arXiv:hep-th/0603125 v2 1 Dec 2006

hep-th/0603125 ITP–UH–05/06

Noncommutative Instantons on C P^n

Tatiana A. Ivanova^† and Olaf Lechtenfeld^∗

†Bogoliubov Laboratory of Theoretical Physics, JINR 141980 Dubna, Moscow Region, Russia Email: ita@thsun1.jinr.ru

∗Institut für Theoretische Physik, Universität Hannover Appelstraße 2, 30167 Hannover, Germany Email: lechtenf@itp.uni-hannover.de

Abstract

We construct explicit solutions of the Hermitian Yang-Mills equations on the noncommutative space C^n_θ . In the commutative limit they coincide with the standard instantons on C P^n written in local coordinates.

1 Introduction and summary

Noncommutative deformations of gauge field theory provide a controlled theoretical framework beyond locality [1]. Of particular importance are noncommutative instantons (see e.g. [2, 3] and references therein), which are BPS configurations in four dimensions solving the Yang-Mills selfduality equations. In the string context, these solutions describe arrangements of noncommutative branes (see e.g. [4] and references therein).

Natural BPS-type equations for gauge fields in more than four dimensions [5, 6] appear in superstring compactification as the conditions for the survival of at least one supersymmetry [7]. Various solutions to these first-order equations were found e.g. in [8, 9], and their noncommutative generalizations have been considered e.g. in [10, 11]. For U(n) gauge theory on a Kähler manifold these BPS-type equations specialize to the Hermitian Yang-Mills equations [6].

In this Letter we consider the noncommutative space C^n_θ and construct an explicit u(n)-valued solution of the Hermitian Yang-Mills equations. In the commutative limit our configuration coincides with the instanton solution on C P^n given in local coordinates on a patch C^n of C P^n . We also describe a noncommutative deformation of a local form of the Abelian configuration on C P^n .

2 Noncommutative space R^{2n}_θ

Classical field theory on the noncommutative deformation R^{2n}_θ of the space R^{2n} may be realized in a star-product formulation or in an operator formalism [1]. While the first approach alters the product of functions on R^{2n} the second one turns these functions f into operators f̂ acting on the n-harmonic-oscillator Fock space H. The noncommutative space R^{2n}_θ may then be defined by declaring its coordinate functions x̂^μ with μ = 1, . . . , 2n to obey the Heisenberg algebra relations

[x̂^μ , x̂^ν ] = i θ^{μν} (2.1)

with a constant antisymmetric tensor θ^{μν} . The coordinates can be chosen in such a way that the matrix (θ^{μν} ) will be block-diagonal with non-vanishing components

θ^{2a−1 2a} = −θ^{2a 2a−1} =: θ^a for a = 1, . . . , n . (2.2)

We assume that all θ^a ≥ 0; the general case does not hide additional complications. Both approaches are related by the Moyal-Weyl map [1].

For the noncommutative version of the complex coordinates

y^a = x^{2a−1} + i x^{2a} and ȳ^ā = x^{2a−1} − i x^{2a} (2.3)

we have [ŷ^a, ^̄y^{b̄}] = 2δ^{ab̄} θ^a =: θ^{ab̄} ≥ 0 . (2.4)

The Fock space H is spanned by the basis states |k_1, k_2, . . . , k_n⟩ = n∏ a=1 (2θ^ak_a!)^{−1/2}(^̄y^a)^{ka} |0, . . . , 0⟩ for k_a = 0, 1, 2, . . . , (2.5) which are connected by the action of creation and annihilation operators subject to [ ŷa √ 2θ^a , ^̄y^{b̄} √ 2θ^b ] = δ^{ab̄} . (2.6)

For simplicity we consider the case θ^a = θ for all a and drop the hats from now on.

3 Flat u(n+1)-connection on C^n_θ

We begin by collecting the coordinates into^1

Y := y^1 . . y^n and Y^† = (ȳ^1, . . . , ȳ^n) , (3.1)

so that Y^†Y = ȳ^ay^a = γ^2 − 1 − nθ (3.2) with the definition γ := √ x^μx^μ + 1 = √ ȳ^ay^a + 1 + nθ . (3.3) As this is an invertible operator, we may also introduce the n×n matrix

Λ := 1_n − Y 1 γ (γ + √ 1+nθ) Y^† , (3.4)

which obeys

Λ Y = Y √ 1+nθ γ , Y^†Λ = √ 1+nθ γ Y^† and Λ^2 = 1_n − Y 1 γ^2

Y^† . (3.5)

Since all matrix entries are operators acting in the Fock space H, their ordering is essential, in constrast to the commutative case. In the present section and the following one, all objects are operator-valued in this sense.

Basic for our construction are the (n+1)×(n+1) matrices V = (√ 1+nθ γ^{−1} −γ^{−1}Y^† Y γ^{−1} Λ ) and V^† = (√ 1+nθ γ^{−1} γ^{−1}Y^† −Y γ^{−1} Λ ) . (3.6)

With the help of the identities (3.5), one can show that

V^†V = 1_{n+1} = V V^† , i.e. V ∈ U(n+1) . (3.7)

Using V , we build a connection one-form

A = V^†dV , (3.8)

which defines the zero curvature

F = dA + A ∧ A = dV^† ∧ dV + V^†dV ∧ V^†dV = 0 (3.9)

on the free module C^{n+1} ⊗H over C^n_θ .

1Here, † means Hermitian conjugation.

4 Nontrivial u(1) and u(n) gauge fields

Let us rewrite A of (3.8) in the block form A = ( a −ϕ^† ϕ A ) with a ∈ u(1) and A ∈ u(n) , (4.1)

Clearly, ϕ is an n×1 matrix and ϕ^† its hermitian conjugate. From the definition (3.8) we find that

a = γ dγ^{−1} + γ^{−1}Y^†(dY )γ^{−1} , (4.2)

A = Y γ^{−1}(dγ^{−1})Y^† + Y γ^{−2}dY^†+Λ dΛ , (4.3)

ϕ = Λ (dY ) γ^{−1} = ( dY − Y (γ^2 + γ √ 1+nθ)^{−1} Y^†dY ) γ^{−1} , (4.4)

ϕ^† = γ^{−1}(dY^†)Λ = γ^{−1} ( dY^† − (dY^†)Y (γ^2 + γ √ 1+nθ)^{−1} Y^† ) . (4.5)

Introducing the components ϕ^a of the column ϕ = (ϕ^a), the last two equations read

ϕ^a = ( dy^a − y^a (γ^2 + γ √ 1+nθ)^{−1} δ¯_{bc} ȳ^{b̄} dy^c ) γ^{−1} , (4.6)

ϕ̄^ā = γ^{−1}(dȳ^ā − dȳ^{c̄} δ_{bc̄} y^b (γ^2 + γ √1+nθ)^{−1} ȳ^ā) . (4.7)

The (1,0)-forms ϕ^a and the (0,1)-forms ϕ̄^{b̄} constitute a basis for the forms of type (1,0) and (0,1), respectively.

Substituting (4.1) into (3.9), we obtain

F_{u(1)} := da + a ∧ a = ϕ^† ∧ ϕ = δ_{āb} ϕ̄^ā ∧ ϕ^b = ϕ̄^1 ∧ ϕ^1 + . . . + ϕ̄^n ∧ ϕ^n , (4.8)

F_{u(n)} := dA+A ∧ A = ϕ ∧ ϕ^† = (ϕ^a ∧ ϕ̄^{b̄}) = ϕ^1 ∧ ϕ̄^{¯1} · · · ϕ^1 ∧ ϕ̄^{n̄} . . .. . . . ϕ^n ∧ ϕ̄^{¯1} · · · ϕ^n ∧ ϕ̄^{n̄}

(4.9)

as well as 0 = dϕ + ϕ ∧ a + A ∧ ϕ and 0 = dϕ^† + a ∧ ϕ^† + ϕ^† ∧ A . (4.10) From (4.8) and (4.9) one sees that the gauge fields F_{u(1)} and F_{u(n)} have vanishing (2,0) and (0,2) components, i.e. they are of type (1,1). Moreover, (4.9) expresses F_{u(n)} in the basis {ϕ^a ∧ ϕ̄^{b̄}} of (1,1)-forms as

F_{u(n)} = F_a¯_b ϕ^a ∧ ϕ̄^{b̄} =⇒ F_{ab} = 0 = F_ā¯_b and F_a¯_b = e_{ab} = −F¯_{ba} , (4.11)

where the basis matrix e_{ab} has a unit entry in the (ab) position and is zero elsewhere.

It is apparent that the operator-valued components of the u(n)-valued gauge field F_{u(n)} satisfy the Hermitian Yang-Mills equations^2

F_{ab} = 0 = F_ā¯_b and F_1¯_1 + . . . + F_{nn̄} = 1_n . (4.12)

2Their general form for the structure group U(k) reads F_{ab}=0=F_ā¯_b , F_1¯_1 + . . . + Fnn̄=τ 1_k, where τ is a constant.

In the commutative case these equations are the conditions of stability for a holomorphic vector bundle over C P^n with finite characteristic classes [6]. In the star-product formulation obtained by the inverse Moyal-Weyl transform, the gauge field (4.9) describes a smooth Moyal deformation of the instanton-type gauge field configuration given in local coordinates on a patch C^n of C P^n . This is why we call the configuration (4.3) and (4.9) the ‘noncommutative U(n) instanton on C P^n ’. Likewise, the Abelian field strength (4.8) with components f_a¯_b := −δ_a¯_b satisfies the Hermitian Maxwell equations

f_{ab} = 0 = f_ā¯_b and f_1¯_1 + . . . + f_{nn̄} = −n , (4.13)

whence the configuration (4.2) and (4.8) is the ‘noncommutative U(1) instanton on C P^n ’.

5 Commutative limit

In the commutative limit, θ → 0, the gauge potential A defining F_{u(n)} coincides with the instantontype canonical connection on C P^n , which is described as follows [12]. Consider the group U(n+1), its Grassmannian subset C P^n = U(n+1)/U(1)×U(n) and the fibration

U(n+1)^{U(1)×U(n)} −−−−−−−→ C P^n (5.1) with fibres U(1)×U(n). For g ∈ U(n+1) the canonical one-form Ω = g^†dg on U(n+1) takes values in the Lie algebra u(n+1) and satisfies the Maurer-Cartan equation

dΩ + Ω ∧ Ω = 0 . (5.2)

The matrix V from (3.6) defines a local section of the bundle (5.1) over a patch C^n ⊂ C P^n , viz. the embedding of C P^n into U(n+1). For such an embedding the one-form Ω coincides with the flat connection A given by (3.8). It follows that (3.9) is the Maurer-Cartan equation (5.2) reduced to C^n ⊂ C P^n , and the block form (4.1) results from the splitting of A into components ϕ and ϕ^† tangent^3 to C P^n and into one-forms a and A on C P^n with values in the tangent space u(1)⊕u(n) to the fibre U(1)×U(n) of the bundle (5.1).

By construction, the one-form A from (4.3) is the canonical connection on the Stiefel bundle

U(n+1)/U(1)^{U(n)}−−−−→ C P^n (5.3)

given by [12] A = S^†dS , where S is an (n+1)×n matrix-valued section of the bundle (5.3) such that S^†S = 1_n. In our case it is chosen as S = ( −γ^{−1}Y^† Λ ) , (5.4)

i.e. as the (n+1)×n-part of the matrix V from (3.6). Similarly, the one-form a from (4.2) in the commutative limit coincides with the canonical Abelian connection

a = s^†ds (5.5)

3They are basis one-forms on C P^n taking values in the complexified tangent bundle of C P^n .

on another Stiefel bundle:

S^{2n+1} = U(n+1)/U(n)^{U(1)}−−−−→ C P^n . (5.6)

In our case, s =

(_1 Y ) γ^{−1} is the (n+1)×1 matrix complementing S inside the matrix V . Moreover, the Abelian gauge field F_{u(1)} = −δ_a¯_b ϕ^a ∧ ϕ^{b̄} is proportional to the two-form

ω = i_2 δ_a¯_b ϕ^a ∧ ϕ^{b̄} , (5.7)

which is the canonical Kähler two-form on C P^n .

Acknowledgements

T.A.I. acknowledges the Heisenberg-Landau program and RFBR (grant 06-01-00627-a) for partial support and the Institut für Theoretische Physik der Universität Hannover for its hospitality. The work of O.L. was partially supported by the Deutsche Forschungsgemeinschaft (DFG).

References

[1] N. Seiberg and E. Witten, JHEP 9909 (1999) 032 [hep-th/9908142];

M.R. Douglas and N.A. Nekrasov, Rev. Mod. Phys. 73 (2002) 977 [hep-th/0106048]; R.J. Szabo, Phys. Rept. 378 (2003) 207 [hep-th/0109162].

[2] N. Nekrasov and A. Schwarz, Commun. Math. Phys. 198 (1998) 689 [hep-th/9802068];

N.A. Nekrasov, Commun. Math. Phys. 241 (2003) 143 [hep-th/0010017]; C.S. Chu, V.V. Khoze and G. Travaglini, Nucl. Phys. B621 (2002) 101 [hep-th/0108007]; M. Hamanaka, Phys. Rev. D65 (2002) 085022 [hep-th/0109070].

[3] O. Lechtenfeld and A.D. Popov, JHEP 0203 (2002) 040 [hep-th/0109209];

Y. Tian and C.J. Zhu, Phys. Rev. D67 (2003) 045016 [hep-th/0210163]; Z. Horváth, O. Lechtenfeld and M. Wolf, JHEP 0212 (2002) 060 [hep-th/0211041]; T.A. Ivanova, O. Lechtenfeld and H. Müller-Ebhardt, Mod. Phys. Lett. A19 (2004) 2419 [hep-th/0404127].

[4] N. Dorey, T.J. Hollowood, V.V. Khoze and M.P. Mattis,

Phys. Rept. 371 (2002) 231 [hep-th/0206063];

M. Hamanaka, PhD thesis (University of Tokyo, 2003), hep-th/0303256; R. Wimmer, JHEP 0505 (2005) 022 [hep-th/0502158]; M. Billo, M. Frau, S. Sciuto, G. Vallone and A. Lerda, hep-th/0511036.

[5] E. Corrigan, C. Devchand, D.B. Fairlie and J. Nuyts, Nucl. Phys. B214 (1983) 452;

R.S. Ward, Nucl. Phys. B236 (1984) 381.

[6] S.K. Donaldson, Proc. Lond. Math. Soc. 50 (1985) 1; Duke Math. J. 54 (1987) 231;

K. Uhlenbeck and S.-T. Yau, Commun. Pure Appl. Math. 39 (1986) 257; ibid. 42 (1989) 703.

[7] M.B. Green, J.H. Schwarz and E. Witten,

Superstring Theory, Cambridge University Press, Cambridge, 1987.

[8] D.B. Fairlie and J. Nuyts, J. Phys. A17 (1984) 2867;

S. Fubini and H. Nicolai, Phys. Lett. B155 (1985) 369;

A.D. Popov, Mod. Phys. Lett. A7 (1992) 2077; Europhys. Lett. 19 (1992) 465; T.A. Ivanova and A.D. Popov, Lett. Math. Phys. 24 (1992) 85; Theor. Math. Phys. 94 (1993) 225.

[9] M. Günaydin and H. Nicolai, Phys. Lett. B351 (1995) 169 [hep-th/9502009];

E.G. Floratos, G.K. Leontaris, A.P. Polychronakos and R. Tzani, Phys. Lett. B421 (1998) 125 [hep-th/9711044];

H. Kanno, Prog. Theor. Phys. Suppl. 135 (1999) 18 [hep-th/9903260]; E.K. Loginov, Phys. Lett. B618 (2005) 265 [hep-th/0505258].

[10] M. Mihailescu, I.Y. Park and T.A. Tran, Phys. Rev. D64 (2001) 046006 [hep-th/0011079];

E. Witten, JHEP 0204 (2002) 012 [hep-th/0012054]; P. Kraus and M. Shigemori, JHEP 0206 (2002) 034 [hep-th/0110035]; M. Hamanaka, Y. Imaizumi and N. Ohta, Phys. Lett. B529 (2002) 163 [hep-th/0112050]; D.S. Bak, K.M. Lee and J.H. Park, Phys. Rev. D66 (2002) 025021 [hep-th/0204221]; Y. Hiraoka, Phys. Rev. D67 (2003) 105025 [hep-th/0301176].

[11] A.D. Popov, A.G. Sergeev and M. Wolf, J. Math. Phys. 44 (2003) 4527 [hep-th/0304263];

T.A. Ivanova and O. Lechtenfeld, Phys. Lett. B567 (2003) 107 [hep-th/0305195]; Phys. Lett. B612 (2005) 65 [hep-th/0502117];

O. Lechtenfeld, A.D. Popov and R.J. Szabo, JHEP 0312 (2003) 022 [hep-th/0310267]; A.D. Popov and R.J. Szabo, J. Math. Phys. 47 (2006) 012306 [hep-th/0504025].

[12] M.S. Narasimhan and S. Ramanan, Amer. J. Math. 83 (1961) 563; ibid. 85 (1963) 223.