arXiv:hep-th/0604019 v2 26 Apr 2006

On the duality of three-dimensional superfield theories

A. F. Ferrari,^1 M. Gomes,^1 J. R. S. Nascimento,^2 A. Yu. Petrov,^2 and A. J. da Silva^1 1Instituto de Física, Universidade de São Paulo Caixa Postal 66318, 05315-970, São Paulo, SP, Brazil^∗ 2Departamento de Física, Universidade Federal da Paraíba Caixa Postal 5008, 58051-970, João Pessoa, Paraíba, Brazil^†

Abstract

Within the superfield approach, we consider the duality between the supersymmetric Maxwell- Chern-Simons and self-dual theories in three spacetime dimensions. Using a gauge embedding method, we construct the dual theory to the self-dual model interacting with a matter superfield, which turns out to be not the Maxwell-Chern-Simons theory coupled to matter, but a more complicated model, with a “restricted” gauge invariance. We stress the difficulties in dualizing the self-dual field coupled to matter into a theory with complete gauge invariance. After that, we show that the duality, achieved between these two models at the tree level, also holds up to the lowest order quantum corrections.

∗Electronic address: alysson,mgomes,ajsilva@fma.if.usp.br †Electronic address: jroberto,petrov@fisica.ufpb.br

I. INTRODUCTION

For a long time, it has been recognized that it is important to establish connections between apparently unrelated situations so that unifying pictures may emerge. In this context, the duality between the Abelian Maxwell-Chern-Simons (MCS) and self-dual (SD) theories in three dimensional spacetime found in [1] is a paradigmatic example. Extensions of this relation involving non-Abelian gauge fields were considered by various authors [2]. However, while the duality is well established for the free case, the situation becomes more subtle when interactions with others dynamical fields are taken into account. For instance, in [3] a master field action was used to show that the duality between the MCS and SD models coupled to fermions requires the addition of a Thirring current-current interaction in the MCS Lagrangian. However, problems were met in using the same method to study the duality when interactions with a bosonic field were present. In [4, 5], a so-called gauge embedding procedure was developed to overcome these problems. In this way, it became possible to build a theory dual to the SD model coupled to bosons or fermions. In the later case, this dual model turned out to be the MCS theory with a Thirring interaction, as found in [3], while in the former case a more complicated situation arose. Indeed, the theory dual to the SD model coupled to bosons was found to be a modified MCS theory with an unusual field-dependent coefficient for the Maxwell term.

Another interesting question concerns the realization of the duality for supersymmetric models. A first step in this direction was the use of the master field action approach in [6] to study the equivalence between the supersymmetric MCS and SD theories in the superfield formulation. However, using this method, it was not possible to go beyond the simplest case of Abelian theories without any coupling to matter. Our aim here is to propose a generalization of the gauge embedding method to construct a theory dual to the supersymmetric self-dual model interacting with a scalar superfield. We will show that this dual theory involves both a Thirring interaction, as well as the modified MCS part. After building the duality at the classical level, we will show that it survives when the first order quantum corrections are taken into account.

It is important to remind that this modified MCS Lagrangian does not define a genuine gauge theory in the usual sense, since its action is invariant under a “restricted” gauge invariance, that is to say, when only the basic spinor superpotential undergoes a gauge transformation. As we shall see, it is very difficult to generalize the gauge embedding method in order to turn the dual of the SD model into a genuine gauge theory.

This paper is organized as follows. In Section II, we review the duality between supersymmetric SD and MCS models, without coupling to dynamical sources, using the superfield formalism. Afterwards, in Section III, we include the interaction of the SD with a matter superfield, and use the gauge embedding method to build the dual of this theory. The dual equivalence so obtained is shown to be maintained by the lowest-order quantum corrections in Section IV. In Section V, we describe the difficulties that arise when one tries to find a dual for the SD model which is a “genuine” gauge theory. Our conclusions, together with some comments on the applicability of these methods to the noncommutative extensions of these models, are found in Section VI.

II. DUALITY FOR THE FREE THEORIES

Our starting point is the superfield Maxwell-Chern-Simons theory which is described by the action S_{M CS} = − ∫ d^5z(W^αW_α − 2mW^αA_α), α = 1, 2 , (2.1)

where

W^α = 1 2 D^β D^αA_β (2.2)

is the usual superfield strength and A_α is the spinor superpotential. Hereafter, we follow the conventions of [7]. The action (2.1) is invariant under the gauge transformation δA_α = D_αϵ. After the addition of the gauge-fixing term S_{gf} = − 1 2ξ ∫ d^5zD^β A_βD^2D^αA_α , (2.3)

the propagator of the A^α field takes the form

< A^α(−p, θ_1)A^β(p, θ_2) > = − i 4 [ (D^2 + 2m)D^β D^α

p^2(p^2 + 4m^2) − ξ D^2D^αD^β p^4 ] δ_{12}, (2.4)

were δ_{12} ≡ δ^2(θ_1 − θ_2). From Eq. (2.4), we obtain the propagator of the W^α superfield,

< W^α(−p, θ_1)W^β(p, θ_2) > = 1 4 −→ D^γ D^α < A_γ (−p, θ_1)A_δ(p, θ_2) > ←− D^β D^δ = i 4 (D^2 + 2m)D^β D^α

p^2 + 4m^2 δ_{12} . (2.5)

Let us now consider the self-dual theory whose action is specified by

S_{SD} = 4 ∫ d^5z ( m^2B^αB_α − 1 2 mΩ^αB_α ) , (2.6)

where B^α is a spinor superfield and Ω^α =^1_2 D^β D^αB_β is an analog of the superfield strength defined in the MCS theory. The propagator of the B^α superfield is

< B^α(−p, θ_1)B^β(p, θ_2) > = i [D2(D2 + 2m)Dβ Dα 8mp^2(p^2 + 4m^2) − D^2D^αD^β 16m^2p^2 ] δ_{12}. (2.7)

Notice that the propagators for W^α and B^α both have a pole at p^2 = −4m^2. Near this pole the B^α propagator becomes

< B^α(−p, θ_1)B^β(p, θ_2) > = i 16 (D^2 + 2m)D^β D^α m^2(p^2 + 4m^2) δ_{12} + · · · , (2.8)

where the dots stand for terms which stay finite as p^2 → −4m^2. Thus the superfield B^α of the supersymmetric self-dual model seems to play the same role as the superfield strength 1 2m W^α of the MCS theory. This conclusion is further substantiated by the equations of motion derived from the actions in (2.1) and (2.6),

−mD^β D^αB_β + 4m^2B^α = 0 , (2.9a) −D^β D^αW_β + 4mW^α = 0 . (2.9b)

Denoting the vector components of the superfields W^α and B^α respectively as f_m = 1 2 (γ_m)^{αβ}f_{αβ} and V_m =^1_2 (γ_m)^{αβ}V_{αβ} , where m = 0, 1, 2 and V_{αβ} = − i 2 D_{(α}B_{β)}|_{θ=0} , (2.10a) f_{αβ} = 1 2 D_{(α}W_{β)}|_{θ=0} , (2.10b)

we find that the propagators for these fields in the neighborhood of the above mentioned pole coincide, < V^m(−p)V^n(p) > = 1 4m^2 < f^m(−p)f^n(p) > = i 2 (p^mp^n − η^{mn}p^2 − 2mϵ^{mnl}p_l) 4m^2(p^2 + 4m^2)

. (2.11)

We remind the reader that f^m is the dual of the F_{mn} tensor, the field strength of the “electromagnetic” component field in A_α.

III. INTERACTION WITH A SCALAR SUPERFIELD AND THE GAUGE EM- BEDDING METHOD

Here we investigate the persistence of the duality pointed out in the previous section when interaction with matter is included. In this situation the approach developed in [3], based on the use of the Green functions for the field equations, cannot be directly applied. In fact, the coupling of the gauge superfield to the (scalar) matter superfield cannot be represented in the form A^αJ_α because of the presence of an extra “diamagnetic” term characteristic of the minimal coupling. To circumvent this problem we use a gauge embedding approach, similar to the one developed in [5].

Let us introduce the action of the self-dual model coupled to matter, S_{SDM} = ∫ d^5z { 4m^2B^αB_α − mB^αD^β D_αB_β − − 1 2 [( D^αϕ̄ + igB^αϕ̄ ) (D_αϕ − igϕB_α) + 2Mϕϕ̄ ] } . (3.1)

The pure matter sector of this theory is invariant under the transformations ϕ → ϕe^{iϵ}, ϕ̄ → e−iϵϕ̄, B_α → B_α +^1_g D_αϵ. Our aim consists in transforming the whole self-dual theory (3.1) into a gauge theory, in a sense to be clarified later. We start by recasting the pure matter sector of the action (3.1) in the form,

S_m = ∫ d^5z [ ϕ(D^2 − M)ϕ̄ + B^αJ_α − g^2 2 ϕ̄B^αB_αϕ ] , (3.2)

where we used the notation

J_α = i g 2 ϕ^↔D_α ϕ̄ . (3.3)

The “gauge” current of the model differs from the above expression by a B field dependent term, J_α ≡ δS_m δB_α = J_α − ϕ̄B_αϕ ≡ i g 2 ϕ^↔∇_α ϕ̄ , (3.4)

and the equations of motion for the gauge and scalar superfields are

8μ^2B_α − 2mD^β D_αB_β + J_α = 0 , (3.5a) (D^2 − M)ϕ − igB^αD_αϕ − g^2 2 B^αB_αϕ = 0 . (3.5b)

Here μ^2 = m^2 −^{g2}_8 ϕϕ̄ is the field-dependent “mass” of the B^α superfield. We will refer to δS δB^α ≡ Kα, given by the left-hand side of (3.5a), as the Euler vector

K_α = 8μ^2B_α − 2mD^β D_αB_β + J_α , (3.6) and we note that K_α can be rewritten in terms of the “gauge” current J_α as K_α = m^2B_α − 2mD^β D_αB_β + J_α . (3.7) The gauge embedding procedure is an iterative method that starts by the introduction of an auxiliary field Λ_α, which is a Lagrange multiplier for the Euler vector corresponding to the spinor superfield (the introduction of the iterative method with respect to both the spinor and scalar superfields, which in principle would provide complete gauge invariance in the resulting model, becomes much more complicated, as we show in Section V). We therefore define the first-order iterated Lagrangian L^{(1)} = L_{SDM} − Λ^αK_α . (3.8) The variation of L^{(1)} under the transformations B_α → B_α + D_αϵ gives δL^{(1)} = K^β D_β ϵ − K^αδΛ_α − Λ^αδK_α , (3.9) while the change in the Euler vector K_α is δK_α = 8μ^2D_αϵ , (3.10) and, therefore, if we define δΛ_α = D_αϵ, the variation δL^{(1)} turns out to be δL^{(1)} = −Λ^αδK_α = −8μ^2Λ^αD_αϵ = −4μ^2δ(Λ^αΛ_α) , (3.11) so that it can be canceled by the variation of the term 4μ^2Λ^αΛ_α. Thus, the second-order iterated Lagrangian L^{(2)} = L_{SDM} − Λ^αK_α + 4μ^2Λ^αΛ_α (3.12) is invariant under the gauge transformation δB_α = D_αϵ. The Lagrange multiplier Λ_α can be eliminated using its equation of motion K_α = 8μ^2Λ_α , (3.13) and we finally arrive at the gauge invariant Lagrangian

L^{(2)} = L_{SDM} − 1 16μ^2

K^αK_α , (3.14)

whose explicit form is

L^{(2)} = { 4m^2B^αB_α − mB^αD^β D_αB_β − − 1 2 [(D^αϕ − igϕB^α)(D_αϕ̄ + igB_αϕ̄) + 2Mϕϕ̄] } − − 1 16μ^2 ( 8μ^2B^α − 2mD^β D^αB_β + J^α ) ( 8μ^2B_α − 2mD^γ D_αB_γ + J_α ) . (3.15)

After renaming the spinor superfield in the previous equation as A_α and some rearrangements, we can cast the action we have found for the theory dual to the SD Lagrangian in (3.1) as L_{DM CS} = ϕ(D^2 − M)ϕ̄ + 2mA^αW_α − m^2 μ^2 W^αW_α − 1 16μ^2

J^αJ_α + m 2μ^2

W^αJ_α , (3.16)

where the superfield strength W^α has been defined in Eq. (2.2) and the J_α is given in (3.3). In the pure spinor sector, the Lagrangian (3.16) is similar to the superfield Maxwell-Chern- Simons action. However, the W^αW_α term has an unconventional field dependent coefficient, as it happens in some generalizations of the Abelian Higgs model (see for instance [9]). We stress again that the action obtained from Eq. (3.16) is invariant under gauge transformations of the A_α superfield alone. Despite all this, we will refer to Eq. (3.16) as a dualized Maxwell- Chern-Simons (DMCS) model. Another point worth of noticing is the generation of a Thirring interaction. We also remark that the gauge field interaction with the matter given by the term W^αJ_α is the superfield analog of the “magnetic” coupling ϵ_{abc}∂^aA^bJ^c [3].

Let us now compare the equations of motion for the spinor superfield in the self-dual model (3.1) and for the superfield strength in the DMCS model (3.16). After introducing the operator ( Δ^{−1} )_β α ≡ 8(μ^2δ^β_α − 1 4 mD^β D_α) , (3.17)

they are given respectively by ( Δ^{−1} )_β α B_β = −J_α , (3.18a) ( Δ^{−1} )_β α ( W_β μ^2 ) = − 1 2 D^β D_α ( J_β μ^2 ) . (3.18b)

Given the inverse of the (Δ^{−1})^β_α operator as Δ^α_ρ (Δ^{−1})^β_α = δ^β_ρ , the solution of Eq. (3.18a) can be readily obtained, B_α = −Δ^β_α J_β , (3.19) while, for solving Eq. (3.18b), one starts by applying Δ^α_ρ to Eq. (3.17) to obtain 1 2 Δ^α_ρ D^β D_α = 2 m Δ^α_ρ μ^2 − 1 4m δ^α_ρ , (3.20)

which can be used to write the solution of Eq. (3.18b) as W_α μ^2 = − 2 m Δ^β_α J_β + 1 4μ^2m

J_α . (3.21)

By comparing Eqs. (3.19) and (3.21), we conclude that

W_β = J_β 4m + 2μ^2 m B_β , (3.22)

and therefore as g → 0 one recovers the relation B^α =^{W α}_{2m} .

It still remains to verify the equivalence for the matter sectors of these models. To this end we consider the equation of motion for the scalar superfield ϕ corresponding to the DMCS model,

(D^2 − M)ϕ+ m^2 μ^4 W^αW_α ∂μ^2 ∂ϕ + 1 16μ^4 J^αJ_α ∂μ^2 ∂ϕ − 1 8μ^2 J^α ∂J_α ∂ϕ m 2μ^4 ∂μ^2 ∂ϕ W^αJ_α + m 2μ^2 W^α ∂J_α ∂ϕ = 0. (3.23)

By using the expression (3.22) we arrive at (D^2 − M)ϕ − igB^αD_αϕ − g^2 2 B^αB_αϕ = 0 , (3.24)

which coincides with the equation of motion for the matter superfield in the SD model. This confirms the complete duality equivalence of these two models.

The Lagrangian in Eq. (3.16) contains nonrenormalizable interactions but, concerning renormalizability, we do not expect these to generate difficulties at the quantum level. As it happens in the nonsupersymmetric model [10], the Thirring interaction is renormalizable in the framework of the^1_N expansion for a N-component scalar superfield. Indeed, in that case we can eliminate the four-scalar vertex J^αJ_α in favor of S^αϕ_i^↔D_α ϕ̄_i −^1_2 S^αS_α where S_α is an auxiliary superfield, whose propagator is, up to a constant, equal to the one for the gauge spinor superfield in the CP^{N −1} model [8]. It behaves as 1/k for large k momentum, drastically improving the power counting. One may even entertain the hope that renormalizability also holds for finite N, although if a direct proof is not feasible at the moment.

IV. INCLUSION OF RADIATIVE CORRECTIONS

After establishing the duality between the SD model defined by Eq. (3.1) and the DMCS model in Eq. (3.16) at the classical level, we shall now present some calculations to verify whether this equivalence persists at the quantum level. In more concrete terms, we will examine the radiative corrections to the two point vertex functions of the B_α, W_α and ϕ superfields for both theories, up to the second order in the coupling constant g, and we will verify that they are compatible with Eq. (3.22).

The interacting parts of the SD Lagrangian is given by, L^{SD}_{int} = ig 2 B^α ( ϕ^↔D_α ϕ̄ ) − g^2 2 ϕ̄B^αB_αϕ , (4.1)

while for the DMCS model, up to second order in g, we have two similar interaction terms, L^{DM CS} int = ig 4m W^α ( ϕ^↔D_α ϕ̄ ) − 1 8 g^2 m^2 ϕ̄ϕW^αW_α , (4.2)

together with the Thirring interaction, L^{DM CS} T = g^2 64m^2 ∫ d^5z(ϕD^αϕ̄ϕD_αϕ̄ − 2D^αϕϕ̄ϕD_αϕ̄ + D^αϕϕ̄D_αϕϕ̄) . (4.3) We start by considering the first quantum corrections to the two-point function of the spinor superfields B_α and W_α. In both cases, the relevant superdiagrams are those depicted in Fig. 1, where each internal line stands for the < ϕ̄ϕ > propagator, < ϕ̄(k, θ_1)ϕ(k, θ_2) > = −i D^2 + M k^2 + M^2 δ_{12} , (4.4)

and the external wavy lines represent either the external B^α or W^α superfields. The evaluation of these diagrams yields a finite result, being equal to

iS^{SD}_1 (p) = − g^2 4 ∫ d^2θ ∫ d^3k (2π)^3 I(k, p) (k_{γβ} + MC_{γβ} ) × [ (D^2B^γ(−p, θ))B^β (p, θ) + 1 2 D^γ D^αB_α(−p, θ)B^β(p, θ) ] , (4.5) for the SD theory and, for the DMCS model, iS^{DM CS} 1 (p) = − g^2 4 1 4m^2 ∫ d^2θ ∫ d^3k (2π)^3 I(k, p) (k_{γβ} + MC_{γβ} ) × [ (D^2W^γ (−p, θ))W^β(p, θ) + 1 2 D^γ D^αW_α(−p, θ)W^β (p, θ) ] , (4.6)

were we employed the notation I(k, p) = {(k^2 + M^2)[(k + p)^2 + M^2]}^{−1}. Notice that the contribution (4.5) goes into (4.6) and vice-versa under the exchange of B^α by^{W α}_{2m} . At the approximation we are working with, this is consistent with Eq. (3.22), since the terms involving ϕ in the right hand side of (3.22) contain additional powers of the coupling constant g. Hence, the duality between the SD and the DMCS models is maintained after the inclusion of the first quantum corrections induced by the diagrams in Fig. 1.

To further examine the persistence of the duality at the quantum level, we focus now on the corrections to the two-point function of the scalar superfield, which arise from the superdiagrams depicted in Fig. 2. In the SD model, only the graphs 2a, 2b are present, whereas in the DMCS model the diagram 2c also contribute. The propagators of the superfield strength W^α and the spinor superfield B^α are given in Eqs. (2.5) and (2.7), respectively.

The evaluation of the supergraph in Fig. 2a is the simplest one. The result is the same both for the SD and for the DMCS theories, and it is given by

iS_{2a} = g^2 8m ∫ d^3p (2π)^3 ∫ d^2θ ∫ d^3k (2π)^3 1 (k^2 + 4m^2) ϕ̄(−p, θ) ϕ(p, θ) (4.7) (we note that the “longitudinal” term of the B^α propagator, proportional to^1_{m2 p2} , do not contribute since it is proportional to D^2D^αD_αδ_{12}|_{θ1 =θ2} = 0).

To calculate the contribution from the graph in Fig. 2b we regroup some terms in the propagator of the B^α superfield, which can be cast as

< B^α(−p, θ_1)B^β(p, θ_2) > = i 16 [(D2 + 2m)Dβ Dα m^2(p^2 + 4m^2) − 2 C^{αβ} m^2 ] δ_{12}. (4.8)

The second term of this expression is constant, whereas the first term is equal to the propagator of W^α up to a factor 1/4m^2. This difference is, however, compensated by the factor 1/4m^2 in the quartic vertex of the DMCS model, Eq. (4.2), so that the contributions of the diagram 2b in the DMCS model and the one corresponding to the first piece of the B_α propagator in the SD model are identical, and read

iS_{2b} = g^2 64m^2 ∫ d^3p (2π)^3 ∫ d^3k (2π)^3 ∫ d^2θ 1 (k^2 + M^2)[(p − k)^2 + 4m^2] × [ − ϕ̄(−p, θ) ( D^2 + 2M + 4m ) ϕ(p, θ)(p − k)^2 + 2ϕ̄(−p, θ)D^2ϕ(p, θ) ( 3kp − 3k^2 + 4mM ) − 2ϕ̄(−p, θ)ϕ(p, θ) ( 3Mp^2 − mk^2 − Mk^2 − 2Mpk − mpk ) ] . (4.9)

We stress that this expression is exact, including superficially divergent as well as finite parts.

The contribution from the second (constant) term of the B_α propagator in Eq. (4.8) can be found to be

S_{2b}′ = g^2 16m^2 ∫ d^3p (2π)^3 ∫ d^2θ ∫ d^3k (2π)^3 1 (k^2 + M^2) ϕ̄(−p, θ)(D^2 + M)ϕ(p, θ) . (4.10)

There is no analog of such a constant term in the < W^αW^β > propagator. However, in the DMCS theory there is the Thirring vertex, Eq. (4.3), which contributes to the two-point function of the ϕ superfield by means of the graph 2c. This contribution turns out to be exactly equal to S_{2b}′ in Eq. (4.10).

At the end of the day, we conclude that the first quantum corrections to the two-point vertex function of the scalar field for the self-dual and the dualized Maxwell-Chern-Simons theories are identical, given by the sum of S_{2a}, S_{2b} and S_{2b}′ . This result confirms the duality between these two models when these quantum corrections are taken into account.

V. DIFFICULTIES IN A COMPLETE GAUGE EMBEDDING PROCEDURE

The gauge embedding procedure developed in Section III allowed us to obtain the theory defined by the action (3.16), dual to the SD model coupled to a scalar superfield, characterized by the “restricted” gauge symmetry δA^α = D^αϵ, where ϵ is an infinitesimal parameter and the matter superfield is kept untouched by the gauge transformation. A natural question is whether one can adapt this method to obtain a theory in which gauge transformations affect also the matter superfield, as it takes place in the usual supersymmetric electrodynamics [7]. In this section, we develop the “complete” gauge embedding procedure, introducing Lagrange multipliers for both the spinor and scalar superfields.

From a formal viewpoint, the gauge embedding prescription is the following: starting with the Lagrangian L(Φ^i), where Φ^i is the set of the dynamical variables in the theory, then K_i = δL δΦ_i (5.1) are the corresponding Euler vectors. Next, if we denote the gauge transformation of each field as ΔΦ_i, the total variation of the Lagrangian L(Φ^i) is

δL(Φ^i) = K_iΔΦ_i . (5.2)

The first-order iterated Lagrangian is defined by

L^{(1)}(Φ^i, Λ_i) = L − Λ_iK_i , (5.3)

where Λ^i are the Lagrange multipliers, and the corresponding variation under a gauge transformation is δL^{(1)} = K_iΔΦ_i − K_iδΛ_i − Λ_iδK_i . (5.4) To simplify this expression, we choose the Lagrange multiplier Λ_i to change, under a gauge transformation, as δΛ_i = ΔΦ_i, and therefore

δL^{(1)} = −Λ_iδK_i . (5.5)

To cancel this variation we should augment L^{(1)} by some function of the Lagrange multiplier, f(Λ), judiciously chosen so that the second-order iterated Lagrangian,

L^{(2)}(Φ^i, Λ_i) = L^{(1)} + f(Λ) , (5.6)

is gauge invariant. The equation to be satisfied by f(Λ) for this purpose is

−Λ_iδK_i + f_{,i}(Λ)ΔΦ_i = 0 , (5.7)

where f_{,i}(Λ) =^{∂f}_{∂Λi} .

In summary, when Eq. (5.7) has a nontrivial solution f(Λ), the gauge embedding method will provide us, in principle, with an invariant action given by (5.6). In Section III, we considered the situation in which the spinor superfield is transformed but not the scalar one, and in this case we were able to go through all steps of this procedure, obtaining the action (3.16). Now we turn to the case where the scalar superfield is also transformed and we will show that, even if we can find a nontrivial solution for (5.7), the application of the gauge embedding method turns out to be extremely cumbersome.

In the present case, besides the Euler vector for the spinor superfield B^α, we introduce an Euler vector for the scalar superfield ϕ̄, K = (D^2 − M)ϕ − igB^αD_αϕ − g^2 2 B^αB_αϕ , (5.8) and the conjugated vector K̄ for ϕ. Correspondingly, we will introduce the Lagrange multipliers Λ and Λ̄. The first-order iterated Lagrangian is given by L^{(1)} = L − Λ^αK_α − ΛK − Λ̄K̄ , (5.9) and its variation under the infinitesimal gauge transformations δB_α = D_αϵ, δϕ = igϵϕ, δΛ = igϵϕ , (5.10) is given by δL^{(1)} = −Λ^αδK_α − ΛδK − Λ̄δK̄ , (5.11) after choosing the variations of the Lagrange multipliers as follows, δΛ_α = D_αϵ, δΛ = igϵϕ, δΛ̄ = −igϵϕ̄ . (5.12) We also write the equation (5.7) in the case under consideration, − Λ^αδK_α − ΛδK − Λ̄δK̄ + f_{,α}(Λ)D_αϵ + f_Λigϵϕ − f¯_Λigϵϕ̄ = 0 , (5.13) where f_Λ =^{∂f}_{∂Λ} , f¯_Λ =^{∂f}_{∂Λ̄} , f_{,α}(Λ) =^{∂f}_{∂Λα} .

Next, we evaluate the variations for the Euler vectors K_α, K, K̄, starting with the spinor one,

δK_α = 8μ^2D_αϵ + 8(δμ^2)B_α + δJ_α = (8μ^2 + g^2ϕϕ̄)δΛ_α = 8m^2D_αϵ . (5.14) It is interesting to compare this with Eq. (3.10), to see the effect of the variation of the scalar superfield, which was absent in that case. As for the variation of the remaining Euler vectors, one finds δK = ig(D^2 − M)(ϵϕ) − igD^αϵD_αϕ − g^2B^α(D_αϵ)ϕ − i g^3 2 B^αB_αϵϕ , (5.15) and the complex conjugate of the above expression for δK̄.

Finally, inserting (5.15) and (5.14) into (5.13) and collecting the factors multiplying D^2ϵ, D_αϵ, and ϵ, respectively, we found the condition (5.13) to be equivalent to the following set of equations,

Λϕ + Λ̄ϕ̄ = 0 , (5.16a) − 8m^2Λ_α − 2ig(ΛD_αϕ + Λ̄D_αϕ̄) − g^2B_α(Λϕ + Λ̄ϕ̄) + f_{,α}(Λ) = 0 , (5.16b)

− ig[Λ(D^2 − M)ϕ + Λ̄(D^2 − M)ϕ̄] − ig^3 2 B^αB_α(Λϕ + Λ̄ϕ̄) + f_Λigϕ + f¯_Λigϕ̄ = 0 . (5.16c)

Equation (5.16a) is a constraint on the Lagrange multipliers Λ, Λ̄, which can be inserted into Eqs. (5.16b) and (5.16c), to obtain

− 8m^2Λ_α − 2ig(ΛD_αϕ + Λ̄D_αϕ̄) + f_{,α}(Λ) = 0 , (5.17a) − [ΛD^2ϕ + Λ̄D^2ϕ̄] + f_Λϕ + f¯_Λϕ̄ = 0 . (5.17b)

Equations (5.17) can actually be solved, and the solution reads

f(Λ) = −4m^2Λ^αΛ_α − 4igΛ^α(ΛD_αϕ + Λ̄D_αϕ̄) +

Λ^2D^2ϕ 2ϕ + Λ̄^2D^2ϕ̄ 2ϕ̄ , (5.18)

which, going back to (5.6), gives the second-order Lagrangian

L^{(2)} = L − Λ^αK_α − ΛK − Λ̄K̄ − 4m^2Λ^αΛ_α − 4igΛ^α(ΛD_αϕ + Λ̄D_αϕ̄) + + Λ^2D^2ϕ 2ϕ + Λ̄2D2ϕ̄ 2ϕ̄ . (5.19)

The corresponding equations of motion for Λ^α, Λ, Λ̄ are

− K^α − 8m^2Λ^α − 4ig(ΛD^αϕ + Λ̄D^αϕ̄) = 0 , (5.20a) − K − 4igΛ^αD_αϕ − ΛD^2ϕ ϕ = 0 , (5.20b) − K̄ − 4igΛ^αD_αϕ̄ − Λ̄D^2ϕ̄ ϕ̄ = 0 . (5.20c) Their solutions have the highly cumbersome form

Λ̄ = Δ^{−1} [( K̄ − ig K^βD^β ϕ̄ 2m^2 ) ( 2g^2 m^2 D^αϕD_αϕ − D^2ϕ ϕ ) − ( K − ig K^βD_β ϕ 2m^2 ) 2g^2 m^2 D^αϕD_αϕ̄ ] , Λ = Δ^{−1} [( K − ig K^βD_β ϕ 2m^2 ) ( 2g^2 m^2 D^αϕ̄D_αϕ̄ − D^2ϕ̄ ϕ̄ ) − ( K̄ − ig K^βD^β ϕ̄ 2m^2 ) 2g^2 m^2 D^αϕ̄D_αϕ ] , (5.21) where Δ = | | | | 2g^2 m^2 D^αϕD_αϕ − D^2ϕ ϕ | | | | 2 − 4g^2 m^4 | |D^αϕD_αϕ̄ | |^2 . (5.22)

In principle, we could eliminate Λ_α, Λ and Λ̄ from the second-order Lagrangian in Eq. (5.19) using their equations of motion but, as can be seen from the explicit solutions we have just quoted, in practice this would be extremely complicated. However, even without writing explicitly the effective Lagrangian obtained with our complete gauge embedding procedure, we note that, because of (5.14), the Maxwell term in this effective Lagrangian would not appear with the field-dependent coefficient 1/μ^2. There is no simple way to relate the resulting effective theory to the dualized Maxwell-Chern-Simons we have obtained in Eq. (3.16). We see that, even if it does not provide us with a “genuine” gauge theory, the gauge embedding procedure adopted in Section III seems to be more adequate since it leads to a more tractable theory.

VI. CONCLUSIONS

We considered the dual equivalence between the supersymmetric self-dual and the supersymmetric Maxwell-Chern-Simons models in three spacetime dimensions. This duality was shown to take place for the free theories, leading to the known duality between the vector components of these superfields. To contemplate the situation where the interaction with matter is present, we used a gauge embedding method to build the dual to the supersymmetric SD model coupled to a scalar superfield, and found it to be a modified MCS theory, with an unusual field-dependent coupling for the Maxwell term, together with a Thirring interaction and a nonpolynomial “magnetic” coupling of the matter to the gauge superfield. Then, we shown that the dual equivalence of these two models is maintained by the quantum corrections, at least in the one-loop approximation.

Also, we developed a prescription for a generalized gauge embedding procedure which allows one to obtain a dual theory invariant under gauge transformations for both gauge and scalar superfields. However, this result is at the most of academic interest, since it becomes very difficult to write explicitly the resulting effective Lagrangian in this case.

We close this paper by recalling recent discussions in the literature about whether the duality between self-dual and topological gauge theories is realized in noncommutative spacetimes [11, 12, 13], usually making use of the Seiberg-Witten (SW) map [14]. In [15], the question was analyzed without the recourse to the SW map, and it was argued that the noncommutative SD model is not dual to the noncommutative generalization of the MCS theory, but instead a modified noncommutative MCS dual model was unveiled (this conclusion is consistent with the analysis using the SW map in [13]). One might hope that the gauge embedding method developed in this work could further elucidate these issues. However, after carefully applying the steps described in Section III in the noncommutative situation, one stops at the noncommutative version of Eq. (3.13), which assumes the form

K_α = 4 ( Λ_α ∗ μ^2 + μ^2 ∗ Λ_α ) , (6.1)

where μ^2 = m^2 −^{g2}_8 ϕ ∗ ϕ̄^2, and the asterisk denotes the Groenewald-Moyal product. Therefore, in the noncommutative case, one cannot eliminate the Lagrange multiplier from the second order iterated Lagrangian using its equation of motion (6.1). For the moment, this is a major stumbling block in applying the methods developed in this paper to the noncommutative version of the models studied here.

Acknowledgements. A. Yu. P. is grateful to P. Minces for useful discussions. This work was partially supported by Fundação de Amparo à Pesquisa do Estado de São Paulo (FAPESP) and Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq). The work of A. F. F. was supported by FAPESP, project 04/13314-4. A. Yu. P. has been supported by CNPq-FAPESQ, DCR program (CNPq project 350400/2005-9).

[1] S. Deser, R. Jackiw, Phys. Lett. B139, 371 (1984); P. K. Townsend, K. Pilch, P. van Nieuwenhuizen, Phys. Lett. B136, 38 (1984).

[2] N. Bralic, E. H. Fradkin, V. Manias and F. A. Schaposnik, Nucl. Phys. B 446, 144 (1995);

A. Karlhede, U. Lindstrom, M. Rocek and P. van Nieuwenhuizen, Phys. Lett. B 186 (1987) 96; N. Banerjee, R. Banerjee and S. Ghosh, Nucl. Phys. B 481, 421 (1996).

[3] M. Gomes, A. J. da Silva, L. C. Malacarne, Phys. Lett. B439, 137 (1998), hep-th/9711184. [4] A. Ilha, C. Wotzasek, Nucl. Phys. B604, 426 (2001), hep-th/0104115.

[5] M. A. Anacleto, A. Ilha, J. R. S. Nascimento, R. F. Ribeiro, C. Wotzasek, Phys. Lett. B504, 268 (2001), hep-th/0104152.

[6] A. Karlhede, U. Lindström, M. Roček, P. van Nieuwenhuizen, Class. Quant. Grav. 4, 549 (1987).

[7] S. J. Gates, M. T. Grisaru, M. Rocek, W. Siegel, Superspace or One Thousand and One Lessons in Supersymmetry, Benjamin/Cummings, 1983.

[8] E. A. Asano, H. O. Girotti, M. Gomes, A. Yu. Petrov, A. G. Rodrigues, A. J. da Silva, Phys.

Rev. D 69, 105012 (2004), hep-th/0402013.

[9] H.-C. Kao, K. Lee, C. Lee, T. Lee, Phys. Lett. B341, 181 (1994).

[10] M. Gomes, R. S. Mendes, R. F. Ribeiro and A. J. da Silva, Phys. Rev. D 43 3516 (1991). [11] The reader can find the basics of noncommutative field theories in one of the various reviews available on the subject, such as M. Douglas, N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001); R. Szabo, Phys. Rept. 378, 207 (2003); M. Gomes in Proceedings of the XI Jorge André Swieca Summer School, Particles and Fields, G. A. Alves, O. J. P. Éboli and V. O. Rivelles eds, World Scientific Pub. Co, 2002; H. O. Girotti, “Noncommutative Quantum Field Theories”, hep-th/0301237.

[12] S. Ghosh, Phys. Lett. B558 (2003) 245, hep-th/0210107; S. Gosh, Phys. Lett. B563 (2003) 112, hep-th/0303022; M. B. Cantcheff, P. Minces, Eur. Phys. J. C34 (2004) 393, hepth/0306206; M. S. Guimaraes, D. C. Rodrigues, C. Wotzasek and J. L. Noronha, Phys. Lett. B 605 (2005) 419, hep-th/0410156.

[13] E. Harikumar and V. O. Rivelles, Phys. Lett. B 625, 156 (2005). [14] N. Seiberg, E. Witten, JHEP 09, 032 (1999).

[15] T. Mariz, R. Menezes, J. R. S. Nascimento, R. F. Ribeiro and C. Wotzasek, Phys. Rev. D 70, 085018 (2004).

FIG. 1: Contributions to the two-point function of gauge field.

FIG. 2: Contributions to the two-point function of matter field.