arXiv:hep-th/0603212 v3 4 Apr 2006

hep-th/0603212

Gauge invariant Lagrangian construction for massive higher spin fermionic fields

I.L. Buchbinder^{a∗}, V.A. Krykhtin^{b†}, L.L. Ryskina^{a‡}, H. Takata^{a§}

aDepartment of Theoretical Physics, Tomsk State Pedagogical University, Tomsk 634041, Russia

bLaboratory of Mathematical Physics and Department of Theoretical and Experimental Physics Tomsk Polytechnic University, Tomsk 634050, Russia

Abstract

We formulate a general gauge invariant Lagrangian construction describing the dynamics of massive higher spin fermionic fields in arbitrary dimensions. Treating the conditions determining the irreducible representations of Poincare group with given spin as the operator constraints in auxiliary Fock space, we built the BRST charge for the model under consideration and find the gauge invariant equations of motion in terms of vectors and operators in the Fock space. It is shown that like in massless case [5], the massive fermionic higher spin field models are the reducible gauge theories and the order of reducibility grows with the value of spin. In compare with all previous approaches, no off-shell constraints on the fields and the gauge parameters are imposed from the very beginning, all correct constraints emerge automatically as the consequences of the equations of motion. As an example, we derive a gauge invariant Lagrangian for massive spin 3/2 field.

1 Introduction

Higher spin field theory is one of the actively developing trends of modern theoretical physics. The various approaches to higher spin problem and current results are widely discussed in the literature (see e.g. [1] for reviews and [2,3] for recent developments for massive and massless case respectively). In this note we extend the new gauge invariant approach, developed in the papers [5–7] for massless higher spin fermionic fields and for massive higher spin bosonic fields (see discussion of motivations and features of this approach in [6]), to the massive higher spin fermionic field models.

∗joseph@tspu.edu.ru †krykhtin@mph.phtd.tpu.edu.ru ‡riskinall@tspu.edu.ru §takataxx@tspu.edu.ru

The main idea of the approach under consideration is treatment of the conditions determining the irreducible representation of the Poincare group with given spin in terms of operator constraints in some auxiliary Fock space and use of the BRST-BFV construction [8] to restore a Lagrangian of the theory on the base of given system of constraints. Such an approach was firstly realized in open string theory [9] and then applied to higher spin field theory [10]. Our aim is to extend the recent results obtained in [5, 6] for massless fermionic and and massive bosonic higher spin field theories respectively to massive fermionic theories.

The massive fermionic higher spin theories have the specific differences with the massive bosonic ones [6] and demand a separate consideration. In contrast to the bosonic case and similar to the massless fermionic case [5] we get the fermionic operators in the algebra of constraints and corresponding them the bosonic ghosts. Due to the presence of the bosonic ghosts the resulting theory is a gauge theory where an order of reducibility grows with the spin of the field. Except the presence of bosonic ghosts in the fermionic theory there is one more special aspect. Unlike the bosonic case, in the fermionic theory we have two Hermitian constraints thus there is a problem in constructing an appropriate scalar product. It means, we can not obtain a consistent Lagrangian for fermions by the same method which was used in the bosonic theory since such a method automatically leads to second order equations of motion for fermionic fields what contradicts to the spin-statistic theorem. To overcome this problem we partially fix the gauge and partially solve some field equations removing the ghost fields corresponding to the Hermitian constraints and thus derive the correct Lagrangian.

The paper is organized as follows. In section 2 we introduce the operator algebra generated by primary constraints which define irreducible representation of the Poincare group with fixed arbitrary half-integer spin. In section 3 we formulate a new representation of the operators and a corresponding new scalar product which overcome a problem arising at naive use of BRST construction (see a discussion of this problem in [5], [6]). Then, in section 4 we construct the BRST operator and derive the Lagrangian for a massive field with given half-integer spin, the corresponding gauge transformations and equations of motion in terms of vectors in Fock space. In section 5 we illustrate the procedure of Lagrangian construction by finding the gauge Lagrangian for massive field with spin 3/2. Section 6 summarizes the results obtained.

2 Algebra of the constraints

It is well known that the totally symmetrical tensor-spinor fields Φ_{μ1 ···μn} (the Dirac index is suppressed), describing the irreducible massive spin s = n + 1/2 representations of the Poincare group must satisfy the following conditions (see e.g. [4]) (iγ^ν ∂_ν − m)Φ_{μ1···μn} = 0, (1) γ^μΦ_{μμ2 ···μn} = 0. (2) Here γ^μ are the Dirac matrices {γ_μ, γ_ν } = 2η_{μν} , η_{μν} = (+, −, . . . , −). (3) To avoid a manipulations with a number of indices it is convenient to introduce auxiliary Fock space generated by creation and annihilation operators a^+_μ , a_μ with vector Lorentz index μ = 0, 1, 2, . . . , D − 1 satisfying the commutation relations [ a_μ, a^+_ν ] = −η_{μν} . (4)

These operators act on vectors in the Fock space |Φ⟩ = ∞∑ n=0 Φ_{μ1···μn} (x)a^{+μ1} · · · a^{+μn} |0⟩ (5)

These vectors are the functionals of the higher spin fields and can be called the higher spin functionals. The conditions (1), (2) are realized as the constraints on the vectors (5) in the form

T^′_0 |Φ⟩ = 0, T^′_1 |Φ⟩ = 0, (6)

where

T^′_0 = γ^μp_μ + m, (7) T^′_1 = γ^μa_μ, (8)

with p_μ = −i^∂_{∂xμ} . If constraints (6) are fulfilled for the general state (5) then conditions (1), (2) are fulfilled for each component Φ_{μ1 ···μn} (x) in (5) and hence vectors (5) under relations (6) describe the free arbitrary higher spin fermionic fields.

Important element of general BRST construction is finding a closed algebra of all constraints on the field |Φ⟩ (5) generated by their (anti)commutators. Finding such an algebra in the case under consideration is similar to that in the massless fermionic case [5]. In the massless case the constraints which are analog of T^′_0 , T^′_1 should be treated as fermionic. In the massive case the constraint T^′_0 (7) looks like a sum of two terms: one is fermionic massless Dirac operator iγ^μp_μ like in the massless case and another one is bosonic mass operator m. This situation looks contradictory. In order to avoid the contradiction ones act as follows. We introduce another constraints T_0, T_1 on the state vector (5) instead of T^′_0 , T^′_1

T_0 = γ̃^μp_μ + γ̃m, (9) T_1 = γ̃^μa_μ, (10)

where γ̃^μ, γ̃ is a set of D + 1 Grassmann odd objects which obey the following gamma-matrix-like conditions

{γ̃^μ, γ̃^ν } = 2η^{μν} , {γ̃^μ, γ̃} = 0, γ̃^2 = −1. (11)

We have no necessity to realize the above objects in explicit form since for construction of the final Lagrangians we will switch from ”gamma-matrix-like objects” (11) to the ”true” gamma-matrices by the relation

γ^μ = γ̃^μγ̃ = −γ̃γ̃^μ. (12)

One can check that the relations (11) lead to the relations (3) for ”true” gamma-matrices (12). Then ones can show that T_0, T_1 and T^′_0 , T^′_1 related by the following conditions

T_0 = γ̃T^′_0 , T_1 = γ̃T^′_1 . (13)

Thus equations (6) are equivalent to the equations

T_0|Φ⟩ = 0, T_1|Φ⟩ = 0 (14)

and therefore we can treat just the operators T_0 (9) and T_1 (10) as primary constraints. Commutators of these constraints generate all other constraints on the ket-vector state (5). Thus we get three more constraints^1

L_0|Φ⟩ = L_1|Φ⟩ = L_2|Φ⟩ = 0, (15)

1Algebra of the operators will be written down in an explicit form later. See Table 1 at page 5.

where

L_0 = −p^2 + m^2, L_1 = a^μp_μ, L_2 =^1_2 a_μa^μ. (16)

Our purpose is to construct the Lagrangian for the massive fermionic higher spin fields generalizing the method of [5–7]. This method is based on finding an Hermitian BRST operator on the base of some system of operator constraints forming a closed algebra invariant under Hermitian conjugation. Hence, in our case we should look for a set of operator constraints which is invariant under Hermitian conjugation. Let us define a scalar product in the Fock space taking bra-vector state in the form ⟨Φ̃| = ∞∑ n=0 ⟨0|a^{μ1} . . . a^{μn} Φ^+_{μ1 ...μn} (x)γ̃^0 (17)

and postulate the following Hermitian properties^2 for γ̃^μ and γ̃

(γ̃^μ)^+ = γ̃^0γ̃^μγ̃^0, (γ̃)^+ = γ̃^0γ̃γ̃^0 = −γ̃. (19)

As a result we get two Hermitian constraints T_0 and L_0 and the three other are non Hermitian^3

T^+_1 = γ̃^0(T_1)^+γ̃^0 = γ̃^μa^+_μ , L^+_1 = (L_1)^+ = a^{+μ}p_μ, L^+_2 = (L_2)^+ =^1_2 a^{+μ}a^+_μ . (20)

Therefore we extend the set of constraints adding three new operators T^+_1 , L^+_1 , L^+_2 to the initial constraints (9), (10), (16) on the ket-state vector (5). As a result a set of the constraints T_0, T_1, T^+_1 , L_0, L_1, L^+_1 , L_2, L^+_2 is invariant under Hermitian conjugation.

Algebra of the operators T_0, T_1, T^+_1 , L_0, L_1, L^+_1 , L_2, L^+_2 is open in terms of (anti)commutators of these operators. According to [5–7] we must include in the set of operators all the operators which are needed for the algebra be closed. These operators are

G_0 = −a^+_μ a^μ +^D_2 , M_1 = γ̃ m, M_2 = −m^2. (21)

Since these operators are obtained as (anti)commutators of a constraint on the ket-vector state (5) with a constraint on bra-vector state (17) then operators (21) can’t be considered as constraints neither on the space of bra-vectors nor on the space of ket-vectors. Total algebra of the operators is written in Table 1, where

[L^+_1 , T_1] = [T^+_1 , L_1] = T_0 − M_1, (22) [L_1, L^+_1 ] = L_0 + M_2. (23)

The operators T_0, T_1, T^+_1 , M_1 are fermionic and the operators L_0, L_1, L^+_1 , L_2, L^+_2 , G_0, M_2 are bosonic. All the commutators are graded, i.e. graded commutators between the fermionic operators are anticommutators and graded commutators which include any bosonic operator are commutators. In Table 1 the first arguments of the graded commutators are listed in the left column and the second argument of graded commutators are listed in the upper row. We will call this algebra as free massive half-integer higher spin symmetry algebra.

Method of deriving the higher spin Lagrangians on the base of operator algebra analogous one given by Table 1 was discussed in [5] and [6]. One can show that a naive use of BRST construction leads to some contradictions (see discussions of this point in [5, 6]) and is directly applicable only for spin 1/2 case. According to the method developed in [5–7] to overcome these contradictions we should pass to new representation for the operator algebra given in Table 1. This will be done in the next section.

2It can be checked that relations (19) lead to usual hermitian relations for the ”true” gamma-matrices (12)

(γ^μ)^+ = γ^0γ^μγ^0. (18)

3In what follows we shall write F^+ = (F )^+ instead of F^+ = γ̃^0(F )^+γ̃^0 and omit γ̃^0 in writing hermitian conjugation

T_0 T_1 T^+_1 L_0 L_1 L^+_1 L_2 L^+_2 G_0 M_1 M_2

T_0 −2L_0 2L_1 2L^+_1 0 0 0 0 0 0 2M_2 0

T_1 2L_1 4L_2 −2G_0 0 0 −(22) 0 −T^+_1 T_1 0 0

T^+_1 2L^+_1 −2G_0 4L^+_2 0 (22) 0 T_1 0 −T^+_1 0 0

L_0 0 0 0 0 0 0 0 0 0 0 0

L_1 0 0 −(22) 0 0 (23) 0 −L^+_1 L_1 0 0

L^+_1 0 (22) 0 0 −(23) 0 L_1 0 −L^+_1 0 0

L_2 0 0 −T_1 0 0 −L_1 0 G_0 2L_2 0 0

L^+_2 0 T^+_1 0 0 L^+_1 0 −G_0 0 −2L^+_2 0 0

G_0 0 −T_1 T^+_1 0 −L_1 L^+_1 −2L_2 2L^+_2 0 0 0

M_1 2M_2 0 0 0 0 0 0 0 0 2M_2 0

M_2 0 0 0 0 0 0 0 0 0 0 0

Table 1: Algebra of the operators

3 New representation of the algebra

The approach developed in [5–7] is based on special representation of the operator algebra generated by constraints. In the case under consideration we have to find another representation of the algebra given in Table 1. This representation is constructed so that all the operators which are not constraints (21) contain an arbitrary parameter or be zero in new representation. To built the new representation we enlarge the representation space by introducing the new creation and annihilation operators: two pairs of bosonic b^+_1 , b_1 and b^+_2 , b_2 and one pair of fermionic d^+, d creation and annihilation operators which satisfy the standard commutation relations { d, d^+ } = 1, [ b_1, b^+_1 ] = [ b_2, b^+_2 ] = 1. (24)

Then construction of the new representation consists in extending of the operator expressions (9), (10), (16), (20), (21) with the help of the additional creation and annihilation operators so that the new expressions of the operators have the desired properties. We will use the following new representation for the algebra

T_{0new} = T_0 = γ̃^μp_μ + γ̃m, (25) T_{1new} = γ̃^μa_μ − γ̃b_1 − d^+b_2 − 2(b^+_2 b_2 + h)d, (26) T^+_{1new} = γ̃^μa^+_μ − γ̃b^+_1 + 2b^+_2 d + d^+, (27) L_{0new} = L_0 = −p^2 + m^2, (28) L_{1new} = a^μp_μ + mb_1 (29) L^+_{1new} = a^{+μ}p_μ + mb^+_1 , (30) L_{2new} =^1_2 a_μa^μ − 1 2 b^2_1 + (d^+d + b^+_2 b_2 + h)b_2. (31) L^+_{2new} =^1_2 a^+_μ a^{μ+} −^1_2 b^{+2}_1 + b^+_2 , (32) G_{0new} = −a^+_μ a^μ +^D_2 + d^+d + b^+_1 b_1 + 2b^+_2 b_2 + h +^1_2 , (33) M_{1new} = 0, (34) M_{2new} = 0. (35)

Thus we see that the operator G_0 which is not a constraint contain an arbitrary parameter h, and the two other operators-nonconstraints M_1 and M_2 are zero. It may be shown that this new representation of the algebra can be obtained from the new representation of the corresponding massless operator algebra [5] by dimensional reduction R^{1,D} → R^{1,D−1} with the following decomposition

p_M = (p_μ, m), a^M = (a^μ, b_1), a^{+M} = (a^{+μ}, b^+_1 ), γ^M = (γ̃^μ, γ̃), (36) M = 0, 1, . . . , D, μ = 0, 1, . . . , D − 1, η^{DD} = −1. (37) It is easy to see, the operators (26), (27) and (31), (32) are not Hermitian conjugate to each other

T^+_{1new} ≠ (T_{1new})^+, L^+_{2new} ≠ (L_{2new} )^+ (38)

if we use the usual rules for Hermitian conjugation of the additional creation and annihilation operators

d^+ = (d)^+, b^+_2 = (b_2)^+. (39)

To make them conjugate each other we change the scalar product in the enlarged space ⟨Ψ̃_1|Ψ_2⟩_{new} = ⟨Ψ̃_1|K_h|Ψ_2⟩ with

K_h = ∞∑ n=0 1 n! ( |n⟩⟨n| C(n, h) − 2d^+ |n⟩⟨n|d C(n + 1, h) ) , (40)

C(n, h) = h(h + 1) · · · (h + n − 1), C(0, h) = 1, |n⟩ = (b^+_2 )^n|0⟩. (41)

As a result we get that the operators (26), (27) and (31), (32) be conjugate each other relatively the new scalar product since the following relation take place

K_hT_{1new} = (T^+_{1new})^+K_h, K_hT^+_{1new} = (T_{1new} )^+K_h, (42) K_hL_{2new} = (L^+_{2new} )^+K_h, K_hL^+_{2new} = (L_{2new} )^+K_h. (43)

Thus we have constructed the representation of the algebra given in Table 1 which possesses the properties formulated in the beginning of this section, i.e., the operators-nonconstraints (21) are zeros or contain an arbitrary parameter. Then the BRST operator will reproduce the proper equations (6) or (14) up to gauge transformation.

4 Lagrangian for the free massive fermionic fields

Now we construct Lagrangian for free massive higher spin fermionic fields. For this we construct BRST operator as if all the operators of the algebra are the first class constraints

Q̃ = q_0T_0 + q^+_1 T_{1new} + q_1T^+_{1new} + η_0L_0 + η^+_1 L_{1new} + η_1L^+_{1new} + η^+_2 L_{2new} + η_2L^+_{2new} + η_GG_{0new} + i(η^+_1 q_1 − η_1q^+_1 )p_0 − i(η_Gq_1 + η_2q^+_1 )p^+_1 + i(η_Gq^+_1 + η^+_2 q_1)p_1 + (q^2_0 − η^+_1 η_1)P_0 + (2q_1q^+_1 − η^+_2 η_2)P_G + (η_Gη^+_1 + η^+_2 η_1 − 2q_0q^+_1 )P_1 + (η_1η_G + η^+_1 η_2 − 2q_0q_1)P^+_1 + 2(η_Gη^+_2 − q^{+2}_1 )P_2 + 2(η_2η_G − q^2_1)P^+_2 (44)

and assume that the state vectors |χ⟩ and the gauge parameters in the enlarged space (including ghosts) are independent of the ghosts corresponding the operators which are not constraints |χ⟩ = ∑ k_i (q_0)^{k1} (q^+_1 )^{k2} (p^+_1 )^{k3} (η_0)^{k4} (d^+)^{k5} (η^+_1 )^{k6} (P^+_1 )^{k7} (η^+_2 )^{k8} (P^+_2 )^{k9} (b^+_1 )^{k10} (b^+_2 )^{k11} × × a^{+μ1} · · · a^{+μk0} χ^{k1 ···k11}_{μ1···μk0} (x)|0⟩. (45) The corresponding ghost number of this vector is 0, as usual. The sum in (45) is assumed over k_0, k_1, k_2, k_3, k_{10}, k_{11} running from 0 to infinity and over k_4, k_5, k_6, k_7, k_8, k_9 running from 0 to 1. Let us notice that the new BRST charge (44) is selfconjugate in the following sense Q̃^+K_h = K_hQ̃, with operator K_h (40).

Lagrangian for the massive fermionic field with spin s = n + 1/2 is constructed as follows (see details in [5])^4

L_n =_n⟨χ̃^0|K_nT̃_0|χ^0⟩_n + 1 2^n

⟨χ̃^1_0|K_n {~ T_0, η^+_1 η_1 } |χ^1_0⟩_n

+_n⟨χ̃^0|K_nΔQ_n|χ^1_0⟩_n +_n⟨χ̃^1_0|K_nΔQ_n|χ^0⟩_n, (46)

where T̃_0 = T_0 − 2q^+_1 P_1 − 2q_1P^+_1 and {A, B} = AB + BA. In eq. (46) |χ^0⟩_n, |χ^1_0⟩_n are coefficients of |χ⟩ (45) standing at (q_0)^0(η_0)^0 and (q_0)^1(η_0)^0 respectively which subject to the condition

σ|χ^i_0⟩_n = ( n +^{D−3}_2 ) |χ^i_0⟩_n, i = 0, 1, gh(|χ^i_0⟩_n) = −i, (47) σ = −a^+_μ a^μ +^{D+1}_2 + d^+d + b^+_1 b_1 + 2b^+_2 b_2 − iq_1p^+_1 + iq^+_1 p_1 + η^+_1 P_1 − η_1P^+_1 + 2η^+_2 P_2 − 2η_2P^+_2 , (48)

ΔQ_n is the part of Q̃ (44) which independent of the ghosts η_G, P_G, η_0, P_0, q_0, p_0 and the substitution −h → n + (D − 3)/2 is done, K_n is operator (40) where the substitution −h → n + (D − 3)/2 is done.

Lagrangian (46) is invariant under the gauge transformation

δ|χ^0⟩_n = ΔQ_n|Λ^0⟩_n + 1 2 {~ T_0, η^+_1 η_1 } |Λ^1_0⟩_n, (49)

δ|χ^1_0⟩_n = T̃_0|Λ^0⟩_n + ΔQ_n|Λ^1_0⟩_n. (50)

which are reducible

δ|Λ^{(i)0}⟩_n = ΔQ_n|Λ^{(i+1)0}⟩_n + 1 2 {~ T_0, η^+_1 η_1 } |Λ^{(i+1)1}_0⟩_n, |Λ^{(0)0}⟩_n = |Λ^0⟩_n, (51)

δ|Λ^{(i)1}_0⟩_n = T̃_0|Λ^{(i+1)0}⟩_n + ΔQ_n|Λ^{(i+1)1}_0⟩_n, |Λ^{(0)1}_0⟩_n = |Λ^1_0⟩_n, (52)

4The Lagrangian is defined as usual up to an overall factor

with finite number of reducibility stages i_{max} = n − 1 for spin s = n + 1/2. In the above formulae the gauge parameters |Λ^{(k)i}_0⟩_n are subject to the conditions which are analogous to the conditions on |χ^0⟩_n, |χ^1_0⟩_n. Namely, the gauge parameters are independent on the ghosts η_G, P_G, η_0, P_0, q_0, p_0 and the following conditions are fulfilled

σ|Λ^{(k)i}_0⟩_n = ( n +^{D−3}_2 ) |Λ^{(k)i}_0⟩_n, gh(|Λ^{(k)i}_0⟩_n) = −(i + k + 1). (53)

Let us show that Lagrangian (46) reproduces the correct equations (14) on the physical field. As we already mention the massive theory looks like dimensional reduction of the corresponding massless theory which presented in [5]. First of all we remove all the auxiliary fields associated with the ghost fields and associated with the additional creation operators d^+, b^+_2 analogously to Section 6 of [5]. After that the only auxiliary fields we get are ones associated with operator b^+_1 . After this we get the equations of motion

(T_0 + L̃^+_1 T̃_1)|Ψ⟩_n = 0, (T̃_1)^3|Ψ⟩_n = 0, (54)

which are invariant under the gauge transformation

δ|Ψ⟩_n = L̃^+_1 |Λ⟩_{n−1}, T̃_1|Λ⟩_{n−1} = 0. (55)

Here T_0 is given by (9) and

|Ψ⟩_n = n∑ k=0 (b^+_1 )^ka^{+μ1} . . . a^{+μn−k} ψ_{μ1 ...μn−k} (x)|0⟩, (56)

|Λ⟩_{n−1} = n−1∑ k=0 (b^+_1 )^ka^{+μ1} . . . a^{+μn−k−1} λ_{μ1 ...μn−k−1} (x)|0⟩, (57) L̃^+_1 = a^{+μ}p_μ + mb^+_1 , T̃_1 = γ̃^μa_μ − γ̃b_1. (58)

Now we get rid of the auxiliary fields associated with b^+_1 . First we note that the second equation in (55) tells us that λ_{μ1 ...μn−1} in (57) is unconstrained and the other coefficients in (57) λ_{μ1 ...μn−k−1} are expressed through it λ_{μ1 ...μn−k−1} ∼ γ̃^{μ1} . . . γ̃^{μk} λ_{μ1 ...μn−1} . Then we decompose equation (54) in power series of b^+_1 and using the on-shell gauge transformations we remove first ψ with the help of γ̃^{μ1} . . . γ̃^{μn−1} λ_{μ1 ...μn−1} , then ψ_μ with the help of γ̃^{μ1} . . . γ̃^{μn−2} λ_{μ1 ...μn−1} , and so on till ψ_{μ1...μn−1} . Thus we removed all the auxiliary fields and after this we find that the physical field ψ_{μ1...μn} obey the equations (1), (2).

Now we turn to examples.

5 Examples

5.1 Spin 1/2

We begin with the simplest case of spin s = 1/2 and show that Lagrangian (46) reproduces Dirac Lagrangian. In this case there exists the field |χ^0⟩ only which obeys condition (47)

|χ^0⟩_0 = ψ(x)|0⟩,_0⟨χ̃^0| = ⟨0|ψ^+γ̃^0. (59)

Substituting (59) in (46) ones get

L_0 =_0⟨χ̃^0|K_0T_0|χ̃^0⟩_0 = −ψ̄ ( iγ^μ∂_μ − m ) ψ. (60)

Here we used the definition for the ”true” gamma-matrices (12) and introduced the Dirac conjugate spinor ψ̄ = ψ^+γ^0. (61)

Thus we see that Lagrangian (46) reproduces the Dirac Lagrangian up to an overall factor.

5.2 Spin 3/2

Our aim is to construct Lagrangian in terms of ”true” gamma-matrices (12). To do this we assign a definite Grassmann parity to the fields and the gauge parameters. For example we can take the field |χ⟩ to be even (odd) then the gauge parameter |Λ^{(0)}⟩ will be odd (even), then the gauge parameter |Λ^{(1)}⟩ will be even (odd), and so on. For this purpose we will use γ̃ to keep the proper Grassmann parity of the fields |χ^i_0⟩ and the gauge parameters |Λ^{(k)i}_0⟩.

In the case of s = 3/2 we have the following expressions for the fields |χ^0⟩, |χ^1_0⟩ and the gauge parameter |Λ^0⟩ which obey the above Grassmann parity conditions and conditions (47) and (53) respectively

|χ^0⟩_1 = [ −ia^{+μ}ψ_μ(x) + d^+γ̃ψ(x) + b^+_1 φ(x) ] |0⟩, (62) ⟨χ̃^0| = ⟨0| [ ψ^+_μ (x)ia^{+μ} + ψ^+(x)γ̃d + φ^+(x)b_1 ] γ̃^0, (63) |χ^1_0⟩_1 = [ P^+_1 γ̃χ(x) − ip^+_1 χ_1(x) ] |0⟩, (64) ⟨χ̃^1_0| = ⟨0| [ χ^+_1 (x)ip_1 + χ^+(x)γ̃P_1 ] γ̃^0, (65)

|Λ^0⟩_1 = [ P^+_1 λ(x) − ip^+_1 γ̃λ_1(x) ] |0⟩. (66) Substituting (62)–(65) into (46) ones find Lagrangian (up to an overall factor) for spin-3/2 field

L_1 = ψ̄^μ [ (iγ^σ∂_σ − m)ψ_μ − iγ_μχ_1 − ∂_μχ ] + φ̄ [ (−iγ^μ∂_μ + m)φ + mχ − χ_1 ]

+ (D − 1)ψ̄ [ (iγ^μ∂_μ + m)ψ + χ_1 ] + χ̄ [ (iγ^μ∂_μ + m)χ − χ_1 + ∂^μψ_μ + mφ ]

+ χ̄_1 [ −χ + iγ^μψ_μ − φ + (D − 1)ψ ] (67)

and substituting (62), (64), (66) into (49), (50) ones find gauge transformations for the fields

δψ_μ = ∂_μλ + iγ_μλ_1, δψ = λ_1, δφ = mλ + λ_1, (68) δχ = (iγ^μ∂_μ − m)λ − 2λ_1, (69) δχ_1 = −(iγ^μ∂_μ + m)λ_1. (70)

Here we have used (12) and (61) and that K_hd^+|0⟩ = −2hd^+|0⟩ with −2h → (D − 1).

One can easy check that removing φ and ψ with the help of their gauge transformation using the gauge parameters λ and λ_1 respectively we get that χ_1 = 0 and then χ = 0 as consequences of the equations of motion. After this the equations on the physical field ψ_μ coincide with the equations which define the irreducible representation with spin s = 3/2.

Now we transform (67) to Rarita-Schwinger Lagrangian. For this purpose we remove φ and ψ with the help of their gauge transformations using the parameters λ and λ_1 respectively. After this we integrate over χ_1 and then over χ (or the same we use algebraic equation of motion χ = iγ^μψ_μ ) and get

L_{RS} = ψ̄^μ(iγ^σ∂_σ − m)ψ_μ − iψ̄^μ(γ^ν ∂_μ + γ_μ∂^ν )ψ_ν + ψ̄_μγ^μ(iγ^σ∂_σ + m)γ^ν ψ_ν . (71)

This is the Rarita-Schwinger Lagrangian in D dimensions.

6 Summary

We have developed the operator approach to derivation of gauge invariant Lagrangians for fermionic massive higher spin models in arbitrary dimensional Minkowski space. The approach is based on realization of the conditions determining the fermionic higher spin fields as the operator constraints acting in auxiliary Fock space, finding the closed algebra of the constraints and construction of the BRST operator (or to be more precise, BRST-BFV operator [8]) in this space.

We found that the model under consideration is a reducible gauge theory and the order of reducibility linearly grows with the value of spin. It is shown that the BRST operator generates the consistent Lagrangian dynamics for fermionic fields of any value of spin in space of arbitrary dimension. As an example of general scheme we obtained the gauge invariant Lagrangian and the gauge transformations for the massive fields with spin-3/2 in the explicit form. Derivation of gauge invariant Lagrangians for any other spins on the base of our general approach is a purely technical problem.

The main results of the paper are given by the relations (46), where Lagrangian for the field with arbitrary half-integer spin is given, and (49)–(52) where the gauge transformations for the fields and the gauge parameters are written down. The formulation does not assume to impose any off-shell constraints on the fields and the gauge parameters from the very beginning. All the constraints emerge as the consequences of the equations of motion and gauge fixing. The approach can also be applied to Lagrangian construction for fermionic higher spin fields in AdS space and for the fermionic fields with mixed symmetry.

Acknowledgements

Work of I.L.B and V.A.K was supported in part by the INTAS grant, project INTAS-03-51-6346, the RFBR grant, project No. 06-02-16346 and grant for LRSS, project No. 4489.2006.2. Work of L.L.R was partially supported by the grant for LRSS, project No. 4489.2006.2. Work of I.L.B was supported in part by the DFG grant, project No. 436 RUS 113/669/0-3.

References

[1] M. Vasiliev, Higher Spin Gauge Theories in Various Dimensions, Fortsch.Phys. 52 (2004) 702-717; hep-th/0401177; D. Sorokin, Introduction to the Classical Theory of Higher Spins, hep-th/0405069; N. Bouatta, G. Compère and A. Sagnotti, An Introduction to Free Higher- Spin Fields, hep-th/0409068; A. Sagnotti, E. Sezgin, P. Sundell, On higher spin with a strong Sp(2) conditions, hep-th/0501156; X. Bekaert, S. Cnockaert, C. Iazeolla, M.A. Vasiliev, Nonlinear higher spin theories in various dimensions, hep-th/0503128.

[2] I.L. Buchbinder, V.A. Krykhtin, V.D. Pershin, On Consistent Equations for Massive Spin-2 Field Coupled to Gravity in String Theory, Phys.Lett. B466 (1999) 216-226, hep-th/9908028; I.L. Buchbinder, D.M. Gitman, V.A. Krykhtin, V.D. Pershin, Equations of Motion for Massive Spin 2 Field Coupled to Gravity, Nucl.Phys. B584 (2000) 615-640, hep-th/9910188; I.L. Buchbinder, D.M. Gitman, V.D. Pershin, Causality of Massive Spin 2 Field in External Gravity, Phys.Lett. B492 (2000) 161-170, hep-th/0006144; S. Deser, A. Waldron, Gauge Invariances and Phases of Massive Higher Spins in (A)dS, Phys. Rev. Lett. 87 (2001) 031601, hep-th/0102166; Partial Masslessness of Higher Spins in (A)dS, Nucl.Phys. B607 (2001) 577-604, hep-th/0103198; Null Propagation of Partially Massless Higher Spins in (A)dS and Cosmological Constant Speculations, Phys. Lett. B513 (2001) 137-141, hep-th/0105181; R.R.Metsaev, Massive totally symmetric fields in AdS(d), Phys.Lett. B590 (2004) 95-104, hep-th/0312297; Mixed-symmetry massive fields in AdS(5), Class.Quant.Grav. 22 (2005) 2777-2796, hep-th/0412311; Cubic interaction vertices of massive and massless higher spin fields, hep-th/0512342; Yu. M. Zinoviev, On Massive High Spin Particles in (A)dS, hep-th/0108192; On Massive Mixed Symmetry Tensor Fields in Minkowski Space and (A)dS, hep-th/0211233; M. Bianchi, P.J. Heslop, F. Riccioni, More on La Grande Bouffe: towards higher spin symmetry breaking in AdS, JHEP 0508 (2005)

088, hep-th/0504156; Paul J. Heslop, Fabio Riccioni, On the fermionic Grande Bouffe: more on higher spin symmetry breaking in AdS/CFT, JHEP 0510 (2005) 060, hep-th/0508086; I.L. Buchbinder, S.J. Gates, W.D. Linch, J. Phillips, New 4d, N=1 superfiled theory: model of free massive superspin-3/2 multiplet, Phys.Lett. B 535 (2002) 280-288, hep-th/0108200; I.L. Buchbinder, S.J. Gates, W.D. Linch, J. Phillips, Dynamical superfiled theory of free massive superspin-1 multiplet, Phys.Lett. B 549 (2002) 229-236, hep-th/0207243; I.L. Buchbinder, S.J. Gates, S.M. Kuzenko, J. Phillips, Massive 4D, N=1 superspin 1 and 3/2 multiplets and their dualities, JHEP 0502 (2005) 056, hep-th/0501199; M. Bianchi, V. Didenko, Massive higher spin multiplets and holography, hep-th/0502220.

[3] L.Brink, R.R.Metsaev, M.A.Vasiliev, How massless are massless fields in AdS_d, Nucl. Phys.

B586 (2000) 183-205, hep-th/0005136; K.B. Alkalaev, M.A. Vasiliev, N=1 Supersymmetric Theory of Higher Spin Gauge Fields in AdS(5) at the Cubic Level, Nucl.Phys. B655 (2003) 57-92, hep-th/0206068; K.B. Alkalaev, O.V. Shaynkman, M.A. Vasiliev, On the Frame- Like Formulation of Mixed-Symmetry Massless Fields in (A)dS(d), Nucl.Phys. B692 (2004) 363-393, hep-th/0311164; K.B. Alkalaev, Two-column higher spin massless fields in AdS(d), hep-th/0311212; O.V. Shaynkman, I.Yu. Tipunin, M.A. Vasiliev, Unfolded form of conformal equations in M dimensions and o(M + 2)-modules, hep-th/0401086; E.D. Skvortsov, M.A. Vasiliev, Geometric Formulation for Partially Massless Fields, hep-th/0601095; K.B. Alkalaev, O.V. Shaynkman, M.A. Vasiliev, Frame-like formulation for free mixed-symmetry bosonic massless higher-spin fields in AdS(d), hep-th/0601225; R.R.Metsaev, Free totally (anti)symmetric massless fermionic fields in d-dimensional anti-de Sitter space, Class.Quant.Grav. 14 (1997) L115-L121, hep-th/9707066; Fermionic fields in the d-dimensional anti-de Sitter spacetime, Phys.Lett. B419 (1998) 49-56, hep-th/9802097; Light-cone form of field dynamics in anti-de Sitter space-time and AdS/CFT correspondence, Nucl. Phys. B563 (1999) 295-348, hep-th/9906217; Massless arbitrary spin fields in AdS(5) Phys. Lett. B531 (2002) 152-160, hep-th/0201226; E. Sezgin, P. Sundell, Analysis of higher spin field equations in four-dimensions. JHEP 0207 (2002) 055, hep-th/0205132; Holography in 4D (Super) Higher Spin Theories and a Test via Cubic Scalar Couplings, JHEP 0507 (2005) 044, hep-th/0305040; An Exact Solution of 4D Higher-Spin Gauge Theory, hep-th/0508158; D. Francia, A. Sagnotti, Free geometric equations for higher spins, Phys. Lett. B543 (2002) 303-310, hep-th/0207002; On the geometry of higher-spin gauge fields, Class. Quant. Grav. 20 (2003) S473-S486, hep-th/0212185; Minimal Local Lagrangians for Higher-Spin Geometry, Phys. Lett. B624 (2005) 93-104, hep-th/0507144; F. Kristiansson, P. Rajan, Scalar Field Corrections to AdS_4 Gravity from Higher Spin Gauge Theory, JHEP 0304 (2003) 009, hep-th/0303202; G. Bonelli, On the Tensionless Limit of Bosonic Strings, Infinite Symmetries and Higher Spins, Nucl. Phys. B669 (2003) 159-172, hep-th/0305155; G. Barnich, G. Bonelli, M. Grigoriev, From BRST to light-cone description of higher spin gauge fields, hep-th/0502232; M. Plyushchay, D. Sorokin and M. Tsulaia, Higher Spins from Tensorial Charges and OSp(N|2n) Symmetry, JHEP 0304 (2003) 013, hep-th/0301067; GL Flatness of OSp(1|2n) and Higher Spin Field Theory from Dynamics in Tensorial Space, hep-th/0310297; I. Bandos, X. Bekaert, J.A. Azcarraga, D. Sorokin, M. Tsulaia, Dynamics of higher spin fields and tensorial space, JHEP 0505 (2005) 031, hep-th/0501113; X. Bekaert, N. Boulaunger, S. Cnockraert, Spin three gauge filed theory revised, JHEP 0601 (2006) 052, hep-th/0508048; A. Sagnotti, M. Tsulaia, On higher spins and the tensionless limit of String Theory, Nucl. Phys. B682 (2004) 83-116, hep-th/0311257; G. Barnich, M. Grigoriev, A. Semikhatov, I. Tipunin, Parent field theory and unfolding in BRST first-quantized terms, Commun. Math. Phys. 260 (2005) 147-181, hep-th/0406192; Glenn Barnich, Maxim Grigoriev, Parent form for higher spin fields on anti-de Sitter space, hep-th/0602166.

[4] I.L. Buchbinder, S.M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity, IOP Publ., Bristol and Philadelphia, 1998.

[5] I.L. Buchbinder, V.A. Krykhtin, A. Pashnev, BRST approach to Lagrangian construction for fermionic massless higher spin fields, Nucl. Phys. B711 (2005) 367–391, hep-th/0410215.

[6] I.L. Buchbinder, V.A. Krykhtin, Gauge invariant Lagrangian construction for massive bosonic higher spin fields in D dimentions, Nucl. Phys. B727 (2005) 536–563, hep-th/0505092.

[7] I.L. Buchbinder, V.A. Krykhtin, BRST approach to higher spin field theories, hep-th/0511276.

[8] C. Becci, A. Rouet, R. Stora, The Abelian Higgs-Kibble model. Unitarity of S operator, Phys.Lett. B52 (1974) 344; I.V. Tyutin, Gauge invariance in field theory and statistics in operator formalism, preprint PHIAN, No 39, 1975; E.S. Fradkin, G.A. Vilkovisky, Quantization of relativistic systems with constraints, Phys.Lett. B55 (1975) 224; I.A. Batalin, G.A. Vilkovisky, Relativistic S-matrix of dynamical systems with bosonic and fermionic constraints, Phys.Lett. B69 (1977) 309; I.A. Batalin, E.S. Fradkin, Operator quantization of relativistic ssytems subject to constraints, Phys.Lett. B128 (1983) 303.

[9] E. Witten, Noncommutative geometry and string field theory, Nucl.Phys. B268 (1986) 253; C.B.

Thorn, String field theory, Phys.Repts. 175 (1989) 1-101; W. Taylor, B. Zwiebach, D-branes, tachyons and string field theory, hep-th/0311017.

[10] S. Ouvry, J. Stern, Gauge fields of any spin and symmetry, Phys.Lett. B177 (1986) 335-340;

A.K.H. Bengtsson, A unified action for higher spin gauge bosons from covariant string theory, Phys.Lett. B182 (1986) 321-325; W. Siegel, B. Zwiebach, Gauge string fields from the light cone, Nucl.Phys. B282 (1987) 125; W. Siegel, Gauge Ramond string fields via OSp(1, 1|2), Nucl.Phys. B284 (1987) 632; A.K.H. Bengtsson, BRST approach to interacting higher spin fields, Class.Quant.Grav. 5 (1988) 437; L. Cappiello, M. Knecht, S. Ouvry, BRST construction of interacting gauge theories of higher spins, Ann.Phys. 193 (1989) 10-39; A. Pashnev, M. Tsulaia, Description of the higher massless irreducible integer spins in the BRST approach, Mod.Phys.Lett. A13 (1998) 1853-1864, hep-th/9803207; C. Burdik, A. Pashnev, M. Tsulaia, On the mixed symmetry irreducuble representations of the Poincare group in the BRST approach, Mod.Phys.Lett. A16 (2001) 731-746, hep-th/0101201; I.L. Buchbinder, A. Pashnev, M. Tsulaia, Lagrangian formulation of the massless higher integer spin fields in the AdS background, Phys.Lett. B523 (2001) 338-346, hep-th/0109067; I.L. Buchbinder, A. Pashnev, M. Tsulaia, Massless higher spin fileds in the AdS background and BRST constructions for nonlinear algebras, in Proceedings of XVI Max Born Symposium ”Supersymmetries and Quantum Symmetries” Karpacz, Poland, 21-25 September, 2001, JINR, Dubna, pp. 3-10, hep-th/0206026; X. Bekaert, I.L. Buchbinder, A. Pashnev, M. Tsulaia, On higher spin theory: Strings, BRST, dimensional reduction, Class.Quant.Grav. 21 (2004) S1457-S1464, hep-th/0410215.