have been observed in other contexts also [38, 39, 40].

It is easy to formulate the theory guided by (24) as a quantum theory. Note that the NC parameter θ is a small number and we can treat the interaction term as a perturbation. The resulting S-matrix can easily be written down as S ∼ T { exp [ −i ∫ d^2xj(x)ϕ(x) ]} (26)

Since j(x) is real S is unitary. Again, since the field ϕ satisfies a KG equation causality is also ensured. These are good news in view of the presence of time-space noncommutativity and justifies our proposition based on [8] that usual Hamiltonian analysis is applicable in our commutative equivalent model.

In this letter we have studied the effect of time-space noncommutativity on the bosonised Schwinger model in 1 + 1 dimensions. We analyzed the model in the commutative equivalent representation [31, 32, 33, 34, 27] using a perturbative Seiberg–Witten map [28, 29, 30]. Following [8] we have assumed the applicability of a usual Hamiltonian analysis of the commutative equivalent model. the The model exhibits emergence of a massive boson. This is similar to what happens in the usual theory. However, the boson is no longer free as in the commutative counterpart but it interacts with a background. Our analysis thus reveals the presence of a background interaction term which is manifest only in the tiny length scale ∼ √ θ. The theory in the reduced phase space can be formulated as a perturbative quantum field theory which is formally similar to the KG theory with a classical source. Consequently, the requirements of unitarity and causality are satisfied.

Errata

The expression of the Hamiltonian (equation 14) contains calculational error. The correct form will be H_{CEV} = [ H_{CS} + θ 2 { π^1 ( ϕ^{′2} − π_ϕ^2 ) + eϕ ( π_ϕ^2 − ϕ^{′2} )

+e^3ϕ^3 − ( π^1

)_3 + 3 2 eϕπ^1 ( π^1 − eϕ )}] (27)

The error in the Hamiltonian percolates to the subsequent equations (18), (19), (20), (21) and (25) the correct forms of which can be derived using the corrected Hamiltonian (27). Thus the corrected form of the reduced Hamiltonian is

H_R = [ 1 2 ( π^2_ϕ + ϕ^{′2} + ϕ^2 ) + eθ 2 ϕ ( π^2_ϕ − ϕ^{′2} + e^2ϕ^2 )] (28)

and the equations of motion for ϕ and π_ϕ are

ϕ̇ = (1 + eθϕ) π_ϕ (29)

π̇_ϕ = ϕ^{′′} − e^2ϕ − eθ 2 ( π^2_ϕ + ϕ^{′2} + 2ϕϕ^{′′} + 3e^2ϕ^2 ) (30)

respectively. These two equations combine to give the second order equation that contains the physical contents of the theory ( □ + e^2 ) ϕ = eθ 2 ( ϕ̇^2 − ϕ^{′2} − 5e^2ϕ^2 ) (31)

The expression for the source of the interacting background of noncommutative origin is j(x) = eθ 2 ∫ dp̄dq̄ (8π^2) e^{i(p̄+q̄)x̄} √ p^0q^0 [( −p_0q_0 + p̄q̄ − 5e^2 )

× { a(p̄)a(q̄)e^{−i}(^{p0+q0})^{x0}

+a^†(−p̄)a^†(−q̄)e^i(^{p0+q0})^{x0} } + ( p_0q_0 − p̄q̄ + 5e^2 ) { a(p̄)a^†(−q̄)e^{−i}(^{p0−q0})^{x0} +a^†(−p̄)a(q̄)e^i(^{p0−q0})^{x0} }] (32)

The equations (28), (29), (30), (31) and (32) are the corrected forms of the equations (18), (19), (20), (21) and (25) respectively. It is easy to appriciate that the corrections do not affect our conclusions in any essential way.

Acknowledgment

AS wants to thank the Council of Scientific and Industrial Research (CSIR), Govt. of India, for financial support and the Director, S. N. Bose National Centre for Basic Sciences for providing computer facilities. He also likes to acknowledge the hospitality of IUCAA where part of this work has been done. Finally the authors thank the referre for his useful comments.

References

[1] Heisenberg first suggested this idea which was later developed by Snyder; H. S. Snyder, Phys.

Rev. 71 (1947) 38; ibid 72 (1947) 874.

[2] See R. J. Szabo, Phys. Rep. 378 (2003) 207 and the references therein.

[3] J. Gomis, T. Mehen, Nucl.Phys. B 591 (2000) 265, [hep-th/0005129]. [4] L. Alvarez Gaume, J. L. F. Barbon, R. Zwicky, JHEP 05 (2001) 057, [hep-th/0103069]. [5] N. Seiberg, L. Susskind, N. Toumbas, JHEP 06 (2000) 044, [hep-th/0005015]. [6] S. Doplicher, K. Fredenhagen, J. Roberts, Phys. Lett. B 331 (1994) 39. [7] S. Doplicher, K. Fredenhagen, J. Roberts, Comm. Math. Phys. 172 (1995) 187, [hep-th/0303037]. [8] O. F. Dayi, B. Yapiskann, JHEP 10 (2002) 022, [hep-th/0208043] [9] J. Schwinger, Phys. Rev., 128 (1962) 2425. [10] W. Thirring, Ann. Phys. 3 (1958) 91.

[11] J. H. Lowenstein, J. A. Swieca, Ann. Phys. 68 (1971) 172. [12] S. Coleman, R. Jackiw, J. A. Swieca, Ann. Phys. (NY) 13 (1975) 267. [13] S. Coleman, Ann. Phys. (NY) 101 (1976) 239.

[14] H. J. Rothe, K. D. Rothe, J. A. Swieca, Phys.Rev D 19 1979 3020. [15] K. D. Rothe, B. Schroer, Nucl.Phys.B 185 (1981) 429. [16] R. Jackiw and R. Rajaraman, Phys Rev.Lett. 54 (1985) 1219. [17] R. Banerjee, Phys.Rev.Lett.56(1986) 1889.

[18] G. Bhattacharya,, A. Ghosh, P. Mitra, Phys. Rev. D50 (1994)4138. [19] P. Mitra and A. Rahaman, Ann. Phys. (N.Y.) 249 (1996) 34 [20] A.Rahaman and P. Mitra, Mod. Phys. Lett. A11 (1996) 2153.

[21] J. Kijowski, G. Rudolph, M. Rudolph, Phys.Lett. B 419 (1998) 285, [hep-th/9710003]. [22] A. Rahaman Int. Jour. Mod. Phys. A 19 (2004) 3013. [23] S. Dürr, C. Hoelbling, [hep-lat/0408039].

[24] H. M. Sadjadi, M. Alimohammadi, Gen.Rel.Grav. 37 (2005) 1809, [gr-qc/0506030]. [25] R. Shankar, G. Murthy, [cond-mat/0508242]. [26] S. Azakov, [hep-th/0511116].

[27] P. Mukherjee, A. Saha, Mod.Phys.Lett.A21 (2006) 821, [hep-th/0409248]. [28] N. Seiberg and E. Witten, JHEP 09 (1999) 032.

[29] A. A. Bichl, J. M. Grimstrup, L. Popp, M. Schweda, R. Wulkenhaar, [hep-th/0102103]. [30] V. O. Rivelles, Phys.Lett.B558 (2003) 191, [hep-th/0212262]

[31] O. F. Dayi, Phys.Lett. B 560 (2003) 239, [hep-th/0302074]. [32] S. Ghosh, Nucl.Phys. B 670 (2003) 359, [hep-th/0306045].

[33] B. Chakraborty, S. Gangopadhyay, A. Saha, Phys. Rev. D 70 (2004) 107707, [hep-th/0312292]. [34] S. Ghosh, Phys.Rev.D70 (2004) 085007, [hep-th/0402029].

[35] D.M. Gitman and I.V. Tyutin, Quantization of Fields with Constraints (Springer-Verlag, Berlin 1990) [36] D. A. Eliezer, R. P. Woodard, Nucl.Phys. B 325 (1989) 389; T. C. Cheng, P. M. Ho, M. C. Yeh, ibid B 625 (2002) 151, [hep-th/0111160] [37] P. A. M. Dirac, Lectures on Quantum Mechanics, (Yeshiva University Press, New York, 1964). [38] O. F. Dayi, A. Jellal, J.Math.Phys. 43 (2002) 4592, [hep-th/0111267].

[39] F. G. Scholtz, B. Chakraborty, S. Gangopadhyay, A. Ghosh Hazra, Phys. Rev. D 71 (2005) 085005, [hep-th/0502143].

[40] B. Basu, S. Ghosh, Phys.Lett.A346(2005) 133, [cond-mat/0503266]