arXiv:hep-th/0605101v3 15 Jan 2007

Energy Bounds in Designer Gravity

Aaron J. Amsel^∗ and Donald Marolf^† Physics Department, UCSB, Santa Barbara, CA 93106, USA

Abstract

We consider asymptotically anti-de Sitter gravity coupled to tachyonic scalar fields with mass at or slightly above the Breitenlohner-Freedman bound in d ≥ 4 spacetime dimensions. The boundary conditions in these “designer gravity” theories are defined in terms of an arbitrary function W . We give a general argument that the Hamiltonian generators of asymptotic symmetries for such systems will be finite, and proceed to construct these generators using the covariant phase space method. The direct calculation confirms that the generators are finite and shows that they take the form of the pure gravity result plus additional contributions from the scalar fields. By comparing the generators to the spinor charge, we derive a lower bound on the gravitational energy when i) W has a global minimum, ii) the Breitenlohner-Freedman bound is not saturated, and iii) the scalar potential V admits a certain type of “superpotential.”

∗ amsel@physics.ucsb.edu
† marolf@physics.ucsb.edu

I. INTRODUCTION

The AdS/CFT correspondence [1] has provoked much recent interest in spacetimes with anti-de Sitter boundary conditions. The bulk side of such a duality is described by gravity coupled to various matter fields, typically including tachyonic scalars [2, 3, 4]. When these scalars have mass at or slightly above the Breitenlohner-Freedman (BF) bound, the analysis of [5] suggests that the energy is bounded below under a range of boundary conditions on the scalar field. It was further found in [6] that requiring the wave equation to have a sufficiently well-posed deterministic evolution law under general boundary conditions restricts the scalar field mass to be in this same range.

Of course, the details of the theory will depend on the particular boundary condition chosen. It is convenient to specify the boundary condition through the choice of an arbitrary function W , which under the AdS/CFT duality is expected to correspond to a certain potential term in the Lagrangian of the dual CFT [7, 8, 9]. On the bulk side, the choice of W determines the existence and masses of certain solitons [10, 11, 12]. As a result, such models were termed “designer gravity” theories in [10]. Cosmic censorship [13], black hole hair [14], and other interesting issues [15, 16] have also been investigated within designer gravity.

In this paper, we will be concerned with the construction of conserved charges in asymptotically anti de-Sitter spacetimes under the general scalar boundary conditions mentioned above. We consider the case of d ≥ 4 spacetime dimensions. Our results overlap with the recent work [17] which constructs these generators using the Regge-Teitelboim method [18]. Earlier, such generators were constructed in [15] for the case d = 3 (and a particular mass of the scalar field), and in [19, 20, 21] for the d ≥ 4 case where the BF bound is saturated.

We will not follow the Regge-Teitelboim approach here. Instead, we adopt the covariant phase space method [22, 23, 24], and our focus will be on positivity properties of the resulting energy. Since both our approach and that of [17] lead to generators of time translations, they must agree up to an additive constant. The same argument also applies (see [25]) to any energy constructed via the boundary stress tensor methods of, e.g., [26, 27].

Positivity properties of the energy have implications for the stability of the theory. In particular, when W is bounded below, the dual CFT is expected to be stable. This suggests that the same should be true on the gravity side. A positive energy theorem with trivial scalar boundary conditions was proven in [28] (see also [29, 30] for extensions). The case of N = 8, d = 4 gauged supergravity with scalar fields of mass m^2 = −2 was analyzed in [12]. The goal of this paper is to generalize the results of [12] to any spacetime dimension d ≥ 4 and to any mass in the range m^2_{BF} ≤ m^2 < m^2_{BF} + 1. To simplify the analysis, we consider only even scalar potentials.

The plan of this paper is as follows. In section II, we describe our choice of asymptotic conditions for the metric and the scalar field. Section III contains a brief general argument demonstrating that the symplectic structure is finite, which then implies that the Hamiltonian generators in our theory must be finite as well. In section IV, we analyze the consequences of combining our asymptotic conditions with Einstein’s equation. We derive explicit expressions for the Hamiltonian generators of asymptotic symmetries in section V. In section VI, we use the positivity of the spinor charge to obtain a lower bound on the gravitational energy for designer gravity theories such that i) W has a global minimum, ii) the Breitenlohner-Freedman bound is not saturated, and iii) the scalar potential V admits a certain type of “superpotential.” These results are summarized and discussed in section VII.

II. PRELIMINARIES

Our notations and conventions follow those of [31]. The dimension of spacetime is denoted d, and our analysis is restricted to d ≥ 4. The signature of the metric is (− + + . . .). Indices on tilde tensor fields t̃_{abc...} are raised and lowered with the unphysical metric g̃_{ab} = Ω^2g_{ab} and its inverse g̃^{ab}. The Levi-Civita tensor associated to g̃_{ab} is denoted ϵ̃_{a1 a2...ad} . The AdS radius and 8πG are set to one.

We consider a theory of gravity coupled to a tachyonic (m^2 < 0) scalar field with mass in the range m^2_{BF} ≤ m^2 < m^2_{BF} + 1, (2.1) where m^2_{BF} = −(d − 1)^2/4. The Lagrangian density (written as a d-form) for such a theory with minimal coupling is L = 1 2 d^dx √ −g [R − (∇ϕ)^2 − 2V (ϕ)], (2.2) where the scalar potential is V (ϕ) = Λ + V̄ (ϕ) and we assume V̄ (ϕ) = 1 2 m^2ϕ^2 + 1 4 c_4ϕ^4 + O(ϕ^6) + . . . . (2.3)

The O(ϕ^6) + . . . terms in the scalar potential are irrelevant to calculating the Hamiltonian generators in the regime of interest (2.1). However, O(ϕ^4) terms must be taken into account for a limited range of masses that occurs only in d = 4. A similar statement would hold for O(ϕ^3) and O(ϕ^5) terms, but for simplicity we consider only even potentials here. (See [17] for a construction of Hamiltonian generators that allows odd terms in the potential).

Our asymptotic conditions, following those of [32], are described below:

1. One can attach a boundary, I ∼= R × S^{d−2} to M such that M̃ = M ∪ I is a manifold with boundary.

2. On M̃, there is a (d − 1)-times continuously differentiable metric g̃_{ab} and a smooth function Ω such that g_{ab} = Ω^{−2}g̃_{ab}, with Ω = 0 and

ñ_a ≡ ~∇_aΩ ≠ 0 (2.4)

at points of I. We also require that the metric h̃_{ab} on I induced by g̃_{ab} is the Einstein static universe, h̃_{ab} dx^adx^b = −dt^2 + dσ^2, (2.5)

where dσ^2 is the line element of the unit sphere S^{d−2}.

An example of a spacetime satisfying these conditions is of course exact AdS space. In global coordinates, the metric is

ds^2_0 = − ( 1 + r^2 ℓ^2 ) dt^2 + dr^2 1 + r^2/ℓ^2

+ r^2dσ^2 . (2.6)

We will set the AdS radius ℓ = 1 so that Λ = −^1_2 (d − 1)(d − 2). After performing the change of coordinates r = Ω^{−1} − Ω/4 for Ω a smooth and positive function, the unphysical metric g̃_{ab} = Ω^2g_{ab} can be put in the form

ds̃^2_0 = dΩ^2 − ( 1 + 1 4 Ω^2

)_2

dt^2 + ( 1 − 1 4 Ω^2

)_2 dσ^2 , (2.7)

which has the properties required above.

To determine the asymptotic behavior of the scalar field, we study the equation of motion ∇^a∇_aϕ − dV dϕ = 0 . (2.8)

For most values of m^2 and d, it is sufficient to solve the linear equation in exact AdS space. One finds for m^2 ≠ m^2_{BF} that

ϕ = αΩ^{λ−} + βΩ^{λ+} + . . . , (2.9)

where λ_± = d − 1 ± √ (d − 1)^2 + 4m^2 2 (2.10) and the coefficients α, β are smooth functions on I. It will be useful to observe that eq. (2.1) implies d − 3 < 2λ_− ≤ d − 1 and d − 1 ≤ 2λ_+ < d + 1.

Corrections to eq. (2.9) can arise from coupling to the metric (i.e. back reaction) and/or from the ϕ^4 term in the potential. It turns out that the leading correction from both of these effects is at O(Ω^{3λ−} ), so this term is of the same or lower order than the second term in eq. (2.9) when 4λ_− ≤ d − 1, which only occurs in d = 4. Hence, for these special cases we must be more careful when solving the equation of motion (2.8). We assume a series solution for ϕ to solve the nonlinear wave equation and find for 4λ_− < d − 1 the result

ϕ = αΩ^{λ−} + γ_1α^3Ω^{3λ−} + βΩ^{λ+} + . . . , (2.11)

where γ_1 = c_g + c_4 2λ_−(4λ_− + 1 − d)

. (2.12) Here c_g is a constant that arises from gravitational back reaction (see section IV) and is given by c_g =

(d − 1)λ^2_− 2(d − 2)

. (2.13) For d = 4 and 4λ_− = 3 we proceed similarly, but now logarithmic terms arise in the series solution for ϕ. The result is

ϕ = αΩ^{λ−} + γ_2α^3Ω^{3λ−} log Ω + βΩ^{λ+} + . . . , (2.14)

where γ_2 = 2 3 (c_g + c_4) . (2.15) For m^2 = m^2_{BF} , the roots (2.10) are degenerate and the solution becomes

ϕ = −α̂Ω^λ log Ω + β̂Ω^λ + . . . , (2.16)

where λ = (d − 1)/2.

A valid boundary condition must ensure that no symplectic flux flows through the boundary I. In particular, this permits the Hamiltonian generators to be well defined [24]. As we will see in section III below, for each case above it is sufficient to fix a functional relationship β = β(α). We parametrize this relationship via a smooth function W (α) satisfying β ≡ dW dα . (2.17)

III. THE SYMPLECTIC STRUCTURE

Before going through the detailed calculation of the Hamiltonian generators, we first give a concise argument that they must be finite. Our argument uses the symplectic structure of the theory, which we now define. We will also verify below that the symplectic flux through the boundary vanishes.

In general, the variation of the Lagrangian density can be written in the form

δL = F · δΦ + dθ , (3.1)

where Φ = (g_{ab}, ϕ). The equations of motion of the theory are F = 0, and dθ corresponds to the boundary term that would arise from integrating by parts. θ is referred to as the symplectic potential, and for our theory (2.2), it follows that θ_{a1 ...ad−1} = [ 1 2 (∇^cδg_c^b − ∇^bδg_c^c) − δϕ∇^bϕ ] ϵ_{ba1...ad−1} . (3.2) The symplectic current is given as the antisymmetrized variation of the symplectic potential,

ω(Φ; δ_1Φ, δ_2Φ) = δ_1θ(Φ; δ_2Φ) − δ_2θ(Φ; δ_1Φ) , (3.3)

and the symplectic structure is then defined as

σ_Σ(Φ; δ_1Φ, δ_2Φ) = ∫ Σ ω(Φ; δ_1Φ, δ_2Φ) , (3.4)

where Σ is a surface whose boundary S_∞ is a cut of I. It follows from definition (3.3), eq. (3.1), and the equality of mixed partial derivatives that dω = 0 when the linearized equations of motion hold. Stokes’s theorem can then be used to show that the symplectic structure is conserved, i.e. it is independent of the choice of surface Σ, when the pull-back of ω to I vanishes [22, 23].

It is convenient to write the symplectic current as ω = ω^ϕ + ω^G. Here ω^ϕ arises from terms depending on the explicit variation of the scalar field. Eqs. (3.3), (3.2), and (2.9) imply that to leading order in Ω one has ω^ϕ_{a1...ad−1} = ( δ_1α ~∇^b(δ_2α) − δ_2α ~∇^b(δ_1α) ) Ω^{2λ−+2−d}ϵ̃_{ba1 ...ad−1} + ... , (3.5) where we have assumed that the variations commute, δ_1δ_2 − δ_2δ_1 = 0. The requirement for the integral over Ω in eq. (3.4) to not diverge at Ω → 0 is then 2λ_− > d − 3 or equivalently m^2 < m^2_{BF} + 1, which agrees with the range (2.1). The terms contained in ω^G are due to the variation of the metric and are given by [24] ω^G_{a1...ad−1} = 1 2 P^{abcdef} (δ_2g_{bc}∇_dδ_1g_{ef} − δ_1g_{bc}∇_dδ_2g_{ef} )ϵ_{aa1 ...ad−1} , (3.6) where P^{abcdef} = g^{ae}g^{fb}g^{cd} − 1 2 g^{ad}g^{be}g^{fc} − 1 2 g^{ab}g^{cd}g^{ef} − 1 2 g^{bc}g^{ae}g^{fd} + 1 2 g^{bc}g^{ad}g^{ef} . (3.7) In the next section, we will show by expanding the metric in powers of Ω that Einstein’s equation implies δg̃_{ab} = − 1 2(d − 2)

Ω^{2λ−} δ(α^2)(h̃_{ab})_0 + . . . , (3.8)

where (h̃_{ab})_0 is the metric of the Einstein static universe. It is then straightforward to rewrite eq. (3.6) in terms of the unphysical metric and substitute the variation (3.8) to obtain ω^G ∼ O(Ω^{4λ−+2−d}). Once again, the integral over Ω of this term in the symplectic structure converges as Ω → 0.

Now, let ξ^a be a vector field representing an asymptotic symmetry, in the sense that ξ^a is asymptotically a Killing vector field and that the corresponding diffeomorphism is a symmetry of the covariant phase space. Any Hamiltonian generator of an asymptotic symmetry must satisfy δH_ξ = σ_Σ(Φ; δΦ, £_ξΦ) . (3.9) This is essentially Hamilton’s equation of motion for “time” translation generated by ξ. The charge associated to ξ is conserved, since the symplectic structure is independent of Σ. The above arguments then show that variations of the Hamiltonian generators for our theory are finite everywhere in the range (2.1). Thus, any formal expression whose variation satisfies (3.9) must be finite, up to an arbitrary additive constant. Subtracting this constant leaves a finite generator H_ξ.

As argued in [24], the generator H_ξ cannot exist unless the consistency condition ξ · ω |_I = 0 is satisfied. Since ñ^a ~∇_aα = 0, we find using the above definitions that

ω^ϕ_{a1...ad−1} |_I = (λ_+ − λ_−) (δ_1βδ_2α − δ_2βδ_1α) ñ^bϵ̃_{ba1 ...ad−1} . (3.10)

This vanishes because the boundary condition (2.17) implies δβ = W^{′′}(α)δα. Substituting the metric variation (3.8) into eq. (3.6) similarly shows that ω^G |_I = 0. So the consistency condition is indeed satisfied.

IV. METRIC ASYMPTOTICS

We will now calculate back reaction effects on the metric due to the presence of the scalar field. We proceed by combining the asymptotic conditions described above with Einstein’s equation. In the tradition of [33], we expand the unphysical metric in powers of Ω. The calculation is organized as in [32].

Defining the tensor S̃_{ab} = 2 d − 2 R̃_{ab} − 1 (d − 1)(d − 2)

R̃g̃_{ab} , (4.1)

Einstein’s equation may be written as S̃_{ab} = −2Ω^{−1} ~∇_añ_b + L̃_{ab} , (4.2)

where L̃_{ab} = 2 d − 2 [ T_{ab} − 1 d − 1 g_{ab}T ] , (4.3) and the matter stress energy tensor is T_{ab} = ∇_aϕ∇_bϕ − g_{ab} [ 1 2 ∇^cϕ∇_cϕ + V̄ (ϕ) ] . (4.4)

The conformal factor Ω is chosen such that ñ_a ≡ ~∇_aΩ is spacelike, unit, and normal to I. It is then convenient to write the unphysical metric in the Gaussian normal form

g̃_{ab} = ñ_añ_b + h̃_{ab} . (4.5)

Einstein’s equation (4.2) can be split into its components parallel and normal to surfaces of constant Ω. We obtain the constraint equations

− R̃ − K̃_{ab}K̃^{ab} + K̃^2 + 2(d − 2)Ω^{−1}K̃ = L̃_{ab}h̃^{ab} (4.6) D̃^aK̃_{ab} − D̃_bK̃ = L̃_{cd}ñ^ch̃^d_b , (4.7) where D̃_a is the derivative operator associated with h̃_{ab}, K̃_{ab} ≡ −h̃_a^ch̃_b^d ~∇_cñ_d = − ~∇_añ_b is the extrinsic curvature, and R̃_a^b is the intrinsic Ricci tensor. The evolution equations are d dΩ K̃_a^b = −R̃_a^b + K̃K̃_a^b + Ω^{−1}(d − 2)K̃_a^b + Ω^{−1}K̃δ_a^b + 1 2 (d − 2)h̃_a^ch̃^{bd}L̃_{cd} + 1 2 L̃_{cd}g̃^{cd}δ_a^b (4.8) d dΩ h̃_{ab} = −2h̃_{bc}K̃_a^c. (4.9)

In these equations, differentiation with respect to Ω should be interpreted as the Lie derivative £_ñ. To solve eqs. (4.8) and (4.9), we write h̃_{ab} = ∑ j Ω^{λj} (h̃_{ab})_{λj} , K̃ = ∑ j Ω^{λj} (K̃)_{λj} , . . . etc. (4.10)

Here the coefficients (h̃_{ab})_{λj} , (K̃)_{λj} ,...etc. are independent of Ω, and the labels λ_j are meant to indicate that powers in the expansions will not in general be integers. In particular, the powers will take the form (nλ_− +m) for integers n, m. To determine the (h̃_{ab})_j, we insert the expansions (4.10) into the evolution equations and solve for the coefficients order by order in Ω. The result is the following series of recursion relations:

(d − 2 − λ_j)(p̃_a^b)_{λj} = (R̃_a^b)_{λj −1} − 1 d − 1 (R̃)_{λj −1}δ_a^b − ∑ m (K̃)_{λm} (p̃_a^b)_{λj −1−λm} − d − 2 2 (τ̃_a^b)_{λj −1} (4.11)

(2d − 3 − λ_j )(K̃)_{λj} = (R̃)_{λj −1} − ∑ m (K̃)_{λm} (K̃)_{λj −1−λm} − d − 1 2 (L̃_{cd})_{λj −1}ñ^cñ^d − 2d − 3 2 (L̃_{cd}h̃^{cd})_{λj −1} (4.12)

λ_j (h̃_{ab})_{λj} = −2 ∑ m [ (h̃_{bc})_{λm} (p̃_a^c)_{λj −1−λm} + 1 d − 1 (h̃_{ab})_{λm} (K̃)_{λj −1−λm} ] . (4.13)

Here we have defined p̃_a^b as the traceless part of K̃_a^b and τ̃_a^b as the traceless part of h̃_a^ch̃^{bd}L̃_{cd}. The initial conditions are (p̃_a^b)_0 = (K̃)_0 = 0 and (h̃_{ab})_0dx^adx^b = −dt^2 + dσ^2.

Let us first consider the case 4λ_− > d − 1 and m^2 > m^2_{BF} . As noted in section II, the first bound follows immediately from eqs. (2.1) and (2.10) for d ≥ 5. Inserting the asymptotic expansion of ϕ (2.9) into the definition of L̃_{ab} leads to L̃_{ab} = 2λ^−α^2 d − 2 Ω^{2λ−−2} [ λ_−ñ_añ_b − 1 2 g̃_{ab} ] + 4λ_−α d − 2 Ω^{2λ−−1} ñ_{(a} ~∇_{b)}α + 4m^2αβ d − 2 Ω^{d−3} [ 1 d − 1 g̃_{ab} − ñ_añ_b ] + . . . . (4.14)

Eqs. (4.12) and (4.14) indicate that the lowest order at which the nonzero stress energy tensor affects K̃ is (K̃)_{2λ−−1}. The R̃ and K̃^2 terms on the right hand side of (4.12) must then take the same value as in the T_{ab} = 0 case, while the matter fields give a contribution (d − 1)λ_− 2(d − 2) α^2 .

Proceeding similarly with eq. (4.11), we find that the matter contribution to (p̃_a^b)_{2λ−−1} vanishes. Then eq. (4.13) implies that the resulting term in the unphysical metric is − α^2 2(d − 2)

Ω^{2λ−} (h̃_{ab})_0 ,

which must be added to eq. (2.7). The O(Ω^{2λ−−1}) term in L̃_{ab} gives no contribution to h̃_{ab} since ñ^a∇_aα = 0 and ñ^ah̃_{ab} = 0. The recursion relations fail to determine (h̃_{ab})_{d−1}, but this coefficient can be written in terms of the electric part of the Weyl tensor, defined as Ẽ_{ab} ≡ 1 d − 3 Ω^{3−d}C̃_{acbd}ñ^cñ^d . (4.15)

The relation C̃_{acbd}ñ^cñ^d = d dΩ K̃_{ab} − Ω^{−1}K̃_{ab} + K̃_{ac}K̃^c_b − 1 2 h̃_a^ch̃_b^dL̃_{cd} − 1 2 h̃_{ab}L̃_{cd}ñ^cñ^d (4.16)

combined with eq. (4.9) results in

(h̃_{ab})_{d−1} = − 2 d − 1 (Ẽ_{ab})_0 + 2 (d − 1)(d − 3)

(K̃_{ac}K̃^c_b)_{d−3} − 1 (d − 1)(d − 3)

(h̃_a^ch̃_b^dL̃_{cd} + h̃_{ab}L̃_{cd}ñ^cñ^d)_{d−3} . (4.17)

One can check that, so long as 4λ_− ≠ d − 1 (a case treated separately below), the second term in eq. (4.17) takes the same value as in the case with T_{ab} = 0. The third term may be directly worked out from eq. (4.14). Then, the expression for the metric near infinity is

ds̃^2 = dΩ^2 − [( 1 + 1 4 Ω^2

)_2 − α^2 2(d − 2)

Ω^{2λ−} + 4m^2αβ (d − 2)(d − 1)^2 Ω^{d−1} ] dt^2

+ [( 1 − 1 4 Ω^2

)_2 − α^2 2(d − 2)

Ω^{2λ−} + 4m^2αβ (d − 2)(d − 1)^2 Ω^{d−1} ] dσ^2 − 2 d − 1 Ω^{d−1}Ẽ_{ab} dx^adx^b + . . . . (4.18)

In general, there are corrections to eq. (4.18) at O(Ω^{4λ−} ) that are proportional to α^4. For the special cases 4λ_− ≤ d − 1, such O(Ω^{4λ−} ) terms are of the same or lower order than the

Ω^{d−1} terms, so we must keep track of them explicitly. For 4λ_− < d − 1 we find (setting d = 4)

ds̃^2 = dΩ^2 − [( 1 + 1 4 Ω^2

)_2 − α^2 4 Ω^{2λ−} + Aα^4Ω^{4λ−} + 2m^2αβ 9 Ω^3 ] dt^2

+ [( 1 − 1 4 Ω^2

)_2 − α^2 4 Ω^{2λ−} + Aα^4Ω^{4λ−} + 2m^2αβ 9 Ω^3 ] dσ^2 − 2 3 Ω^3Ẽ_{ab} dx^adx^b + . . . , (4.19)

where A = 1 − 12γ_1 32 . (4.20)

Only two cases remain. One case is 4λ_− = d − 1 = 3, for which we find

ds̃^2 = dΩ^2 − [ ( 1 + Ω^2/4

)_2 − α^2 4 Ω^{3/2} −

3γ_2 8 α^4Ω^3log Ω − ( 3αβ 8 − ( γ_2 6 − c_4 18 + 1 128 ) α^4 ) Ω^3 ] dt^2 + [ ( 1 − Ω^2/4

)_2 − α^2 4 Ω^{3/2} −

3γ_2 8 α^4Ω^3log Ω − ( 3αβ 8 − ( γ_2 6 − c_4 18 + 1 128 ) α^4 ) Ω^3 ] dσ^2 − 2 3 Ω^3Ẽ_{ab} dx^adx^b + . . . . (4.21)

The final case occurs when the BF bound is saturated. The asymptotic behavior of the metric in this instance is given in eq. (B12) of the appendix.

V. CONSERVED CHARGES

We now derive expressions for the Hamiltonian generators of asymptotic symmetries using the covariant phase space formalism and the asymptotic behavior of the fields found in previous sections. The calculation is best done by first rewriting δH_ξ as a pure surface integral.

To this end, consider the Noether current defined by

J_ξ = θ − ξ · L , (5.1)

where the centered dot indicates that ξ^a is contracted with the first index of L. When the equations of motion hold, dJ_ξ = 0, so locally, J_ξ = dQ_ξ. Here Q_ξ is referred to as the Noether charge, and for our theory we find (Q_ξ)_{a1...ad−2} = − 1 2 ∇^bξ^cϵ_{bca1...ad−2} . (5.2)

By considering the variation δJ_ξ, the definitions in section III show that eq. (3.9) can be rewritten as an integral over the boundary of Σ [23], δH_ξ = ∫ S_∞ [δQ_ξ − ξ · θ] . (5.3)

Next we wish to calculate explicitly the quantity δQ_ξ − ξ · θ. We will find that each term diverges when considered separately, but that δH_ξ is indeed finite as predicted by the argument of section III. Given the result (4.18), we assume variations of the form

δϕ = δαΩ^{λ−} + δβΩ^{λ+} + . . . (5.4) δg̃_{ab} = − 1 2(d − 2)

Ω^{2λ−} δ(α^2)(h̃_{ab})_0 +

4m^2 (d − 2)(d − 1)^2

Ω^{d−1}δ(αβ)(h̃_{ab})_0 − 2 d − 1 Ω^{d−1}δẼ_{ab} + . . . . (5.5)

Here we hold Ω fixed under the variation and, as usual, we defer the special cases (4.19) and (4.21) for later treatment. The Noether charge can be rewritten in terms of unphysical quantities as (Q_ξ)_{a1...ad−2} = Ω^{1−d}ϵ̃_{bca1...ad−2}ñ^bξ^c − 1 2 Ω^{2−d}ϵ̃_{bca1 ...ad−2} ~∇^bξ^c . (5.6) Then, using δϵ̃ = 1 2 g̃^{ab}δg̃_{ab}ϵ̃ , (5.7) δñ^a = −g̃^{ab}ñ^cδg̃_{bc} , and (5.8) δ( ~∇^bξ^c) = −g̃^{bd} ~∇^f ξ^cδg̃_{df} + g̃^{be}δΓ̃^c_{ed}ξ^d , (5.9)

we obtain (δQ_ξ)_{a1...ad−2} |_I = [ 2λ_− + 1 − d 4(d − 2) δ(α^2)Ω^{2λ−−d+1}ñ^bξ^c + ñ^bδẼ^c_dξ^d ] ϵ̃_{bca1...ad−2} . (5.10) Expanding (3.2) in powers of Ω yields θ_{a1 ...ad−1} |_I = [ 2λ_− + 1 − d 4(d − 2) δ(α^2)Ω^{2λ−−d+1} + (λ_+ − λ_−) ( λ_− d − 1 δ(αβ) − βδα )] ñ^bϵ̃_{ba1 ...ad−1} . (5.11) Note that both θ and δQ_ξ contain terms diverging as O(Ω^{2λ−−d+1}) in the limit Ω → 0, but that these terms cancel when we calculate δH_ξ. Let us choose t^a = (∂/∂t)^a to be the unit timelike normal to S_∞. Writing the volume forms as ϵ̃_{bca1...ad−2}ñ^bv^c =^{(d−1)}ϵ̃_{ca1...ad−2} v^c =^{(d−2)}ϵ̃_{a1...ad−2} t^av_a ≡ −t^av_a √ σd^{d−2}x (5.12) gives

H_ξ = − ∫ S_∞ Ẽ_{ab}t^aξ^b√σ d^{d−2}x − (λ_+ − λ_−) ∫ S_∞ [ W (α) − λ_− d − 1 αβ ] t^aξ_a √ σ d^{d−2}x . (5.13) Apart from the factor of (λ_+ − λ_−), this verifies the form of H_ξ conjectured in [12] for the cases considered thus far.

From the definition (3.9), it is clear that H_ξ is defined only up to a term whose variation vanishes. We have made a particular choice of this term in (5.13). Since the Weyl tensor vanishes in exact AdS space, our choice sets H_ξ = 0 there when W (0) = 0.

Let us consider the action of a conformal transformation on expression (5.13). A general choice of boundary conditions breaks the AdS symmetry and is not invariant under rescaling of the conformal factor. Boundary conditions preserving these symmetries may be found by considering the rescaling Ω → ωΩ. Since this changes only the auxiliary structure Ω, the physical field ϕ must remain invariant. Thus, we must have α → ω^{−λ−} α and β → ω^{−λ+} β. This result and eq. (2.17) then imply that the requirement for conformally invariant boundary conditions is W (α) = kα^{(d−1)/λ−} . (5.14) Inserting this into eq. (5.13), we find that the contributions from the scalar fields vanish. The remaining term involving the Weyl tensor is conformally invariant. Thus, for such cases, H_ξ is invariant as well.

For the special cases 4λ_− ≤ d − 1, the (h̃_{ab})_{2λ−} and (h̃_{ab})_{4λ−} terms will give a contribution to δH_ξ at O(Ω^{4λ−+1−d}) and proportional to α^4. For 4λ_− < d − 1, these contributions are divergent as Ω → 0, but once again it turns out that all such divergences cancel in the end. Therefore, the result (5.13) still holds. For d = 4 and 4λ_− = 3, the α^4 terms do not completely cancel in general and the expression for H_ξ becomes

H_ξ = − ∫ S_∞ Ẽ_{ab}t^aξ^b√σ d^2x − 3 2 ∫ S_∞ [ W (α) − 1 4 αβ

+ ( 3 128 + c_4 18 ) α^4 ] t^aξ_a √ σ d^2x . (5.15)

Here the extra α^4 contribution is finite. Under the rescaling Ω → ωΩ, the transformations required for ϕ to remain invariant are now α → αω^{−λ−} and β → (β − γ_2α^3 log ω)ω^{−λ+} . Conformally invariant boundary conditions are then given by W (α) = kα^4 + γ_2 4λ_− α^4 log α . (5.16)

Inserting this into eq. (5.15) again cancels all contributions from the scalar fields, leaving only the Weyl curvature term. Despite the apparent disparity between eqs. (5.15) and (5.13), it can be shown that (5.15) is actually the limit of (5.13) as 4λ_− → 3. This calculation is given in appendix A.

In a similar way, we can also obtain an expression for the Hamiltonian generator in the case m^2 = m^2_{BF} by considering eq. (5.13) in the limit (λ_+ − λ_−) ≡ ϵ → 0. Eq. (2.9) can be rewritten as ϕ = Ω^{λ+} (αΩ^{−ϵ} + β) . (5.17) Using Ω^{−ϵ} = 1 − ϵ log Ω + . . . and comparing to eq. (2.16), we see that in the limit ϵ → 0 we have α → α̂ ϵ , β → β̂ − α̂ ϵ , ϵW → Ŵ − α̂^2 2ϵ . (5.18) This then gives

H_ξ = − ∫ S_∞ Ẽ_{ab}t^aξ^b√σ d^{d−2}x − ∫ S_∞ [ Ŵ (α̂) − 1 2 α̂β̂ − α̂^2 2(d − 1) ] t^aξ_a √ σ d^{d−2}x , (5.19)

generalizing the α̂ = 0 result of [32]. In appendix B, we derive the result (5.19) by direct calculation. Conformally invariant boundary conditions are now given by

Ŵ (α̂) = kα̂^2 − 1 2λ α̂^2 log α̂ . (5.20)

When this is substituted into eq. (5.19), the terms involving the scalar fields once again cancel, leaving only the Weyl term.

VI. THE SPINOR CHARGE

In this section we relate the Hamiltonian generator (5.13) to the spinor charge. The spinor charge is shown to be manifestly positive, which implies a lower bound on the corresponding energy.

Let ψ be a spinor field such that asymptotically −ψ̄γ^aψ = ξ^a. The spinor charge is then defined as Q_ξ = ∫ S_∞ ∗B , (6.1) where the integrand is the Hodge dual of the Nester two-form [34],

B_{cd} = ψ̄γ_{cde} ^∇^eψ + h.c. , (6.2) and S_∞ is a cut of I that bounds a surface Σ. The antisymmetrized curved space gamma matrices have been written as γ^{a1a2 ...an} = γ^{[a1} γ^{a2} . . . γ^{an]}. We also define the covariant derivative ^∇_aψ = ∇_aψ + f(ϕ)γ_aψ , (6.3)

where f is a function of the scalar field ϕ to be fixed later. First, following [28], we show that Q_ξ ≥ 0. Using Gauss’s theorem we can rewrite the spinor charge as

Q_ξ = ∫ Σ d ∗ B = ∫ dS_a∇_bB^{ab} . (6.4)

Our gamma matrix conventions are γ_{(a}γ_{b)} = g_{ab}, (γ^0)^† = −γ^0, and (γ^i)^† = γ^i. We choose the 0-direction to be normal to Σ and let i, j, . . . denote indices tangent to the surface. Then, a few steps of algebra and gamma matrix identities lead to

∇_bB^{0b} = 2( ^∇_iψ)^† ^∇^iψ + R^0 , (6.5)

where R^a = −ψ̄γ^{bac} ^∇_b ^∇_cψ + h.c . (6.6) To obtain eq. (6.5), we have imposed the Witten condition [35]

γ^i ^∇_iψ = 0 . (6.7)

The first term in eq. (6.5) is clearly nonnegative as written, while the second term can be written in the form λ^†λ, where λ = 1 √ 2 ( γ^a∇_aϕ − 2(d − 2) df dϕ ) ψ , (6.8)

and the function f(ϕ) must satisfy

V (ϕ) = −2(d − 1)(d − 2)f^2 + 2(d − 2)^2 ( df dϕ )_2 . (6.9)

That is, V (ϕ) arises from a superpotential f(ϕ). Assuming a series solution for f and using our expression for V (ϕ) gives f(ϕ) = 1 2 + λ_− 4(d − 2) ϕ^2 + γ_1λ_− 8 ϕ^4 + . . . . (6.10)

An asymptotic series of the form (6.10) solves (6.9) for any V . However, positivity of Q_ξ is assured only if f(ϕ) exists for all ϕ. We assume below that this is the case, and that this global solution is of the form (6.10). See [36] for further discussion of this point.

To calculate the spinor charge explicitly we need to expand ^∇_aψ in powers of Ω. We write ψ = ψ_0 + . . ., where ^∇_aψ_0 = 0 (i.e. ψ_0 is a Killing spinor) in exact AdS space. Higher order terms in the expansion are determined by solving eq. (6.7) order by order (see the appendix of [12]). We find ψ = ψ_0 + ψ_{2λ−} Ω^{2λ−} + . . . , (6.11) where ψ_{2λ−} = − α^2 8(d − 2) ψ_0 . (6.12)

Define ψ̃ = Ω^{1/2}ψ and γ̃_a = Ωγ_a. Then, under a conformal transformation g̃_{ab} = Ω^2g_{ab}, one has ∇_aψ = ~∇_aψ − 1 2 Ω^{−1}(γ̃_aγ̃_bñ^b − ñ_a)ψ , (6.13) so Ω^{1/2} ^∇_aψ = ( ~∇_a)_0ψ̃ + Γ̃_aψ̃ + 1 2 Ω^{−1}γ̃_a(1 − γ̃_bñ^b)ψ̃ − 1 2 Ω^{−1}γ̃_a(1 − 2f(ϕ))ψ̃ , (6.14)

where ( ~∇_a)_0 is the covariant derivative with respect to pure AdS space and Γ̃_a is the linearized spin connection. Then eqs. (2.9), (4.18), (6.10), and (6.11) give

Ω^{2−d}[Ω^{1/2} ^∇_eψ] = − λ_−α^2 4(d − 2)

Ω^{2λ−+1−d}h̃_{ef}γ̃^fψ̃_0 + λ_−α^2 4(d − 2)

Ω^{2λ−+1−d}γ̃_eψ̃_0 − 1 2 Ẽ_{ef}γ̃^f ψ̃_0 + αβ 2(d − 2) ( 2m^2 d − 1 h̃_{ef} γ̃^f + λ_−γ̃_e ) ψ̃_0 + . . . , (6.15)

where here the . . . represents additional terms which will not contribute to the spinor charge. A number of these terms are proportional to ñ_e, and any such term vanishes when inserted into eq. (6.1). The first and second terms in eq. (6.15) arise from the second and last terms respectively in eq. (6.14), and are divergent as Ω → 0. When 4λ_− < 3, there are also divergent terms proportional to α^4Ω^{4λ−−3}, which we have not written down in the interest of brevity. Next we insert the above expression into the definition of the spinor charge and use (on I) ¯ψ̃ Γ̃cdeẼ_{ef}γ̃f ψ̃_0ϵ̃_{cda1...ad−2} = −2Ẽd_f ξfñcϵ̃_{cda1 ...ad−2} (6.16) ¯ψ̃ Γ̃cdeγ̃_eψ̃_0ϵ̃_{cda1...ad−2} = 2(d − 2)ξdñcϵ̃_{cda1 ...ad−2} (6.17) to arrive at Q_ξ = H_ξ + (λ_+ − λ_−) ∫ S_∞ W (α) √ σ t^aξ_ad^{d−2}x , (6.18) where H_ξ is given in eq. (5.13). Once again, all the divergent terms have canceled in the final result.

The lower bound on the energy now follows immediately. Let ξ^a = t^a + ωφ^a, where φ^a is a sum of vectors generating spatial rotations and ω is a real number such that |ω| < 1. Then H_ξ = E + ωJ, where E is the energy and J is the angular momentum. Use of Q_ξ ≥ 0 and the relation (6.18) then show that the energy is bounded below when W has a global minimum, with the bound given by E ≥ 2π^{(d−1)/2} Γ (_{d−1} 2 ) (λ_+ − λ_−) inf W + |J| . (6.19)

The case d = 4 and 4λ_− = 3 evidently requires special treatment, since the factor γ_1 in eq. (6.10) diverges in this limit. For this case, we can choose instead the superpotential f(ϕ) = 1 2 + 3 32 ϕ^2 + γ_2 8 ϕ^4 log ϕ + . . . , (6.20)

which satisfies eq. (6.9) when 4λ_− = 3. Again, we assume that a superpotential of this form exists for all ϕ. Note that although we write V (ϕ) in terms of the “superpotential” f(ϕ), we have not required our system to be supersymmetric. Due to the non-analyticity of the log ϕ term, one expects γ_2 = 0 in sufficiently supersymmetric theories.

Carrying out the same steps as above leads to

Q_ξ = H_ξ + 3 2 ∫ S_∞ W(α) √ σ t^aξ_ad^{d−2}x , (6.21)

where H_ξ is given in eq. (5.15) and

W(α) = W (α) + ( 3 64 + c_4 9 ) (1 − 2 log α)α^4 . (6.22)

Positivity of the spinor charge then implies a lower bound on the energy of the form (6.19) with W → W.

When m^2 = m^2_{BF} , the spinor charge is equal to H_ξ as given in eq. (5.19) plus a divergent term. This can be shown by direct calculation, or by considering eq. (6.18) in the limit ϵ = (λ_+ − λ_−) → 0. Thus, in this case, we do not find a lower bound on E.

VII. DISCUSSION

We have studied conserved charges in asymptotically anti-de Sitter spacetimes containing scalar fields with mass in the range (2.1). Our first main result is that our choice of asymptotic conditions leads to Hamiltonian generators of asymptotic symmetries which are finite and well defined. Our results agree with those of [17], obtained by notably different methods. We gave a general argument for finiteness in section III, which was later confirmed by our derivation of explicit expressions for the generators under the assumption that the scalar potential V (ϕ) is even. We note that [17] allows odd terms in V (ϕ), in addition to the even terms considered here.

For generic cases, our explicit form for the generators (5.13) verifies the conjecture of [12] (up to a factor of (λ_+ − λ_−)), which was based on the idea of conformal invariance. We did, however, obtain a different form for H_ξ in two special cases where the scalar field solution has a logarithmic branch. When 4λ_− = 3, we find in eq. (5.15) that there is an additional contribution proportional to α^4. This is the marginal case at which the ϕ^4 term in the potential becomes relevant, and we would expect similar corrections from ϕ^3 or ϕ^5 terms were they to be included. The other interesting case occurs when the BF bound is saturated, with H_ξ now given by eq. (5.19). We have considered only minimally coupled scalar fields, but we would expect that the general argument in favor of finite generators applies equally well in the non-minimal case.

The second key component of this work is use of the spinor charge to show that the energy is bounded below when i) W has a global minimum, ii) m^2 > m^2_{BF} , and iii) V (ϕ) admits a superpotential of the form (6.10) or (6.20). See [36, 37] for further discussion of requirement (iii). In particular, as discussed in [36], not all superpotentials f solving (6.9) are in fact of the form (6.10), (6.20).

The detailed form of the bound is slightly modified in the case 4λ_− = 3 and our method yields no such bound when m^2 = m^2_{BF} . An expression for the bound when it exists is given in eq. (6.19). This would then imply that the theory has a stable ground state, as predicted by AdS/CFT. Note however, that [6] found stability in the corresponding linear theory even in some cases where W is not bounded below. This suggests that our results could be improved and that further studies of stability in the dual CFT should also be performed.

Acknowledgments

We are pleased to thank Sean Hartnoll, Marc Henneaux, Stefan Hollands, Gary Horowitz, and Akihiro Ishibashi for valuable discussions. We are especially grateful to Marc Henneaux,

Cristián Martínez, Ricardo Troncoso, and Jorge Zanelli for providing advance access to their results, which allowed us to correct an error in an early draft. This work was supported in part by NSF grants PHY0354978 and PHY99-07949, and by funds from the University of California. D.M. would also like to thank the Kavli Institute for Theoretical Physics for its hospitality during the final stages of this work.

APPENDIX A: HAMILTONIAN GENERATOR FOR 4λ_− = 3

In this appendix, we show how to obtain (5.15) from (5.13) in the limit

ε ≡ (4λ_− − 3) → 0 .

As argued above, it is only necessary to consider d = 4. Recall that the expansion of the scalar field near infinity for 4λ_− < 3 is

ϕ = αΩ^{λ−} + γ_1α^3Ω^{3λ−} + βΩ^{λ+} + . . . , (A1)

while for 4λ_− = 3 we have

ϕ = ᾱΩ^{λ−} + γ_2ᾱ^3Ω^{3λ−} log Ω + β̄Ω^{λ+} + . . . . (A2)

Here we have been careful to distinguish the coefficients of the Ω^{λ±} solutions in the two cases. We then observe that eq. (A1) can be written in the form

ϕ = αΩ^{λ−} + Ω^{λ+} (γ_1α^3Ω^ε + β) + . . . . (A3)

Using Ω^ε = 1 + ε log Ω + . . . and comparing to eq. (A2), we see that in the limit ε → 0 one obtains α → ᾱ, β → β̄ − γ_2 ε ᾱ^3, γ_1 → γ_2 ε . (A4) The consistency of the third limit can be checked from eqs. (2.12) and (2.15). The boundary condition (2.17) then implies that W → W̄ − γ_2 4ε ᾱ^4 . (A5)

In taking the ε → 0 limit of eq. (5.13), we write 4λ_− = 3 + ε and find that we must make the replacement

(λ_+ − λ_−) ( W − λ_− 3 αβ ) → 3 2 ( W̄ − 1 4 ᾱβ̄ + γ_2 12 ᾱ^4 ) . (A6)

Finally, using γ_2 = 9/32 + 2c_4/3 we obtain that for 4λ_− = 3 the generator is

H_ξ = − ∫ S_∞ Ẽ_{ab}t^aξ^b√σ d^2x − 3 2 ∫ S_∞ [ W̄ (ᾱ) − 1 4 ᾱβ̄

+ ( 3 128 + c_4 18 ) ᾱ^4 ] t^aξ_a √ σ d^2x . (A7)

Renaming coefficients then produces eq. (5.15) as claimed.

APPENDIX B: HAMILTONIAN GENERATOR FOR m^2 = m^2_{BF}

In this appendix, we give a more detailed calculation of the Hamiltonian generator when the BF bound is saturated; that is, when

m^2 = m^2_{BF} = −

(d − 1)^2 4 . (B1)

The asymptotic behavior of the scalar field in this case is

ϕ = −α̂Ω^λ log Ω + β̂Ω^λ + . . . , (B2)

where λ = (d − 1)/2. Inserting this into the stress energy tensor, eq. (4.3), gives L̃_{ab} = 2λ^2α̂^2 d − 2 [ ñ_añ_b − 1 d − 1 g̃_{ab} ] Ω^{d−3} (log Ω)^2 + 2λα̂ d − 2 [ 2(α̂ − λβ̂)ñ_añ_b − α̂ − 2λβ̂ d − 1 g̃_{ab} ] Ω^{d−3} log Ω

+ [ 2(α̂ − λβ̂)^2 d − 2 ñ_añ_b − α̂^2 − 2λα̂β̂ + 2λ^2β̂^2 (d − 2)(d − 1) g̃_{ab} ] Ω^{d−3} + . . . . (B3)

This suggests that now the series expansions should be of the form h̃_{ab} = ∑ i,j Ω^i (log Ω)^j (h̃_{ab})_{i,j}, K̃ = ∑ i,j Ω^i (log Ω)^j (K̃)_{i,j}, . . . etc., (B4)

where the indices i, j run over nonnegative integers. The recursion relations are similar to those given above, but there are extra terms due to the logarithms:

(i − d + 2)(p̃_a^b)_{i,j} = −(j + 1)(p̃_a^b)_{i,j+1} − (R̃_a^b)_{i−1,j} + 1 d − 1 (R̃)_{i−1,j}δ_a^b +(K̃p̃_a^b)_{i−1,j} + d − 2 2 (τ̃_a^b)_{i−1,j} (B5) (i − 2d + 3)(K̃)_{i,j} = −(j + 1)(K̃)_{i,j+1} − (R̃)_{i−1,j} + (K̃^2)_{i−1,j} + d − 1 2 (L̃_{cd})_{i−1,j}ñ^cñ^d + 2d − 3 2 (L̃_{cd}h̃^{cd})_{i−1,j} (B6) i(h̃_{ab})_{i,j} = −(j + 1)(h̃_{ab})_{i,j+1} − 2(h̃_{bc}p̃_a^c)_{i−1,j} − 2 d − 1 (K̃h̃_{ab})_{i−1,j}. (B7) Then, eqs. (B3) and (B6) indicate that the lowest order at which the nonzero stress energy tensor affects K̃ is (K̃)_{d−2,2}. The R̃ and K̃^2 terms must vanish because they are the same as in the T_{ab} = 0 case, so one finds

(K̃)_{d−2,2} = λ^2 d − 2 α̂^2 (B8)

and by analogous arguments

(K̃)_{d−2,1} =

2λ^2 d − 2 ( α̂^2 d − 1 − α̂β̂ ) . (B9)

Eq. (B5) implies (p̃_a^b)_{i,j} vanishes at these orders so eq. (B7) gives

(h̃_{ab})_{d−1,2} = − α̂^2 2(d − 2)

(h̃_{ab})_{0,0} and (h̃_{ab})_{d−1,1} = α̂β̂ d − 2 (h̃_{ab})_{0,0} . (B10)

Once again, we write (h̃_{ab})_{d−1,0} in terms of the electric part of the Weyl tensor. Expansions of the form (B4) modify eq. (4.17) to be

(h̃_{ab})_{d−1,0} = − 2 d − 1 (Ẽ_{ab})_{0,0} + 2 (d − 1)(d − 3) (K̃_{ac}K̃^c_b)_{d−3,0} − 1 (d − 1)(d − 3)

(h̃_a^ch̃_b^dL̃_{cd} + h̃_{ab}L̃_{cd}ñ^cñ^d)_{d−3,0} − 2 (d − 1)(d − 3) (h̃_{ab})_{d−1,2} − 2(d − 2) (d − 1)(d − 3)

(h̃_{ab})_{d−1,1} . (B11)

The expression for the metric near infinity is then

ds̃^2 = dΩ^2 − [ ( 1 + 1 4 Ω^2

)_2 − α̂^2 2(d − 2)

Ω^{d−1} (log Ω)^2 + α̂β̂ d − 2 Ω^{d−1} log Ω

− 1 2(d − 2) ( 2α̂^2 (d − 1)^2

+ β̂^2 ) Ω^{d−1} ] dt^2 + [ ( 1 − 1 4 Ω^2

)_2 − α̂^2 2(d − 2)

Ω^{d−1} (log Ω)^2

+ α̂β̂ d − 2 Ω^{d−1} log Ω − 1 2(d − 2) ( 2α̂^2 (d − 1)^2

+ β̂^2 ) Ω^{d−1} ] dσ^2 − 2 d − 1 Ω^{d−1}Ẽ_{ab} dx^adx^b + . . . . (B12)

Once again the consistency condition for the existence of the Hamiltonian generator is satisfied since the pullback of ω to I vanishes. Now consider the metric variation δg̃_{ab} = − δ(α̂^2) 2(d − 2)

Ω^{d−1} (log Ω)^2(h̃_{ab})_0 + δ(α̂β̂) d − 2 Ω^{d−1} log Ω(h̃_{ab})_0 − 1 2(d − 2) ( 2δ(α̂^2) (d − 1)^2

+ δ(β̂^2) ) Ω^{d−1}(h̃_{ab})_0 − 2 d − 1 Ω^{d−1}δẼ_{ab} . (B13)

In general, a metric variation of the form

δg̃_{ab} = b(δα̂, δβ̂) Ω^{d−1} (log Ω)^n(h̃_{ab})_0

yields (δQ_ξ − ξ · θ^G)_{a1...ad−2} |_I = (d − 2)b 2 [(d − 1)(log Ω)^n + n(log Ω)^{n−1}]ñ^bξ^cϵ̃_{bca1...ad−2} ,

where b is some function of δα̂ and δβ̂. For n ≠ 0, the above result has terms diverging as Ω → 0. These turn out to be canceled by similar divergences arising in the expression for ξ · θ^ϕ, given by (ξ·θ^ϕ)_{a1...ad−2} = − [ λ 2 δ(α̂^2)(log Ω)^2 + ( δ(α̂^2) 2 − λδ(α̂β̂) ) log Ω − α̂δβ̂ + λ 2 δ(β̂^2) ] ñ^bξ^cϵ̃_{bca1 ...ad−2} . (B14) The final result for the Hamiltonian generator is then

H_ξ = − ∫ S_∞ Ẽ_{ab}t^aξ^b√σ d^{d−2}x − ∫ S_∞ [ Ŵ (α̂) − 1 2 α̂β̂ − α̂^2 2(d − 1) ] t^aξ_a √ σ d^{d−2}x , (B15)

which verifies eq. (5.19).

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv.

Theor. Math. Phys. 2 (1998) 231, [arXiv:hep-th/9711200].

[2] M. Gunaydin and N. Marcus, “The Spectrum Of The S**5 Compactification Of The Chiral N=2, D = 10 Supergravity And The Unitary Supermultiplets Of U(2, 2/4),” Class. Quant. Grav. 2, L11 (1985).

[3] H. J. Kim, L. J. Romans and P. van Nieuwenhuizen, “The Mass Spectrum Of Chiral N=2 D = 10 Supergravity On S**5,” Phys. Rev. D 32, 389 (1985).

[4] M. Gunaydin, P. van Nieuwenhuizen and N. P. Warner, “General Construction Of The Unitary Representations Of Anti-De Sitter Superalgebras And The Spectrum Of The S**4 Compactification Of Eleven-Dimensional Supergravity,” Nucl. Phys. B 255, 63 (1985).

[5] P. Breitenlohner and D. Z. Freedman, “Stability In Gauged Extended Supergravity,” Annals Phys. 144 (1982) 249; “Positive Energy In Anti-De Sitter Backgrounds And Gauged Extended Supergravity,” Phys. Lett. B 115 (1982) 197.

[6] A. Ishibashi and R. M. Wald, “Dynamics in non-globally hyperbolic static spacetimes. III:

anti-de Sitter spacetime,” Class. Quant. Grav. 21, 2981 (2004) [arXiv:hep-th/0402184]. [7] E. Witten, “Multi-Trace Operators, Boundary Conditions, and AdS/CFT Correspondence,” [arXiv:hep-th/0112258].

[8] M. Berkooz, A. Sever and A. Shomer, “Double-trace deformations, boundary conditions and spacetime singularities,” JHEP 0205 (2002) 034, [arXiv:hep-th/0112264].

[9] A. Sever and A. Shomer, “A note on multi-trace deformations and AdS/CFT,” JHEP 0207 (2002) 027, [arXiv:hep-th/0203168].

[10] T. Hertog, G. T. Horowitz, “Designer Gravity and Field Theory Effective Potentials,” Phys.

Rev. Lett. 94 (2005) 221301, [arXiv:hep-th/0412169].

[11] T. Hertog and G. T. Horowitz, “Towards a big crunch dual,” JHEP 0407, 073 (2004) [arXiv:hep-th/0406134].

[12] T. Hertog and S. Hollands, “Stability in Designer Gravity,” Class.Quant.Grav. 22 (2005) 5323-5342 [arXiv:hep-th/0508181].

[13] T. Hertog, G.T. Horowitz, K. Maeda, “Generic Cosmic Censorship Violation in anti de Sitter Space” Phys Rev. Lett 92 (2004) 131101, [arXiv:gr-qc/0307102]; T. Hertog, G. T. Horowitz and K. Maeda, “Negative energy in string theory and cosmic censorship violation,” Phys. Rev. D 69, 105001 (2004) [arXiv:hep-th/0310054]. M. Alcubierre, J. A. Gonzalez, M. Salgado and D. Sudarsky, The cosmic censor conjecture: Is it generically violated?, arXiv:gr-qc/0402045; M. Gutperle and P. Kraus, “Numerical study of cosmic censorship in string theory,” JHEP 0404, 024 (2004) [arXiv:hep-th/0402109]; D. Garfinkle, “Numerical simulation of a possible counterexample to cosmic censorship,” Phys. Rev. D 69, 124017 (2004) [arXiv:gr-qc/0403078]; V. E. Hubeny, X. Liu, M. Rangamani and S. Shenker, “Comments on cosmic censorship in AdS/CFT,” JHEP 0412, 067 (2004) [arXiv:hep-th/0403198]; T. Hertog, G. T. Horowitz and K. Maeda, Update on cosmic censorship violation in AdS, arXiv:gr-qc/0405050; T. Hertog and G. T. Horowitz, Holographic description of AdS cosmologies, JHEP 0504, 005 (2005) [arXiv:hep-th/0503071].

[14] D. Sudarsky and J. A. Gonzalez, “On black hole scalar hair in asymptotically anti-de Sitter spacetimes,” Phys. Rev. D 67, 024038 (2003) [arXiv:gr-qc/0207069]; E. Winstanley, “On the existence of conformally coupled scalar field hair for black holes in (anti-)de Sitter space,” Found. Phys. 33, 111 (2003) [arXiv:gr-qc/0205092]; T. Hertog, K. Maeda, “Black

Holes with Scalar Hair and Asymptotics in N = 8 Supergravity,” JHEP 0407 (2004) 051, [arXiv:hep-th/0404261]; T. Hertog and K. Maeda, “Stability and thermodynamics of AdS black holes with scalar hair,” Phys. Rev. D 71, 024001 (2005) [arXiv:hep-th/0409314]; E. Radu and D. H. Tchrakian, “New hairy black hole solutions with a dilaton potential,” Class. Quant. Grav. 22, 879 (2005) [arXiv:hep-th/0410154]; E. Radu and E. Winstanley, “Conformally coupled scalar solitons and black holes with negative cosmological constant,” Phys. Rev. D 72, 024017 (2005) [arXiv:gr-qc/0503095]. Class. Quant. Grav. 22, 879 (2005) [arXiv:hep-th/0410154].

[15] M. Henneaux, C. Martinez, R. Troncoso and J. Zanelli, “Black holes and asymptotics of 2+1 gravity coupled to a scalar field,” Phys. Rev. D 65, 104007 (2002) [arXiv:hep-th/0201170].

[16] S. Das, J. Gegenberg and V. Husain, “Scalar field spacetimes and the AdS/CFT conjecture,” Phys. Rev. D 64, 065027 (2001) [arXiv:hep-th/0101169]; M. Hortacsu, H. T. Ozcelik and B. Yapiskan, “Properties of solutions in 2+1 dimensions,” Gen. Rel. Grav. 35, 1209 (2003) [arXiv:gr-qc/0302005]; J. Gegenberg, C. Martinez and R. Troncoso, “A finite action for three dimensional gravity with a minimally coupled scalar field,” Phys. Rev. D 67, 084007 (2003) [arXiv:hep-th/0301190]. M. I. Park, “Fate of three-dimensional black holes coupled to a scalar field and the Bekenstein-Hawking entropy,” Phys. Lett. B 597, 237 (2004) [arXiv:hep-th/0403089]; C. Martinez, R. Troncoso and J. Zanelli, “Exact black hole solution with a minimally coupled scalar field,” Phys. Rev. D 70, 084035 (2004) [arXiv:hep-th/0406111]; S. S. Gubser, “Phase transitions near black hole horizons,” Class. Quant. Grav. 22, 5121 (2005) [arXiv:hep-th/0505189]; M. Banados and S. Theisen, “Scale invariant hairy black holes,” Phys. Rev. D 72, 064019 (2005) [arXiv:hep-th/0506025].

[17] M. Henneaux, C. Martinez, R. Troncoso, and J. Zanelli, “Asymptotic Behavior and Hamiltonian Analysis of Anti-de Sitter Gravity Coupled to Scalar Fields,” [arXiv:hep-th/0603185].

[18] T. Regge and C. Teitelboim, “Role Of Surface Integrals In The Hamiltonian Formulation Of General Relativity,” Annals Phys. 88, 286 (1974).

[19] M. Bianchi, D. Z. Freedman and K. Skenderis, “Holographic renormalization,” Nucl. Phys. B 631, 159 (2002) [arXiv:hep-th/0112119].

[20] M. Bianchi, D. Z. Freedman and K. Skenderis, “How to go with an RG flow,” JHEP 0108, 041 (2001) [arXiv:hep-th/0105276].

[21] M. Henneaux, C. Martinez, R. Troncoso and J. Zanelli, “Asymptotically anti-de Sitter spacetimes and scalar fields with a logarithmic branch,” Phys. Rev. D 70, 044034 (2004) [arXiv:hep-th/0404236].

[22] J. Lee and R.M. Wald, J. Math. Phys, 31, 725 (1990).

[23] V. Iyer and R. M. Wald, “Some properties of Noether charge and a proposal for dynamical black hole entropy,” Phys. Rev. D 50, 846 (1994) [arXiv:gr-qc/9403028].

[24] R. M. Wald and A. Zoupas, “A General Definition of “Conserved Quantities” in General Relativity and Other Theories of Gravity,” Phys. Rev. D 61, 084027 (2000) [arXiv:gr-qc/9911095].

[25] S. Hollands, A. Ishibashi and D. Marolf, “Counter-term charges generate bulk symmetries,” Phys. Rev. D 72, 104025 (2005) [arXiv:hep-th/0503105].

[26] M. Henningson and K. Skenderis, “The holographic Weyl anomaly,” JHEP 9807, 023 (1998) [arXiv:hep-th/9806087];

[27] V. Balasubramanian and P. Kraus, “A stress tensor for anti-de Sitter gravity,” Commun.

Math. Phys. 208, 413 (1999) [arXiv:hep-th/9902121].

[28] P. K. Townsend, “Positive Energy And The Scalar Potential In Higher Dimensional (Super)Gravity Theories,” Phys. Lett. B 148, 55 (1984).

[29] K. Skenderis and P. K. Townsend, “Gravitational stability and renormalization-group flow,” Phys. Lett. B 468, 46 (1999) [arXiv:hep-th/9909070].

[30] D. Z. Freedman, C. Nunez, M. Schnabl and K. Skenderis, “Fake supergravity and domain wall stability,” Phys. Rev. D 69, 104027 (2004) [arXiv:hep-th/0312055].

[31] R. M. Wald, General Relativity, The University of Chicago Press, Chicago 1984. [32] S. Hollands, A. Ishibashi, and D. Marolf, “Comparison between various notions of conserved charges in asymptotically AdS-spacetimes,” [arxiv:hep-th/0503045].

[33] C. Fefferman and C.R. Graham, Conformal invariants, in: Elie Cartan et les Mathematiques dAujourdhui, Asterisque, 1985, Numero hors serie, Soc. Math. France, Paris, pp. 95-116.

[34] J. Nester “A New Gravitational Energy Expression with a Simple Positivity Proof” Phys.

Lett. 83A (1981) 241.

[35] E. Witten, “A Simple Proof Of The Positive Energy Theorem,” Commun. Math. Phys. 80, 381 (1981).

[36] A.J. Amsel, T. Hertog, S. Hollands, and D. Marolf, “A tale of two superpotentials: Stability and Instability in Designer Gravity,” [arXiv:hep-th/0701038].

[37] T. Hertog, “Violation of energy bounds in designer gravity,” Class. Quant. Grav. 24, 141

(2007) [arXiv:hep-th/0607171].