arXiv:hep-th/0604005v3 4 Jun 2007

The Casimir effect for a massless spin-3/2 field in Minkowski spacetime

Wenbiao Liu^∗ and Kui Xiao^† Department of Physics, Beijing Normal University, Beijing, 100875, China

Hongbao Zhang^‡ Department of Astronomy, Beijing Normal University, Beijing, 100875, China Department of Physics, Beijing Normal University, Beijing, 100875, China CCAST (World Laboratory), P.O. Box 8730, Beijing, 100080, China (Dated: June 5, 2007)

The Casimir effect has been studied for various quantum fields in both flat and curved spacetimes. As a further step along this line, we provide an explicit derivation of Casimir effect for massless spin-3/2 field with periodic boundary condition imposed in four-dimensional Minkowski spacetime. The corresponding results with Dirichlet and Neumann boundary conditions are also discussed.

PACS numbers: 03.70.+k, 11.10.Ef

I. INTRODUCTION

Since the pioneering work by Casimir in 1948, who theoretically predicted that there is an attractive force between a pair of neutral plane metallic plates due to a shift in the energy of vacuum state of the quantized electromagnetic field[1], along with the first experimental confirmation by Sparnaay in 1958[2], the so called Casimir effect has been studied both extensively and intensively. Not only has the Casimir effect been measured more and more precisely in recent experiments [3, 4, 5, 6, 7, 8, 9, 10], but also acquired interesting applications in different areas of theoretical physics, including the QCD bag model of hadrons[11, 12, 13] and dark energy in cosmology[14]. For more recent progress and developments, please refer to [15, 16, 17] and references therein.

On the other hand, by many methods such as Green’s function[18], zeta function[19], path integral[20], dimensional regularization[21], and cut-off method[22, 23], the Casimir effect has been computed for various fields which satisfy different boundary conditions in both flat and curved spacetimes[24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45]. However, as far as a spin-3/2 field is concerned, we are not aware of any work done in this direction. Therefore, as a further step along this line, the present paper will provide an explicit derivation of the Casimir effect for a massless spin-3/2 field with the periodic boundary condition in four-dimensional Minkowski spacetime.

It is obvious that the massless spin-3/2 field occupies a special position in our attempts to understand nature both relativistically and quantum mechanically. It is the massless spin-3/2 field that turns out to be the simplest nontrivial higher spin field, but plays a significant role in supergravity and twistor programme. Especially, different from neutrino and electromagnetic fields, there is no gauge invariant local energy momentum tensor for massless spin-3/2 field, which is also shared by linear gravitational field indeed. However, fortunately, as is shown in [46], the integral of energy momentum tensor over the whole space is gauge independent, which justifies our present work and makes it acquire particular interest.

The paper is organized as follows. In the next section, we will briefly review the gauge invariant theory of massless spin-3/2 field in four-dimensional Minkowski spacetime. In the subsequent section, introducing zeta function, we provide an explicit derivation of the Casimir effect for massless spin-3/2 field with periodic boundary condition, which means that we compactify the corresponding space to a circle. Conclusions and discussions are given in the final section.

System of natural unites are adopted: h̄ = c = 1. Notations and conventions follow those in [46]. Especially, the metric signature takes (+, −, −, −), and {σ^μ_Σ′_Σ =^{1√}_2 (I, σ)|μ = 0, 1, 2, 3; Σ(Σ^′) = 1, 2} with σ Pauli matrices.

∗Electronic address: wbliu@bnu.edu.cn †Electronic address: 87xiaokui@163.com ‡Electronic address: hbzhang@pkuaa.edu.cn

II. EQUATION OF MOTION AND ENERGY MOMENTUM TENSOR FOR MASSLESS SPIN-3/2 FIELD FROM RARITA-SCHWINGER LAGRANGIAN

This section will present a brief review of the theory of massless spin-3/2 field in four-dimensional Minkowski spacetime, which provides a concise foundation for later work. For more details, please refer to [46].

Start with Rarita-Schwinger Lagrangian[46, 47] L = −i √ 2[ψ̄^{aB′} σ^b_B′_B ∇_bψ_a^B − 1 3 (ψ̄^{aB′} σ_{aB}′_B ∇_bψ^{bB} + ψ̄^{aB′} σ_{bB}′_B ∇_aψ^{bB} ) + 2 3 ψ̄^{aB′} σ_{aB′ B} σ^{bBC′} σ_{cC′C} ∇_bψ^{cC} ], (1) where the bar denotes the Hermitian conjugation. From here, Euler-Lagrange equation leads to σ^b_B′_B ∇_bψ_a^B − 1 3 (σ_{aB}′_B ∇_bψ^{bB} + σ_{bB}′_B ∇_aψ^{bB} ) + 2 3 σ_{aB}′_B σ^{bBC′} σ_{cC}′_C ∇_bψ^{cC} = 0. (2) With the covariant derivative and the soldering form action on the equation of motion, respectively, we have

σ^b_B′_B ∇_b∇^aψ_a^B = 0,

∇^aψ_a^B = 0, (3)

where the identity σ_{aCB}′ σ_{bD}^{B′} +σ_{bCB}′ σ_{aD}^{B′} = η_{ab}ϵ_{CD} has been employed[46]. Taking into account Rarita-Schwinger constraint condition, i.e.,

σ^a_B′_B ψ_a^B = 0, (4)

the equation of motion is simplified as

σ^b_B′_B ∇_bψ_a^B = 0. (5)

Eqn.(4) and Eqn.(5) are just our familiar Rarita-Schwinger equations for massless spin-3/2 field[46, 47]. Furthermore, by Belinfante’s construction and after a straightforward calculation, the local energy momentum tensor for massless spin-3/2 field reads[46] T^{ab} = −i √ 2[ 1 2 (ψ̄^{dD′} σ^{(b}_D′_E ∇^{a)}ψ_d^E − ∇^{(a}ψ̄^{|dD′|}σ^{b)}_D′_E ψ_d^E ) + (∇_cψ̄^{(b|D′|}σ^{a)}_D′_Dψ^{cD} − ψ̄^{cD′} σ^{(a}_D′_D ∇_cψ^{b)D})], (6)

which is equivalent with that obtained by the variational principle[48].

It is worth noting that Rarita-Schwinger field equations are invariant under the following gauge transformation[46, 47] ψ_a^B → ψ_a^B + ∇_aφ^B (7)

with

σ^b_B′_B ∇_bφ^B = 0. (8)

Moreover, the global energy is also gauge invariant, although the local energy momentum tensor (6) including the energy density is gauge dependent[46]. Since the Casimir effect involves the global energy rather than local energy density, in the following discussions we can confine ourselves to Coulomb gauge, i.e.,

ψ_0^B = 0. (9)

Obviously, the energy density in Coulomb gauge is given by

ρ = T^{00} = −i √ 2 2 (ψ̄^{dD′} σ^0_D′_E ∇^0ψ_d^E − ∇^0ψ̄^{dD′} σ^0_D′_E ψ_d^E ). (10)

For later progress in the subsequent section, a consistent massless spin-3/2 quantum field can be constructed by the plane wave basis in Coulomb gauge as[46]

ψ̂_a^B (x) = 1√ (2π)^3 ∫ d^3p[a(p)ψ_{pa}^B (x) + c^†(p)ψ_{−pa}^B (x)], p_0 > 0. (11)

Here the annihilation and creation operators satisfy the anti-commutation relations as follows {a(p), a(p^′)} = 0, {a(p), a^†(p^′)} = δ^3(p − p^′), {a^†(p), a^†(p^′)} = 0,

{c(p), c(p^′)} = 0, {c(p), c^†(p^′)} = δ^3(p − p^′), {c^†(p), c^†(p^′)} = 0. (12) The plane wave solutions to Rarita-Schwinger equations in Coulomb gauge read

ψ_{pa}^B (x) = 1 √ 2|p_0| ψ̃_μ^Σ(p)(dx^μ)_a(ε_Σ)^B e^{−ip}b^{xb} , (13)

where

ψ̃(1, 0, 0, 1) = (0, 1, i, 0) ⊗ ( 1 0 ) , (14) and ψ̃_μ^Σ(p = e^{−λ}, e^{−λ} sin θ cos φ, e^{−λ} sin θ sin φ, e^{−λ} cos θ) = ψ̃_μ^Σ(−p) = (Λ^{−1})^ν_μL^Σ_Γψ̃_ν^Γ(1, 0, 0, 1) (15) with

Λ = 1 0 0 0 0 cos φ − sin φ 0 0 sin φ cos φ 0 0 0 0 1

1 0 0 0 0 cos θ 0 sin θ 0 0 1 0 0 − sin θ 0 cos θ cosh λ 0 0 − sinh λ 0 1 0 0 0 0 1 0 − sinh λ 0 0 cosh λ ,

L = ( e^{−i φ2} 0 0 e^{i φ2} ) ( cos^θ_2 − sin^θ_2 sin^θ_2 cos^θ_2 ) ( e^{− λ2} 0 0 e^{λ2} ) . (16)

III. THE CASIMIR EFFECT FOR MASSLESS SPIN-3/2 FIELD WITH PERIODIC BOUNDARY CONDITION

Now consider the constraint of having a rectangular box with the boundaries located in x_1 = −^{Lx}_2 , y_1 = −^{Ly}_2 , z_1 = 0 and x_2 =^{Lx}_2 , y_2 =^{Ly}_2 , z_2 = L_z respectively. Thus we can implement the periodic boundary condition on the massless spin-3/2 quantum field, i.e., ψ̂_μ^Σ(x_1, y, z) = ψ̂_μ^Σ(x_2, y, z), ψ̂_μ^Σ(x, y_1, z) = ψ̂_μ^Σ(x, y_2, z), ψ̂_μ^Σ(x, y, z_1) = ψ̂_μ^Σ(x, y, z_2), (17)

hence the expression (11) can be modified to

ψ̂_a^B (x) = 1√ L_xL_yL_z { ∑ p_x=^{2mπ}_{Lx} ∑ p_y =^{2nπ}_{Ly} ∑ p_z =^{2lπ}_{Lz} [a(p)ψ_{pa}^B (x) + c^†(p)ψ_{−pa}^B (x)]}, p_0 > 0 (18)

with {a(p), a(p^′)} = 0, {a(p), a^†(p^′)} = δ_{pxp}′_x δ_{py p}′_y δ_{pz p}′_z , {a^†(p), a^†(p^′)} = 0,

{c(p), c(p^′)} = 0, {c(p), c^†(p^′)} = δ_{pxp}′_x δ_{py p}′_y δ_{pz p}′_z , {c^†(p), c^†(p^′)} = 0. (19)

Next substituting the massless spin-3/2 quantum field (18) into Eqn.(10) and taking the integral over the box, the expectation value of the Casimir energy in the quantum vacuum state can be written as E = ∫ dxdydz⟨0|ρ̂|0⟩ = ∫ dxdydz⟨0|T̂^{00}|0⟩ = 1 2 1 L_xL_yL_z ∫ dxdydz { ∑ p ∑ p^′ 1 √ 2p_0 1 √ 2p^′_0 (− √ 2) {(p_0 + p^′_0)[⟨0|a^†(p)a(p^′)|0⟩ ¯ψ̃^{μΣ′} (p)σ^0_Σ′_Σψ̃_μ^Σ(p^′)e^{i(pb −p′b )xb} −⟨0|c(p)c^†(p^′)|0⟩ ¯ψ̃^{μΣ′} (−p)σ^0_Σ′_Σψ̃_μ^Σ(−p^′)e^{−i(pb −p′b)xb} ] +(p_0 − p^′_0)[⟨0|a^†(p)c^†(p^′)|0⟩ ¯ψ̃^{μΣ′} (p)σ^0_Σ′_Σψ̃_μ^Σ(−p^′)e^{i(pb +p′b)xb} −⟨0|c(p)a(p^′)|0⟩ ¯ψ̃^{μΣ′} (−p)σ^0_Σ′_Σψ̃_μ^Σ(p^′)e^{−i(pb +p′b )xb} ]} } . (20)

By the anti-commutation relations (19) as well as the following properties of annihilation and creation operator, i.e., a(p)|0⟩ = 0, c(p)|0⟩ = 0, ⟨0|a^†(p) = 0, ⟨0|c^†(p) = 0, (21)

Eqn.(20) can be simplified as E = 1 2 ∑ p [ √ 2 ¯ψ̃^{μΣ′} (−p)σ^0_Σ′_Σψ̃_μ^Σ(−p)] = 1 2 ∑ p [ √ 2Λ^0_ν ¯ψ̃^{μΣ′} (1, 0, 0, 1)σ^ν_Σ′_Σψ̃_μ^Σ(1, 0, 0, 1)] = 1 2 ∑ p (−2p_0) = − ∑ p p_0. (22)

In order to investigate the Casimir effect between two neutral infinite parallel plane plates without loss of generalization, we shall simultaneously put L_x → ∞ and L_y → ∞ at the end of our calculation. Thus an integral approximation for the sum over the modes of p_x and p_y is possible, i.e., E = − L_xL_y (2π)^2 [ ∑ p_z =^{2lπ}_{Lz} ∫ dp_xdp_y( √ p^2_x + p^2_y + p^2_z)]

= − L_xL_y (2π)^2 [ ∑ p_z =^{2lπ}_{Lz} ∫ d^2p_τ ( √ p^2_τ + p^2_z )]

= −2 L_xL_y (2π)^2 [ ∞∑ l=1 ∫ d^2p_τ ( √ p^2_τ + ( 2lπ L_z )^2)], (23)

where p_τ = (p_x, p_y) is introduced for the convenience of later computation, and the mode for l = 0 is ignored for it carries zero longitudinal momentum, thus does not contribute to the Casimir effect.

Obviously, Eqn.(23) is divergent. To extract a finite value from Eqn.(23), we here invoke zeta function regularization. Firstly introducing the definition of the gamma function as follows

λ^{−s}Γ(s) = ∫_∞ 0 dt t t^se^{−λt}, (24) then the total energy can be written as E = −2 L_xL_y (2π)^2Γ(−^1_2 ) ∞∑ l=1 ∫ d^2p_τ ∫_∞ 0 dt t t^{−1/2}e^{−t(pτ 2+l2 4π2/Lz 2 )}, (25) next interchanging the integral over p_τ and t, and noticing that the integral over p_τ is just Gaussian type integral, we have E = L_xL_y (4π) √ π ∞∑ l=1 ∫ dt t t^{−3/2}e^{−tl2 (2π)2/L2z} = L_xL_y 4π √ π ( 2π L_z )^3Γ(− 3 2 )ζ(−3), (26)

where we have used the Riemann zeta function π^{−s/2}ζ(s)Γ( s 2 ) = ∞∑ l=1 ∫_∞ 0 dt t t^{s/2}e^{−tl2 π}. (27) Later by Γ(−^3_2 ) =^{4√π}_3 , and ζ(−3) =^1_{120} , we obtain E = π^2L_xL_y 45L^3_z

. (28)

Furthermore, the corresponding Casimir force per unit area between the two parallel plane plates is obtained by taking the negative derivative of^E_{LxLy} with respect to the distance of the two plates L_z, i.e., f = π^2 15L^4_z

. (29)

Obviously, unlike the case of scalar field, the Casimir force is repulsive for the massless spin-3/2 field, which originates from the spin-statistics connection: the massless spin-3/2 field satisfies Fermi-Dirac statistics rather than Bose-Einstein statistics. In addition, the magnitude of the resultant force is two times of that of scalar field with the same boundary condition, which is in agreement with the fact that the massless spin-3/2 field has the degrees of freedom with two times as many as the scalar one.

IV. CONCLUSIONS AND DISCUSSIONS

Starting from Rarita-Schwinger Lagrangian and employing the gauge invariance of the global energy for massless spin-3/2 field, we have provide an explicit derivation of the Casimir effect for the massless spin-3/2 field with periodic boundary condition in Coulomb gauge by the zeta function regularization method. The resultant Casimir force obtained here, together with those of other massless fields with the same boundary condition in four-dimensional Minkowski spacetime, can be casted in terms of unified form as follows[25] f = ± Sπ^2 30L^4_z

, (30)

where ± corresponds to fermionic and bosonic fields, implying repulsion and attraction of the force, respectively. In addition, S denotes the degrees of freedom for fields: S = 1 for scalar field, and S = 2 for massless fields with spin.

We conclude with some discussions in order. Firstly, although the present paper only explicitly evaluates the Casimir effect for the massless spin-3/2 field with periodic boundary condition, the corresponding results with Dirichlet and Neumann boundary conditions can be easy to obtain as is shown for the case of scalar field in [25]: it is smaller, by a factor of 16, than that with periodic boundary condition here. In addition, it is natural to next calculate the Casimir effect for the massless spin-3/2 field confined in other configurations such as a cylinder and a sphere. However, under these circumstances, the calculations involved are much more complex, thus worthy of further investigation, which is expected to be reported elsewhere.

Acknowledgements

W. Liu and K. Xiao are supported partly by NSFC(Grant No.10373003 and Grant No.10475013) and NBRPC(Grant No.2003CB716302). H. Zhang’s work is supported in part by NSFC(Grant No.10373003 and Grant No.10533010).

[1] H. B. G. Casimir, Proc Kon Ned Aked Wet 51: 793(1948).

[2] M. Y. Sparnaay, Physica 24: 751(1958).

[3] S. K. Lamoreaux, Phys. Rev. Lett. 78: 5(1997); erratum in Phys. Rev. Lett. 81: 5475(1998). [4] U. Mohideen and A. Roy, Phys. Rev. Lett. 81: 4549(1998). [5] A. Roy et al., Phys. Rev. D 60: 111101(1999). [6] T. Ederth, Phys. Rev. A 62: 062104(2000). [7] H. B. Chan et al., Phys. Rev. Lett. 87: 211801(2001). [8] H. B. Chan et al., Science 291: 1941(2001). [9] G. Bressi et al., Phys. Rev. Lett. 88: 041804(2002). [10] D. Iannuzzi et al, Proc. Natl. Acad. Sci. 101: 4019(2004). [11] C. M. Bender and P. Heys, Phys. Rev. D 14: 2622(1976). [12] K. A. Milton, Phys. Rev. D 22: 1441(1980). [13] K. A. Milton, Phys. Rev. D 27: 439(1983). [14] K. A. Milton, Grav. Cosmol. 9: 66(2003). [15] M. Bordag et al., Phys. Rept. 353: 1(2001). [16] K. A. Milton, J. Phys. A 37: 209(2004). [17] S. K. Lamoreaux, Rept. Prog. Phys. 68: 201(2005). [18] L. S. Brown and G. J. Maclay, Phys. Rev. 184: 1272(1969). [19] S. W. Hawking, Comm. Math. Phys. 55: 149(1977). [20] K. Symanzik, Nucl. Phys. 13: 190(1981). [21] T. F. Treml, Phys. Rev. D 35: 2036(1987).

[22] N. F. Svaiter and B. F. Svaiter, J. Math. Phys. 32: 175(1990). [23] A. Edery, J. Phys. A 39: 685(2006). [24] L. H. Ford, Phys. Rev. D 11: 3370(1975). [25] J. Ambjorn and S. Wolfram, Annals Phys. 147: 1(1983). [26] K. A. Milton, Annals Phys. 150: 432(1983).

[27] R. Kantowski and K. A. Milton, Phys. Rev. D 35: 549(1987). [28] R. Kantowski and K. A. Milton, Phys. Rev. D 36: 3712(1987). [29] D.Birmingham et al., Phys. Rev. D 38: 1809(1988). [30] K. A. Milton and Y. Jack Ng, Phys. Rev. D 42: 2875(1990). [31] K. A. Milton and Y. Jack Ng, Phys. Rev. D 46: 842(1992). [32] S. S. Bayin and M. Ozcan, Phys. Rev. D. 48: 2806(1993). [33] K. Langfeld et al., Phys. Rev. D 51: 765-773(1995). [34] A. N. Aliev, Phys. Rev. D 55: 3903(1997). [35] K. A. Milton, Phys. Rev. D 55: 4940(1997). [36] E. Elizalde et al., J. Phys. A 31: 1743(1998).

[37] M. R. Setare and A. A. Saharian, Int. J. Mod. Phys. A 16: 1463(2001). [38] G. Cognola et al., J. Phys. A 34: 7311(2001).

[39] D. Muller and H. V. Fagundes, Int. J. Mod. Phys. A17: 4385(2002). [40] E. Elizalde et al., Int. J. Mod. Phys. A 18: 1761(2003). [41] M. R. Setare, Int. J. Mod. Phys. A 18: 4285(2003).

[42] A. A. Saharian and M. R. Setare, Int. J. Mod. Phys. A 19: 4301(2004). [43] P. Sundberg and R. L. Jaffe, Annals Phys. 309: 442(2004).

[44] A. A. Saharian and E. R. Bezerra de Mello, Int. J. Mod. Phys. A 20: 2380(2005). [45] Z. Bajnok et al., Phys. Rev. D 73: 065001(2006). [46] W. Qiu et al., Int. J. Geom. Meth. Mod. Phys. 3: 1303(2006). [47] W. Rarita and J. Schwinger, Phys. Rev. 60: 61(1941). [48] H. Zhang, Commun. Theor. Phys. 44: 1007(2005).