arXiv:hep-th/0604195 v1 26 Apr 2006

Stability analysis of the Randall-Sundrum braneworld in presence of bulk scalar

Debaprasad Maity^∗, Soumitra SenGupta^† Department of Theoretical Physics, Indian Association for the Cultivation of Science, Calcutta - 700 032, India

Sourav Sur^‡ Institute of Physics, Bhubaneswar - 751 005, India

The stability problem of Randall-Sundrum braneworld is readdressed in the light of stabilizing bulk scalar fields. It is shown that in such scenario the instability persists because of back-reaction even when an arbitrary potential is introduced for a canonical scalar field in the bulk. It is further shown that a bulk scalar field can indeed stabilize the braneworld when it has a tachyon-like action. The full back-reacted metric in such model is derived and a proper resolution of the hierarchy problem (for which the Randall Sundrum scenario was originally proposed) is found to exist by suitable adjustments of the parameters of the scalar potential.

Standard model for strong, weak and electromagnetic interactions based on the gauge group SU (3) × SU (2) × U (1) has been extremely successful in explaining physical phenomena upto TeV scale. Such a model, however, encounters the well known fine tuning problem in connection with Higgs mass related to the gauge hierarchy problem which refers to the vast disparity between the weak and Planck scale. By invoking supersymmetry one can resolve this problem at the expense of incorporating a large number of (hitherto unseen) superpartners in the theory. In an alternative approach, theories with extra spatial dimension(s) have attracted a lot of attention because of the new geometric approach to solve the same problem and also the distinct features from ordinary Kaluza-Klien theory. In such models the standard model fields are localized on a 3+1 dimensional brane [1, 2, 3, 4, 5, 6, 7] where gravity can propagate in the bulk spacetime. One of the most theoretically appealing and phenomenologically interesting model in this context was proposed by Randall and Sundrum (RS) [4] where the mass hierarchy emerged naturally in an exponentially warped geometry along the extra dimension. The model contains two 3+1 dimensional branes sitting at the two orbifold fixed points where the single extra dimension in a 4+1 dimensional bulk has been compactified on a S_1/Z_2 orbifold. The model contains two parameters namely the bulk cosmological constant Λ and the brane separation r_c. The geometry and the Higgs mass is warped exponentially by a dimensionless parameter kr_c, where k = √ −Λ/24M^3, M being the 5D Planck mass. For the desired warping one should have kr_c ∼ 11. If k ∼ Planck mass then, r_c should have a stable value near Planck length. To stabilize the value of r_c, Goldberger and Wise (GW) [8] proposed a simple mechanism by introducing a minimally coupled massive scalar field in the bulk. Later several other works have been done in this

∗E-mail: tpdm@mahendra@iacs.res.in †E-mail: tpssg@mahendra@iacs.res.in ‡E-mail: sourav@iopb.res.in

direction [9, 10, 11, 12]. In the original work of GW the effect of back-reaction of the scalar field on the background metric was neglected. Such back-reaction was later included in subsequent works and a modified solution for the metric was found [13, 14]. In this paper we carefully re-examine the stability issue in the backreacted RS model when the scalar field is introduced in bulk. We show on a very general ground that stabilization is not possible with a minimally coupled scalar field in the bulk. Following GW we subsequently show that if the dependence of scalar field action on the extra coordinate is tachyon-like then we can stabilize the brane world and the stabilized value of r_c can produce the desired hierarchy from Planck scale to TeV scale.

Let us first consider the following bulk action [8, 13, 14, 15] S = ∫ d^5x √ −G [ − M^3R + n∑ i=1 ( 1 2 ∂_Aϕ_i ∂^Aϕ_i )

−V ({ϕ_i}) ] − ∫ d^4x dy √ −g_aδ(y − y_a)λ_a({ϕ_i}) (1) where {ϕ_i} = {ϕ_1 · · · ϕ_n} are a set of n scalar fields with a mixed potential V ({ϕ_i}) and the index a runs over the brane locations. The corresponding brane potentials are denoted by λ_a.

Taking the line element in the form

ds^2 = e^{−2A(y)}η_{μν} dx^μdx^ν − dy^2 (2)

the field equations are given as

ϕ^{′′}_i − 4A^′ϕ^′_i = ∂V ∂ϕ_i + ∑ a ∂λ_a ∂ϕ_i δ(y − y_a) (3a)

4A^{′2} − A^{′′} = − V 3M^3 − 1 6M^3 ∑ a λ_aδ(y − y_a) (3b)

4A^{′2} − 4A^{′′} = − V 3M^3 − 1 2M^3 ∑ i ϕ^{′2}_i − 2 3M^3 ∑ a λ_aδ(y − y_a) (3c) where prime {^′} denotes partial differentiation with respect to the extra spatial coordinate y.

The boundary conditions are

[ϕ^′_i]_a = ∂λ_a ∂ϕ_i ; [A^′]_a = 1 6M^3 λ_a({ϕ_i}). (4) Denoting C = 1/24M^3, it follows

A^{′2} = 2C ( ∑ i ϕ^{′2}_i − 2V ) ; A^{′′} = 4C ∑ i ϕ^{′2}_i (5a)

ϕ^{′′}_i = 4A^′ϕ^′_i + ∂V ∂ϕ_i (5b)

In order to obtain analytic closed form solutions we resort to the particular class of effective potentials as in refs. [13, 16]: V ({ϕ_i}) = 1 8 n∑ i=1 [ ∂W ∂ϕ_i ]_2

− 2CW^2 (6)

where W ({ϕ_i}) = n∑ i=1 W_i(ϕ_i) (7)

is a sum of n superpotentials {W_1(ϕ_1), · · · , W_n(ϕ_n)}.

Eqs.(5) lead to the first order equations:

ϕ^′_i = 1 2 ∂W ∂ϕ_i ; A^′ = 2CW. (8)

Following GW [8], we calculate the effective potential V_{eff} on the 3-brane as: V_{eff} = 2 ∫_{yπ} 0 dy e^{−4A(y)} [ 1 2 n∑ i=1 ∂_Aϕ_i∂^Aϕ_i − V ({ϕ_i}) ]

− e^{−4A(0)}λ_0({ϕ^0_i }) − e^{−4A(yπ)}λ_π({ϕ^π_i }) (9) where the Planck brane is located at y = 0 and the visible brane is at y = y_π , and we have used the notations: ϕ^0_i ≡ ϕ_i(y = 0), ϕ^π_i ≡ ϕ_i(y = y_π ) for i = 1, · · · , n. Using the boundary conditions (4) which now take the form

[W ({ϕ_i})]_0 = 2λ_0({ϕ_i}) ; [ ∂W ∂ϕ_i ] 0 = 2 ∂λ_0 ∂ϕ_i (10a)

[W ({ϕ_i})]_{yπ} = 2λ_π ({ϕ_i}) ; [ ∂W ∂ϕ_i ] y_π = 2 ∂λ_π ∂ϕ_i (10b)

the brane potentials λ_0(ϕ) and λ_π (ϕ) are given by [13]

λ_0({ϕ_i}) = W ({ϕ^0_i }) + n∑ i=1 [ ∂W ∂ϕ^0_i ( ϕ_i − ϕ^0_i ) ]

+ n∑ i=1 γ^2_{0i} ( ϕ_i − ϕ^0_i

)_2 (11a)

λ_π({ϕ_i}) = −W ({ϕ^π_i }) − n∑ i=1 [ ∂W ∂ϕ^π_i (ϕ_i − ϕ^π_i ) ]

+ n∑ i=1 γ^2_{πi} (ϕ_i − ϕ^π_i )^2 (11b) where the constants γ_{0i} and γ_{πi}, (for i = 1, · · · , n) are parameters of various potentials.

Now, in order to have extremum for the above effective potential at some value of y_π (= y_s, say) [ ∂V_{eff} ∂y_π ] y_π =y_s = − 4Ce^{−4A(ys)}W (y_s)^2 = 0. (12)

which implies W (y_π ) = 0 as well as ∂^2V_{eff} /∂y^2_π = 0 at y_π = y_s. On the other hand, the third derivative is given by [ ∂^3V_{eff} ∂y^3_π ] y_π =y_s = − 4Ce^{−4A(ys)} [ ∂W (y_π ) ∂y_π ]_2 y_π =y_s (13)

which is clearly non-vanishing in accord with the above boundary conditions. Therefore, no extremum exists and we only have a point of inflection at the value of y_π = y_s for which W vanishes.

Let us now resort to a general solution ansatz for the metric function A(y) and single scalar field ϕ so that the standard RS [4] solution is obtained in the limit where the scalar ϕ(y) becomes trivial:

A(y) = ky + f (ϕ_{cl}(y)) ; ϕ = ϕ_{cl}(y, a_1, a_2) (14)

where a_1, a_2 are the initial parameters of the theory and constant k ∼ 5D Planck scale as in the RS picture.

The field equations (5) yield

ϕ^{′2}_{cl} = 1 4C ∂^2f ∂y^2 (15a) V = 1 8C ∂^2f ∂y^2 − 1 2C ( k + ∂f ∂y )_2 . (15b)

In the limit f → 0, V → −12M^3k^2 = Λ which gives the standard AdS_5 bulk geometry of RS model.

¿From Eqs.(4), the boundary values of the brane potentials and their first derivatives are obtained as

[λ_0]_0 = 2C [ k + ∂f ∂y ] 0 ; [ ∂λ_0 ∂y ] 0 = 2C [ ∂^2f ∂y^2 ] 0 (16a)

[λ_π ]_{yπ} = −2C [ k + ∂f ∂y ] y_π ; [ ∂λ_π ∂y ] y_π = −2C [ ∂^2f ∂y^2 ] y_π .(16b)

At a stable point y_π = y_s, the effective 4D potential (9) has a vanishing first derivative [ ∂V_{eff} ∂y_π ] y_π =y_s = − e^{−4A(yπ )} C [ k + ∂f ∂y ]_2 y=y_s = 0 (17)

which at once implies that the second derivative ∂^2V_{eff} /∂y^2_π also vanishes at the stable point y_s. The third derivative, however, is given at y_π = y_s as [ ∂^3V_{eff} ∂y^3_π ] y_π =y_s = − 2e^{−4A(ys)} C [ ∂^2f ∂y^2 ]_2 y=y_s (18)

which is, of course, non-vanishing in consistence with Eq.(15a).

Considering, for example

f = a_1 exp (−2a_2y) (19)

we find from Eqs.(15) ϕ_{cl} = √ a_1e^{−a2 y} ; V = 1 8 [ ∂W ∂ϕ ]_2

− 2CW^2 (20)

where W = 12kM^3 − a_2ϕ^2. Clearly, one gets back the same results as discussed in [13].

We now consider a tachyon-like scalar in the bulk [17, 18]. The action is given as S = − ∫ d^5x √ −G [ R + V √ 1 − ∂_Aϕ∂^Aϕ ]

− ∫ d^4x √ −g_i λ_i(ϕ) (21)

where V is the potential of the field.

With a similar metric ansatz the field equations take the form

A^{′2} = − 1 12 V √ 1 + ϕ^′2

; A^{′′} = 1 6 V ϕ^{′2} √ 1 + ϕ^{′2}

(22a) ϕ^{′′} (1 + ϕ^{′2}) − 4A^′ϕ^′ − 1 V ∂V ∂ϕ = 0 (22b)

and the corresponding boundary conditions are

[A^′]_i = 1 6 λ_i(ϕ) ; [ V ϕ^′ (1 + ϕ^{′2})^{3/2} ] i = ∂λ_i(ϕ) ∂ϕ (23)

where {i} corresponds to the brane locations at orbifold fixed points along the extra direction.

Proceeding along the same line as in the previous section, we obtain from Eq.(22)

ϕ^{′2} = − A^{′′} 2A^{′2} ; V = − 12A^′ √ A^{′2} − A^{′′}/2. (24)

Let us now consider the simple solution ansatz as

A = ky + a_1 (y − a_2)^2 (25)

where k, a_1, a_2 are the parameters of the theory. We get ϕ^{′2}_{cl} = − a_1 [y + 2a_1(y − a_2)]^2

(26a)

V = −12 [k + 2a_1(y − a_2)] √ 1 − a_1 k + 2a_1(y − a_2)

. (26b)

These equations imply that a_1 = 0 gives V = −12k and ϕ = constant, indicating pure RS background. We are, however, interested in a_1 ≠ 0, in which case a real solution for ϕ can be obtained only when a_1 is negative:

ϕ_{cl} = ± (−4a_1)^{−1/2} ln [k + 2a_1(y − a_2)] . (27)

After a long but straightforward calculation following GW [8], we get ∂V_{eff} ∂y_π = −72e^{−4A} [ −A^{′′2} + 4A^{′4} − A^{′′}A^{′2} 12A^{′2} − 6A^{′′} ] y=y_π . (28)

So the stable point is at

y_s = √ 1 2|a_1|( √ 5 + 1) + k 2|a_1| + a_2. (29)

The corresponding metric function, upon setting |a_1| = m^2, is given by

A = k^2 4m^2

+ ka_2 − 0.154 (30)

It is now clear that one can easily get the acceptable hierarchy by appropriately choosing the values of k/m and ka_2 with the stabilized radius y_s.

Our work clearly reveals an inherent instability in Randall-Sundrum two brane model. It is shown that just by introducing a canonical scalar field in the bulk, as initially suggested by GW, stabilization can not be achieved even with an arbitrary potential if full back-reaction of the scalar field on the metric is considered. However, we also show that in such models the two-brane separation can indeed be stabilized if the bulk scalar field has a tachyon-like action with respect to the bulk coordinate. We finally show that the full back-reacted metric in such case can also yield the desired warping from Planck scale to TeV scale and thus resolves the fine tuning problem of the Higgs mass in a stable braneworld scenario.

Acknowledgment

DM acknowledges Council of Scientific and Industrial Research, Govt. of India for providing financial support.

[1] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys.

Lett. B429 263 (1998); I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B436 257 (1998).

[2] I. Antoniadis, Phys. Lett. B246 377 (1990); J. D.

Lykken, Phys. Rev. D54 3693 (1996); R. Sundrum, Phys.

Rev. D59 085009 (1999); K. R. Dienes, E. Dudas and T. Gherghetta, Phys. Lett. B436 55 (1998); G. Shiu and S. H. Tye, Phys. Rev. D58 106007 (1998); Z. Kakushadze and S. H. Tye, Nucl. Phys. B548 180 (1999).

[3] P. Horava and E. Witten, Nucl. Phys. B475 94 (1996);

ibid Nucl. Phys. B460 506 (1996).

[4] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 3370 (1999); ibid Phys. Rev. Lett. 83 4690 (1999).

[5] N. Arkani-Hamed, S. Dimopoulos, G. Dvali and N.

Kaloper, Phys. Rev. Lett. 84 586 (2000); J. Lykken and L. Randall, JHEP 06 014 (2000); C. Csaki and Y. Shirman, Phys. Rev. D61 024008 (2000); A. E. Nelson, Phys. Rev. D63 087503 (2001).

[6] A. G. Cohen and D. B. Kaplan, hep-th/9910132; C. P.

Burgess, L. E. Ibanez and F. Quevedo, Phys. Lett. B447 257 (1999); A. Chodos and E. Poppitz, Phys. Lett. B471 119 (1999); T. Gherghetta and M. Shaposhnikov, Phys. Rev. Lett. 85 240 (2000).

[7] N. Kaloper, Phys. Rev. D60 123506 (1999); T. Nihei, Phys. Lett. B465 81 (1999); H. B. Kim and H. D. Kim, Phys. Rev. D61 064003 (2000).

[8] W. D. Goldberger and M. B. Wise, Phys. Rev. Lett. 83 4922 (1999); ibid Phys. Lett. B475 275 (2000).

[9] M. Luty and R. Sundrum, Phys. Rev. D64 065012 (2001); F. Brummer, A. Hebecker and E. Trincherini, Nucl. Phys. B738 283 (2006); G.L. Alberghi et al, Phys. Rev. D72 025005 (2005); T. Kobayashi and K. Yoshioka, JHEP 0411 024 (2004); S. Ichinose and A. Murayama, Phys. Lett. B625 106 (2005); S. Kalyana Rama, Phys. Lett. B495 176 (2000); H. K. Jassal, hep-th/0312253.

[10] N. Maru, N. Okada, hep-th/0508113; M. Eto, N. Maru and N. Sakai, Phys. Rev. D70 086002 (2004); N. Maru and N. Okada, Phys. Rev. D70 025002 (2004);

[11] S. Das, A. Dey, S. SenGupta, hep-th/0511247; H.

Yoshiguchi et al, JCAP 0603 018 (2006); E. E. Boos et al, hep-th/0511185; R. Maartens, Living Rev. Rel. 7 7 (2004) and references therein.

[12] I. I. Kogan et al, Nucl. Phys. B584 313 (2000);

D. Choudhury et al, JHEP 09 021 (2000); S.Forste, hep-th/0110055.

[13] O. DeWolfe, D. Z. Freedman, S. S. Gubser and A. Karch, Phys. Rev. D62 046008 (2000).

[14] C. Csaki, M. L. Graesser and G. D. Kribs, Phys. Rev.

D63 065002 (2001); C. Csaki, M. L. Graesser, L. Randall and J. Terning, Phys. Rev. D62 045015 (2000).

[15] W. D. Goldberger and M. B. Wise, Phys. Rev. D60 107505 (1999); S. Kachru, M. B. Schulz and E. Silverstein, Phys. Rev. D62 045021 (2000); H. A. Chamblin and H. S. Reall, Nucl. Phys. B562 133 (1999); C. Csaki, hep-ph/0404096; R. Neves, TSPU Vestnik 44N7 94 (2004); E. Dudas and M. Quiros, Nucl. Phys. B721 309 (2005).

[16] K. Behrndt and M. Cvetic, Phys. Lett. B475 253 (2000). [17] A. Sen, JHEP 0204, 048 (2002); ibid JHEP 0207, 065 (2002); ibid Mod. Phys. Letts. A17, 1797 (2002).

[18] R. Koley and S. Kar, Phys. Lett. B623 244 (2005); M.

Pospelov, hep-ph/0412280.