arXiv:hep-th/0603164 v1 21 Mar 2006

hep-th/0603164 BONN–TH–2006–2 IFT UWr 0103/006

Semiclassical limit of the FZZT Liouville theory

Leszek Hadasz^1 Physikalisches Institut Rheinische Friedrich-Wilhelms-Universität Nußallee 12, 53115 Bonn, Germany and M. Smoluchowski Institute of Physics, Jagiellonian University, W. Reymonta 4, 30-059 Kraków, Poland

Zbigniew Jaskólski^2 Institute of Theoretical Physics University of Wrocław pl. M. Borna 9, 50-204 Wrocław, Poland

Abstract

The semiclassical limit of the FZZT Liouville theory on the upper half plane with bulk operators of arbitrary type and with elliptic boundary operators is analyzed. We prove the Polyakov conjecture for an appropriate classical Liouville action. This action is calculated in a number of cases: one bulk operator of arbitrary type, one bulk and one boundary, and two boundary elliptic operators. The results are in agreement with the classical limits of the corresponding quantum correlators.

1Alexander von Humboldt Fellow; e-mail: hadasz@th.if.uj.edu.pl 2e-mail: jask@ift.uni.wroc.pl

1 Introduction

In the last few years the quantum Liouville theory attracted again a considerable attention, mainly for its application in describing D-brane dynamics in non-compact curved or time dependent backgrounds (for review and references see [1]). This renewed interest was supported by a recent progress in the quantum Liouville theory on bordered surfaces, where exact analytic forms of all basic correlators were derived [2–7] by powerful conformal bootstrap methods. These methods were previously successfully applied in rederiving [8] the DOZZ bulk three point function [9, 10] and proving its consistency [11–13].

In the case of the DOZZ three point function on the sphere the exact result agrees with the perturbative calculations [14] based on the hamiltonian approach [15–17]. A perturbative check of the exact formula for the one point function on the pseudosphere was given in [4, 18]. This suggests that the bootstrap solution should have a well defined path integral representation. In all the cases in which a classical solution exists one then could expect that the quantum expressions arise as a result of integrating fluctuations of classical background geometries.

In the case of “heavy” elliptic weights on compact surfaces a systematic functional formulation of Liouville theory was first proposed long time ago by Takhtajan [19, 20] (see [21] for recent generalizations). This so called geometric approach has been recently compared with the exact bootstrap solution on the pseudosphere [22]. It was shown in particular that the choice of regularization is crucial for the agreement with the bootstrap approach. Recently a functional representation of Liouville correlators with heavy elliptic charges on the sphere [23], the pseudosphere [24], and the disc [25] has been developed. This representation agrees with the bootstrap solution at least up to one loop calculations.

In the present paper we address the problem of calculating the classical limit of the FZZT Liouville theory for heavy charges. Our motivation is twofold. In spite of the recent progress in constructing the path integral representation of Liouville correlators for elliptic weights there is still an open and interesting problem of factorization in functional approach. Due to the global character of the Liouville action related to its specific dependence on the background metric it is not simply described by the standard cutting-open procedure. It seems that in order to handle this problem one should first construct a functional representations for Liouville correlators with hyperbolic weights. The FZZT theory provides simple cases where exact solutions are known and both problems can be relatively easily analyzed. The classical limit is just the first step of such calculations.

The second, probably more important motivation is the semiclassical limit itself. It turned out that analyzing the quantum Liouville theory in this limit one gets essentially new insight into the classical hyperbolic geometry. One of the first results of this type was the so called Polyakov conjecture, originally obtained as a classical limit of the Ward identity and proved latter as an exact theorem [26–31]. It says that the classical Liouville action is a generating function for the accessory parameters of the Fuchsian uniformization of the punctured sphere.

More intriguing results are related with the classical conformal block f_δ [_{δ3 δ2} δ_4 δ_1 ] (x), defined by the classical limit of the BPZ quantum conformal block [32] with heavy weights Δ = Q^2δ, Δ_i = Q^2δ_i, [10, 33, 34]:

F_{1+6Q}2_{,Δ}

[_{Δ3 Δ2}

Δ_4 Δ_1 ] (x) ∼ exp { Q^2 f_δ [_{δ3 δ2} δ_4 δ_1 ] (x) } . (1.1)

It was argued in [10] that the 4-point Liouville classical action can be expressed in terms of 3-point actions and the classical conformal block in a given channel calculated for a saddle point value of the intermediate weight. Since there are three different decompositions of the 4-point action one gets consistency conditions called the classical bootstrap equations [35]. It was also conjectured [35] that the saddle point weight is closely related to the length of the closed geodesic in the corresponding channel. These statements are far from being proved in a rigorous way, but there are many nontrivial numerical checks instead [35]. Let us finally stress that once the 4-point Liouville action is known one can in principle calculate the uniformization of the 4-punctured sphere [36], which is a long standing open mathematical problem. Analyzing various classical limits one may hope to gain some new information on the classical conformal block, which up to now is only available through term by term symbolic calculations from the limit (1.1).

The organization of the paper is as follows. In Sect. 2, following the ideas of [37], we formulate the SL(2, R)-monodromy problem with boundary. In Sect. 3 we introduce an appropriate classical Liouville action and derive the formulae for its partial derivatives with respect to bulk and boundary conformal weights, and bulk and boundary cosmological constants. A novel technical result is the formula for the partial derivative of the action with respect to the ratio ω_j =^{mj√}_m in terms of special values of some conformal map. Details of its derivation are explained in the Appendix.

In Sect. 4 we present a proof of the Polyakov conjecture for elliptic boundary weights and arbitrary bulk weights. This extends the previous results [26–31] to the FZZT Liouville theory and is one of the main results of this paper.

The last section contains four examples of explicit calculations of the classical actions both from classical solutions and from the classical limit of exact quantum expressions. The simplest one is the case of one bulk elliptic singularity considered in Subsect. 5.1. The case of one bulk hyperbolic singularity is considered in Subsect. 5.2. This calculations provide an additional support for the construction of the classical action for hyperbolic singularities proposed and analyzed in [31, 38]. The cases of two boundary, and one bulk one boundary elliptic weights are calculated in Subsect. 5.3 and Subsect. 5.4, respectively. Both ways of calculation the classical Liouville action are rather complicated in these cases. The full agreement of the results provides an additional strong evidence that the classical limit of the DOZZ bootstrap solution exists and is properly described by a classical action satisfying the equations derived in Sect. 3 and 4.

2 The monodromy problem with boundary

Let us consider the Fuchs equation

∂^2ψ(z) + T (z)ψ(z) = 0, (2.1)

with the energy–momentum tensor of the form

T (z) = m∑ i=1 [ δ_i (z − z_i)^2 + δ_i (z − z̄_i)^2 + c_i z − z_i + c̄_i z − z̄_i ] + n∑ j=1 [ δ_{Bj} (z − x_j )^2 + c^B_j z − x_j ] , (2.2)

where δ_i are bulk conformal weights located at the points z_1, . . ., z_m of the upper half-plane, δ^B_j are boundary conformal weights located at the points x_1 < . . . < x_n of the real axis, and c_i, c^B_j are accessory parameters. We assume that δ_i, δ^B_j , c^B_j are real so that

T (z) = T (z̄). (2.3)

The requirement that T (z) is regular at the infinity implies the relations 2 m∑ i=1 ℜc_i + n∑ j=1 c^B_j = 0,

2 m∑ i=1 ℜ(z_ic_i) + n∑ j=1 x_j c^B_j = −2 m∑ i=1 δ_i − n∑ j=1 δ^B_j ,

2 m∑ i=1 ℜ(z^2_i c_i) + n∑ j=1 x^2_j c^B_j = −4 m∑ i=1 ℜz_iδ_i − 2 n∑ j=1 x_j δ^B_j .

A fundamental systems of solutions Ψ = [ ψ^− ψ^+ ] to the Fuchs equation (2.1) is normalized if

ψ^−∂ψ^+ − ψ^+∂ψ^− = 1.

Let L_j denote the part of the real axis between x_j and x_{j+1} (with the exception of L_n denoting the set of points on the real axis to the right of x_n and to the left of x_1). It follows from (2.3) that for each boundary segment L_j there exist normalized solutions Ψ_j to the Fuchs equation (2.1) regular and real along L_j . For any other normalized solution Ψ we define the matrices

M_j = Σ^{−1}B^T_j Σ B_j , j = 1, . . ., n,

where Σ = [ 0 1 −1 0 ] and the matrix B_j is determined by the relation Ψ = B_j Ψ_j .

We are interested in the following version of the Riemann-Hilbert problem [37]. For given sets of positive weights {δ_i}^m_{i=1}, {δ^B_j }^n_{j=1} and real numbers {ω_j }^n_{j=1} one has to adjust the accessory parameters in such a way that the Fuchs equation (2.1) admits a normalized fundamental system Ψ of solutions, such that:

1. monodromies around all singularities z_i of the upper half plane belong to SL(2, R);

2. the function −iΨ^T · Σ · Ψ is strictly positive or strictly negative on the upper half plane except the points z_i, i = 1, . . ., m and x_j , j = 1, . . ., n;

3. for each boundary segment L_j the boundary condition

Tr M_j = { +ω_j if −iΨ^T · Σ · Ψ > 0, −ω_j if −iΨ^T · Σ · Ψ < 0,

is satisfied.

If Ψ is a solution to the monodromy problem above then the relation

e^{−φ} = (√ m 2i Ψ^T(z) · Σ · Ψ(z)

)_2 (2.4)

determines a conformal factor φ on the upper half plane satisfying the Liouville equation ∂ ¯∂φ = m 2 e^φ (2.5)

and the boundary conditions

∂_ye^{− φ2} | |_{Lj} = − √ m 2 ω_j , j = 1, . . ., n. (2.6) They are usually written in the form

∂_y φ|_{Lj} = m_j e^{φ2} , m_j = ω_j √ m , (2.7)

where m_j are so called boundary cosmological constants. Note that T (z) of (2.2) is the classical energy momentum tensor of the solution φ:

T (z) = T_{cl}(z) = − 1 4 (∂φ)^2 + 1 2 ∂^2φ = −e^{φ2} ∂^2e^{− φ2} . (2.8)

The conformal factor φ is a regular single valued function on the upper half plane ℑz ⩾ 0 except the singular points z_i, x_j . It defines the hyperbolic metric e^φdzdz̄ with the constant negative scalar curvature R = −e^{−φ}Δφ = −4e^{−φ}∂ ¯∂φ = −2m, and with the constant geodesic curvature of each boundary sector L_j :

κ_j =^1_2 e^{− φ2} n^a∂_aφ | | Lj = − m_j 2 = − √ m 2 ω_j .

3 The classical Liouville action

In order to simplify our considerations we assume that all weights are elliptic:

δ_i =

1 − ξ^2_i 4 , j = 1, . . ., m, δ^B_j = 1 − ν^2_j 4 , j = 1, . . ., n, 0 < ξ_i, ν_j < 1. It follows from (2.2), (2.3), and (2.8) that the most singular terms in the expansions of the Liouville field around the locations of elliptic weights read φ(z, z̄) ∼ −2(1 − ξ_i) log |z − z_i|, φ(z, z̄) ∼ −2(1 − ν_j ) log |z − x_j |. (3.1) Let X be the upper half plane with the discs of radii ϵ around the points z_i, i = 1, . . ., m and the semi-discs of radii ϵ around the points x_j , j = 1, . . ., n removed. Denote by S_i the boundary of the disc around z_i and by s_j the semicircle forming a boundary of the semi-discs around x_i. Finally, let l_i denote the part of the real axis between x_i + ϵ and x_{i+1} − ϵ (with the exception of l_n denoting the set [−R, x_1 − ϵ] ∪ [x_n + ϵ, R]). The regularized action functional is defined by

S[ϕ] = lim_{ϵ→0} S_ϵ[ϕ], S_ϵ[ϕ] = lim_{R→∞} S^R_ϵ [ϕ],

S^R_ϵ [ϕ] = 1 4π ∫ X d^2z [ ∂ϕ ¯∂ϕ + me^ϕ ] (3.2)

+ m∑ i=1 1 − ξ^i 4π ∫ S_i κ_z |dz| ϕ − (1 − ξ_i)^2 2 log ϵ

+ n∑ j=1 m_j 4π ∫ l_j dx e^{ϕ2} + n∑ j=1 1 − ν_j 4π ∫ s_j κ_z |dz| ϕ − (1 − ν_j )^2 4 log ϵ

+ 1 2πR ∫ s_R |dz| ϕ + log R,

where s_R is the semicircle |z| = R on the upper half plane. The action is constructed in such a way that for fields satisfying ϕ ∼ −2(1 − ξ_i) log |z − z_i| for z → z_i, ϕ ∼ −2(1 − ν_j ) log |z − x_j | for z → x_j , ϕ ∼ −4 log |z| for z → ∞, the limit in (3.2) exists and the equation δS[ϕ] = 0 gives (2.5) and (2.7).

Let φ(z, z̄) denote a solution of (2.5) and (2.7) with some specified values of m, ξ_i, z_i and m_j , ν_j , x_j. We define the classical Liouville action S_{cl} as the value of the action functional (3.2) calculated on this solution. Using the equations of motion and the boundary condition satisfied by φ(z, z̄) one immediately gets ∂S_{cl} ∂ξ_i = lim_{ϵ→0} − 1 4π ∫ S_i κ_z |dz| φ + (1 − ξ_i) log ϵ

, (3.3)

∂S_{cl} ∂ν_j = lim_{ϵ→0} − 1 4π ∫ s_j κ_z |dz| φ + 1 − ν_j 2 log ϵ . (3.4)

Shifting the classical solution φ = ~φ − log m one obtains

S_{cl}(m, ξ_i, z_i, m_j, ν_j , x_j ) = S_{cl}(1, ξ_i, z_i,^{mj√}_m , ν_j , x_j) (3.5) + m∑ i=1 1 − ξ_i 2 + n∑ j=1 1 − ν_j 4 − 1 2 log m.

It is convenient to regard the classical action as a function of the variables m and ω_j (instead of m and m_j ). One than has ∂S_{cl} ∂ω_j = 1 4π ∫ L_j dx e^{~φ2} , j = 1, . . ., n. (3.6)

Equations (3.3) and (3.4) express the derivatives of the classical action in terms of the classical metric in the vicinity of the singularities. It is useful to work out a similar “local” expression for the integral in the r.h.s. of (3.6). To this end note that the solution Ψ to the monodromy problem described in the previous section determines a multivalued analytic function from M = {z ∈ C : ℑz ⩾ 0} ∪ {∞} \ {z_1, . . ., z_n, x_1, . . ., x_j } to the upper half plane H = {z ∈ C : ℑz > 0}, M ∋ z → ρ(z) = ψ^−(z) ψ^+(z)

∈ H. (3.7)

The pull-back of the standard hyperbolic metric on H by any branch of ρ yields a regular hyperbolic metric on M: e^{φ(z,z̄)}dzdz̄ = 1 m (ℑ ρ)^2 dρdρ̄. (3.8) One can always chose a branch of ρ such that the image ρ(L_j) of the boundary segment L_j is a connected open curve in H joining the points

ρ_j = lim_{x→xj +} ρ(x), ρ_{j+1} = lim_{x→xj+1 −} ρ(x).

This curve has the constant geodesic curvature −^{ωj}_2 with respect to the Poincaré metric on H (the sign being determined with respect to ρ(M)). It admits a simple description on the Lobachevsky plane as the arc of the Euclidean circle containing the points ρ_j , ρ_{j+1} and with its radius R and its center O determined by the condition that the Euclidean distance of O from the real axis is equal to |^{ωj}_2 | R. For |ω_j | ⩽ 2 there are two and for |ω_j | > 2 four different arcs with this property. It is shown in the Appendix that in both cases the hyperbolic length depends only on the location of the endpoints ρ_j , ρ_{j+1} and |ω_j |. It follows from (3.8) that the length of the boundary component L_j with respect to the metric e^{φ(z,z̄)} is equal to the length of its image ρ(L_j ) in the Lobachevsky plane. Using the explicit expressions (A.1) and (A.2) one gets ∂S_{cl} ∂ω_j = 1 π √ 4 − ω^2_j arcsinh [√ 1 − (ω_j 2 )_2

β(ρ_j, ρ_{j+1}) ] (3.9)

for |ω_j | < 2 and ∂S_{cl} ∂ω_j = 1 π √ ω^2_j − 4 arcsin [√( ω_j 2 )_2

− 1 β(ρ_j , ρ_{j+1}) ] (3.10)

for |ω_j | > 2, where β(z, w)^{def}= |z − w| 2 √ ℑ zℑ w . 4 Polyakov conjecture

The Polyakov conjecture states that ∂S_{cl} ∂z_i = −c_i, i = 1, . . ., m; (4.1) ∂S_{cl} ∂x_j = −c^B_j , j = 1, . . ., n. (4.2)

The equations (4.1) can be derived by essentially the same methods one uses in proving the Polyakov conjecture for the Riemann sphere and we shall skip here the derivation. Let us only mention that the equations (4.1) are valid in the case of parabolic and hyperbolic bulk singularities as well, although the classical Liouville action is different in those cases.

We shall prove the equations (4.2). Using the Liouville equation (2.5) and the boundary conditions (2.7) one gets ∂S_{cl} ∂x_j = lim_{ϵ→0} D_ϵ[φ],

D_ϵ[φ] = i 8π ∫ s_j (¯ ∂φ dz̄ − ∂φ dz ) ∂φ ∂x_j + 1 − ν_j 4π ∫ s_j κ_z |dz| ∂φ ∂x_j + i 8π ∫ s_j (dz̄ − dz) ( ∂φ ¯∂φ + me^φ ) + 1 − ν_j 4π ∫ s_j κ_z |dz| ∂_xφ (4.3)

+ m_{k−1} 4π e^{φ2} | |_{z=xj −ϵ} − m_k 4π e^{φ2} | |_{z=xj +ϵ} .

Applying the identity ∂φ ∂x_j = −∂_xφ + h_j , where h_j = − ∑ k≠j ∂φ ∂x_k − m∑ i=1 ( ∂φ ∂z_i + ∂φ ∂z̄_i ) , one has 1 − ν_j 4π ∫ s_j κ_z |dz| ∂φ ∂x_j + 1 − ν_j 4π ∫ s_j κ_z |dz| ∂_xφ = 1 − ν_j 4π ∫ s_j κ_z |dz| h_j , and i 8π ∫ s_j (¯ ∂φ dz̄ − ∂φ dz ) ∂φ ∂x_j =

= − i 8π ∫ s_j (¯ ∂φ dz̄ − ∂φ dz ) ( ∂φ + ¯∂φ ) + i 8π ∫ s_j (¯ ∂φ dz̄ − ∂φ dz ) h_j . Note that the function h_j is regular for z → x_j . Taking into account the asymptotic behavior of φ for z → x_j one thus gets in the limit ϵ → 0: 1 − ν_j 4π ∫ s_j κ_z |dz| h_j + i 8π ∫ s_j (¯ ∂φ dz̄ − ∂φ dz ) h_j = o(1).

It follows that up to terms vanishing in the limit ϵ → 0 the first two lines on the r.h.s. of (4.3) yield: − i 8π ∫ s_j (¯ ∂φ dz̄ − ∂φ dz ) ( ∂φ + ¯∂φ ) + i 8π ∫ s_j (dz̄ − dz) ( ∂φ ¯∂φ + me^φ )

= i 8π ∫ s_j dz ( (∂φ)^2 − me^φ ) − i 8π ∫ s_j dz̄ ( ( ¯∂φ)^2 − me^φ )

= i 4π ∫ s_j dz ( ∂^2φ − ∂ ¯∂φ − 2T_{cl}(z) ) − i 4π ∫ s_j dz̄ (¯ ∂^2φ − ∂ ¯∂φ − 2T_{cl}(z̄) ) , where we have used the expression (2.8) for the classical energy-momentum tensor and its complex conjugate T_{cl}(z̄) along with the Liouville equation (2.5). Since T_{cl}(z̄) = T_{cl}(z̄) we have − i 2π ∫ s_j dz T_{cl}(z) + i 2π ∫ s_j dz̄ T_{cl}(z̄) = i 2π ∫ |z−x_j |=ϵ dz T_{cl}(z) = −c^B_j .

On the other hand i 4π ∫ s_j dz ( ∂^2φ − ∂ ¯∂φ ) − i 4π ∫ s_j dz̄ (¯ ∂^2φ − ∂ ¯∂φ )

= i 4π ∫ s_j (dz∂ + dz̄ ¯∂) ( ∂φ − ¯∂φ ) = 1 4π ∫ s_j dϑ ∂ ∂ϑ ∂_y φ

= 1 4π ( ∂_y φ|_{x=xj +ϵ} − ∂_y φ|_{x=xj −ϵ} ) = m_k 4π e^φ2 | |_{z=xj +ϵ} − m_{k−1} 4π e^φ2 | |_{z=xj −ϵ} , so that one finally gets D_ϵ[φ] = −c^B_j + o(1), and ∂S_{cl} ∂x_j = −c^B_j .

Let us note that the proof presented above applies to the bulk singularities as well.

5 Classical solutions

5.1 One bulk elliptic singularity

In the case of an elliptic singularity located at z_1 on the upper half-plane ℑz_1 > 0 the energy-momentum takes the form

T (z) =

1 − ξ^2 4 ( 1 (z − z_1)^2 + 1 (z − z̄_1)^2 − 2 (z − z_1) (z − z̄_1) ) , 0 < ξ < 1. (5.1)

Since the singularity is elliptic and there are no singularities on the real axis it is more convenient to work with the normalized solutions to the Fuchs equation (2.1) with a diagonal SU(1, 1) monodromy:

Ψ = [ ψ_1 ψ_2 ] = 1 √_{ξ(z1 −z̄1 )} (z − z_1)^{1−ξ}2 (z − z̄_1)^{1+ξ}2 1 √_{ξ(z1 −z̄1 )} (z − z_1)^{1+ξ}2 (z − z̄_1)^{1−ξ}2

. (5.2)

In this setting a real, single valued conformal factor of the hyperbolic geometry with constant scalar curvature −2m is given by e^{−φ(z,z̄)/2} = √ m 2 ( e^tψ_1(z)ψ_1(z) − e^{−t}ψ_2(z)ψ_2(z) ) (5.3) = √ m 2ξ | | (z − z^1)(z − z̄^1) z_1 − z̄_1 | | [ e^t | |z − z^1 z − z̄_1 | |^{−ξ} − e^{−t} | |z − z^1 z − z̄_1 | |^ξ ] , where t is real and t ⩾ 0 so that the r.h.s. is non negative on the upper half plane and the real axis. By direct calculations one gets

∂_y e^{− φ2} | |_R = √ m 2 ( e^t + e^{−t} ) = √ m cosh t = − m_B 2 . Thus a regular metric can be constructed if and only if the bulk and boundary cosmological constants satisfy the conditions

m_B < 0, m^2_B ⩾ 4m.

This in particular means that the geodesic curvature κ of the boundary is bounded from below, κ ⩾ m.

For the solution (5.3) the r.h.s. of the equations (3.3), (3.6), (4.1), and (3.5) can be easily calculated, ∂S_{cl} ∂ξ = log ξ − log √ m 2 − t − ξ log |z_1 − z̄_1| , ∂S_{cl} ∂ω_B = ξ √ ω^2_B − 4 , ∂S_{cl} ∂z_1 = 1 − ξ^2 2 1 z_1 − z̄_1 , where ω_B = −2 cosh t. The solution reads^3

S_{cl} = ξ log ξ − ξ − ξ 2 log m + ξ log 2 − ξt −

1 − ξ^2 2 log |z_1 − z̄_1| + const. (5.4)

Let us note in passing that using the form of the elliptic basis (5.2) one gets for the map (3.7) ρ(z) = i e^t2 ψ_1(z) − e^{− t}2 ψ_2(z) e^t2 ψ_1(z) − e^{− t}2 ψ_2(z) = i e^t(z − z̄_1)^ξ − (z − z_1)^ξ e^t(z − z̄_1)^ξ − (z − z_1)^ξ , so that

ρ_1 = lim_{z→−∞} ρ(z) = i sinh t + i sin 2πξ cosh t + cos 2πξ

, ρ_2 = lim_{z→∞} ρ(z) = i sinh t cosh t + 1 . This immediately gives |ρ_{j+1} − ρ_j| 2 √ ℑ ρ_{j+1}ℑ ρ_j = sin πξ | sinh t| = sin πξ √(_{ωB} 2 )_2 − 1 and from (3.10) we get as above ∂S_{cl} ∂ω_B = ξ √ ω^2_B − 4 , which confirms formulae (3.9) and (3.10).

We now shall compare (5.4) with the semi-classical limit of the FZZ 1-point function:

⟨ V_α(z_1) ⟩ = U(α, μ_B) |z_1 − z̄_1|^{2Δα} , U(α, μ_B) = 2 b (πμγ(b^2))^{Q−2α}2b Γ(2bα − b^2)Γ ( 2α b − 1 b^2 − 1 ) cosh(2α − Q)πs, (5.5)

where s is defined by the relation

cosh^2 πbs = μ^2_B μ sin πb^2. (5.6)

3In the case under consideration the classical action could be also calculated by explicit integration in (3.2) (see [25]).

In our notation μ = m 4πb^2 , μ_B = m_B 4πb^2 , α = Q 2 (1 − ξ), Q = b + 1 b , (5.7) and U(ξ, m_B) = 2 b (πμγ(b^2))^{12 (1+ 1}b^{2 )ξ}Γ(b^2(1 − ξ) + 1 − ξ)Γ ( −(1 +^1_{b2} )ξ ) cosh(−(b +^1_b )ξπs).

In the limit b → 0 the relation (5.6) yields πbs = t, hence 2 b (πμγ(b^2))^{12 (1+ 1}b^{2 )ξ}Γ(b^2(1 − ξ) + 1 − ξ) cosh(−(b +^1_b )ξπs) ≈ e^{− 1}b^2 [^{−ξ+ξ log ξ−ξ log b2 −tξ}].

Due to the poles of the gamma function along the negative real axis the b → 0 asymptotic of the term Γ ( −(1 +^1_{b2} )ξ ) is more subtle. Within the path integral approach the poles in (5.5) arise due to the integration over the zero mode of the Liouville field. If the classical solution exists, one should not expect any pole structure in the quasi-classical limit. In order to show that the poles can be regarded as a sub-leading correction one may use the formula Γ(−x) = − π xΓ(x) sin πx , along with the Stirling asymptotic expansion xΓ(x) ≈ e^{−x+} ( x+ 12 ) log x. In the limit b → 0 one obtains: Γ ( −(1 +^1_{b2} )ξ ) ≈ e^{1b2 ξ−} (_1

b2 ξ+^1_2 ) log^1_{b2} ξ−log ( −^1_π sin^π_{b2} ξ )

= e^{− 1b2} [ −ξ+ξ log ξ−ξ log b^2 +^1_2 b^2 log^1_{b2} ξ+b^2 log ( −^1_π sin^π_{b2} ξ )] . Keeping only the leading terms one thus have

U(ξ, m_B) ≈ e^{− 1}b^{2 (− ξ2 log m+ξ log 2−ξ+ξ log ξ−tξ)},

in perfect agreement with the classical action (5.4).

5.2 One bulk hyperbolic singularity

Hyperbolic weight corresponds to the energy-momentum of the form

T (z) =

1 + λ^2 4 ( 1 (z − z_1)^2 + 1 (z − z̄_1)^2 − 2 (z − z_1)(z − z̄_1) ) . (5.8)

Repeating (with obvious modifications) the calculations from the previous subsection one gets the metric e^{−φ(z,z̄)/2} = √ m λ | | | (z − z_1)(z − z̄_1) z_1 − z̄_1 | | | sin [ λ log | | | z − z_1 z − z̄_1 | | | − t ] , (5.9) where cos t = − ω_B 2 ≡ − m_B 2 √ m . (5.10)

The metric can be constructed only if |ω_b| ≤ 2. In the coordinates

w = τ + iσ = log z − z_1 z − z̄_1 it takes the form e^{−φ(w,w̄)/2} = √ m λ sin(λτ − t). (5.11)

The conformal factor is singular along the lines λτ = t + πk, k ∈ Z, and the metric e^{φ(w,w̄)}|dw|^2 has closed geodesics located at λτ = t + π 2 (2k + 1), k ∈ Z. For positive ω_b there exists a solution of (5.10) satisfying −π < t < −^π_2 . The metric between the real axis τ = 0 and the geodesic corresponding to k = 0, λτ_g = π 2 + t < 0, is then regular. As a final step of the construction of the C^1 metric on the upper half-plane we shall “fill in” the hole τ < τ_g with a flat metric determined by

e^{−φ0 (w,w̄)/2} = √ m λ or, in the z coordinates,

e^{−φ0 (z,z̄)/2} = √ m λ | | | (z − z_1)(z − z̄_1) z_1 − z̄_1 | | | . The classical Liouville action in the presence of hyperbolic singularities [31, 38] is constructed as a sum of the standard Liouville action functional calculated on the conformal factor of the hyperbolic metric in the region “between the holes” and the actions for “holes” around each hyperbolic singularity. In our case the first contribution is

S_1(m, m_B, λ, z_1) = 1 4π lim_{R→∞} ∫ M_R d^2z [ |∂φ|^2 + me^φ ] + m_B R∫ −R dy e^{φ/2} + ∫ ∂M_R κ_z |dz| φ , (5.12)

where M_R is a part of the upper half plane outside the hole, log | |_{z−z1z−z̄1} | | >_{1λ} (_{π2} + t) , bounded

by the semi-circle of radius R. The second one is a regularized Liouville action functional, calculated for the flat metric φ_0 on the hole around z = z_1 with a small disc of radius ϵ removed, H_ϵ = { z ∈ H : log | | | z − z_1 z − z̄_1 | | | < 1 λ (π 2 + t ) ∧ |z − z_1| < ϵ } .

It reads

S_2(m, m_B, λ, z_1) = lim_{ϵ→0} S_{2,ϵ}(m, m_B, λ, z_1), (5.13)

S_{2,ϵ}(m, m_B, λ, z_1) = 1 4π ∫ H_ϵ d^2z [ |∂φ_0|^2 + me^{φ0} ] + 1 4π ∫ ∂H_ϵ κ_z |dz|φ_0 + (λ^2 − 1) log ϵ.

Shifting φ = φ̃ − log m, φ_0 = φ̃_0 − log m,

one checks that the classical action depends on m only trough ω_B,

S_{cl} = S ( m_B √ m , λ, z_1 ) ≡ S (ω_B , λ, z_1) .

From the Polyakov conjecture and eq. (5.8) one gets ∂S_{cl} ∂z_1 = 1 + λ^2 2 1 z_1 − z̄_1

. (5.14)

One also has (using the form of functionals (5.12) and (5.13)) ∂S_{cl} ∂ω_B = 1 4π ∫ R dy e^{φ̃/2} = λ √ 4 − ω^2_B

, (5.15)

and finally ∂S_{cl} ∂λ = lim_{ϵ→0} 1 4π ∫ H_ϵ d^2z ∂ ∂λ e^{φ̃0} + λ log ϵ

(5.16)

= lim_{ϵ→0} τ g∫ τ_0 dτ 1 2 ∂ ∂λ λ^2 + λ log ϵ = ( t + π 2 ) + λ log |z_1 − z̄_1|,

where the change of the integration variables from z to w and the fact that |z − ξ| = ϵ corresponds to τ = log ϵ − log |z_1 − z̄_1| have been used.

Integrating the equations (5.14), (5.15) and (5.16) we get

S(m, m_B, λ, z_1) =

1 + λ^2 4 log |z_1 − z̄_1|^2 + λ ( t + π 2 ) + const, (5.17)

where the constant is independent of m, m_B, λ, z_1.

For hyperbolic weights Δ = α(Q − α) >^{Q2}_4 , i.e. for α of the form α = Q 2 (1 + iλ) , λ ∈ R, the Liouville one-point coupling constant U(α) given by (5.5) is complex. Let us write

U(α) = Φ(α)U_s(α) where Φ is the phase and U_s the modulus^4 of U. The phase Φ coincides with a square root of the Liouville reflection amplitude,

Φ^2(α) = S_L(α),

S_L(α) = ( πμγ ( b^2 )) 2α−Q_b Γ(−(2α − Q)/b)Γ(1 − b(2α − Q)) Γ((2α − Q)/b)Γ(1 + b(2α − Q)) , and U_s(α) =

2 cosh [(2α − Q)πσ] b √ Γ(1 + (2α − Q)b) Γ(1 − (2α − Q)b) Γ ( 2α − Q b ) Γ ( Q − 2α b ) . Using (5.6), (5.7) and the fact that t < 0, we get for b → 0

U_s(α) |z_1 − z̄_1|^{2Δα}

∼ exp { − 1 b^2 ( 1 + λ^2 4 log |z_1 − z̄_1|^2 + λ ( t + π 2 ))} , in perfect agreement with the classical action (5.17) again.

5.3 Two boundary elliptic singularities In the case of two singularities the conformal weights must be the same, ν_1 = ν_2 = ν. Using the SL(2, R) symmetry one can place them at x_1 = 0 and x_2 = ∞. This corresponds to the following energy-momentum tensor

T (z) =

1 − ν^2 4 1 z^2 . Normalized solutions, regular and real along the positive and the negative semi-axes, are given by

Ψ_1 = [ ψ^−_1 (z) ψ^+_1 (z) ] = [_{1√} ν z^{1−ν}2 1√ ν z^{1+ν}2 ] , Ψ_2 = [ ψ^−_2 (z) ψ^+_2 (z) ] = [_{1√} ν (−z)^{1+ν}2 1√ ν (−z)^{1−ν}2 ] , (5.18)

respectively. They are related on the upper half plane by

Ψ_1 = [ 0 e^{iπ(1−ν)}2 e^{iπ(1+ν)}2 0 ] Ψ_2. (5.19)

In terms of Ψ_1 the solution to the Liouville equation reads

e^{−φ/2} = √ m 2i Ψ^T_1 (z)ΣMΨ_1(z) , (5.20)

where the matrix M = [ a iβ iγ a ] , |a|^2 + βγ = 1, γ, β ∈ R, a ∈ C , 4The subscript s is meant to remind that Us(α) is symmetric under reflection α → Q − α

can be chosen such that the r.h.s. of (5.20) is positive on the upper half plane. This implies in particular that γ and −β are positive. The boundary conditions

∂_yφ|_{y=0} = m_1e^{φ/2} for x > 0, ∂_y φ|_{y=0} = m_2e^{φ/2} for x < 0, (5.21)

imply

a + ā = m_1 √ m = ω_1, αe^{iπν} + ᾱe^{−iπν} = − m_2 √ m = −ω_2.

Solving for a one gets a = −ω_2 − e^{−iπν} ω_1 2i sin πν . From the Gauss-Bonnet theorem one may expect that the geodesic curvature of boundary components should be positive. It can be easily checked that this is really so in the symmetric case ω_1 = ω_2 = ω, when the hyperbolic metric exists if the condition

−ω > 2 sin^1_2 πν

is satisfied. We assume in the following that the boundary geodesic curvatures are positive and such that the function

e^{−φ/2} = √ m 2ν |z| [ γ|z|^{−ν} − β|z|^ν − 2ℑae^{iνθ} ] (5.22)

is positive for z = |z|e^{iθ} in the upper half plane. Introducing parametrization

ω_1 = −2 cosh t_1, ω_2 = −2 cosh t_2, t_1, t_2 ⩾ 0,

we have for the solution (5.22) ∂S_{cl} ∂ν = lim_{ϵ→0} − 1 4π ∫ |z|=ϵ,ℑz>0 κ |dz| φ + 1 − ν 2 log ϵ + 1 4π ∫ |z|=^1_ϵ ,ℑz>0 κ |dz| φ − 1 + ν 2 log ϵ

= log ν − log √ m 2 −^1_2 log(|a|^2 − 1) = log ν − log √ m + log sin πν

−^1_2 log sin ( π(1 − ν) + i(t_1 + t_2) 2 ) −^1_2 log sin ( π(1 − ν) − i(t_1 + t_2) 2 )

−^1_2 log sin ( π(1 − ν) + i(t_1 − t_2) 2 ) −^1_2 log sin ( π(1 − ν) − i(t_1 − t_2) 2 ) , ∂S_{cl} ∂ω_1 = √ m 4π ∞∫ 0 dx e^{φ2} = i 2π log sin (_{π(1−ν)+i(t1+t2 )} 2 ) sin (_{π(1−ν)+i(t1 −t2)} 2 ) sin (_{π(1−ν)−i(t1+t2 )} 2 ) sin (_{π(1−ν)−i(t1 −t2)} 2 ) ∂t^1 ∂ω_1 ,

∂S_{cl} ∂ω_2 = √ m 4π 0∫ −∞ dx e^φ2 = i 2π log sin (_{π(1−ν)+i(t1 +t2)} 2 ) sin (_{π(1−ν)−i(t1 −t2)} 2 ) sin (_{π(1−ν)−i(t1 +t2)} 2 ) sin (_{π(1−ν)+i(t1 −t2)} 2 ) ∂t^2 ∂ω_2 .

Integrating these equations one gets (up to a constant)

S_{cl} = ν ( log ν − 1 2 log m − 1 ) + s(πν) + ∑ τ_1=± ∑ τ_2=± s ( π(1 − ν) + i(τ_1t_1 + τ_2t_2) 2 ) , (5.23)

where

s(x)^{def}= 1 π x∫ π/2 dy log sin y.

The quantum boundary two-point coupling constant has the form [3]:

d(β|s_1, s_2) = [ πμγ ( b^2 ) b^{2−2b2} ]_{(Q−2β)/2b} Γ_b(2β − Q)Γ^{−1}_b (Q − 2β) S_b ( β + i^{s1 +s2}_2 ) S_b ( β + i^{s1−s2}_2 ) S_b ( β − i^{s1−s2}_2 ) S_b ( β − i^{s1+s2}_2

) , (5.24)

with appropriate counterparts of relations (5.6), (5.7) assumed. Taking into account t_i = πbs_i, β ∼ 1 2b (1 + ν),

and the asymptotic behavior

log S_b(x) ∼ 1 b^2 s(πbx) + log 2 b^2 ( xb − 1 2 ) , (5.25)

one can check that the semiclassical asymptotic of (5.24) is given by the classical action (5.23) indeed.

5.4 One bulk, one boundary elliptic singularities

For T (z) having a single pole at the real axis and a single pole in the interior of the upper half plane one can always choose the “boundary” pole to be located at z = ∞. The second pole we shall take at z = z_1, ℑz_1 > 0. The energy-momentum tensor takes the form

T (z) = δ (z − z_1)^2 + δ (z − z̄_1)^2 + δ_b − 2δ (z − z_1)(z − z̄_1)

(5.26)

with elliptic weights δ = 1 − ξ^2 2 , δ_b =

1 − ν^2 2 . A normalized basis in the space of solutions of (2.1), with diagonal SU(1,1) monodromy around z = z_1, can be chosen in the form

ψ_1(z) =^1√_{ξ(z1−z̄1 )} (z − z_1)^{1−ξ}2 (z − z̄_1)^{1+ξ}2_2F_1 (_{1−ν} 2 ,^{1+ν}_2 , 1 − ξ,^{z1 −z}_{z1 −z̄1} ) , ψ_2(z) =^1√_{ξ(z1−z̄1 )} (z − z_1)^{1+ξ}2 (z − z̄_1)^{1−ξ}2_2F_1 (_{1−ν} 2 ,^{1+ν}_2 , 1 + ξ,^{z1 −z}_{z1 −z̄1} ) . (5.27)

The functions ψ_{1,2}(z) are analytic in the vicinity of the real axis (the cuts between the branching points z = z_1, z = ∞ and z = z̄_1 can be chosen such that they do not intersect the real axis). A real, single-valued around z = z_1 solution to the Liouville equation (2.5) can be expressed through ψ_1(z), ψ_2(z) as

e^{−φ/2} = √ m 2 ( a|ψ_1(z)|^2 − a^{−1}|ψ_2(z)|^2 ) , (5.28)

with a (real) constant a to be determined from (2.6).

To this end it is convenient to express ψ_i(z) in terms of ψ_i(z̄). Using the formulae for analytic continuation of the hypergeometric functions one gets: [ ψ_1(z) ψ_2(z) ] = C [ ψ_1(z̄) ψ_2(z̄) ] , (5.29)

where C = i Γ(1−ξ)Γ(ξ)

Γ(^{1−ν}_2 )Γ(^{1+ν}_2 ) Γ(1−ξ)Γ(−ξ) Γ(^{1−ν}_2 −ξ)Γ(^{1+ν}_2 −ξ)

Γ(1+ξ)Γ(ξ)

Γ(^{1−ν}_2 +ξ)Γ(^{1+ν}_2 +ξ)

Γ(1+ξ)Γ(−ξ)

Γ(^{1−ν}_2 )Γ(^{1+ν}_2 )

. (5.30)

Hence e^{−φ/2} = √ m 2 Ψ(z)^T · A · C · Ψ(z̄), (5.31)

where A = diag ( a, −a^{−1} ) . The boundary condition ∂_y e^{−φ/2} | |_{y=0} = − m_B 2 ≡ − √ m 2 ω_B

yields

ω_B = −a

Γ(1 − ξ)Γ(−ξ) Γ (_{1−ν} 2 − ξ ) Γ (_{1+ν} 2 − ξ ) − a^{−1} Γ(1 + ξ)Γ(ξ) Γ (_{1−ν} 2 + ξ ) Γ (_{1+ν}

2 + ξ

) . (5.32)

Solving with respect to a one gets

a_± = Γ (_{1−ν} 2 − ξ ) Γ (_{1+ν} 2 − ξ ) Γ(1 + ξ) πΓ(1 − ξ) (5.33) × ( ω_B 2 sin πξ ± √ cos^2 πν 2 + ( ω^2_B 4 − 1 ) sin^2 πξ ) . Let us note that the change of sign in a is equivalent to the change of sign of ω_B and the change of sing of the r.h.s. of (5.28). It does not lead therefore to any new solutions of the Liouville equation. With no loss of generality we can then work with a = a_+.

It should be stressed that not for all parameters ω_B , ξ, ν, for which a is real, the formula (5.28) yields a regular solution for the Liouville equation. Indeed, the r.h.s. of (5.28) may change sign on the upper half plane and the zero lines appearing in this situation give rise to singular lines of the corresponding hyperbolic geometry. Even in the simple situation at hand, the problem of determining the ranges of parameters for which a regular solution exists and its classical action is well defined is rather involved and we are not aware of any compete solution to it. In the following we simply assume that ω_B , ξ, ν are such that a regular solution does exist.

Taking into account the asymptotic behavior of the solution Ψ (5.27) for z → z_1 and (5.33) one gets from (3.3): ∂S_{cl} ∂ξ = − 1 2 log m − ξ log |z_1 − z̄_1| + log 2

− log [ Γ(ξ)Γ

(_{1+ν} 2 − ξ ) Γ(1 − ξ)Γ

(_{1+ν}

2 + ξ ) ] + log cos π (ν 2 + ξ ) (5.34)

− log [ ω_B 2 sin πξ + √ cos^2 πν 2 + ( ω^2_B 4 − 1 ) sin^2 πξ ] . Using the asymptotic behavior of the hypergeometric function for large arguments one finds for z → ∞ :

ψ_1(z) ∼

(z_1 − z̄_1)^{− ν2} √ ξ Γ(ν)Γ(1 − ξ) Γ (_{1+ν} 2 ) Γ (_{1+ν} 2 − ξ ) (z − z_1)^{ν−ξ}2 (z − z̄_1)^{1+ξ}2 ,

ψ_2(z) ∼

(z_1 − z̄_1)^{− ν}2 √ ξ Γ(ν)Γ(1 + ξ) Γ (_{1+ν} 2 ) Γ (_{1+ν}

2 + ξ

) (z − z_1)^{ν+ξ}2 (z − z̄_1)^{1−ξ}2 , (5.35) and ∂S_{cl} ∂ν = − 1 4 log m + ν 2 log |z_1 − z̄_1| + log [ Γ (_{1+ν} 2 ) Γ(ν) ] − 1 2 log π

+^1_2 log [ Γ (_{1+ν} 2 − ξ ) Γ (_{1+ν}

2 + ξ )] +^1_2 log 2 (5.36) − 1 2 log [ B_+ sin πξ cos π (_ν 2 + ξ ) − B_− sin πξ cos π (_ν 2 − ξ ) ] , where

B_± = ± ω_B 2 sin πξ + √ cos^2 πν 2 + ( ω^2_B 4 − 1 ) sin^2 πξ .

In order to calculate the ω-derivative one needs the map ρ (3.7) defined in terms of the SL(2, R)-monodromy solution to the Fuchs equation, which can be easily constructed from the SU(1, 1)-monodromy one:

Ψ̃(z) = [ ψ̃_1(z) ψ̃_2(z) ] = 1 √ 2i [ i √ a −^{i√}_a √ a^1√_a ] [ ψ_1(z) ψ_2(z) ] . Using (5.35) one finds the z → ∞ asymptotic ρ(z) ≡ ψ̃_1(z) ψ̃_2(z) ∼ i e^r(z − z_1)^{−ξ}(z − z̄_1)^ξ − 1 e^r(z − z_1)^{−ξ}(z − z̄_1)^ξ + 1 , where

e^r ≡

Γ(1 − ξ)Γ

(_{1+ν}

2 + ξ ) Γ(1 + ξ)Γ

(_{1+ν} 2 − ξ ) a

= 1 cos (_{πν} 2 + πξ ) [ ω_B 2 sin πξ + √ cos^2 πν 2 + ( ω^2_B 4 − 1 ) sin^2 πξ ] .

Calculating the limits along the real axis

ρ_1 = lim_{x→−∞} ρ(x) = i sinh r + i sin 2πξ cosh r + cos 2πξ

, ρ_2 = lim_{x→∞} ρ(x) = i sinh r cosh r + 1 , one obtains |ρ_{j+1} − ρ_j | 2 √ ℑ ρ_{j+1}ℑ ρ_j = sin πξ sinh r . Hence for ω_B > 2 formula (3.10) implies ∂S_{cl} ∂ω_B = 1 π √ ω^2_B − 4 arcsin [ sin πξ sinh r √( ω_B 2 )_2 − 1 ] , or ∂S_{cl} ∂t = 1 π arcsin [ sinh t sin πξ sinh r ] , (5.37)

where ω_B = 2 cosh t.

Checking integrability conditions or direct integration of the equations (5.34), (5.36) and (5.37) is rather involved and not especially illuminating. We shall check instead that (5.34), (5.36) and (5.37) coincide with the corresponding derivatives of the classical action obtained from the classical limit of the exact quantum expression.

The bulk-boundary correlation function for the location of the bulk operator at z = z_1 and the boundary operator at z = ∞ is given by [6]:

⟨V_α(z_1)B^{ss}_β (∞)⟩ = P (α, β, |s)I(α, β|s) |z_1 − z̄_1|^{2Δα−Δβ} , P (α, β|s) = −2πi [ πμγ(b^2)b^{2−2b2} ] 1_{2b (Q−2α−β)}

× Γ^3_b (Q − β)Γ_b(2α − β)Γ_b(2Q − 2α − β) Γ_b(Q)Γ_b(Q − 2β)Γ_b(β)Γ_b(Q − 2α)Γ_b(2α) , I(α, β|s) = ∫ iR du e^{−2πus} S_b(u + β/2 + α − Q/2)S_b(u + β/2 − α + Q/2) S_b(u − β/2 − α + 3Q/2)S_b(u − β/2 + α + Q/2) ,

where the relations (5.6) and (5.7) are still assumed.

Using the asymptotic of the Barnes gamma function

log Γ_b (x b ) ∼ − 1 b^2 { g(x) + 1 2 ( x − 1 2 ) log 2π + 1 2 ( x − 1 2 )_2 log b } , where

g(x) = x∫ 1 2 dy log Γ(y),

one obtains log P (α, β|s) ∼^1_{b2} [ −^1_2 (_{1−ν} 2 − ξ ) log m + (_{1−ν} 2 − ξ ) log 2 + ν log 2π −3g (_{1+ν} 2 ) + g (_{1−ν} 2 ) + g (ν) + g (ξ) + g (1 − ξ) −g (_{1+ν} 2 − ξ ) − g (_{1+ν}

2 + ξ )] .

Rescaling the integration variable u → y = bu and using (5.25) one has I(α, β|s) ∼ 1 b ∫ iR dy exp { 1 b^2 f(y, t, ξ, ν) } ,

where

f(y, t, ξ, ν) = −(1 + ν) log 2 − 2ty (5.38) + s ( πy + π 4 (1 − ν − 2ξ) ) + s ( πy + π 4 (1 − ν + 2ξ) ) (5.39) − s ( πy + π 4 (1 + ν − 2ξ) + π 2 ) − s ( πy + π 4 (1 + ν + 2ξ) + π 2 ) . This integral can be approximated by its saddle point value. The saddle point equation

e^{2t} = sin ( πy +^π_4 (1 − ν − 2ξ) ) sin ( πy +^π_4 (1 − ν + 2ξ) ) cos ( πy +^π_4 (1 + ν − 2ξ) ) cos ( πy +^π_4 (1 + ν + 2ξ) ) = cos πξ + sin ( 2πy −^{πν}_2 ) cos πξ − sin ( 2πy +^{πν}_2 ) yields two solutions

cos 2πy_{s±} = 1 cosh^2 t − sin^{2 πν}_2 [ sinh^2 t cos πξ sin πν 2 ± cosh t cos πν 2 √ cos^2 πν 2 + ( ω^2_B 4 − 1 ) sin^2 πξ ] . (5.40)

The appropriate solution could be in principle selected by a careful analysis of the position of the contour with respect to poles located on the real axis. In the present calculations we have chosen y_s = y_{s+} on the basis of numerical checks of the final result instead.

The asymptotic takes the form log I(α, β|s) ∼ 1 b^2 f ( y_s(t, ξ, ν), t, ξ, ν ) , where y_s(t, ξ, ν) = y_{s±}(t, ξ, ν). The classical action calculated from the classical limit of the quantum expression ⟨V_α(z_1)B^{ss}_β (∞)⟩^{b→0}∼ e^{− 1}b^{2 Scl}

reads

S_{cl} =^1_2 (_{1−ν} 2 − ξ ) log m +

(_1

4 +^{ν2}_4 −^{ξ2}_2 ) log |z_1 − z̄_1| − (_{1−ν} 2 − ξ ) log 2 + log 2 + g (ξ) + g (1 − ξ) − ν log π + 3g

(_{1+ν} 2 ) − g (_{1−ν} 2 ) − g (ν) + g (_{1+ν} 2 − ξ ) + g (_{1+ν} 2 + ξ ) + 2ty_s − s ( πy_s +^π_4 (1 − ν − 2ξ) ) − s ( πy_s +^π_4 (1 − ν + 2ξ) ) + s ( πy_s +^π_4 (1 + ν − 2ξ) +^π_2 ) + s ( πy_s +^π_4 (1 + ν + 2ξ) +^π_2 ) , and therefore ∂S_{cl} ∂ξ = − 1 2 log m + −ξ log |z_1 − z̄_1| + log 2

− log [ Γ(ξ)Γ

(_{1+ν} 2 − ξ ) Γ(1 − ξ)Γ

(_{1+ν}

2 + ξ ) ] + 1 2 log [ cos 2πy_s − sin ( πξ +^{πν}_2 ) cos 2πy_s + sin ( πξ −^{πν}_2 ) ] , ∂S^{(1)}_{cl} ∂ν = −^1_4 log m +^ν_2 log |z_1 − z̄_1| + log

[_Γ

(^{1+ν}_2 )

Γ(ν) ] −^1_2 log π

+^1_2 log [ Γ (_{1+ν} 2 − ξ ) Γ (_{1+ν} 2 + ξ )] −^1_2 log cos π

(_{1+ν} 2 ) +^1_4 log [( cos 2πy_s − sin ( πξ +^{πν}_2 )) ( cos 2πy_s + sin ( πξ −^{πν}_2 ))] , ∂S^{(1)}_{cl} ∂t = 2y_s = 1 π arcsin √ 1 − cos^2(2πy_s) .

These equations have to be compared with the equations (5.34), (5.36) and (5.37). We have checked the corresponding equalities by Mathematica 5.2 obtaining a perfect agreement in all three cases.

Acknowledgments

This work was partially supported by the Polish State Research Committee (KBN) grant no. 1 P03B 025 28.

The research of L.H. is supported by the Alexander von Humboldt Foundation scholarship. Part of the ideas contained in this work emerged during the 2005 Simons Workshop in Physics and Mathematics. L.H. thanks the organizers of the Workshop for their warm hospitality, which created at Stony Brook a highly stimulating environment and for the financial support.

Appendix

We shall calculate the length of the j-th boundary component

ℓ_j = ∫ L_j dx e^{φ̃(z,z̄)/2} = ∫ ρ(L_j ) |dρ| ℑ ρ ,

in terms of the endpoints ρ_j = lim_{x→xj +} ρ(x), ρ_{j+1} = lim_{x→xj+1 −} ρ(x). For arbitrary two points ρ_j , ρ_{j+1} ∈ H one can always find an SL(2, R) transformation w(ρ) such that ℜw(ρ_{j+1}) = −ℜw(ρ_j ) > 0, ℑw(ρ_{j+1}) = ℑw(ρ_j). It is then sufficient to calculate the hyperbolic length of the curve w ∘ ρ(L_j) connecting the points q_j = w(ρ_j), q_{j+1} = w(ρ_{j+1}). Let us note that the sign of the boundary geodesic curvature depends on the location of ρ(M) with respect to ρ(L_j ), so one can assume ω_j > 0 in the following.

For 0 < ω_j ⩽ 2 there are always two curves with the geodesic curvature^{ωj}_2 connecting points q_j , q_{j+1} (see Fig.1). These are arcs of two circles with their centers on the imaginary axis and their radii determined by the condition that the Euclidean distance of the center from the real axis equals^{ωj}_2 R:

R_± = 2 ℑq_j 4 − ω^2_j ( ±ω_j + √ (4 − ω^2_j )β^2 + 4 ) , where β = β(q_j , q_{j+1}) and β(z, w)= |z − w| 2 √ ℑ zℑ w is an SL(2, R)-invariant.

Fig. 1 The geometry involved in the determination of the boundary length, ω_j < 2.

The hyperbolic lengths of the corresponding arcs can be easily calculated

ℓ_± = π−ϑ_±∫

ϑ_± 2dϑ 2 sin ϑ ∓ ω_j = 8 √ 4 − ω^2_j arctanh [√ 2 ± ω_j 2 ∓ ω_j tan ( π 4 − θ_± 2 )] ,

where θ_± = Arg(q_j ± i^{ωj}_2 R_±). It follows from Fig.1 that tan ( π 4 − θ_± 2 ) = |q_{j+1}−q_j | 2 R_± + √ R^2_± −^{|qj+1−qj |2}_4 = (2 ∓ ω_j )β 2 + √ (4 − ω^2_j )β^2 + 4 .

Using the identity 2 arctanh x 1 + √ 1 + x^2

= arcsinh x one gets

ℓ_± = 4 √ 4 − ω^2_j arcsinh [√ 1 − (ω_j 2 )_2 β(q_j , q_{j+1}) ] . (A.1)

Since the lengths of both arcs are the same one obtains ℓ_j = ℓ_± which yields formula (3.9).

In the case ω_j > 2 the points q_j , q_{j+1} can be connected by curves with the geodesic curvature^{ωj}_2 if and only if (ω^2_j − 4)β^2 ⩽ 4 (which is satisfied for β = β(q_j , q_{j+1}) by construction). One has two circles with the radii

R_± = 2ℑq_j ω^2 − 4 ( ω_j ± √ (4 − ω^2_j )β^2 + 4 ) , and four different arcs (see Fig.2).

Fig. 2 The geometry involved in the determination of the boundary length, ω_j > 2.

Let ℓ^+_±, ℓ^−_± be the lengths of the upper, and lower arcs of the circle with radius R_±, respectively. Following essentially the same calculations as above and using

2 arctan x 1 + √ 1 − x^2

= arcsin x,

2 arctan x 1 − √ 1 − x^2

= π − arcsin x, (0 < x < 1),

one gets

ℓ^+_− = ℓ^−_+ = 4 √ ω^2_j − 4 arcsin [√( ω_j 2 )_2

− 1 β(q_j , q_{j+1}) ] , (A.2)

ℓ^− = ℓ^+ = 4 √ ω^2_j − 4 π − 4√ ω^2_j − 4 arcsin [√ (ω_j 2 )_2 − 1 β(q_j , q_{j+1}) ] .

As the image w ∘ ρ(L_j ) of the j-th boundary component is one of the four arcs, its hyperbolic length is either ℓ^+_− or ℓ^−. On the other hand, the length of the L_j depends analytically on ω_j , so the formula for |ω_j | > 2 should be an analytic continuation of that for |ω_j | < 2. Taking this into account one finally gets ℓ_j = ℓ^+_− = ℓ^−_+, what proves the formula (3.10).

References

[1] Y. Nakayama, Liouville field theory: A decade after the revolution, Int. J. Mod. Phys.

A 19 (2004) 2771 [arXiv:hep-th/0402009].

[2] J. Teschner, Remarks on Liouville theory with boundary, arXiv:hep-th/0009138. [3] V. Fateev, A. B. Zamolodchikov and A. B. Zamolodchikov, Boundary Liouville field theory. I: Boundary state and boundary two-point function, arXiv:hep-th/0001012.

[4] A. B. Zamolodchikov and A. B. Zamolodchikov, Liouville field theory on a pseudosphere, arXiv:hep-th/0101152.

[5] B. Ponsot and J. Teschner, Boundary Liouville field theory: Boundary three point function, Nucl. Phys. B 622 (2002) 309 [arXiv:hep-th/0110244].

[6] K. Hosomichi, Bulk-boundary propagator in Liouville theory on a disc, JHEP 0111 (2001) 044 [arXiv:hep-th/0108093].

[7] B. Ponsot, Liouville theory on the pseudosphere: Bulk-boundary structure constant, Phys. Lett. B 588 (2004) 105 [arXiv:hep-th/0309211].

[8] J. Teschner, On the Liouville three point function, Phys. Lett. B 363 (1995) 65 [arXiv:hep-th/9507109].

[9] H. Dorn and H. J. Otto, Two and three point functions in Liouville theory, Nucl. Phys.

B 429 (1994) 375 [arXiv:hep-th/9403141].

[10] A. B. Zamolodchikov and A. B. Zamolodchikov, Structure constants and conformal bootstrap in Liouville field theory, Nucl. Phys. B 477 (1996) 577.

[11] B. Ponsot and J. Teschner, Liouville bootstrap via harmonic analysis on a noncompact quantum group, arXiv:hep-th/9911110.

[12] B. Ponsot and J. Teschner, Clebsch-Gordan and Racah-Wigner coefficients for a continuous series of representations of U_q(sl(2, R)), Commun. Math. Phys. 224 (2001) 613 [arXiv:math.qa/0007097].

[13] J. Teschner, Liouville theory revisited, Class. Quant. Grav. 18 (2001) R153 [arXiv:hepth/0104158].

[14] C. B. Thorn, Liouville perturbation theory, Phys. Rev. D 66 (2002) 027702 [arXiv:hepth/0204142].

[15] E. Braaten, T. Curtright and C. B. Thorn, An Exact Operator Solution Of The Quantum Liouville Field Theory, Annals Phys. 147 (1983) 365.

[16] E. Braaten, T. Curtright, G. Ghandour and C. B. Thorn, Nonperturbative Weak Coupling Analysis Of The Liouville Quantum Field Theory, Phys. Rev. Lett. 51 (1983) 19.

[17] E. Braaten, T. Curtright, G. Ghandour and C. B. Thorn, Nonperturbative Weak Coupling Analysis Of The Quantum Liouville Field Theory, Annals Phys. 153 (1984) 147.

[18] P. Menotti and E. Tonni, The tetrahedron graph in Liouville theory on the pseudosphere, Phys. Lett. B 586 (2004) 425 [arXiv:hep-th/0311234].

[19] L. A. Takhtajan, Semiclassical Liouville Theory, Complex Geometry Of Moduli Spaces, And Uniformization Of Riemann Surfaces, In *Cargese 1991, Proceedings, New symmetry principles in quantum field theory* 383-406.

[20] L. A. Takhtajan, Topics in quantum geometry of Riemann surfaces: Two-dimensional quantum gravity, published in Como Quantum Groups 1994:541-580, [arXiv:hepth/9409088].

[21] L. A. Takhtajan and L. P. Teo, Quantum Liouville theory in the background field formalism. I: Compact Riemann surfaces, arXiv:hep-th/0508188.

[22] P. Menotti and E. Tonni, Standard and geometric approaches to quantum Liouville theory on the pseudosphere, Nucl. Phys. B 707 (2005) 321 [arXiv:hep-th/0406014].

[23] P. Menotti and G. Vajente, Semiclassical and quantum Liouville theory on the sphere, Nucl. Phys. B 709 (2005) 465 [arXiv:hep-th/0411003].

[24] P. Menotti and E. Tonni, Liouville field theory with heavy charges. I: The pseudosphere, arXiv:hep-th/0602206.

[25] P. Menotti and E. Tonni, Liouville field theory with heavy charges. II: The conformal boundary case, arXiv:hep-th/0602221.

[26] P. G. Zograf and L. A. Takhtajan, On Liouville equation, accessory parameters and the geometry of Teichmüller space for Riemann surface of genus 0, Math. USSR Sbornik 60 (1988) 143.

[27] P. G. Zograf and L. A. Takhtajan, On uiformization of Riemann surfaces and the Weil- Petersson metric on Teichmüller and Schottky spaces. Math. USSR Sbornik 60 (1988) 297.

[28] P. G. Zograf, The Liouville action on moduli spaces, and uniformization of degenerating Riemann surfaces Leningrad Math. J. 1 (1990) 941 - 965.

[29] L. Cantini, P. Menotti and D. Seminara, Proof of Polyakov conjecture for general elliptic singularities, Phys. Lett. B 517, 203 (2001) [arXiv:hep-th/0105081].

[30] L. Takhtajan and P. Zograf, Hyperbolic 2-spheres with conical singularities, accessory parameters and Kähler metrics on M_{0,n}, Trans. Amer. Math. Soc. 355 (2003) 1857-1867, [arXiv:math.cv/0112170].

[31] L. Hadasz and Z. Jaskolski, Polyakov conjecture for hyperbolic singularities, Phys. Lett.

B 574, 129 (2003) [arXiv:hep-th/0308131].

[32] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infinite Conformal Symmetry In Two-Dimensional Quantum Field Theory, Nucl. Phys. B 241, 333 (1984).

[33] A. B. Zamolodchikov, Two-dimensional conformal symmetry and critical four-spin correlation functions in the Ashkin-Teller model, Sov. Phys. JEPT 63 (5) (1986) 1061.

[34] A. B. Zamolodchikov, Conformal symmetry in two-dimensional space: recursion representation of conformal block, Theor. Math. Phys. 73 (1987) 1088.

[35] L. Hadasz, Z. Jaskolski and M. Piatek, Classical geometry from the quantum Liouville theory, Nucl. Phys. B 724 (2005) 529 [arXiv:hep-th/0504204].

[36] L. Hadasz, Z. Jaskolski, (in preparation) [37] A. Bilal and J. L. Gervais, Exact Quantum Three Point Function Of Liouville Highest Weight States, Nucl. Phys. B 305, 33 (1988).

[38] L. Hadasz and Z. Jaskolski, Classical Liouville action on the sphere with three hyperbolic singularities, Nucl. Phys. B 694, 493 (2004) [arXiv:hep-th/0309267].