arXiv:hep-th/0604034 v2 11 Apr 2006

Strings at future singularities.

Adam Balcerzak^∗ and Mariusz P. Da̧browski^† Institute of Physics, University of Szczecin, Wielkopolska 15, 70-451 Szczecin, Poland. (Dated: April 11, 2006)

We discuss the behaviour of strings propagating in spacetimes which allow future singularities of either a sudden future or a Big-Rip type. We show that in general the invariant string size remains finite at sudden future singularities while it grows to infinity at a Big-Rip. This claim is based on the discussion of both the tensile and null strings. In conclusion, strings may survive a sudden future singularity, but not a Big-Rip where they are infinitely stretched.

PACS numbers: 98.80.Cq,04.20.Dw,98.80.Jk

According to the claim of Ref. [1] sudden future singularities (SFS) [2, 3, 4, 5] are not strong singularities in the sense of Tipler and Królak [6]. In particular, geodesic equations do not feel anything special on the approach to SFS (there is no geodesic incompletness) and the only sign of such singularities may be experienced by the extended objects which may feel infinite tidal forces. On the other hand, Big-Rip (BR) [7, 8] singularities are the strong ones and, according to Ref. [1], they are felt by geodesics and also lead to the destruction of structures.

In this context we discuss explicitly the behaviour of extended objects such as fundamental strings [9] at the future singularities of either BR or SFS type. We will discuss a possibility for a string to cross a SFS with its size conserved. We shall analyze a possibility to blow-up a string at BR and to collapse a string to a point at SFS.

Firstly, it is interesting to remark that at the Schwarzschild horizon r = r_s the metric is singular while the curvature invariants R, R_{μν}R^{μν} , R_{μνρσ}R^{μνρσ} are finite. The SFS is different from the respect that the metric is nonsingular at sudden future singularity for t = t_s, but all the curvature invariants R, R_{μν}R^{μν} , R_{μνρσ}R^{μνρσ} have a blow-up due to the blow-up of the Riemann tensor as a consequence of the divergence of the second derivative of the scale factor. In fact, the geodesic deviation equation feel SFS due to the divergence of the Riemann tensor.

According to string theory a free string which propagates in a curved spacetime sweeps out a world–sheet (a two-dimensional surface) in contrast to a point particle whose history is a world-line. The world–sheet action for such a string in the conformal gauge is given by [10] S = − T 2 ∫ dτ dση^{ab}g_{μν} ∂_aX^μ∂_bX^ν , (1) where T = 1/2πα^′ is the string tension, α^′ the Regge slope, τ and σ are the (spacelike and timelike, respectively) string coordinates, η^{ab} is a 2-dimensional world– sheet (flat) metric (a, b = 0, 1), X^μ(τ, σ) (μ, ν = 0, 1, 2, 3)

∗Electronic address: abalcerz@sus.univ.szczecin.pl †Electronic address: mpdabfz@sus.univ.szczecin.pl

are the coordinates of the string world–sheet in a 4- dimensional spacetime with metric g_{μν} .

The equations of motion and the constraints for the action (1) are [10]

Ẍ^μ + Γ^μ_{νρ}Ẋ^νẊ^ρ = λ(X^{′′μ} + Γ^μ_{νρ}X^{′ν}X^{′ρ}) , (2) g_{μν}Ẋ^μẊ^ν = −λg_{μν} X^{′μ}X^{′ν} , (3) g_{μν}Ẋ^μX^{′ν} = 0, (4)

where: (...)^. ≡^∂_{∂τ} , (...)^′ ≡^∂_{∂σ} , and λ = 1 for tensile strings, while λ = 0 for tensionless/null strings [11, 12, 13]. The meaning of the constraints (3) and (4) for a null string is as follows. The first one shows that the string moves with the speed of light and the second says that the velocity vector of an element of string is perpendicular to this element.

An important characteristic for strings is their invariant size for closed strings defined by [10]

S(τ ) = ∫_{2π} 0 √ g_{μν} X^{′μ}X^{′ν} dσ . (5)

Expressing general spacetime coordinates as: X^0 = t(τ, σ), X^1 = r(τ, σ), X^2 = θ(τ, σ), X^3 = φ(τ, σ) the equations of motion (2) for a string propagating in a Friedmann spacetime are: ẗ − λt^{′′} + aa_{,t} [ f^2(r)(ṫ^2 − λt^{′2}) + r^2(θ̇^2 − λθ^{′2})

+r^2sin^2θ(φ̇^2 − λφ^{′2}) ] = 0 , (6) r̈ − λr^{′′} + 2 a_{,t} a (ṫṙ − λt^′r^′) + krf^2(r)(ṙ^2 − λr^{′2}) (7) − r f^2(r)

(θ̇^2 − λθ^{′2}) − r sin^2 θ f^2(r)

(φ̇^2 − λφ^{′2}) = 0 , θ̈ − λθ^{′′} + 2 a^{,t} a (ṫθ̇ − λt^′θ^′) + 2 r (ṙθ̇ − λr^′θ^′) − sin θ cos θ(φ̇^2 − λφ^{′2}) = 0 , (8) φ̈ − λφ^{′′} + 2 a_{,t} a (ṫφ̇ − λt^′φ^′) + 2 r (ṙφ̇ − λr^′φ^′) + 2 cot θ(θ̇φ̇ − ε^2θ^′φ^′) = 0 , (9) whereas the constraints (3)-(4) are given by

− ṫ^2 + λt^{′2} + a^2(t)f^2(r)(ṙ^2 − λr^{′2}) + a^2(t)r^2(θ̇^2 − λθ^{′2}) + a^2(t)r^2 sin^2 θ(φ̇^2 − λφ^{′2}) = 0 , (10) − ṫt^′ − a^2(t)f^2(r)ṙr^′ + a^2(t)r^2θ̇θ^′ + a^2(t)r^2 sin^2 θφ̇φ^′ = 0 . (11)

Here a(t) is the scale factor and f^2(r) = 1/(1 − kr^2) with k = 0, ±1 - the curvature index. The invariant string size (5) is

S(τ ) (12) = ∫_{2π} 0 √ −t^{′2} + a^2f^2r^{′2} + a^2r^2θ^{′2} + a^2r^2 sin^2 θφ^{′2}dσ .

One of the simplest string configurations is a circular string given by the ansatz [12, 13]: t = t(τ ), r = r(τ ), θ = θ(τ ), φ = σ, (13) It gives (6)-(9) as

ẗ + aa_{,t}[f^2ṫ^2 + r^2θ̇^2 − λr^2 sin^2 θ] = 0 , (14)

r̈ + 2 a_{,t} a ṫṙ + krf^2ṙ^2 − r f^2 θ̇^2 + λ r sin^2 θ f^2

= 0 , (15) θ̈ + 2 a^{,t} a ṫθ̇ + ṙ r θ̇ + λ sin θ cos θ = 0 , (16)

φ̈ = 0 , (17)

and the constraint (11) is fulfilled automatically, while (10) reads as

− ṫ^2 + a^2f^2ṙ^2 + a^2r^2θ̇^2 − λa^2r^2 sin^2 θ = 0 . (18)

The invariant string size now reads as

S(τ ) = 2πa(t(τ ))r(τ ) sin θ(τ ) . (19)

Let us first discuss briefly the tensile strings and then the null strings. The flat Friedmann Universe admits a different circular ansatz given by Cartesian coordinates [14]

t = t(τ ), X = R(τ ) cos σ, Y = R(τ ) sin σ, Z = const. (20) After the application of the conformal time coordinate η(t) = ∫ dt/a(t) the equations of motion and constraints (2)-(4) take the simple form

η̈ + 2 a_{,η} a Ṙ^2 = 0 , (21) R̈ + 2 a^{,η} a η̇Ṙ + λR = 0 , (22)

η̇^2 − Ṙ^2 − λR^2 = 0 . (23)

The scale factor in phantom cosmology which admits a Big-Rip in conformal time scales as [8]

a(η) = η^{− 23|γ|+2} , (24) where the barotropic index γ = − | γ |< 0 for phantom models (p = (γ − 1)ϱ, p - the pressure, ϱ - the energy density). In terms of the conformal time coordinate the invariant string size is

S(τ ) = 2πa(η(τ ))R(τ ) . (25)

The simple solution of the system (21)-(23) is [14]

η(τ ) = exp ( ± √ 3 | γ | +2 2 − 3 | γ | τ ) , R(τ ) = η(τ ) 2 √ 3 | γ | +2 , (26) so that the invariant string size reads as (| γ |< 2/3) S(τ ) = π √ 3 | γ | +2 × exp ( ± 3 | γ | √ 4 − 9γ^2 τ ) . (27)

From (24) we see that a Big-Rip singularity a(η) → ∞ appears for η → 0. This singularity corresponds to the limit τ → ∞ and the ‘+^′ sign or τ → −∞ and the ‘−^′ sign in (26). Then, it is clear from (27) that a string size is infinite in either of these limits. This means a string will be infinitely stretched at a Big-Rip singularity.

Now, let us discuss tensile strings at a sudden future singularity. Let us choose the following evolution of the scale factor of an SFS model, which presumably extends on both sides of sudden singularity, i.e.,

a(t) = 1 + ( 1 + t t_B )_q (a_0 − 1) − ( −t t_B )_n , (t < 0)(28)

ã(t) = 1 + ( 1 − t t_C )_q (a_0 − 1) − ( t t_C )_n , (t > 0)(29)

Here the sudden singularity appears at t = 0, where a_0 = a(0) = const., and 0 < q ≤ 1, 1 < n < 2 [2, 3, 4, 5]. The evolution begins with a Big-Bang singularity at t = −t_B < 0, faces a SFS at t = 0, and finally reaches a Big- Crunch singularity at t = t_C > 0. We will show that the invariant string size is finite at a sudden singularity. For simplicity, we apply asymptotic solutions around t = 0, i.e.,

a(t) ≈ a_0 + q(a_0 − 1) t_B t + . . . , (t < 0) , (30) a(t) ≈ a_0 − q(a_0 − 1) t_C t + . . . , (t > 0) . (31)

Introducing the conformal time for (30)-(31) we have η = 1 β ln | a_0 ± βt | , (32)

where β = q(a_0 − 1)/t_{B,C} , and the scale factor is

a(η) = e^{βη} . (33)

Then, one can see that at a SFS, η is finite which means that the scale factor (33) is finite and so the invariant string size at a SFS is finite, too. This means a string may cross smoothly a SFS singularity and eventually approach a Big Crunch singularity where it may collapse to a zero size.

Let us now come to the discussion of the problem for the null strings (λ = 0 in (2)-(4)). We will briefly show that the null string can be considered as a collection of particles in which σ is assigned to a null particle in a collection, while τ is a parameter of a geodesic with a particular value of σ. Formally, X^μ(τ, σ) is a geodesic with an index σ.

We note that the left-hand sides of the constraints (3) and (4) are the constants of motion for a collection of particles being the null string. The first claim is trivial, while the second requires the discussion of an absolute derivative of g_{μν}Ẋ^μX^{′ν} , i.e., d dτ (g_{μν}Ẋ^μX^{′ν} ) = Ẋ^ρ∇_ρ(g_{μν}Ẋ^μX^{′ν}) = Ẋ_νẊ^ρ∇_ρX^{′ν}

= k_ν((£_{⃗k}⃗η)^ν + η^ρ∇_ρk^ν) , (34)

where k^μ = Ẋ^μ and η^μ = X^{′μ}. Since ⃗η(τ, σ) = ϕ^∗⃗η(τ_0, σ), where p(τ, σ) = ϕ_τ p_0(σ) is a geodesic attached to an index σ, with p_0(σ) = ϕ_{(τ=τ0 )}p_0(σ) (ϕ_τ is a map generated by a vector field ⃗k), then according to the properties of the Lie derivative the first term vanishes. The second term vanishes due to the relation

k_νη^ρ∇_ρk^ν = η^ρ∇_ρ(k_νk^ν ) − η^ρk^ν ∇_ρk_ν = −η^ρk^ν ∇_ρk_ν = −k_ν η^ρ∇_ρk^ν . (35)

In conclusion, the evolution of the null string can always be reduced to the evolution of the geodesics.

Let us now consider a circular string (13) which is equivalent to a collection of particles with initial conditions φ(τ_0, σ) = σ, φ̇(τ_0, σ) = 0. The first integrals of (14)-(17) for the null strings are

ṫ^2 = A

a^2(t)

, (36)

ṙ =

B sin θ + P_3 cos θ a^2(t)f(r)

, (37) θ̇ = C a^2(t)r^2

, (38)

φ̇ = 0, (39)

where A = P^2 + kL^2, B = P_1 cos σ + P_2 cos σ, C = L_1 cos σ + L_2 sin σ are constants independent of σ [1]. In terms of the cosmic time t we calculate the coordinate velocity components as dr dt = B^′ sin θ + P^′_3 cos θ a(t)f(r) , (40) dθ dt = C^′ a(t)r^2 , (41)

where B^′ = B/|A|^{1/2}, C^′ = C/|A|^{1/2}, P^′_3 = P_3/|A|^{1/2}. Taking a horizontal plane X^2 ≡ θ = θ_0 = const. we formally impose an additional initial condition as θ̇(τ_0, σ) =

0, which requires C = 0. For this particular choice of θ we have for k = 1, 0, −1,

r(t) = sin D t∫ 0 dx a(x) , (42)

r(t) = D t∫ 0 dx a(x) , (43)

r(t) = sinh D t∫ 0 dx a , (44)

respectively, and D = B^′ sin θ_0 + P^′_3 cos θ_0.

Now let us come to the problem of the null strings at SFS. Since for t = t_s all the quantities in the expression for the invariant string size (19) are finite, then the size of the string at a sudden future singularity is finite. In all three cases k = 0, ±1 the string is spanned on the surface of either of the two cones of an angle θ_0 each. The cones are attached to each other with their apexes at r = 0. The cones have a common symmetry axis given by θ = 0. For k = +1 the string oscillates around r = 0 and the frequency of its oscillations decreases while its invariant size (19) grows, though not to infinity. For k = 0 the string escapes from the point r = 0 – its coordinate velocities (40)-(41) decrease while its size grows. For k = −1 the string escapes from r = 0, its coordinate velocities and size grow rapidly.

Now let us study the null strings at Big-Rip. We assume a simple model of evolution of the scale factor which admits such a singularity [7], i.e., a(t) = a_R(t_m)[| γ | +1 − (| γ | +1)(^t_{tm} )]^{−2/3|γ|}, where γ < 0 and t_m is the time of a Big-Rip. The integral ∫ dx/a(x) is convergent in an arbitrary small interval before a BR singularity. For k = +1 the frequency of oscillations of the string size is decreasing. Besides, the coordinate velocities (40)-(41) asymptotically tend to zero at a Big-Rip. For k = 0 the coordinate velocities (40)-(41) decrease rapidly in order to finally reach zero. Since a(t) → ∞ at Big-Rip and all other quantities in the invariant string size (19) are finite, it means that the string will be infinitely stretched at a Big-Rip, i.e., its size S → ∞. However, as concluded from the equations (36)-(39), in the limit a(t) → ∞ all the right-hand sides of these geodesic equations are zero which means that the four-velocity dX^μ/dτ tends to zero at a Big-Rip. This is not the case for the acceleration vector d^2X^μ/dτ^2 which, as seen from the geodesic equations (14)-(17), is not regular due to a blow-up of the scale factor a(t) and its derivatives at a Big-Rip.

Finally, we briefly discuss strings at some other types of future singularities described in details in Refs. [15, 16]. These singularities appear for the scale factor of the form a(t) = a_s exp {h_0(t − t_s)^{1−α}} and h_0 = const. If 0 < α < 1, then a = a_s = const., ϱ → ∞, | p |→ ∞ at t = t_s (type III singularity of Ref. [15]). On the other hand, if α < −1, then a = a_s, ϱ → 0 (or finite), | p |→ 0

(or finite) and the higher order than two derivatives of the scale factor diverge at t = t_s (type IV singularity of Ref. [16]). In the former case and for k = +1 the frequency of oscillations of a string approaching the singularity grows though remains finite at t = t_s. What is important from the point of view of the main task of our discussion is the fact that the invariant string size (19) remains finite at the singularity. For k = 0, −1 the coordinate velocities (40)-(41) near t = t_s grow rapidly. The integral ∫ dx/a(x) is convergent on an arbitrary interval of time before a singularity so that the coordinate velocities and the radial coordinate r are finite which means that the invariant string size is also finite at t = t_s. In the latter case for k = +1 one has almost homogeneous and finite frequency of oscillations of a string near t_s. The invariant size remains finite, too. For k = 0 the coordinate velocities remain almost constant near t_s and the invariant size is finite. For k = −1 one has a rapid growth of the coordinate velocities - since r remains finite, then the invariant size also remains finite.

Not restricting the value of the azimuthal coordinate θ = θ(τ ) we have 1 r^2

= [Z cos(θ + ζ) − G]^2 + k, (45)

where ζ = arctan P^′_3/B^′ and Z = B^′/(C^′ sin ζ). Since (45) restricts the value of r, then this θ = θ(τ ) case does not change a general picture in which the strings are not infinitely stretched at these future singularities. Exact solutions for η(θ) can easily be given but since they do not contribute a new quality to the discussion we will not present them here.

In conclusion, we emphasize that bearing in mind the system of geodesic equations (36)-(39) one can see that the geodesics may be extended through a sudden type, type III and type IV singularities discussed in this paper. This is a consequence of the finiteness of the right-hand sides of these equations since in all the cases we have studied the radial coordinate r was finite which implied the finiteness o the function f(r). Then, strings may survive these singularities. On the other hand, at a Big-Rip, geodesic equations are singular (though the four-velocity is zero) and the strings will be infinitely stretched. Finally, it is worth mentioning that in Ref. [17] the propagation of strings through a Big-Crunch/Big-Bang singularity in the ekpyrotic/cyclic scenario [18] was investigated, which is complementary to our work about string propagation at Big-Rip and sudden future singularities.

Acknowledgments.

M.P.D. acknowledges the support of the Polish Ministry of Education and Science grant No 1 P03B 043 29 (years 2005-2007).

[1] L. Fernandez-Jambrina and R. Lazkoz, Phys. Rev. D70, 121503 (2004).

[2] J.D. Barrow, Class. Quantum Grav. 21, L79 (2004). [3] K. Lake, Class. Quantum Grav. 21 (2004), L129. [4] J.D. Barrow and Ch. Tsagas, Class. Quantum Grav. 22, 1563 (2005).

[5] M.P. Da̧browski, Phys. Rev. D71, 103505 (2005). [6] F.J. Tipler, Phys. Lett. A64, 8 (1977); A. Królak, Class.

Quantum Grav. 3, 267 (1986).

[7] R.R. Caldwell, Phys. Lett. B 545, 23 (2002). [8] R.R. Caldwell, M. Kamionkowski, and N.N. Weinberg, Phys. Rev. Lett. 91, 071301 (2003); S. Hannestad and E. Mörstell, Phys. Rev. D66, 063508 (2002); M.P. Da̧browski, T. Stachowiak and M. Szydłowski, Phys. Rev. D 68, 103519 (2003); P.H. Frampton, Phys. Lett. B 562 (2003), 139; S. Nojiri and D. Odintsov, Phys. Lett. B 571 (2003), 1; L.P. Chimento and R. Lazkoz, Phys. Rev. Lett. 91, 211301 (2003); J.E. Lidsey, Phys. Rev. D 70 (2004), 041302; H. Štefančić, Phys. Lett. B586 (2004), 5; ibidem B595 (2004), 9; Phys. Rev. D71 (2005), 084024; S. Nojiri and S.D. Odintsov, Phys. Lett. B595 (2004), 1; C. Csaki, N. Kaloper, and J. Terning, Ann. Phys. (N.Y.) 317 (2005), 410; E. Babichev, V. Dokuchaev and Yu. Eroshenko, Phys. Rev. Lett. 93 (2004), 021102; M.P. Da̧browski and T. Stachowiak, Ann. Phys. (N.Y.) 321, 771 (2006).

[9] H.J De Vega and N. Sanchez, Phys. Lett. B197, 320 (1988); H.J De Vega and N. Sanchez, Nucl. Phys. B309,

577 (1988); N. Sanchez and G. Veneziano, Nucl. Phys. B333, 253 (1990); A.L. Larsen, Phys. Rev. D50, 2623 (1994); A.L. Larsen and N. Sanchez, Phys. Rev. D50, 7493 (1994); A.L. Larsen and N. Sanchez, Phys. Rev. D51, 6929 (1995).

[10] M.B. Green, J.H. Schwarz and E. Witten, Superstring Theory (Cambridge University Press, Cambridge, 1987), Vol.1.

[11] A. Schild, Phys. Rev. D16, 1722 (1977); A. Karlhede and U. Lindström, Class. Quantum Grav. 3, L73 (1986); A.A. Zheltukhin, JETP Lett. 46, 208 (1987); A.A. Zheltukhin, Class. Quantum Grav. 13, 2357 (1996); S.N. Roshchupkin and A.A. Zheltukhin, Nucl. Phys. B543, 365 (1999).

[12] M.P. Da̧browski and A.L. Larsen, Phys. Rev. D55, 6409 (1997).

[13] M.P. Da̧browski and I. Próchnicka, Phys. Rev. D66, 043508 (2002).

[14] H.J. De Vega and I.L. Egusquiza, Phys. Rev. D49, 763 (1994); H.J. De Vega and I.L. Egusquiza, Phys. Rev. D54, 7513 (1996).

[15] S. Nojiri and S. Odintsov, Phys. Rev. D 70, 103522 (2004).

[16] S. Nojiri, S.D. Odintsov and S. Tsujikawa, Phys. Rev. D 71, 063004 (2005).

[17] A.J. Tolley, e-print: hep-th/0505158.

[18] J. Khoury et al, Phys. Rev. D 64 (2001), 123522; P.J.

Steinhardt and N. Turok, Phys. Rev. Lett. 92 (2004), 031302.