arXiv:hep-th/0603056 v2 22 Sep 2006

AEI-2005-162 HU-EP-06/09 QMUL-PH-05-16

Large N Expansion of q-Deformed Two-Dimensional

Yang-Mills Theory and Hecke Algebras

Sebastian de Haro^1, Sanjaye Ramgoolam^2, Alessandro Torrielli^3

1 Max-Planck-Institut für Gravitationsphysik Albert-Einstein-Institut 14476 Golm, Germany

2Department of Physics Queen Mary, University of London Mile End Road, London E1 4NS UK

3 Institut für Physik, Humboldt Universität zu Berlin Newtonstraße 15, D-12489 Berlin, Germany

sdh@aei.mpg.de, s.ramgoolam@qmul.ac.uk, torriell@physik.hu-berlin.de

Abstract

We derive the q-deformation of the chiral Gross-Taylor holomorphic string large N expansion of two dimensional SU(N) Yang-Mills theory. Delta functions on symmetric group algebras are replaced by the corresponding objects (canonical trace functions) for Hecke algebras. The role of the Schur-Weyl duality between unitary groups and symmetric groups is now played by q-deformed Schur-Weyl duality of quantum groups. The appearance of Euler characters of configuration spaces of Riemann surfaces in the expansion persists. We discuss the geometrical meaning of these formulae.

Contents

1 Introduction and summary of the results 3

2 Hecke algebras and the chiral expansion of q-deformed 2dYM 4 2.1 Review of the Gross-Taylor expansion . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Hecke algebras and Schur-Weyl duality . . . . . . . . . . . . . . . . . . . . . . . . 5 2.3 A Hecke formula for the q-dimension . . . . . . . . . . . . . . . . . . . . . . . . 9 2.4 Hecke q-generalization of sums over symmetric groups of 2d Yang Mills . . . . . 10

3 Manifolds with boundary 13

4 Chiral large N expansion for Wilson loops 15

5 On the role of quantum characters in q-deformed 2d YM 18 5.1 Consistency of Wilson loops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 5.2 Gauge invariance of Wilson loops . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

6 Discussion and outlook 20

Acknowledgements 22

A Central elements 22 A.1 Centrality of q-deformed conjugation sum . . . . . . . . . . . . . . . . . . . . . . 22 A.2 Centrality of q-deformed commutator sum . . . . . . . . . . . . . . . . . . . . . 24 A.3 The elements D and E of H_n(q) . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

B Quantum dimensions 26

C Projectors 28 C.1 H_3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28 C.2 H_4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 C.3 The construction for H_n . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

D q-Schur-Weyl duality and q-characters 31 D.1 U_q(su(2)) conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 D.2 Schur-Weyl duality in spin-one . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 D.3 Quantum characters in spin-one representation . . . . . . . . . . . . . . . . . . . 34

References 35

1 Introduction and summary of the results

Two-dimensional Yang-Mills theory, on a Riemann surface of genus G and of area A, can be solved exactly. The partition function is

Z_{YM}(G, A) = ∑ R (dim(R))^{2−2G}e^{−g2YM A C2(R)} . (1.1)

This result was first obtained using the lattice formulation, followed by a continuum limit [1]. The sum is over all irreducible representations of the gauge group, the cases U(N) or SU(N) will be of interest here.

Gross and Taylor [2, 3, 4] studied the large N expansion of two-dimensional Yang-Mills theory with gauge group U(N) and SU(N) and showed that it is equivalent to a string theory. They showed that the large N expansion is given by a non-chiral expansion, which is a sum involving chiral and anti-chiral factors. The chiral expansion of (1.1)^1 is given by

Z^+_{YM}(G) = ∞∑ n=0 1 N^{(2G−2)n} ∑ s_i ,t_i∈S_n 1 n! δ ( Ω^{2−2G}_n G∏ i=1 s_it_is^{−1}_i t^{−1}_i ) . (1.2)

It is a sum consisting of delta functions over symmetric groups, which count homomorphisms from the fundamental group of punctured Riemann surfaces to the symmetric groups. These homomorphisms are known to count branched covers of Σ_G. It was shown in [5, 6] that the chiral sum actually computes an Euler character of moduli spaces of holomorphic maps with fixed target space. This was done by expanding the Ω factors, and recognising that the coefficients in the expansion are Euler characters of configuration spaces of (branch) points on Σ_G. Topological string theory constructions were then used to derive a path integral which localizes to an integral of the Euler class on the moduli space of holomorphic maps. For simplicity we are discussing only the chiral part of the partition function here, but there is an analogous expansion for the full partition function. A different string action involving harmonic maps was proposed in [7].

Two-dimensional Yang-Mills has recently found a surprising new application in connection with topological strings on a non-compact Calabi-Yau and black hole entropy [8]. The qdeformation of two-dimensional Yang-Mills has also found an application in this context [9, 10]. The partition function of q-deformed Yang-Mills has been obtained by replacing the scalar dual field of the Yang-Mills field strength by a compact scalar. Such a compact scalar is natural from the point of view of the worldvolume of D4-branes wrapping a 4-cycle of the non-compact Calabi- Yau. New connections with Turaev invariants have also been suggested [11]. The q-deformation of two-dimensional Yang-Mills theory was studied earlier [12, 13] (see also [14]).

The q-deformation of the zero area partition function of two-dimensional Yang-Mills is

Z_{qYM}(G) = ∑ R (dim_q R)^{2−2G} . (1.3)

In the context of [10] this is the limit where the degree p of one of the line bundles is zero. In the q-deformed Yang-Mills, the universal enveloping algebra of U(N) is replaced by U_q(u(N)). The exact partition function for a closed Riemann surface, which is expressed in terms of dimensions of irreducible representations of U(N), is now expressed in terms of q-dimensions of U_q(u(N)) representations. The same remarks apply to U_q(su(N)).

1In this paper we work at zero area. The computations can be generalized to the case of finite area along the lines of [3, 4].

The underlying algebraic relation which leads to the relation between the sum over U(N) representations in (1.1) and the delta functions over symmetric groups in (1.2) is Schur-Weyl duality, which we describe further in section 2. The q-deformation of the Schur-Weyl duality between U(N) and S_n is known [15]. In this q-deformation, the role of the group algebra of S_n ( denoted by C S_n ) is played by the Hecke algebra H_n(q).

In this paper, we show that the large N, chiral Gross-Taylor expansion, in terms of symmetric group data can be q-deformed to give an expansion in terms of Hecke algebra data. In this case we find the following result:

Z_{qYM}(G) = ∞∑ n=0 ∑ s_it_i∈S_n 1 g [N]^{(2−2G)n} δ ( D Ω^{2−2G}_n G∏ i=1 q^{−l(si )−l(ti)}h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) ) (1.4)

Here, h(s) ∈ H_n is the Hecke algebra element associated to s ∈ S_n. That such an expansion is possible at all in the quantum case is highly non-trivial and very much suggestive of a geometric interpretation in terms of deformations of maps, on which we comment in section 6. The possibility of the expansion (1.4) depends crucially on the existence of suitable central elements of the Hecke algebra (like D and Ω_n, to be defined later). These central elements play an important role in that they also determine the data on manifolds with closed boundary:

Z(Σ_G; C_1, . . ., C_B) = ∑ R [N]^{(2−2G−B)n} ∑ s_i t_i 1 g ×

× δ D^{1−B} Ω^{2−2G−B} n G∏ i=1 q^{−l(si )−l(ti)}h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) B∏ j=1 C_j .(1.5)

In this formula, the central elements of the Hecke algebra take over the role of the holonomies of the gauge field around the B boundaries of Σ_G.

We also work out the case of non-intersecting Wilson loops. We develop an analog of the Verlinde formula for the tensor product multiplicity coefficients of SU(N) in terms of characters of the Hecke algebra. To our knowledge, this formula has not appeared in the literature. Expectation values of Wilson loops can now again be written as Hecke delta functions which are natural deformations of the symmetric group delta functions.

In four appendices we give some of the facts and proofs about Hecke algebras that we use in the main text. To our knowledge, some of the formulas proven in these appendices are not available in the mathematical literature before.

2 Hecke algebras and the chiral expansion of q-deformed 2dYM

2.1 Review of the Gross-Taylor expansion

Before we do the q-deformed case, we will review the main tools used in the derivation of the partition function of 2d Yang-Mills as a topological theory counting branched covers of the Riemann surface. For full details we refer to [5]. For simplicity, we discuss the case of zero-area and no Wilson loops in this section. We start writing out the partition function as a sum over Young tableaux:

Z_{2dYM}(Σ_G; A) = ∑ R (dim(R))^{2−2G} = ∞∑ n=0 ∑ Y ∈Y^N_n (dim(R(Y )))^{2−2G} , (2.1) where we sum over the set Y^N_n of SU(N) Young diagrams with n boxes and number of rows less than N. Of course, we also sum over diagrams with arbitrary number of boxes. The chiral expansion is derived by dropping the constraint on the number of rows. Next we use Schur-Weyl duality to derive the following fomula:

dim(R) = N^n n! χ_R(Ω_n) . (2.2)

We are using a notation where R = R(Y ) denotes both the SU(N) and the S_n representation corresponding to a Young tableau with n boxes, Y . χ_R is a character of the symmetric group, and Ω_n is a particular central element in C S_n given in [3, 4]. The chiral Gross-Taylor expansion is obtained as

Z_{2dYM}(Σ_G; A) = ∞∑ n=0 ∑ R N^{(2−2G)n} ( d_R n! )_{2−2G} 1 d_R χ_R(Ω^{2−2G}_n )

= ∞∑ n=0 N^{(2−2G)n} 1 n! ∑ s_i,t_i∈S_n δ ( Ω^{2−2G}_n G∏ i=1 s_it_is^{−1}_i t^{−1}_i ) . (2.3)

The fact that Ω_n is a central element in the group algebra C S_n is important. This is explained in more detail and generalized to the q-deformed case in section (2.3). Another important identity which enters (2.3) is ∑ s,t∈S_n 1 d_R χ_R(sts^{−1}t^{−1}) = ( n! d_R )_2 , (2.4)

where it is easy to see that ∑ s,t sts^{−1} t^{−1} is a central element of C S_n . We find (2.50), which gives the q-deformation of this equation, and we prove related centrality properties for H_n(q) in Appendix A.

2.2 Hecke algebras and Schur-Weyl duality There is a natural generalization of the previous formulas using Hecke algebras. In this subsection we review basic facts about Hecke algebras and derive some formulas that we will use in what follows.

The symmetric group S_n can be defined in terms of generators s_i (i = 1, . . ., n − 1), which obey relations

s^2_i = 1 for i = 1, . . ., n − 1 s_i s_{i+1} s_i = s_{i+1} s_i s_{i+1} for i = 1, . . ., n − 2 s_i s_j = s_j s_i for |i − j| ≥ 2 (2.5)

The minimal length of a word in the s_i which is equal to a permutation σ is called the length of the permutation and is denoted as l(σ).

The Hecke algebra H_n(q) is defined in terms of generators g_i which obey [16]

g^2_i = (q − 1) g_i + q for i = 1, . . ., n − 1 g_i g_{i+1} g_i = g_{i+1} g_i g_{i+1} for i = 1, . . ., n − 2 g_i g_j = g_j g_i for |i − j| ≥ 2 (2.6)

The Hecke algebra has, as a vector space, a basis h(σ) labelled by the elements σ of S_n. This is often called the “standard basis” in the literature. These elements h(σ) are obtained by expressing the σ as a minimal length word in the s_i and then replacing the s_i by g_i. These Hecke algebras arise as the algebra of operators on V^{⊗n}, the n-fold tensor product of the fundamental representation of U(N) or SU(N), which commute with the action of U_q(u(N)) or U_q(su(N)), the q-deformation of the universal enveloping algebra of u(N) or su(N), respectively. The action of the q-deformed enveloping algebras on V ⊗ V is given by the co-product Δ. This obeys the following relations with respect to the R-matrix:

ΔR = Δ^′R (P R)Δ = Δ(P R) . (2.7)

For h ∈ U_q , if we write Δ(h) = h_1 ⊗ h_2, then Δ^′(h) = h_2 ⊗ h_1. P is the permutation operator. P R is also commonly denoted by Ř. For the R-matrix we will use the conventions of [17]. To make that explicit, we write R_{FRT}. The Hecke algebra is related to the algebra of the Ř_{FRT} as: g = √ q Ř_{FRT} ( q_{FRT} = √ q ) . (2.8)

g_i corresponds to Ř_{FRT} acting in the tensor product V_i ⊗ V_{i+1} and is sometimes called a braid operator.

Since the centralizer of U_q is the Hecke algebra, we can construct the projectors for irreducible representations of U_q in terms of words in the g_i. g_1 acts on the product space V_1 ⊗ V_2, therefore there are two possible projectors that we can construct [17]: P = q^{−1} q + q^{−1} (1 + qŘ) = 1 1 + q

(1 + g) P = q q + q^{−1} (1 − q^{−1}Ř) = q 1 + q

(1 − q^{−1}g) , (2.9)

which project onto the totally symmetric and antisymmetric tensor products of the fundamental representation, respectively. Using (2.6), one easily checks that they satisfy

P^2_R = P_R . (2.10)

The symmetric projector is illustrated in Appendix D in terms of properties of Clebsch-Gordan coefficients of U_q(su(2)).

Projectors are useful to compute characters in a particular representation in terms of lowerdimensional representations. For example, taking the trace of the above,

Tr U = q^{−1} q + q^{−1} ( (trU)^2 + q tr ⊗ tr ( Ř (U ⊗ 1)(1 ⊗ U) ))

Tr U = q q + q^{−1} ( (trU)^2 − q^{−1} tr ⊗ tr ( Ř (U ⊗ 1)(1 ⊗ U) )) , (2.11)

where the traces on the right-hand side are taken in the fundamental representation, Tr = tr_V = tr. From now on we will indicate such traces by tr_n = tr_V ⊗n = tr ⊗ . . . ⊗ tr. The U’s in (2.11), which are matrix elements of representations of U_q , generate the dual algebra to U_q denoted by Fun_q(SU(N)) or Fun_q(U(N)) ( see for example [18, 19, 13] ).

Using known facts about Hecke algebras and the q-deformation of the Schur-Weyl duality between U(N) and S_n, we will now derive the generalization for arbitrary irreducible representations: P_R = d_R(q) g ∑ σ q^{−l(σ)}χ_R(h(σ^{−1})) h(σ) , (2.12) where l(σ) is the length of the permutation, i.e the number of elements in the minimal presentation of the permutation as a product of simple transpositions. The character is taken in the Hecke algebra H_n. Without danger of confusion, we will denote H_n and Fun_q(SU(N)) characters with the same symbol. The characters for low values of n can be read off from the tables in [16, 20]. d_R(q) is the q-deformation of the dimension of a representation of the symmetric group, and g reduces to n! in the classical limit:

d_R(q) = ∏ i⟨j (q^{li} − q^{lj} ) ∏_m i=1(q − 1)(q^2 − 1) . . .(q^{li} − 1)

(q − 1)(q^2 − 1) . . .(q^n − 1) q^{m(m−1)(m−2)} 6 g = (1 − q)(1 − q^2) . . .(1 − q^n) (1 − q)^n

, (2.13)

where l_i = λ_i + m − i and λ_1 ≥ λ_2 ≥ ..λ_m ≥ 0 are the row lengths of the Young diagram, and m is the number of non-zero λ’s.

In order to derive (2.12), recall the familiar relation in the q = 1 case:

χ_R(U) = 1 n! ∑ σ χ_R(σ) tr_n(σU) . (2.14)

Here R is both the U(N) reprsentation corresponding to a Young diagram and the S_n rep corresponding to the same diagram. The trace on the right-hand side is taken in V^{⊗n}, that is U acts as U ⊗ U ⊗ ... ⊗ U and σ acts by permuting the vectors of the tensor product.

The above is obtained from the fact that, if V is the fundamental representation of U(N) or the universal enveloping algebra U(u(N)), then V^{⊗n} can be decomposed on the terms of the product group U(N) × S_n as

V^{⊗n} = ⊕_RV^{U (N )}_R ⊗ V^{Sn}_R . (2.15)

The sum is over Young diagrams of S_n, V^{Sn}_R is the irrep of S_n corresponding to the Young diagram R, while V^{U (N )}_R is the irrep of U(N) corresponding to the same Young diagram. Similar relations hold when U(N) is replaced by SU(N). An immediate consequence of the above expansion is

tr (σU) = ∑ R χ_R(σ) χ_R(U) (2.16)

Then we can use orthogonality of characters of S_n ∑ σ χ_R(σ) χ_S(σ^{−1}) = n! δ_{RS} (2.17)

to obtain (2.14). From (2.15) it also follows that

d_R χ_R(U) = tr_n(P_RU) , (2.18)

hence we can read off P_R = d_R n! ∑ σ χ_R(σ^{−1}) σ . (2.19)

The decomposition analogous to (2.15) holds for U_q(u(N)), when C S_n is replaced by the Hecke algebra H_n(q) [15]:

V^{⊗n} = ⊕_RV^{Uq}_R ⊗ V^{Hn}_R (2.20)

Here V^{Uq}_R is the irrep of U_q(u(N)) corresponding to the Young diagram R and V^{Hn}_R is the representation of H_n corresponding to the same Young diagram. It follows from (2.20) that

tr_n (h(σ) U) = ∑ R χ_R(h(σ)) χ_R(U) (2.21)

U lives in the deformed algebra of functions on U(N) denoted as Fun_q(U(N)). This can be defined as the dual to U_q(U(N)). For further discussion on the duality see for example [18, 19, 13]. In (2.21) U acts as

(U ⊗ 1 ⊗ 1 ⊗ · · · )(1 ⊗ U ⊗ 1 ⊗ · · · )(1 ⊗ 1 ⊗ U ⊗ 1 ⊗ · · · ) · · ·(1 ⊗ 1 ⊗ · · · ⊗ 1 ⊗ U) (2.22)

This product of n U’s is dual to the co-product which defines the action of U_q on V^{⊗n}.

As will be explained in section 5 (see also appendix D), quantum traces contain the u-element associated to the Hopf algebra U_q(su(N)). We get the quantum trace if we take a trace of the action of u U on the left-hand side of (2.20) to get

tr_n (h(σ) ρ_n(u U)) = ∑ R χ_R(h(σ)) χ_R(u U) (2.23)

Here ρ_n(u) = u^{⊗n} and U acts as above. For the case of diagonal U, the formula (2.21) is used in [20].

Multiplying the left- and right-hand side of (2.21) with q^{−l(σ)}χ_S (h(σ^{−1})), and using the orthogonality relation [21] for Hecke characters ∑ σ q^{−l(σ)}χ_R(h(σ)) χ_S(h(σ^{−1})) = g d_R(1) d_R(q) δ_{RS} , (2.24)

we get ∑ σ q^{−l(σ)}χ_R(h(σ^{−1})) tr_n(h(σ)U) = g d_R(1) d_R(q) χ_R(U) . (2.25)

This means that the character can be expressed as

χ_R(U) = 1 g d_R(q) d_R(1) ∑ σ q^{−l(σ)}χ_R(h(σ^{−1})) tr_n(h(σ)U) . (2.26)

This equation can be interpreted as giving us the projection on a fixed Young diagram from the sum in (2.15). Indeed, note that (2.20) implies, by projecting on a fixed Young diagram :

d_R(1) χ_R(U) = tr_n(P_RU) . (2.27)

Comparing with (2.26) we see that the projector is

P_R = 1 g d_R(q) ∑ σ q^{−l(σ)} χ_R(h(σ^{−1})) h(σ) , (2.28)

as claimed above. In the appendix we check that it satisfies (2.10).

If we use orthogonality starting from (2.23) rather than (2.21), then we get

χ^{(q)}_R (U) ≡ χ_R(u U) = 1 g d_R(q) d_R(1) ∑ σ q^{−l(σ)} χ_R(h(σ^{−1})) tr_n(h(σ)(u U)) . (2.29)

Note that u^{⊗n} commutes with h(σ). We will specialize to U = 1 in order to get a new formula for the q-dimension in section (2.3).

2.3 A Hecke formula for the q-dimension Recall that in the case q = 1 there is a very useful formula for the dimension of SU(N) reps which follows from Schur-Weyl duality [5]. This formula can be obtained by specializing (2.14) to U = 1. To that end we need to compute the trace of a permutation acting on V^{⊗n}. If σ = 1, we just get N^n. If σ = (12)(3)(4)..(n), we get N^{n−1}. In general we get one factor of N for each cycle in the permutation. If the permutation has cycles of length i occuring with multiplicity k_i the power of N is N^{∑ ki} . In the 2d Yang-Mills literature this is also denoted as N^{Kσ} . So the useful formula for the dimension in 2d Yang-Mills [3, 4] is

dim(R) = 1 n! ∑ σ χ_R(σ) N^{Kσ} = N^n n! ∑ σ χ_R(σ) N^{−n+∑i ki(σ)} . (2.30) = N^n n! χ_R(Ω_n) (2.31)

The last line defines the element Ω_n. It is convenient to write this as a sum over conjugacy classes. Let T be a conjugacy class, which is given by specification of the cycle decomposition of the permutations involved. We will write C_T = ∑ σ∈T σ. Note this is a central element of the group algebra C S_n , i.e. it commutes with all the elements of S_n. So the above can be rewritten as dim(R) = 1 n! ∑ T χ_R(C_T ) N^{∑i ki (T )} . (2.32)

We can now find the q-generalization of this formula by setting U = 1 in (2.29), to obtain

dim_q(R) = 1 g d_R(q) d_R(1) ∑ σ∈S_n q^{−l(σ)} χ_R ( h(σ^{−1}) ) tr_n(h(σ)u) . (2.33)

We can manipulate the above sum, using cyclicity of the trace and the Hecke relations, to reduce it to a sum over conjugacy classes T in S_n, with the only terms appearing inside tr_n being the tr_n(u h(m_T )). m_T are permutations in the conjugacy class T which have minimal length when expressed in terms of generators. They are the minimal words in [16]. For n = 3, m_T are 1, g_1, g_1g_2 for the 3 conjugacy classes. We prove in the appendix B (B.7)

tr_n (u h(m_T )) = q^{N +12 l(T )} [N]^{∑i ki} (2.34)

where the q-number is

[N] = q^{N/2} − q^{−N/2} q^{1/2} − q^{−1/2} , (2.35)

and l(T ) is the length of the permutation m_T .

We will explain below that the Hecke algebra elements C_T appearing as the coefficients of q^{−l(T )}tr(u h(m_T )) are central. Hence the formula for the q-dimension becomes

dim_q(R) = 1 g d_R(q) d_R(1) ∑ T χ_R(C_T (q)) [N]^{∑i ki(T )} q^{N −12 l(T )} . (2.36)

Examples of this formula are described in Appendix B, along with checks against the standard formula in terms of a product of q-numbers over the cells of the Young diagram.

We now explain the centrality property of C_T . Starting from the formula for the projector (2.12) we can express it in a reduced form using cyclicity and Hecke relations, where we only have the characters of the minimal words in each conjugacy class:

P_R = 1 g d_R(q) ∑ T χ_R(h(m_T )) C_T . (2.37)

Here T runs over conjugacy classes, and m_T are the minimal words. For the formulas up to n = 4, see appendix C. We can get the projector to the form (2.37) because, by using cyclicity of χ_R and the Hecke relations, the Hecke characters can be expressed in terms of these basic characters [16]. Now for every R, P_R is a central element of the Hecke algebra since it is a projector for the irreducible representation R. There are as many conjugacy classes T as irreducible representations R. Hence C_T must be central elements. When we calculate the q-dimension we get (2.33). When we manipulate the expression to express it in terms of q^{−l(T )} tr_n(u h(m_T )), we are using the same Hecke relations and cyclicity (of tr_n this time):

dim_q(R) = 1 g d_R(q) d_R(1) ∑ T q^{−l(T )} χ_R(C_T ) tr_n(h(m_T ) u) . (2.38)

This immediately leads to (2.36). Incidentally, (2.37) seems to give a relatively efficient way of caculating the central class elements compared to the ones we are aware of in the mathematical literature. Some interesting papers with explicit formulae for Hecke central elements, which we found useful, are [22, 23].

2.4 Hecke q-generalization of sums over symmetric groups of 2d Yang Mills

The string theory interpretation of 2d Yang Mills at q = 1 is centred on formulae derived from Schur-Weyl duality. The character relations following from Schur-Weyl give rise to a formula for dimensions of SU(N) reps in terms of S_n reps. Then some group theory manipulations lead to an expression of the chiral partition function in terms of delta functions over the symmetric group.

The delta function is defined over the symmetric group or, more generally, over the group algebra of the symmetric group:

δ(σ) = 1 if σ = 1 δ(σ) = 0 otherwise . (2.39)

A useful property of this delta function is that it can be expressed in terms of characters, n! δ(σ) = ∑ R d_R χ_R(σ) . (2.40)

The expressions arising in the 2d Yang-Mills string take the form

δ (σ_1σ_2 · · ·σ_k ) , (2.41)

and the weights depend on the genus G and on N in precisely such way that the chiral partition function can be expressed in terms of a sum of Euler characters of moduli spaces of holomorphic maps (see section 7 of [5]).

Now we will describe a q-generalization of this story, where the Hecke algebra will replace the group algebra of the symmetric group. A q-analog of the delta function on the symmetric group is known in the theory of Hecke algebras [21]. It is defined as:

δ(h(σ)) = 1 if σ = 1 δ(h(σ)) = 0 otherwise . (2.42)

Our δ(h(σ)) is^1_g tr(h(σ)) in the notation of [21] for the canonical trace function tr(h(σ)). This q-deformed delta function reduces exactly to the delta function on the symmetric group defined above when q → 1. It can be expressed as g δ(h(σ)) = ∑ R d_R(q) χ_R(h(σ)) , (2.43)

where R runs over partitions of n or Young diagrams with n boxes, and g is given in (2.13).

An important fact we will use in what follows is that for C a central element of the Hecke algebra, and for arbitrary σ ∈ S_n,

χ_R(C) χ_R (h(σ)) = d_R(1) χ_R (C h(σ)) , (2.44)

which follows simply from Schur’s lemma applied to the Hecke algebra.

We now have all the elements we need in order to rewrite the quantum dimensions in terms of central elements of the Hecke algebra. Using (2.36), we can write

dim_q(R) = [N]^n g d_R(q) d_R(1) χ_R(Ω_n) . (2.45)

In the quantum case the Ω’s are expressed as

Ω_n = ∑ T [N]^{KT −n} q^{N −12 l(T )} C_T = 1 + ∑ T ′ [N]^{KT −n} q^{N −12 l(T )} C_T ≡ 1 + Ω^′_n , (2.46)

where the unprimed sum runs over the central elements of H_n. The restricted sum (denoted by the prime) runs over all central elements associated with conjugacy classes of S_n which are not the identity. The last line is a definition of Ω^′_n. Making repeated use of (2.44), we find that for a central element we have: ( χ_R(C) d_R(1) )_m = χ_R(C^m) d_R(1)

. (2.47)

It now follows from (2.45) that

(dim_q(R))^m = = ( [N]^n d_R(q) g )_m χ_R(Ω^m) d_R(1)

(2.48)

= ( [N]^n d_R(q) g )_{m ∞}∑ ℓ=0 d(m, ℓ) d_R(1) χ_R ℓ∏ i=1 ∑ T_i ′C_{Ti} [N]^∑i^KTi^{−n}q^{N −1}2^∑i^{l(T}i^) where d(m, ℓ) =^{Γ(m+1)}

Γ(ℓ+1)Γ(m−ℓ+1) , and we wrote out the definition of Ω ′. Let us develop the q-deformed chiral Gross-Taylor expansion Z = ∞∑ n=0 ∑ R∈Y_n (dim_q(R))^{2−2G}

= ∞∑ n=0 ∑ R∈Y_n [N]^{(2−2G)n} ( d_R(q) g )_{2−2G} 1 d_R(1) χ_R ( Ω^{2−2G} ) . (2.49)

Now we can show (see appendix A) that ( g d_R(q) )_2 = ∑ s,t∈S_n q^{−l(s)−l(t)} 1 d_R(1) χ_R ( h(s)h(t)h(s^{−1})h(t^{−1}) ) . (2.50)

We also show in the appendix that the element ∑ s,t∈S_n q^{−l(s)−l(t)} h(s)h(t)h(s^{−1})h(t^{−1}) (2.51)

is central in H_n. Hence we have ( g d_R(q) )_{2G} = ∑ s_1 ,t_1···s_G,t_G q^{− ∑i (l(si)+l(ti))} 1 d_R(1) χ_R (_G ∏ i=1 h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) ) . (2.52)

Now we employ this equation in (2.49) to get Z = ∞∑ n=0 ∑ R∈Y_n ∑ s_it_i q^{− ∑i(l(si)+l(ti))} [N]^{(2−2G)n} ( d_R(q) g d_R(1)

)_2 ×

× χ_R (_G ∏ i=1 h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) ) χ_R(Ω^{2−2G})

= ∞∑ n=0 ∑ R∈Y_n ∑ s_it_i [N]^{(2−2G)n} ( d_R(q) g )_2 q^{− ∑i(l(si)+l(ti))} d_R(1) ×

× χ_R ( Ω^{2−2G} G∏ i=1 h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) ) (2.53)

where we sum over S_n permutations s_1, t_1, . . ., s_G, t_G. At this point the manipulations performed in the classical case do not generalize straightforwardly to the quantum case because of the different powers of d_R(q) and d_R(1). We need to introduce an element D of the Hecke algebra with the property χ_R(D) = d_R(q) . (2.54)

The existence of this element is proven in appendix A, where an explicit expression is given for it in terms of an infinite sum. Let us find it explicitly for low values of n. For n = 2, 3, we can solve the above equation explicitly. We find for n = 2 D = 1 + q^2 1 + q + 1 − q 1 + q g_1 and for n = 3 D = 1 + q^2 + 2q^3 + q^4 + q^6 (1 + q)(1 + q + q^2) + (1 − q)(2 + 2q + q^2 + 2q^3 + 2q^4) (1 + q)(1 + q + q^2) g_1 + (1 + q)(1 − q)^2

1 + q + q^2 g_1g_2 . (2.55)

We note that D → 1 in the classical limit. Using the form of D in the appendix we can write

d_R(q)^2 d_R (1) = dR(q) χ_R(D) d_R(1) , which allows us to rewrite (2.53) Z = ∞∑ n=0 ∑ s_it_i 1 g [N]^{(2−2G)n} δ ( D Ω^{2−2G} G∏ i=1 q^{−l(si)−l(ti)}h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) ) . (2.56)

In the last step we used (2.43). This is the q-analog of the Gross-Taylor expansion. We can expand the Ω-factors as follows Z = ∞∑ n=0 ∑ s_i t_i q^{− ∑i(l(si)+l(ti))} ∞∑ ℓ=0 ∑ T_1...T_ℓ ′ 1 g [N]^{(2−2G)n+∑i(K(Ti)−n)} q^{N −1}2^{∑ℓi=1 l(Ti)}

× d (2 − 2G, ℓ) δ ( D C_{T1} . . .C_{Tℓ} G∏ i=1 h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) ) . (2.57)

As explained in [5], the factor of d(2 − 2G, ℓ) is the Euler character of the configuration space of ℓ points on Σ_G, denoted as χ(Σ_{G,ℓ}). Hence we can write Z = ∞∑ n=0 ∑ s_it_i q^{− ∑i(l(si)+l(ti))} ∞∑ ℓ=0 ∑ T_1...T_ℓ ′ 1 g [N]^{(2−2G)n+∑ℓj=1 (K(Tj )−n)} q^{N −12 ∑ℓj=1 l(Tj )}

× χ(Σ_{G,ℓ}) δ ( D C_{T1} . . .C_{Tℓ} G∏ i=1 q^{−(l(si )+l(ti))}h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) ) . (2.58)

3 Manifolds with boundary

We now describe the chiral large [N] expansion of q-deformed 2d Yang-Mills theory on manifolds with boundary, in terms of Hecke algebras. We recall the classical case first. For a Riemann surface of genus G with B boundaries and boundary holonomies U_1, . . ., U_B in SU(N), the parition function is

Z_{YM}(G, B; U_1, . . ., U_B) = ∑ R (dim R)^{2−2G−B}χ_R(U_1) χ_R(U_2) . . .χ_R(U_B) . (3.1)

It is useful in that case to multiply by (^1_{n!} )^B tr_n(T_1 U^†_1 ) tr_n(T_2 U^†_2 ) . . .tr(T_B U^†_B ) and integrate over the holonomies, where T_1, . . ., T_n are sums of permutations in fixed conjugacy classes in S_n. Then the chiral Gross-Taylor expansion becomes

Z_{YM}(G, B; T_1, . . ., T_B) = ∑ s_i,t_i 1 n! N^{n(2−2G−B)}δ ( T_1 . . .T_B Ω^{2−2G−B} n G∏ i=1 s_it_is^{−1}_i t^{−1}_i ) . (3.2)

This is basically a Fourier transformation, and the derivation is explained in [24].

For q-deformed 2d Yang-Mills, the holonomies along the boundaries are specified by the quantum characters [13, 12] of U_q(SU(N)): Z_{qYM}(G, B; U_1, . . ., U_B) = ∑ R (dim_q R)^{2−2G−B}χ_R(U_1) χ_R(U_2) . . .χ_R(U_B) . (3.3)

Now we can insert (^1_g )^B tr_n(C_{T1} U^†_1 ) tr_n(C_{T2} U^†_2 ) . . .tr(C_{TB} U^†_B). In this case, C_{T1} , . . ., C_{TB} are central elements in H_n(q) which approach the class sums T_1, T_2, . . ., T_B in the limit q → 1. They have appeared in the formulae for the q-dimension earlier. We use the expansion

tr(C_T U^†) = ∑ S χ_S (C_T ) χ_S (U^†) , (3.4)

where χ_S (C_T ) is the Hecke algebra character in the representation S. Then we integrate the quantum group elements U_1, . . ., U_B, and use the orthogonality [13, 12] ∫ dU χ_R(U) χ_S (U^†) = δ_{RS} . (3.5)

The result is Z_{qYM} (G, B; C_{T1}, . . ., C_{TB} ) = ∑ R∈Y_n (dim_q R)^{2−2G−B} B∏ j=1 ( χ_R(C_{Tj} ) g )

= ∑ R [N]^{(2−2G−B)n} ( d_R(q) g χ_R(Ω) d_R(1) )_{2−2G−B B}∏ j=1 ( χ_R(C_{Tj} ) g ) (3.6)

= 1 g [N]^{(2−2G−B)n} ∑ s_i t_i δ ( E g )_{B−1} Ω^{2−2G−B} G∏ i=1 q^{−l(si )−l(ti)} h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) B∏ j=1 C_{Tj} .

In the second line we used (2.48), and in the last line we employed (2.52). The element E is defined in (A.14). As in manipulations of the partition function we repeatedly used (2.44) to combine products of characters. Finally to obtain the delta function from the Hecke characters, we used (2.43).

In the q = 1 limit (3.6) reduces to a delta function over the group algebra of S_n, counts maps with specified conjugacy classes of permutations at the boundaries. There is now some deformation of this geometry, involving central elements of the Hecke algebra H_n(q) associated with the boundaries. It is very intersting that for B = 1 we do not have the^E_g factors. Recall also that^E_g = 1 in the q = 1 limit.

In the q-deformed theory there is a notion of a delta-function over the quantum group -valued holonomies [13]. It is the partition function on the disk, therefore the case G = 0, B = 1 of the above. We compute directly: δ(U, 1) = ∑ n;σ∈S_n 1 g [N]^n q^{−l(σ)}δ(DΩ h(σ^{−1})) tr_n(h(σ) u U) = ∑ n;σ∈S_n 1 g [N]^n Q^σ tr_n(h(σ) u U) ,

(3.7) where we defined DΩ = ∑ σ Q^σ h(σ). Using (3.5), we can integrate this expression against any test function to obtain a form that depends purely on the Hecke algebra. In particular, the above gives another expression for the quantum dimensions. Thus, in the q-deformed theory the partition function on a disk of zero area continues to be associated to a flat connection, in the quantum group sense [13].

4 Chiral large N expansion for Wilson loops

After having computed the partition function on closed Riemann surfaces and Riemann surfaces with boundaries, we should now discuss the chiral expansion of Wilson loops. For simplicity, we will consider non-intersecting Wilson loops in this section. The basic object we need to take into account are the SU(N) tensor multiplicity coefficients [13, 12]. Indeed, consider a surface of genus G = G_1 + G_2 with a Wilson loop in representation S, where G_1 and G_2 are the genera of the inner and outer faces of the Wilson loop. The expectation value of this Wilson loop is

W_S (G) = ∑ R_1R_2 ∫ dU (dim_q R_1)^{1−2G1} (dim_q R_2)^{1−2G2} χ_{R1} (U) χ_S (U) χ_{R2} (U^†) , (4.1)

where R_1 and R_2 are the representations of the inner and outer faces, respectively. Since we are discussing the case of q non-root of unity, the result of the above quantum integral are the usual SU(N) tensor multiplicity coefficients (Littlewood-Richardson coefficients). Thus we are set to compute W_S (G) = ∑ R_1R_2

(dim_qR_1)^{1−2G1} (dim_qR_2)^{1−2G2} N^{R2}_{R1S} . (4.2)

Our next task is to look for an expression for the Littlewood-Richardson coefficients that we can interpret as a deformation of the Riemann surface. Thus, we want to write them as delta functions on the Hecke algebra. We start from the definition:

N^{R3}_{R1R2} = ∫ dU χ_{R1} (U) χ_{R2} (U) χ_{R3} (U^†) (4.3)

and observe that the above is a trace of the following operator acting in R_1 ⊗ R_2: ∫ dU χ_{R3} (U^†) ρ_{R1⊗R2} (U) . (4.4)

Now R_1 can be realized in V^{⊗n1} with multiplicity d_{R1} (1) when we project on the given Young diagram, and likewise for R_2. It is also useful to note that the above operator is proportional to a projector for the representation R_3 ∫ dU χ_{R3} (U^†) ρ_{R1⊗R2} (U) = 1 dim_q R_3 ρ_{R1⊗R2} (P_{R3} ) . (4.5)

Using the expression for the projectors for R_1 and R_2 in terms of the Hecke algebra, we obtain

N^{R3}_{R1R2} = 1 g_1g_2g_3 d_{R1} (q) d_{R1} (1) d_{R2} (q) d_{R2} (1) ∑ σ_1 σ_2

q^{−l(σ1)−l(σ2)} χ_{R1} (h(σ^{−1}_1 )) χ_{R2} (h(σ^{−1}_2 )) × 1 dim_qR_3 tr_V ⊗n_{1 ⊗V} ⊗n_2 ( (h(σ_1) · h(σ_2)) P_{R3} ) . (4.6)

Here and in what follows we take σ_i ∈ S_{ni} for i = 1, 2, 3. Writing out the projector (2.28), we get N^{R3}_{R1R2} = 1 g_1g_2g_3 d_{R1} (q) d_{R1} (1) d_{R2} (q) d_{R2} (1) ∑ σ_1 σ_2σ_3

q^{−l(σ1 )−l(σ2)−l(σ3)} χ_{R1} (h(σ^{−1}_1 )) χ_{R2} (h(σ^{−1}_2 )) χ_{R3} (h(σ^{−1}_3 )) × d_{R3} (q) dim_qR_3 tr_V ⊗n_{1 ⊗V} ⊗n_2 ( (h(σ_1) · h(σ_2)) h(σ_3) ) , (4.7) and expanding the trace in a basis of Young tableaux with n_1 + n_2 boxes, we get

N^{R3}_{R1R2} = 1 g_1g_2g_3 d_{R1} (q) d_{R1} (1) d_{R2} (q) d_{R2} (1) ∑ σ_1 σ_2σ_3

q^{−l(σ1 )−l(σ2)−l(σ3)} χ_{R1} (h(σ^{−1}_1 )) χ_{R2} (h(σ^{−1}_2 )) χ_{R3} (h(σ^{−1}_3 )) × d_{R3} (q) dim_qR_3 ∑ S∈Y_{n1 +n2} χ_S ( (h(σ_1) · h(σ_2)) h(σ_3) ) dim_q S . (4.8)

If we now use the projector property

χ_S (P_{R3} h(σ)) = δ_{R3S} χ_{R3} (h(σ)) (4.9)

and the explicit form of the projector in (2.12) then we have the useful orthogonality relation ∑ σ_3 q^{−l(σ3)} d_{R3} (q) g_3 χ_{R3} (h(σ^{−1}_3 )) χ_S ( h(σ_3)(h(σ_1) · h(σ_2)) ) = χ_{R3} (h(σ_1) · h(σ_2)) δ_{R3S} (4.10)

This can be used to simplify the expression (4.8) further to:

N^{R3}_{R1,R2} = 1 g_1g_2 d_{R1} (q) d_{R1} (1) d_{R2} (q) d_{R2} (1) ∑ σ_1σ_2

q^{−l(σ1 )−l(σ2)} χ_{R1} (h(σ^{−1}_1 )) χ_{R2} (h(σ^{−1}_2 )) χ_{R3} (h(σ_1) · h(σ_2))

(4.11)

This formula is reminiscent of the Verlinde formula for the fusion coefficients of orbifold conformal field theories [25], or alternatively of Chern-Simons theory with finite groups [26, 27]. It would be interesting to understand the connection.

If we go from the character basis to the basis in terms of central elements of the Hecke algebra, and using the above, we get 1 g_1g_2g_3 ∑ R_1R_2R_3

N^{R3}_{R1R2} χ_{R1}(C_1) χ_{R2} (C_2) χ_{R3} (C_3) = 1 g_1g_2 ∑ σ_1σ_2

δ(h(σ^{−1}_1 )C_1) δ(h(σ^{−1}_2 )C_2) q^{−l(σ1)−l(σ2)} ∑ R_3 1 g_3 d_{R3} (1) χ_{R3} (h(σ_1) · h(σ_2)C_3) = 1 g_1g_2 ∑ σ_1σ_2

δ(h(σ^{−1}_1 )C_1) δ(h(σ^{−1}_2 )C_2) q^{−l(σ1)−l(σ2)} 1 g_3 δ ( E C_3 (h(σ_1) · h(σ_2)) )

= 1 g_1g_2g_3 ∑ σ_1 ∑ σ_2

C^{σ1}_1 C^{σ2}_2 δ ( E C_3 (h(σ_1) · h(σ_2)) ) . (4.12)

E is the element defined in (A.14) of Appendix A. We have denoted by C^σ the coefficients which appear in expansion of the central element C, C = ∑ σ C^σ h(σ) , (4.13)

and we used the following property of the trace [21]:

δ(h(σ)h(σ^′)) = q^{l(σ)} if σσ^′ = 1 δ(h(σ)h(σ^′)) = 0 otherwise. (4.14)

Consider now the computation of a simple Wilson loop, in the representation S, separating a region with G_1 handles from another region with G_2 handles.

W_S = ∑ n_1 ,n_2 ∑ R_1R_2

(dim_q R_1)^{1−2G1} (dim_q R_2)^{1−2G2} N^{R2}_{R1S}

= ∑ R_1

[N]^{n1(1−2G1)} ( d_{R1} (q) g_1d_{R1} (1) )_{1−2G1} (χ_{R1} (Ω))^{1−2G1}

× ∑ R_2

[N]^{n2(1−2G2)} ( d_{R2} (q) g_2d_{R2} (1) )_{1−2G2} (χ_{R2} (Ω))^{1−2G2} N^{R2}_{R1S} (4.15)

We now use (4.11) with the fusion coefficient, multiply by the character of some central element C in H_{nS} (q) and sum over S

W (C, G_1, G_2) = ∑ S χ_S (C) g_S W_S (4.16)

Collecting all S dependences we have ∑ S 1 g_S d_S (q) d_S (1) χ_S (C) χ_S (h(σ^{−1}_2 )) = δ(C h(σ^{−1}_2 )) (4.17)

Hence we obtain

W (C; G_1, G_2) = ∑ n_1,n_2 1 g_1g_2 δ_{n1 +nS ,n2} [N]^{n1(1−2G1)+n2 (1−2G2)} ∑ σ_1σ_2

q^{−l(σ1 )−l(σ2)} × (4.18)

× δ(C h(σ^{−1}_2 )) δ ( D Π^{G1}_1 Ω^{1−2G1} h(σ^{−1}_1 ) ) δ ( Π^{G2}_1 Ω^{1−2G2} (h(σ_1) · h(σ_2)) )

The factors of [N] are as above. We have defined

Π^{G1}_1 = ∑ s_1 ,t_1..s_{G1} ,t_{G1} q^{− ∑i l(si )−l(ti)} G_1∏

i=1 h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i )

Π^{G2}_1 = ∑ s_1 ,t_1..s_{G2} ,t_{G2} q^{− ∑i l(si )−l(ti)} G_2∏

i=1 h(s_i)h(t_i)h(s^{−1}_i )h(t^{−1}_i ) (4.19)

Expanding C = ∑ σ C^σ h(σ) P = D Ω^{1−2G1} Π^{G1}_1 = ∑ σ P^σ h(σ) , (4.20)

we finally get

W (C; G_1, G_2) = ∞∑ n_1 =0 1 g_1g_2 [N]^γ ∑ σσ^′ P^σ C^{σ′} δ ( Ω^{1−2G2} Π^{G2}_1 (h(σ) · h(σ^′)) ) . (4.21)

We defined γ = n_1 +n_2 −2(n_1G_1+n_2G_2) = (2−2G)n_1+n_S (1−2G_2), where we used n_2 = n_1 +n_S .

5 On the role of quantum characters in q-deformed 2d YM

In this paper we have used quantum U_q(SU(N) characters rather than classical SU(N) characters. For the computations in [10] it seemed enough to consider classical SU(N) characters. So one can ask: does one need to compute with quantum characters, or do the classical ones suffice? In this section we argue that quantum characters are needed in the generic situation; in fact, they are extremely natural and they provide the simplest solution to the problem of crossings and gluing along open lines. Our arguments are consistent with [10], where the dimensions appearing in the partition function (1.3) were quantum dimensions but the characters associated with boundaries and Wilson loops were classical SU(N) characters. In particular, this paper did not consider crossings on the surface, and gluing constructions involved closed curves only. In the absence of crossing points, both the classical and the quantum characters lead to a topological invariant theory. It is a well-known fact from Chern-Simons theory that one can do without R-matrices or other quantum group structure as long as one considers simple Wilson loops – for example, toric ones, whose expectation value follows from surgery. In the 2d Yang-Mills case, the basic gluing formula along circles is (3.5), which is valid both for classical and quantum characters, and ensures topological invariance of the gluing construction along circles. More precisely, the need for quantum characters in qYM can be seen:

1) in the presence of Wilson loops with non-trivial crossings; 2) when gluing along open lines.

The original definition of qYM is well-known [13, 12] and it involves quantum characters. In the following subsections we collect several arguments that show the need for quantum characters.

5.1 Consistency of Wilson loops

One of the basic consistency conditions to be imposed on a Wilson loop is that, if the charge of the particle is zero, the expectation value of the Wilson loop should be that of the unit operator; in other words, it should give back the partition function of the theory. In our case, if W_R(G; C) is the Wilson loop operator in representation R around the curve C on the Riemann surface of genus G, consistency requires

W_{R=ρ}(G; C) = ⟨1⟩ = Z_{qYM}(Σ_G) (5.1)

where ρ is the Weyl vector labeling the trivial representation. Thus, we should reproduce:

W_ρ(G; C) = ∑ S (dim_q S)^{2−2g}q^{− 12 A C2(S)} . (5.2)

We will check whether quantum dimensions and classical characters are consistent with this for a Wilson loop with crossings.

Consider the expectation value of the Wilson loop W_R(G; C) in Figure 1. In this case we have A = A_1 + A_2 + A_3, where A_1 is the area of the outer face, which genus G. We get:

W_R(G; C) = ∑ R_1R_2R_3

(dim_q(R_1))^{1−2g} dim_q(R_2) dim_q(R_3) q^{− 12 (A1 C2(R1)+A2 C2(R2)+A3 C2(R3))} × × ∫ dUdV χ_{R1} (U^{−1}V^{−1}) χ_{R2} (U) χ_{R3} (V )χ_R(UV^{−1}) (5.3)

Figure 1: A Wilson loop with a crossing.

where, since we are dealing with classical characters, dU is the Haar measure. Let us compute this in the trivial case: R = ρ. We can compute the integrals using the character formula ∫ dU χ_{R2} (U)χ_{R3} (U^{−1}V ) = δ_{R2R3} χ_{R2} (V ) dim(R_2)

(5.4)

We get ∑ S (dim_q(S))^{3−2g} dim(S) q^{− 12 AC2 (S)} (5.5)

which disagrees with (5.2). The reason that the dimensions do not come out right is that we were forced to use the formula (5.4). We conclude that this procedure is not consistent. On the other hand, the same computation can be carried out with quantum characters, and in that case we do get the quantum dimension in (5.4).

5.2 Gauge invariance of Wilson loops There is a short proof of gauge invariance for the Wilson loops and boundary elements we have discussed in previous sections. Let U ∈ Fun_q(SU(N)) (for more details on this see appendices B and D), and consider the ad-action of Fun_q(SU(N)) on itself: ad : U → h US(h) , (5.6) where we are considering Fun_q(SU(N)) as a Hopf algebra with antipode S [17]. It is easy to see that the quantum trace Tr (u U) (5.7) is left invariant under this action (for the definition of the u-element, see appendix B). We get:

Tr (u hUS(h)) = Tr (S^2(h)uUS(h)) = (S^2(h))_{ij} (uU)_{jk}(S(h))_{ki} = (S^2(h))_{ij} (S(h))_{ki}(uU)_{jk} = S(h_{ki}(S(h))_{ij})(uU)_{jk} = Tr (u U) , (5.8)

where we used ϵ(h) = 1, and the fact that u satisfies

u x = S^2(x) u (5.9) for any x ∈ Fun_q(SU(N)). Thus, gauge invariance in Fun_q(SU(N)) is ensured provided we include the u-element.

We have proven that the triple ( Migdal gluing , quantum dimensions , classical characters ) (5.10)

is inconsistent in the generic case. To get a consistent theory, we need to modify one of the above. If instead of quantum dimensions we use classical dimensions, we of course get back the usual 2d Yang-Mills. If we want the dimensions to be quantum, we either need quantum characters, or a modification of the gluing rules. The possibility to have quantum characters has been discussed at length in this paper, and it has been shown to be consistent in [13]. In particular, the theory is gauge invariant and independent of the triangulation. We do not exclude that there might be a complicated modification of the gluing rules that would allow to keep quantum dimensions and classical characters even in the presence of crossings.

Additional features of the quantum characters are the following. The natural expansion of the quantum dimensions is in terms of quantum characters, which are most easily expressed in terms of a Hecke algebra, as we have shown. This gives a natural deformation of the symmetric group description of covering maps of the Riemann surface. Also in the case with boundaries the use of quantum characters was essential for this. Finally, q-deformed 2d Yang-Mills computes invariants of knots in Seifert manifolds [28, 11]. This is also expected from open-closed string duality in the A-model with branes. This relation will however only work if on the qYM side we deform the gauge symmetry as well so as to get quantum characters, since only that will give the quantum 6j-symbols that appear in the Reshetikhin-Turaev invariant relevant for knots in Chern-Simons [11].

6 Discussion and outlook

We have shown that the chiral large N expansion ( note that the q-number [N] appears as the natural expansion parameter ) for q-deformed Yang-Mills can be described by Hecke algebras. The full large N expansion is expected to be given by a coupled product of chiral and antichiral contributions. We expect that techniques of this paper can be extended to give a precise description of this non-chiral expansion in terms of Hecke algebras.

The string interpretation of q-deformed 2d Yang-Mills on Σ_G has been developed in [9, 10]. The leading order terms in the expansion, obtained by setting the Ω factors to 1, were shown to compute Gromov-Witten invariants of a Calabi-Yau space X which is a direct sum of line bundles L_p ⊕ L_{2g−2−p} fibered over Σ_G. The sub-leading terms, due to the Ω factors were intepreted in terms D-brane insertions at 2G − 2 points. This picture develops the Gross-Taylor interpretation (at q = 1) of the Ω factors in terms of fixed points on the Riemann surface [3, 4]. An alternative interpretation of the Ω factors underlies the topological string theory developed in [5, 6] for q = 1. The latter topological string is different from the standard one. It has been labelled a balanced topological string and has been observed to be an example of a general class of balanced topological field theories naturally related to Euler characters of moduli spaces [29]. It integrates over the moduli space of holomorphic maps the Euler class of the tangent bundle to that moduli space.

The concrete connection between Euler characters and the large N expansion of two dimensional Yang-Mills is manifest when one expands the Ω factors and recognizes the binomial coefficients as Euler characters of configuration spaces of points on the Riemann surface Σ_G [5]. Our treatment of the Ω factors in the q-deformed case, which has expressed it in terms of central elements of the Hecke algebra, naturally lends itself to this interpretation. Euler characters of configuration spaces continue to appear in the expansion for the same reasons as at q = 1. This suggests that a closed topological string interpretation exists for the large N expansion of q-deformed two-dimensional Yang-Mills in terms of a balanced topological string. The simplest proposal along these lines is that the balanced topological string with target space X would give a closed string interpretation for the all orders expansion of q-deformed two-dimensional Yang-Mills. The relation of such a picture to the D-brane insertions of [10] would involve an interesting incarnation of open-string/closed-string duality. Developing these relations requires a clearer understanding of the coupling between holomorphic and anti-holomorphic sectors in the context of the balanced topological string. The connection between the Gross-Taylor expansion and the Gromov-Witten invariants appearing in [9, 10] has also been discussed in [30, 31].

Given the rather simple Hecke q-deformation we have uncovered, of the sums over symmetric group delta functions related to the classical Hurwitz counting of branched covers, it is also natural to speculate that there is an intrinsically two-dimensional picture which would account for the Hecke delta functions, without appealing to the Calabi-Yau X. One possiblity is that we have q-deformed Riemann surfaces and maps between such Riemann surfaces. In fact q-deformed planes, known as Manin planes, have been studied and holomorphy has been discussed ( see for example [32]). One could construct Riemann surfaces which, in some sense, locally look like Manin planes, and consider holomorphic maps between them. As far as we are aware, such a theory of Hurwitz spaces for q-deformed Riemann surfaces has not yet been developed.

While Hecke algebras are more familiar to mathematical physicsists as centralizers of quantum groups acting in tensor spaces, they have another pure mathematical origin ( see for example [33]). H_n(q) is an algebra of double cosets B_n(F_q) \ GL_n(F_q)/B_n(F_q). Here F_q is the finite field with q elements, where q is a power of a prime p ( If q = p then F_q is just the field of residue classes modulo p ). GL_n(F_q) is the group of n × n matrices with entries in F_q. B_n(F_q) is the subgroup of the upper triangular matrices. This generalises the fact that S_n appears from double cosets B_n(C ) \ GL_n(C )/B_n (C ). Hence the deformation of C S_n to the Hecke algebra H_n(q) corresponds to going from C to F_q. This suggests that, at least for q equal to a power of a prime, our Hecke-q-deformed Hurwitz counting problem, might be related to Riemann surfaces over F_q. It is interesting that, in this context, fundamental groups can be defined and they still take the form

a_1 b_1 a^{−1}_1 b^{−1}_1 a_2 b_2 a^{−1}_2 b^{−1}_2 · · · a_G b_G a^{−1}_G b^{−1}_G u_1 · · · u_B = 1 . (6.1)

There are also results on the moduli spaces of branched covers in this set-up, generalizing properties of classical Hurwitz space [34]. An interesting direction for the future is to determine if there is a relation between Hecke algebras H_n(q) and these moduli spaces, and if such a relation provides the geometrical meaning for the q-deformed Hecke counting problems in (2.56), (2.57).

Classical and q-deformed 2d Yang-Mills are closely connected to Chern-Simons theory on Seifert manifolds [35, 11, 10, 36, 37]. On the other hand, some of the formulas in this paper, such as (4.11) , are suggestive of some connection of the chiral large N expansion of q-deformed 2d Yang-Mills and orbifold conformal field theories [25] or Chern-Simons theory for finite gauge groups [26, 27]. It is known that the Chung-Fukuma-Shapere three-dimensional topological field theory [38] is the absolute value squared of the partition function of the Dijkgraaf-Witten theory. It seems very likely that the chiral expansion in terms of Hecke characters worked out in this paper can be formulated in the two-dimensional topological field theory framework of [39, 38] with additional insertions coming from the branch points. It would be interesting to see in detail to what extent the chiral q-deformed 2d Yang-Mills theory is related to the Dijkgraaf-Witten theory. In view of the connection to Chern-Simons theory, it will be interesting to explore the q-deformed chiral as well when q approaches roots of unity. q-Schur Weyl duality at roots of unity has been discussed in [40, 41].

Acknowledgments

We thank Mina Aganagic, Luca Griguolo, Costis Papageorgakis, Gabriele Travaglini, and Ivan Todorov for useful discussions and correspondence. SR is supported by a PPARC Advanced Fellowship. The research of SR and SdH is in part supported by the EC Marie Curie Research Training Network MRTN-CT-2004-512194. The work of AT is supported by DFG (Deutsche Forschungsgemeinschaft) within the “Schwerpunktprogramm Stringtheorie 1096”. We have used the package NCAlgebra for some of our computations with the Hecke algebra.

A Central elements

A.1 Centrality of q-deformed conjugation sum

We want to show that ∑ s q^{−l(s)}h(s)h(t)h(s^{−1}) (A.1)

is central in H_q(n). Since H_q(n) is generated by g_1, ...g_{n−1}, it suffices to show that the above element commutes with these generators. We will first show it for g_1, and it will be clear the same proof can be repeated for g_2 etc.

First recall how this works in the case q = 1. We write ∑ s s_1sts^{−1} = ∑ s (s̃)ts̃^{−1}s_1 = ∑ s̃ s̃ts̃^{−1}s_1 ,

where we defined s̃ = s_1s. The cancellation only uses a pair of terms at a time. For a fixed s,

s_1sts^{−1} = s̃ts̃^{−1}s_1 s_1s̃ts̃^{−1} = sts^{−1}s_1 ,

which means that

[s_1, sts^{−1}] + [s_1, s̃ts̃^{−1}] = 0 . (A.2)

It turns out that the same pairwise cancellation works for q ≠ 1. It is instructive to check it explicitly for n = 3, 4. Below we give the general argument.

Suppose s is of the form s_1u, where u is a word in the generators. Now recall that before applying the map h to s we must express it in reduced form. This means that if s = s_1u, the leftmost term in u is not s_1. The following can be derived easily

h(s) = g_1h(u) l(s) = l(u) + 1 h(s^{−1}) = h(u^{−1})g_1 .

Then s̃ = s_1s = u. Now we write the pair of elements from (A.1) for the fixed s, s̃. q^{−l(s)}h(s)h(t)h(s^{−1}) = q^{−l(u)−1}g_1h(u)h(t)h(u^{−1})g_1 q^{−l(s̃)}h(s̃)h(t)h(s̃^{−1}) = q^{−l(u)}h(u)h(t)h(u^{−1}) . (A.3)

The commutator with the first term is [g_1, q^{−l(s)}h(s)h(t)h(s^{−1})] = q^{−l(u)}h(u)h(t)h(u^{−1})g_1 + q^{−l(u)−1}(q − 1)g_1h(u)h(t)h(u^{−1})g_1 − q^{−l(u)}g_1h(u)h(t)h(u^{−1}) − q^{−l(u)−1}(q − 1)g_1h(u)h(t)h(u^{−1})g_1 . (A.4)

The commutator with the second term in (A.3) is

[g_1, q^{−l(u)}h(u)h(t)h(u^{−1})] = q^{−l(u)}g_1h(u)h(t)h(u^{−1}) − q^{−l(u)}h(u)h(t)h(u^{−1})g_1 . (A.5)

Combining the terms in (A.4) and (A.5) we see that the terms proportional to a power of q cancel between the two equations ( as they must for this to work at q = 1 ). The terms containing a factor q − 1 cancel within (A.4).

This proves that the sum (A.1) commutes with g_1. It has been done by decomposing the sum over S_n into a sum over left coset elements by the subgroup S_2 generated by s_1, and a sum over representatives in each coset. The vanishing of the commutator with g_1 works within the sum over representatives in each coset. To prove that it commutes with g_2 · · ·g_{n−1} we similarly decompose with respect to left cosets of s_2, · · ·s_{n−1}. Hence (A.1) is central in H_q(n). It follows that it’s matrix representation in any irreducible representation must be diagonal. Using the matrices given in [16], we have checked this explicitly up to n = 4.

A special case of (A.1) is given by the choice t = 1. Based on evidence described below, we conjecture that its character in an irreducible representation is ∑ s q^{−l(s)} χ_R d_R(1)

(h(s^{−1})h(s)) = g d_R(1) d_R(q) , (A.6)

with d_R(q) and g as given in (2.13). Since the Hecke element in the character is central ( after summation over s ), it suffices to calculate it on one state in the irrep. We have checked this for general completetly symmetric reps and completely antisymmetric reps, as well as for all representations up to n = 4, using the explicit matrices given in [16]. Another check of this formula is to multiply by d_R(q)d_R(1) and sum over young diagrams R with n boxes. Using (2.43), the LHS becomes g δ ( ∑ s q^{−l(s)} h(s^{−1})h(s) ) . (A.7)

But from [21] δ(h(s^{−1})h(s)) = q^{l(s)}. Hence the LHS is equal to (g n!). On the RHS we have g ∑ R(d_R(1))^2 = (g n!) . This gives a consistency check of (A.6) for any n. Using (A.6) and (2.44) ∑ s q^{−l(s)} χ_R d_R(1)

(h(s)h(t)h(s^{−1})) = ∑ s q^{−l(s)} χ_R d_R(1) (h(s)h(s^{−1})h(t)) = g d_R(1) d_R(q) χ_R d_R(1) (h(t)) = g d_R(q) χ_R(h(t)) . (A.8)

Hence ∑ s,t q^{−l(t)−l(s)} χ_R d_R(1)

(h(s)h(t)h(s^{−1})h(t^{−1})) = = ∑ s,t q^{−l(t)}q^{−l(s)} χ_R d_R(1) (h(s)h(t)h(s^{−1})) χ_R d_R(1)

(h(t^{−1})) = g d_R(q) ∑ t q^{−l(t)} χ_R(h(t)) χ_R d_R(1)

(h(t^{−1})) = g d_R(q)d_R(1) ∑ t q^{−l(t)} χ_R(h(t))χ_R(h(t^{−1}))

= g d_R(q)d_R(1) gd_R(1) d_R(q) = ( g d_R(q) )_2

. (A.9)

The last sum over characters was done by using orthogonality (2.24). This shows the desired identity (2.50)

A.2 Centrality of q-deformed commutator sum We prove that the element C ≡ ∑ s,t q^{−l(s)−l(t)}h(s)h(t)h(s^{−1})h(t^{−1}) (A.10)

of the Hecke algebra H_n(q) is central. In the q = 1 limit, this is ∑ s,t sts^{−1}t^{−1}, a sum of commutators of all group elements. Hence C is a q-deformed sum of commutators. Since H_n(q) is generated by g_1 . . . g_{n−1} it suffices to prove that g_iC = Cg_i for any g_i. We will start with g_1 and it will be clear how to generalize to the other generators.

Given the centrality of the q-deformed conjugation sum (A.1) we can write

Δ_1 ≡ g_1C − Cg_1 = ∑ s,t q^{−l(s)−l(t)}h(s)h(t)h(s^{−1})g_1h(t^{−1}) − ∑ s,t q^{−l(s)−l(t)}h(s)g_1h(t)h(s^{−1})h(t^{−1}) . (A.11)

We want to prove Δ_1 = 0. For q = 1 this can be proved as follows. If we define t = t̂s_1, s = ŝs_1, we can write ∑ s,t ss_1ts^{−1}t^{−1} = ∑ ŝ,t̂ ŝt̂ŝ^{−1}s_1t̂^{−1} (A.12)

This shows that it is useful to think about the sums over S_n in terms of the cosets S_n/S_2 where the S_2 is generated by s_1. Let us choose expressions for the elements of S_n in terms of words of minimal length in s_1..s_n. Let S_+ be the setof words not ending with s_1 on the right, and S_− the set of elements of the form ŝs_1. Clearly ŝ does not end with s_1 : if it did s would not be in reduced form. Hence ŝ ∈ S_+. For such s = ŝs_1, it is easy to see that

h(s) = h(ŝ)g_1 l(s) = l(ŝ) + 1 h(s^{−1}) = g_1h(ŝ^{−1}) (A.13)

We can write Δ_1 as

Δ_1 = ( ∑ s∈S_+ + ∑ s=ŝs_1∈S_− ; ŝ∈S_+ ) ( ∑ t∈S_+ + ∑ t=t̂s_1 ∈S_− ; t̂∈S_+ ) h(s)h(t)h(s^{−1})g_1h(t^{−1})q^{−l(s)−l(t)} −( ∑ s∈S_+ + ∑ s=ŝs_1 ∈S_− ; ŝ∈S_+ ) ( ∑ t∈S_+ + ∑ t=t̂s_1 ∈S_− ; t̂∈S_+ ) h(s)g_1h(t)h(s^{−1})h(t^{−1})q^{−l(s)−l(t)} = ∑ s,t∈S_+ q^{−l(s)−l(t)}h(s)h(t)h(s^{−1})g_1h(t^{−1}) + ∑ s,t̂∈S_+ q^{−l(s)−l(t̂)−1}h(s)h(t̂)g_1h(s^{−1})g^2_1h(t̂^{−1}) + ∑ ŝ,t∈S_+ q^{−l(ŝ)−l(t)−1}h(ŝ)g_1h(t)g_1h(ŝ^{−1})g_1h(t^{−1}) + ∑ ŝ,t̂∈S_+ q^{−l(ŝ)−l(t̂)−2}h(ŝ)g_1h(t̂)g^2_1h(ŝ^{−1})g^2_1h(t̂^{−1}) − ∑ s,t∈S_+ q^{−l(s)−l(t)}h(s)g_1h(t)h(s^{−1})h(t^{−1}) − ∑ s,t̂∈S_+ q^{−l(s)−l(t̂)−1}h(s)g_1h(t)g_1h(s^{−1})g_1h(t^{−1}) − ∑ ŝ,t∈S_+ q^{−l(ŝ)−l(t)−1}h(ŝ)g^2_1h(t)g_1h(ŝ^{−1})h(t^{−1}) − ∑ ŝ,t̂∈S_+ q^{−l(ŝ)−l(t̂)−2}h(ŝ)g^2_1h(t̂)g^2_1h(ŝ^{−1})g_1h(t^{−1}) .

This can be simplified by using g^2_1 = (q − 1)g_1 + q. We get terms with powers q^{−l(s)−l(t)} in the summand but without powers of (q − 1), terms proportional to (q − 1) and terms proportional to (q − 1)^2. The terms without powers of (q − 1) cancel pairwise among the 8 terms. The other terms can be written out explicitly, and seen to cancel. This proves that [g_1, C] = 0. When checking for commutation with g_i, we organise the sums over S_n according to cosets of the S_2 subgroup generated by s_i. Then the same argument as above applies to show that any of the generating g_i commute with C. Hence C is central.

A.3 The elements D and E of H_n(q) The equation (A.6) also allows us to give an expression for D defined in (2.54). Let us write E = ∑ s q^{−l(s)}h(s^{−1})h(s)

= 1 + ′∑ s q^{−l(s)}h(s^{−1})h(s) ≡ 1 + E^′

The primed sum extends over elements in S_n excluding the identity. Then we can write χ_R(E) d_R(1) = gd_R(1) d_R(q) (A.14)

Using that E is central ( χ_R(E) d_R(1) )_m = χ_R(E^m) d_R(1) = ( g d_R(1) d_R(q) )_m (A.15)

Now let m = −1 to get χ_R(E^{−1}) = d_R(q) g (A.16)

Hence D = gE^{−1} = g ∞∑ k=0 (−1)^k(E^′)^k

= g ∞∑ k=0 (−1)^k ′∑ u_1,u_2 ...u_k q^{−l(u1 )−l(u2 )−...−l(uk )}h(u^{−1}_1 )h(u_1) · · ·h(u^{−1}_k )h(u_k) (A.17) B Quantum dimensions

The irreducible representations R of U_q(U(N)) can be realized as subspaces of V^{⊗n}, where V is the fundamental representation. The matrix elements of the fundamental representation are denoted by U, with entries U^j_i (see appendix D for explicit expressions), and the algebra generated by the U’s is dual to U_q(U(N)) and is denoted by Fun_q(U(N)). The commutation relations of the U^j_i are given in terms of the R-matrix in the referece we denote as FRT [17] (we are using U for T of this reference).

We first derive formula (2.34), used in section 2 to obtain a Hecke formula for the quantum dimensions. Thus we need to compute the trace tr_n(u h(m_T )) that comes from the quantum character expression. The element u is:

u = q^{2 ∑Ni=1}(^{N +12 −i})^{Eii} . (B.1) The E_{ij} act on the fundamental representation in the usual way E_{ij} v_k = δ_{jk} v_i . (B.2) Now we can use the FRT formula for the R-matrix to show that (tr ⊗ 1)(u ⊗ 1) P R = q^N 1 , (B.3)

and tr(u) =^{qN −q−N}_{q−q−1} . This means that

(tr ⊗ tr)(u ⊗ u) P R = q^N q^N − q^{−N} q − q^{−1} . (B.4)

Going back to the Hecke algebra conventions using (2.8) (q → √ q ), we get

(tr ⊗ 1)(u ⊗ 1) g_1 = q^{N +1}2 1 (tr ⊗ tr)(u ⊗ u) g_1 = q^{N +12} [N] . (B.5) More generally, tensor products of traces act on uh(m_T ) as

(tr ⊗ tr ⊗ . . . ⊗ tr_i)(u ⊗ u ⊗ · · · ⊗ u)(g_1g_2 · · · g_{i−1}) = q^{(i−1) N +12} [N] . (B.6) We now need to find out how to built h(m_T ) out of the g_i’s. Consider a conjugacy class in S_n, denoted by T , made of permutations which have K_i cycles of length i. When expressed in terms of the generators s_i, the minimal length permutation in this conjugacy class, denoted by m_T , has length ∑ i(i − 1)K_i. The minimal permutations are given in terms of words of the form g_ig_{i+1}...g_{i+j}, such as the one appearing in (B.6). For such minimal words, we can use (B.6) to obtain

tr_n(u h(m_T )) ≡ tr^{⊗n} ( u^{⊗n}h(m_T ) ) = q^{N +12 ∑i(i−1)Ki} [N]^{∑i Ki} = q^{N +12 l(mT )} [N]^{∑i Ki} . (B.7)

This is the formula (2.34) used in the derivation of the q-dimension formula in section 2.

We now show explicitly how formula (2.29) works in some examples, and that it leads to a q-dimension formula in terms of central elements (2.36). For q-traces in V^{⊗3}, i.e traces with u^{⊗3} inserted, we have

tr_q (1) = [N]^3 tr_q (g_1) = [N]^2 q^{N +12} tr_q (g_1g_2) = [N] q^{N +1} , (B.8)

therefore

tr_q(g_2g_1g_2) = (q − 1) tr_q(g_2g_1) + q tr_q(g_1) = (q − 1) q^{N +1} [N] + q q^{N +12} [N]^2 . (B.9)

Now (2.29) gives for the q-dimension

dim_q(R) = 1 g d_R(q) d_R(1) ( [N]^3χ_R(1) + 2q^{−1} q^{N +12} [N]^2 χ_R(g_1) + q^{−3} χ_R(g_1g_2g_1) tr_q(g_2g_1g_2)

+ q^{−2} χ_R(g_1g_2) q^{N +1} [N] + q^{−2} χ_R(g_2g_1) q^{N +1}[N] ) . (B.10)

Filling in the above, we finally find

dim_q(R) = 1 g d_R(q) d_R(1) ( [N]^3 χ_R(1) + q^{N −12} [N]^2χ_R(g_1 + g_2 + q^{−1}g_1g_2g_1)

+ q^{N −1} [N] χ_R(g_1g_2 + g_2g_1 + q^{−1}(q − 1)g_1g_2g_1) )

= 1 g d_R(q) d_R(1) ( [N]^3 χ_R(1) + q^{N −12} [N]^2 χ_R(C_{T (2,1)}) + q^{N −1} [N] χ_R(C_{T (3)}) ) .(B.11)

The final expression contains central elements C_T associated to conjugacy classes of S_n. There is the trivial conjugacy class containing the identity element, for which C_T (q) = 1. There is C_{(2,1)}(q) = g_1 + g_2 + q^{−1}g_1g_2g_1, for the conjugacy class corresponding to a single transposition. Finally there is C_{(3)}(q) = g_1g_2 + g_2g_1 +^{(q−1)}_q g_1g_2g_1. It is easy to check that these elements commute with g_1, g_2. The above central elements and their generalizations are described in [43, 44]. They approach the correct classical limit of a sum of permutations in the appropriate conjugacy class.

Using the Hecke characters given in [16, 20], we have checked that the above is consistent with the standard formula for the q-dimension as a product over the cells of the Young diagram:

dim_q R = ∏ 1≤i⟨j≤N q^{(λi−λj +j−i)/2} − q^{−(λi−λj +j−i)/2} q^{(j−i)/2} − q^{−(j−i)/2} , (B.12)

where λ_1, . . ., λ_N are the lengths of the rows of the Young tableau, and, for SU(N), λ_N = 0. For n = 2, an easy check, gives for the symmetric representation : [N][N + 1] [2] (B.13) and for the antisymmetric representation :

[N][N − 1] [2] (B.14)

We have also obtained by the above manipulations, explicit formulae for central elements for n = 4 which agree with those given in [22]. We have also checked that our formula the quantum dimensions (2.36) agrees with the standard formula (B.12) for all representations up to n = 4.

C Projectors

Below we give explicit checks that (2.28) indeed defines projectors. We do this for n = 3 and n = 4, that is for the Hecke algebras of H_3 and H_4, and outline the method of [21] for the general case.

C.1 H_3 We work out the projector for a general representation of H_3. It contains 3! = 6 independent terms, corresponding to the six elements of H_3. Using (B.9), we get

P_R = 1 c_R ( χ_R(1) + 1 q χ_R(g_1) (g_1 + g_2) + ( q − 1 q^3 χ_R(g_1g_2) + 1 q^2 χ_R(g_1) ) g_1g_2g_1+ + 1 q^2 χ_R(g_1g_2) (g_1g_2 + g_2g_1) ) , (C.1)

where the term g_1g_2g_1 corresponds to the (13) permutation. Notice that in S_n, s_1s_2s_1 is in the same conjugacy class as s_1. Indeed, in the classical case where q = 1 the first term in (B.9) is absent and tr(g_1g_2g_1) = tr(g_1). In the quantum case, g_1g_2g_1 has contributions from both χ(g_1g_2) and χ(g_1). This implies that it contributes to two different class elements.

Using the expressions for the characters in [16], we get for the three H_3 representations: P = 1 c (1 + g_1 + g_2 + g_1g_2 + g_2g_1 + g_1g_2g_1) P = 1 c ( 2 + q − 1 q (g_1 + g_2) − 1 q (g_1g_2 + g_2g_1) )

P = 1 c ( 1 − 1 q (g_1 + g_2) + 1 q^2

(g_1g_2 + g_2g_1) − 1 q^3 g_1g_2g_1 ) (C.2)

We have checked by explicit computation that they satisfy the projection equation (2.10) provided c = q^2 + q + 1 q c = (q + 1)(q^2 + q + 1) c = (q + 1)(q^2 + q + 1) q^3

. (C.3)

This agrees exactly with the values given in [21], equation (C.7) below.

C.2 H_4 For H_4, the projector contains 4! = 24 independent terms. The projector is:

c_RP_R = a + b(g_1 + g_2 + g_3) + c(g_1g_2 + g_2g_3 + g_2g_1 + g_3g_2) + dg_1g_3 + f(g_1g_2g_3 + g_1g_3g_2 + g_2g_1g_3 + g_3g_2g_1) + h(g_1g_2g_1 + g_2g_3g_2) + k(g_1g_2g_1g_3 + g_1g_2g_3g_2 + g_1g_3g_2g_1 + g_2g_3g_2g_1) + lg_2g_1g_3g_2 + m(g_1g_2g_1g_3g_2 + g_2g_1g_3g_2g_1) + ng_1g_2g_3g_2g_1 + pg_2g_1g_3g_2g_1g_3 . (C.4)

The coefficients a, b, c, d, f, h, k, l, m, n, p depend on the representation. They are characters of q^{−l(σ)}χ(h(σ^{−1})) which can be simplified, using cyclicity and the Hecke relations, to

a = χ(1) , b = q^{−1}χ(g_1) , c = q^{−2}χ(g_1g_2) d = q^{−2}χ(g_1g_3) , f = q^{−3}χ(g_1g_2g_3) h = q^{−3}[(q − 1)χ(g_1g_2) + qχ(g_1)] k = q^{−4}[(q − 1)χ(g_1g_2g_3) + qχ(g_1g_2)] l = q^{−4}[(q − 1)χ(g_1g_2g_3) + qχ(g_1g_3)] m = q^{−5}[(q^2 − q + 1)χ(g_1g_2g_3) + q(q − 1)χ(g_2g_3)] n = q^{−5}[(q − 1)^2χ(g_1g_2g_3) + 2q(q − 1)χ(g_1g_2) + q^2χ(g_1)] p = q^{−6}[(q − 1)(q^2 + 1)χ(g_1g_2g_3) + q(q − 1)^2χ(g_1g_2) + q^2χ(g_1g_3)] . (C.5)

Again, the mixing between different terms comes from using formulas like (B.9) and is related to the contribution of a single term to different central elements. In the limit q = 1, each of the a, d, . . ., p depend on a single character, the one corresponding to the conjugacy class of the element that a, d, . . ., p multiply in the projector.

Using computer algebra, we have checked that the above are projectors for the five n = 4 representations, provided

c = (q + 1)(q^2 + q + 1)(q^3 + q^2 + q + 1) c = (q + 1)(q^3 + q^2 + q + 1) q c = (q + 1)^2(q^2 + q + 1)

q^2 c = (q + 1)(q^3 + q^2 + q + 1)

q^3 c = (q + 1)(q^2 + q + 1)(q^3 + q^2 + q + 1) q^6

. (C.6)

C.3 The construction for H_n In the general case, the projector contains n! elements. Gyoja has given a formula for the coefficients^2 c_R:

c_R = ∏_m i=1(q − 1)(q^2 − 1) . . .(q^{λi+m−i} − 1) ∏ 1≤i⟨j≤m(q λ_i+m−i − qλj +m−j ) q 1 6 m(m−1)(m−2)(q − 1)−n . (C.7)

2We corrected a typo in the formula in [21].

From (C.3) and (C.6) we easily see that the coefficients satisfy

c_R(q^{−1}) = c_RT (q) , (C.8)

where R^T is the representation with transposed Young tableau. This is indeed a general property of the projectors (C.7) [45].

It is easy to see that in the classical limit,

c_R(q = 1) = ∏_m i=1 l_i! ∏ 1≤i⟨j≤m(li − lj ) (C.9)

where l_i = λ_i + m − i. This is the coefficient of the Young symmetrizer, and is given by the hook formula. Also the quantum coefficients (C.7) can be expressed in terms of a hook formula.

For high n, it is tedious to check idempotency of the projector. Also, it relies on having explicit formulas for the characters of the Hecke algebra. Gyoja [21] has given a construction to compute projectors in general without recourse to characters. In this construction, to associate a projector to a particular representation R, we first associate a projector to every state of the representation. Every state is represented by a standard tableau T . A standard tableau is a tableau where the entries (numbered with elements from {1, . . ., n}) are increasing across each row and down each column. The number of states in a given representation is d_R(1). Thus, P_R will be a sum of d_R(1) primitive projectors, which we call E_T , where T is the standard tableau they correspond to. The construction proceeds by defining two special tableaux, T_+ and T_−. These are the tableaux where the entries of the tableaux are numbered from 1 to n successively across the first row (column), then the second, third, etc. I_+ and I_− are the subgroups of S_n that preserve the rows (columns) of T_+ (T_−). We associate to them parabolic subgroups W_± of S_n and define

e_+ = ∑ w∈W_+ h(w) e_− = ∑ w∈W_− (−q)^{−l(w)}h(w) . (C.10)

The primitive projector (up to normalization) associated to T is then

E(T ) = h_−e_−h^{−1}_− h_+e_+h^{−1}_+ (C.11)

where h_+ = h_+(T ) and h_− = h_−(T ) are the elements of the Hecke algebra corresponding to the permutation that transforms T_+ (resp. T_−) to the standard tableau T . Gyoja showed that the E’s are idempotents. The projector is then the sum of the orthogonal primitive idempotents:

P_R = 1 c_R d_R(1)∑

i=1 E(T_i) , (C.12)

where c_R was given before^3. We checked the previously constructed projectors for n up to 4 using this construction. The first non-trivial case for n = 3 is the representation . There are

3Gyoja showed that the primitive idempotents are orthogonal using a certain ordering. In order for (C.12) to be a projector, they must be orthogonal independently of the ordering. This can be done defining new primitive idempotents in terms of the old ones, see Theorem 4.5 in [21]. For n up to 4, however, we found that the primitive projectors are automatically orthogonal.

two standard tableaux: T_+ = [{1, 2}{3}] and T_− = [{1, 3}{2}]. The permutation relating both is (23), which is h((23)) = g_2. In this case the parabolic subgroups are W_+ = W_− = {1, s_1}, and

e_+ = 1 + g_1

e_− = 1 − 1 q g_1 (C.13)

We further have h_+(T_+) = 1, h_−(T_+) = g_2, therefore

E(T_+) = 1 + g_1 + q − 1 q g_2 − 1 q g_1g_2 + q − 1 q g_2g_1 − 1 q g_1g_2g_1 . (C.14)

For E(T_−), h_+ = g_2 and h_− = 1, so

E(T_−) = 1 − 1 q g_1 − g_2g_1 + 1 q g_1g_2g_1 (C.15)

The primitive idempotents are automatically orthogonal. We get P = q q^2 + q + 1

(E(T_+) + E(T_−)) = q q^2 + q + 1 ( 2 + q − 1 q (g_1 + g_2) − 1 q (g_1g_2 + g_2g_1) ) , (C.16) in agreement with the formula obtained earlier.

As another example, we do n = 4 for the representation . There are three standard tableaux: T_+ = [{1, 2, 3}, {4}], T_− = [{1, 3, 4}, {2}], and T_3 = [{1, 2, 4}, {3}]. We have I_+ = {1, s_1, s_2} and I_− = {1, s_1}, so

e_+ = 1 + g_1 + g_2 + g_1g_2 + g_2g_1 + g_1g_2g_1

e_− = 1 − 1 q g_1 . (C.17)

In this case h_+(T_+) = 1, h_−(T_+) = g_3g_2. Thus:

E(T_+) = g_3 g_2 e_−(T ) g^{−1}_2 g^{−1}_3 e_+(T ) , (C.18)

which we worked out with the help of computer algebra. In the same way we have h_−(T_−) = 1, h_+(T_−) = g_2g_3, so E(T_−) = e_−(T ) g_2 g_3 e_+(T ) g^{−1}_3 g^{−1}_2 . (C.19) For T_3, h_−(T_3) = g_2, h_+(T_3) = g_3, hence

E(T_3) = g_2 e_−(T ) g^{−1}_2 g_3 e_+(T ) g^{−1}_3 . (C.20)

The projector is the sum of the three, with the appropriate coefficient, and it agrees with the one computed directly. Notice that the primitive idempotents were automatically orthogonal in this case as well.

D q-Schur-Weyl duality and q-characters

In this appendix, we explain concretely the relation between quantum characters of the qdeformed SU(N) and the symmetric group, in the special case of SU(2). We will use the quantum group conventions of [46] and [47].

We will use the formulae for matrix elements of spin-one representations from [46] in terms of spin-half representations and show that they are consistent with expressing the characters in spin-one in terms of the characters of spin half, using the Hecke algebra generators, or Rmatrices. For the R-matrix we will use the notation of [47].

D.1 U_q(su(2)) conventions We first summarize some of the formulas of [46, 47] that we will use later. The U_q(su(2)) algebra and coproduct are [46]: He − eH = 2e Hf − fH = −2f ef − fe = q^{H/2} − q^{−H/2} q^{1/2} − q^{−1/2} Δ(e) = e ⊗ q^{H/4} + q^{−H/4} ⊗ e . (D.1)

For later convenience, we note that the map to the notation of [47] is q → q e → X_+ f → X_− H → H (D.2)

The universal R-matrix in this basis is [47] R = q^{H⊗H4} ∞∑ n=0 (1 − q^{−1})^n [n]!

(q^{H/4}X_+)^n ⊗ (q^{−H/4}X_−)^n (D.3)

where [n] is as in (2.35). Together with the action of the generators on spin-half states, e | 1 2 , − 1 2 ⟩ = | 1 2 , 1 2 ⟩ f | 1 2 , 1 2 ⟩ = | 1 2 , − 1 2 ⟩ H | 1 2 , ± 1 2 ⟩ = ±| 1 2 , 1 2 ⟩ , (D.4)

this determines the R-matrix as follows:

R^{12 , 12}_{12 , 12} = R^{− 12 ,− 12}_{− 12 ,− 12} = q^{1/4}

R^{12 ,− 12}_{12 ,− 12} = R^{− 12 , 12}_{− 12 , 12} = q^{−1/4}

R^{12 ,− 12}_{− 12 , 12} = q^{−1/4} (q^{1/2} − q^{−1/2}) . (D.5)

D.2 Schur-Weyl duality in spin-one As in the classical case, the q-characters in higher representations can be written in terms of q-characters of lower representations. Consider for concreteness the case of spin-one, which is contained in the tensor product of two spin-half representations V . There is a projector (2.9) acting on V ⊗ V that leads to the symmetric representation. In the classical case it is just 1 2 (1 + P ), where P is the permutation of the two tensor factors. In the quantum case P does not commute with the coproduct, but P R ≡ Ř does:

ΔŘ = ŘΔ (D.6)

When Ř acts on the tensor product of two spin half irreps, it satisfies a relation of the form Ř^2 = q^{−1/4}(q^{1/2} − q^{−1/2}) Ř + q^{−1/2} (D.7)

A rescaling g = q^{3/4}Ř can be done to map to the standard form of the Hecke algebra used in the main text. A matrix element of some element h of U_q(su(2)) in the spin 1 representation can be written in terms of a product of spin half reps by using the Clebsch-Gordan coefficients. Consider now the following matrix element in the spin-one representation: ⟨j = 1, n|h|j = 1, m⟩ = d^n_{j=1;m}(h) = ⟨h, d^n_{j=1;m}⟩ (D.8) d^n_{j;m} is the representation matrix in representation j with indices n, m, and d^m_{j;m} its trace. In the last equation we have expressed the fact that the matrix elements can be viewed as living in the dual space U_q(su(2)), denoted by Fun_q(SU(2)). For more details on this duality see for example [18, 19, 13].

We now express this in terms of matrix elements of the fundamental representation. They generate Fun_q(SU(2)), the deformed algebra of functions on SU(2). Using the Clebsch-Gordan coefficients, we can rewrite the above as follows: ⟨j = 1, n|h|j = 1, m⟩ = ∑ m_1 ,m_2;n_1,n_2 C^n_{n1n2} C^{m1m2}_m × × ⟨j = 1 2 , n_1| ⊗ ⟨j = 1 2 , n_2|(h_1 ⊗ h_2)|j = 1 2 , m_1⟩ ⊗ |j = 1 2 , m_2⟩ = ∑ m_1 ,m_2;n_1,n_2

C^n_{n1n2} C^{m1m2}_m d^{n1}_{j= 12 ;m1} (h_1) d^{n2}_{j= 12 ;m2} (h_2) = ∑ m_1 ,m_2;n_1,n_2

C^n_{n1n2} C^{m1m2}_m ⟨h, d^{n1}_{j= 12 ;m1} d^{n2}_{j= 12 ;m2} ⟩ . (D.9)

In the first equality, the co-product Δ(h) = h_1 ⊗ h_2 gives the action of h on the tensor product V ⊗V . In the last equality, we used the fact that the dual pairing of a product of two elements in Fun_q(SU(2)) is given by the co-product. Now we can sum over m and use the identity between Clebsch-Gordan coefficients and projectors (see for example [42]) ∑ m C^m_{n1n2} C^{m1 m2}_m = P^{m1 m2}_{n1 n2} ( 1 2 , 1 2 ; 1 ) (D.10)

The projector is a linear combination of the identity and the Ř. For j = 1, the projector is in the tensor product of two spin-half representations. It has to be a linear combination of 1 and Ř since the Hecke algebra generates the centralizer of the quantum group action in the tensor product: P ( 1 2 , 1 2 ; 1 ) = a + b Ř (D.11)

and for the matrix elements we have

d^n_{j=1;m} = ∑ m_1 ,m_2;n_1 ,n_2

d^{n1}_{j= 12 ;m1} d^{n2}_{j= 12 ;m2} C^{m1m2}_m C^n_{n1n2} . (D.12)

To compute the character, we want the trace of this equation. Using (D.10), and expanding the projector in terms of the R-matrix as in (D.11), we get:

tr_1d = a (tr 1_2 d) (tr 1_2 d) + b tr_1(Ř(d 1_2 ⊗ 1)(1 ⊗ d 1_2 )) . (D.13) which, written out in indices, reads: ∑ m d^m_{j=1;m} = ∑ m_1 ,m_2;n_1 ,n_2 ( a δ^{m1}_{n1} δ^{m2}_{n2} + b R^{m2m1}_{n1n2} ) d^{n1}_{12 ;m1} d^{n2}_{12 ;m2} . (D.14)

We will show that the above equation can indeed be solved for constants a, b. The left-hand side can be calculated to give: ∑ m d^m_{j=1;m} = x^2 + (xy + √ uv) + y^2

= x^2 + y^2 + xy(1 + q) − q (D.15)

where we have used equations (36-40) of [46] ( recalling that x, y, u, v are the matrix entries of d in the fundamental representation). For the right-hand side of (D.14) we get

(a + bq^{1/4})(x^2 + y^2) + axy + 2buvq^{−1/4} + (a + bq^{−1/4}( √ q − 1/ √ q))yx (D.16)

Using the relations yx = (1 − q) + qxy uv = q^{1/2}(xy − 1) (D.17)

we can rewrite (D.16) in terms of x^2, y^2, xy, 1. Comparing with (D.15) and considering the coefficient of x^2 + y^2 we immediately see that

a + b q^{1/4} = 1 . (D.18)

With this condition the coefficient of xy becomes (q + 1) as desired. Comparing coefficients of the constant term then determines a = 1 1 + q , b = q^{3/4} 1 + q

(D.19)

Putting everything together, and going back to the notation used in the main text, we get:

tr_1 U = 1 1 + q tr U tr U + q^{3/4} 1 + q tr ⊗ tr ( Ř (U ⊗ 1)(1 ⊗ U) ) (D.20)

which is q-Schur-Weyl duality (2.20) for n = 1. By comparing (D.7) and with the first of (2.6) we can see that we can define g = q^{3/4}Ř. Then the projector can be read from above P = 1 1 + q

(1 + g) (D.21)

and agrees with (2.9)and the general form (2.28).

D.3 Quantum characters in spin-one representation The quantum characters can be obtained from the above by including the u-element (B.1) in the trace, which is basically q^{−H} . In fact, we will do a slightly more general computation of the trace with an insertion of q^{AH} . Thus, we consider the matrix element in the spin one representation of hq^{AH} where A is an arbitrary number and h is an arbitrary element o U_q(su(2)) : ⟨j = 1, n|h q^{AH}|j = 1, m⟩ = q^{Am}d^n_{j=1;m}(h) (D.22)

As before, we now rewrite this in spin-half matrix coefficients using the Clebsch-Gordan coefficients: ⟨j = 1, n|hq^{AH} |j = 1, m⟩ = ∑ m_1 ,m_2;n_1,n_2

C^n_{n1 n2} C^{m1m2}_m × × ⟨j = 1 2 , n_1| ⊗ ⟨j = 1 2 , n_2|(h_1 ⊗ h_2)(q^{AH} ⊗ q^{AH} )|j = 1 2 , m_1⟩ ⊗ |j = 1 2 , m_2⟩ = ∑ m_1 ,m_2;n_1,n_2

C^n_{n1 n2} C^{m1m2}_m d^{n1}_{j=1/2;m1} (h_1) d^{n2}_{j= 12 ;m2} (h_2) q^{Am1+Am2} = ∑ m_1 ,m_2;n_1,n_2

C^n_{n1 n2} C^{m1m2}_m q^{Am1 +Am2} ⟨h, d^{n1}_{j= 12 ;m1} d^{n2}_{j= 12 ;m2} ⟩ .

Again, we can sum over m = n to take the trace (notice the presence of q^{AH} so this gives the quantum trace) and use (D.10) to get ∑ m q^{Am} d^m_{j=1;m} = ∑ m_1 ,m_2;n_1,n_2

q^{A(m1 +m2 )} ( a δ^{m1}_{n1} δ^{m2}_{n2} + b R^{m2m1}_{n1n2} ) d^{n1}_{12 ;m1} d^{n2}_{12 ;m2} . (D.23)

For comparison to the classical formulae, it is useful to rewrite as

tr_1 (q^{AH} U) = a tr (q^{AH} U) tr (q^{AH} U) + b tr ⊗ tr ( q^{AH}Ř (U ⊗ 1)(1 ⊗ U) ) . (D.24)

In the q → 1 limit, Ř goes to the permutation P and the second term becomes^1_2 tr(U^2).

We still need to compute the constants a, b in this case. Writing out the traces using [46], we get:

tr_1 (q^{AH} U) = q^Ax^2 + q^{−A}y^2 + 1 + (q^{1/2} + q^{−1/2})uv tr ⊗ tr ( q^{A H⊗H} (U ⊗ 1)(1 ⊗ U) ) = (tr (q^{AH} U))^2 = q^Ax^2 + q^{−A}y^2 + 2 + (q^{1/2} + q^{−1/2})uv

tr ⊗ tr ( q^{A H⊗H} Ř (U ⊗ 1)(1 ⊗ U) ) = q^{1/4}[q^Ax^2 + q^{−A}y^2 + 1 − q^{−1} + (q^{1/2} + q^{−1/2})uv] (D.25)

where A denotes an arbitrary power. It is now easy to see that the values of a, b (D.19) are still the same, independently of the value of A.

From the explicit computation (D.25) we also get the special N = 2 relations

Tr U = 1

Tr U = (tr U)^2 − 1 . (D.26)

References

[1] A. A. Migdal, “Recursion Equations In Gauge Field Theories,” Sov. Phys. JETP 42 (1975) 413 [Zh. Eksp. Teor. Fiz. 69 (1975) 810].

[2] D. J. Gross, “Two-dimensional QCD as a string theory,” Nucl. Phys. B 400 (1993) 161 [arXiv:hep-th/9212149].

[3] D. J. Gross and W. I. Taylor, “Two-dimensional QCD is a string theory,” Nucl. Phys. B 400 (1993) 181 [arXiv:hep-th/9301068].

[4] D. J. Gross and W. I. Taylor, “Twists and Wilson loops in the string theory of twodimensional QCD,” Nucl. Phys. B 403 (1993) 395 [arXiv:hep-th/9303046].

[5] S. Cordes, G. W. Moore and S. Ramgoolam, “Lectures on 2-d Yang-Mills theory, equivariant cohomology and topological field theories,” Nucl. Phys. Proc. Suppl. 41 (1995) 184 [arXiv:hep-th/9411210].

[6] S. Cordes, G. W. Moore and S. Ramgoolam, “Large N 2-D Yang-Mills theory and topological string theory,” Commun. Math. Phys. 185 (1997) 543 [arXiv:hep-th/9402107].

[7] P. Horava, “Topological strings and QCD in two-dimensions,” arXiv:hep-th/9311156. [8] C. Vafa, “Two dimensional Yang-Mills, black holes and topological strings,” arXiv:hepth/0406058.

[9] J. Bryan and R. Pandharipande, “The local Gromov-Witten theory of curves,” arXiv:math.ag/0411037.

[10] M. Aganagic, H. Ooguri, N. Saulina and C. Vafa, “Black holes, q-deformed 2d Yang- Mills, and non-perturbative topological strings,” Nucl. Phys. B 715 (2005) 304 [arXiv:hepth/0411280].

[11] S. de Haro, “A note on knot invariants and q-deformed 2d Yang-Mills,” Phys. Lett. B 634 (2006) 78 [arXiv:hep-th/0509167].

[12] D. V. Boulatov, “q deformed lattice gauge theory and three manifold invariants,” Int. J.

Mod. Phys. A 8 (1993) 3139 [arXiv:hep-th/9210032].

[13] E. Buffenoir and P. Roche, “Two-dimensional lattice gauge theory based on a quantum group,” Commun. Math. Phys. 170 (1995) 669 [arXiv:hep-th/9405126].

[14] C. Klimcik, “The formulae of Kontsevich and Verlinde from the perspective of the Drinfeld double,” Commun. Math. Phys. 217 (2001) 203 [arXiv:hep-th/9911239].

[15] M. Jimbo, “A q-analog of U(gl(N + 1)), Hecke algebras and the Yang-Baxter equation” Lett. Math. Phys. 11 (1986) 247-252.

[16] R.C. King and B.G. Wybourne, “Representations and traces of the Hecke algebrasH_n(q) of type A_{n−1},” J. Math. Phys. 33 (1) (1992) 4 [17] L. D. Faddeev, N. Y. Reshetikhin and L. A. Takhtajan, “Quantization Of Lie Groups And Lie Algebras,” Lengingrad Math. J. 1 (1990) 193 [Alg. Anal. 1 (1989) 178].

[18] S. Majid, “Foundations of quantum group theory,”, Cambridge Univ. Press 1995 [19] R. Coquereaux and G.E. Schieber, “ Action of a finite quantum group on the algebra of complex N × N matrices,” AIP Conf.Proc. 453 (1998) 9-23 [arXiv:math-ph/9807016].

[20] A. Ram, “A Frobenius formula for characters of the Hecke algebra,” Invent. math. 106 (1991) 461-488.

[21] A. Gyoja, “A q-analogue of Young Symmetrizer,” Osaka J. Math. 23 (1986) 841-852. [22] A. Francis, “The Minimal Basis for the Centre of an Iwahori-Hecke Algebra,”, J. Algebra 221 (1999) 1-28.

[23] A. Francis and L. Jones, “On bases of centres of Iwahori-Hecke algebras of the symmetric group,” J. Algebra 289 (1) (2005) 42-69.

[24] S. Ramgoolam, “Wilson loops in 2-D Yang-Mills: Euler characters and loop equations,” Int. J. Mod. Phys. A 11 (1996) 3885 [arXiv:hep-th/9412110].

[25] R. Dijkgraaf, C. Vafa, E. P. Verlinde and H. L. Verlinde, “The Operator Algebra Of Orbifold Models,” Commun. Math. Phys. 123 (1989) 485.

[26] R. Dijkgraaf and E. Witten, “Topological Gauge Theories And Group Cohomology,” Commun. Math. Phys. 129 (1990) 393.

[27] D. S. Freed and F. Quinn, “Chern-Simons theory with finite gauge group,” Commun. Math.

Phys. 156 (1993) 435 [arXiv:hep-th/9111004].

[28] S. de Haro, “Chern-Simons theory, 2d Yang-Mills, and lie algebra wanderers,” Nucl. Phys.

B 730 (2005) 312 [arXiv:hep-th/0412110].

[29] R. Dijkgraaf and G. W. Moore, “Balanced topological field theories,” Commun. Math.

Phys. 185 (1997) 411 [arXiv:hep-th/9608169].

[30] N. Caporaso, M. Cirafici, L. Griguolo, S. Pasquetti, D. Seminara and R. J. Szabo, “Topological strings and large N phase transitions. I: Nonchiral expansion of q-deformed Yang-Mills theory,” JHEP 0601 (2006) 035 [arXiv:hep-th/0509041].

[31] N. Caporaso, M. Cirafici, L. Griguolo, S. Pasquetti, D. Seminara and R. J. Szabo, “Topological strings and large N phase transitions. II: Chiral expansion of q-deformed Yang-Mills theory,” JHEP 0601 (2006) 036 [arXiv:hep-th/0511043].

[32] T. Brzezinski, H. Dabrowski, J. Rembielinski, “On the quantum differential calculus and the quantum holomorphicity,” J. Math. Phys. 33 (1), 1992.

[33] A. Krieg, “Hecke Algebras,” Memoirs of the American Mathematical Society, 87 , 435, 1990.

[34] W. Fulton, “Hurwitz schemes and irreducibility of the moduli spaces of algebraic curves” Ann. of Math. (2) 90 (1969) 542-575.

[35] S. de Haro, “Chern-Simons theory in lens spaces from 2d Yang-Mills on the cylinder,” JHEP 0408 (2004) 041 [arXiv:hep-th/0407139].

[36] C. Beasley and E. Witten, “Non-abelian localization for Chern-Simons theory,” arXiv:hepth/0503126.

[37] M. Blau and G. Thompson, “Chern-Simons theory on S**1-bundles: Abelianisation and q-deformed Yang-Mills theory,” arXiv:hep-th/0601068.

[38] S. W. Chung, M. Fukuma and A. D. Shapere, “Structure of topological lattice field theories in three-dimensions,” Int. J. Mod. Phys. A 9 (1994) 1305 [arXiv:hep-th/9305080].

[39] M. Fukuma, S. Hosono and H. Kawai, “Lattice topological field theory in two-dimensions,” Commun. Math. Phys. 161 (1994) 157 [arXiv:hep-th/9212154].

[40] P. M. Martin, “On Schur-Weyl duality, A_n Hecke algebras and quantum sl(N) on ⨂_{n+1} C^N ”, Infinite analysis, Part A, B (Kyoto, 1991), 645–673

[41] A. A. Beĭlinson, G. Lusztig and R. D. MacPherson, Duke Math. J. 61 no. 2 (1990) 655–677

[42] A. LeClair, A. Ludwig and G. Mussardo, “Integrability of coupled conformal field theories,” Nucl. Phys. B 512 (1998) 523 [arXiv:hep-th/9707159].

[43] J. Katriel, B. Abdelassam and A. Chakrabarti, “The fundamental invariant of the Hecke algebra H_n(q) characterizes the representations of H_n(q), S_n, SU_q(N) and SU(N),” J. Math. Phys. 36 (1995) 5139-5158 [arXiv:q-alg/9501021].

[44] R. Dipper and G.D. James, “Blocks and idempotents of Hecke algebras of general linear groups,” Proc. Lon. Math. Soc. (3) 54 (1987) 57.

[45] O. Ogievetsky and P. Pyatov, “Lecture on Hecke algebra,” based on lectures at the International School ”Symmetries and Integrable systems”, Dubna, 8-11 June, 1999. JINR Publ. Dept., 2000.

[46] M. Nomura, “ Representation functions d^j_{mk} of U[sl_q(2)] as wavefunctions of ‘Quantum symmetric tops” and Relationship to Braiding matrices,” Journal of The Physical Society of Japan, 59 (12) (1990) 4260-4271.

[47] A.N. Kirillov and N.Yu. Reshetikhin, “Representations of the algebra U_q (sl(2)), q orthogonal polynomials and invariants of links,” Adv. Series in Math. Phys. 7 (1989) 285-339.