arXiv:hep-th/0605104 v2 11 Dec 2006

Hidden supersymmetry in quantum bosonic systems

Francisco Correa and Mikhail S. Plyushchay Departamento de Física, Universidad de Santiago de Chile, Casilla 307, Santiago 2, Chile

E-mails: francisco.correa@usach.cl, mplyushc@lauca.usach.cl

We show that some simple well studied quantum mechanical systems without fermion (spin) degrees of freedom display, surprisingly, a hidden supersymmetry. The list includes the bound state Aharonov-Bohm, the Dirac delta and the Pöschl-Teller potential problems, in which the unbroken and broken N = 2 supersymmetry of linear and nonlinear (polynomial) forms is revealed.

PACS numbers: 11.30.Pb; 11.30.Na; 03.65.Fd

I. Introduction. —Supersymmetry (SUSY), as a symmetry between bosons and fermions, was originally introduced in search of a nontrivial unification of space-time and internal symmetries in relativistic quantum field theory [1]. To explain its no (so far) experimental evidence in nature, supersymmetric quantum mechanics was invented by Witten as a toy model to investigate a SUSY breaking in field theory [2]. Subsequently supersymmetric quantum mechanics was transformed into independent line of research, which stimulated new approaches to other branches of physics including atomic, nuclear, condensed matter and statistical physics [3].

The low dimensional physics possesses some peculiar features among which are a remarkable equivalence between fermions and bosons in 2D field theories [4], and a boson-fermion, or more generally, a boson-anyon transmutation based on the Aharonov-Bohm (AB) effect in planar systems [5]. These peculiarities indicate that SUSY could be present in a hidden form in some bosonic systems. It really was observed in quantum mechanical models with a nonlocal Hamiltonian depending on a reflection (parity, or exchange) operator [6], and in a related parabosonic system [7]. On the other hand, hidden SUSY of a nonlinear (polynomial) form [7, 8] was recently found [9] in a conformal mechanics model [10] described by a local Hamiltonian. However, it appears there as a fictitious symmetry due to a boundary conditions breaking associated with its odd generators.

In this paper we show that some simple well studied quantum mechanical systems without fermion (spin) degrees of freedom display, surprisingly, a true hidden SUSY. The list of bosonic systems with local Hamiltonians includes the bound state Aharonov-Bohm, the Dirac delta and the Pöschl-Teller (PT) potential problems, in which we reveal the unbroken and broken N = 2 SUSY of linear and nonlinear (polynomial) forms.

II. Hidden SUSY in bound state AB effect. —Let us first consider a free particle on a circle of unit radius, given by the Hamiltonian (ℏ = 2m = 1) H = − d^2 dφ^2 . (1)

The 2π-periodic eigenfunctions of the angular momentum p_φ = −i^d_{dφ} ,

ψ_l(φ) = e^{ilφ}, p_φψ_l = lψ_l, (2)

l = 0, ±1, . . . , provide us with a complete basis for the Hilbert space of states, and solve the spectral problem, Hψ_l = E_lψ_l, E_l = l^2. All the energy levels are positive and doubly degenerate except the level E_0 = 0 of the singlet ground state. Such spectral properties are typical for a quantum mechanical system having the unbroken N = 2 SUSY. Though system (1) has no fermion degrees of freedom, a complete supersymmetric structure can be revealed in it by identifying a reflection, Rψ(φ) = ψ(−φ), as a grading operator. Indeed, it is a self-adjoint integral of motion, R = R^†, R^2 = 1, [H, R] = 0, which anticommutes with angular momentum. Hence the self-adjoint operators

Q_1 = p_φ, Q_2 = iRQ_1, (3)

generating an ordinary N = 2 superalgebra, {Q_a, Q_b} = 2δ_{ab}H, [H, Q_a] = 0, (4) are identified as the supercharges. The energy eigenstates ψ^+_l = cos lφ and ψ^−_l = sin lφ, satisfying the relations Rψ^±_l = ±ψ^±_l , play here a role of the bosonicand fermionic-like states. The peculiarity of the described SUSY of this simple system with pure bosonic local Hamiltonian is hidden in the nonlocal nature of the grading operator and of one of its two supercharges, namely, Q_2.

Consider now a charged particle on a unit circle x^2 + y^2 = 1 placed in the z = 0 plane and pierced by a magnetic field of a flux line, B_z = ϵ_{ij} ∂_iA_j = Φ δ^2(x, y), where A_i = −^Φ_{2πr2} ϵ_{ij} r_j is a planar vector potential. The Hamiltonian of this system,

H_α = (p_i − e c A_i)^2 = (p_φ + α)^2, (5)

α = −^e_{2πc} Φ, corresponds to the bound state AB effect [11, 12]. States (2) are the eigenstates of Hamiltonian (5) with eigenvalues E_l = (l + α)^2. The shifted angular momentum operator p_φ + α and Hamiltonian (5) can be related to the same operators of the free particle (α = 0) by a transformation

O_α = U_{−α}(φ)O_0U_α(φ), U_α(φ) = e^{iαφ}. (6)

In a generic case relation (6) has, however, a formal character since the unitary-like operator U_α(φ) takes out the states (2) from the Hilbert space of 2π-periodic wave functions.

When the parameter α takes an integer value α = n, n ∈ Z, the spectrum reveals the structure of the unbroken N = 2 SUSY: the states ψ_l and ψ_l′ with l^′ = −(l + 2n), l ≠ −n, have the same energy, while the state ψ_{−n} is a singlet ground state of zero energy. The twisted reflection operator R_n = e^{−2inφ}R plays here the role of the grading operator, allowing us to realize the supercharge operators of the hidden N = 2 SUSY in the form similar to (3) but with p_φ changed for p_φ + n. The supercharges annihilate the singlet bosonic-like state ψ_{−n}, R_nψ_{−n} = ψ_{−n}. Since the U_n(φ) is a well defined operator in the Hilbert space of 2π-periodic wave functions, system (5) turns out to be unitary equivalent to the free system.

The spectrum is also degenerate in the nontrivial case of the AB effect characterized by the half-integer values of the parameter α. At α = n +^1_2 ≡ j, there is no singlet state of zero energy in the spectrum, and all the energy levels are doubly degenerate, E_l = E_{−(l+2j)}. This picture corresponds to the broken N = 2 SUSY. Though transformation (6) in this case is of a formal character, it produces a well defined grading operator being a twisted reflection operator R_j = e^{−i2jφ}R, R_j ψ^±_{j,l} = ±ψ^±_{j,l}, where ψ^±_{j,l} = ψ_l ± ψ_{−(l+2j)}. Having in mind relation (6), we find that the Hamiltonian H_j and the supercharges Q_{j,1} = p_φ + j, Q_{j,2} = iR_j Q_{j,1} are the even and odd operators with respect to R_j , and that they generate the superalgebra of the form (4). In both cases α = n, j the local supercharge Q_1 is diagonal on the states (2).

Note here that the special “magic” of half fluxons and resulting degeneracy was discussed in the context of the AB and Berry phases in Ref. [13].

III. Hidden SUSY in delta potential problem. —A different structure for hidden SUSY is provided by a onedimensional delta potential problem given by H = − d^2 dx^2 − 2βδ(x) + β^2. (7)

In the case of the attractive potential with β > 0, the energy of the unique bound state

ψ_0(x) = √ βe^{−β|x|} (8) is equal to zero due to a special value of the constant term in the Hamiltonian. For energy values E > β^2 the wave functions

ψ^{(+)}_k (x) = ( e^{ikx} + re^{−ikx} ) Θ(−x) + te^{ikx}Θ(x) (9) and ψ^{(−)}_k (x) = ψ^{(+)}_k (−x) correspond to scattering states with plane waves incoming, respectively, from −∞ and +∞. Here k = √ E − β^2 > 0, Θ(x) is a step function (Θ(x) = 0 for x < 0 and Θ(x) = 1 for x > 0), r(k) = −β/(β + ik) and t(k) = ik/(β + ik) are the reflection and transmission coefficients. Having a singlet zero energy bound state and double degeneracy of the energy levels in the scattering sector, we have a hidden unbroken N = 2 SUSY structure. It can be made explicit by identifying a reflection R, Rψ(x) = ψ(−x), as a grading operator. Unlike the previous system, here the both supercharges

Q_1 = −i ( d dx + βε(x)R ) , Q_2 = iRQ_1, (10)

Q_a = Q^†_a, ε(x) ≡ Θ(x) − Θ(−x), are nonlocal due to the presence in them of the reflection operator. Using the relation δ(x)Rψ(x) = δ(x)ψ(x), one finds that the odd supercharges together with the even Hamiltonian generate the N = 2 superalgebra (4). The bound ground state (8) is annihilated by the both supercharges, and is identified as a bosonic-like state, Rψ_0(x) = ψ_0(x). Parameterizing the reflection and transmission coefficients as r = i sin γe^{iγ} , t = cos γe^{iγ} , sin γ = β/ √ E, cos γ = k/ √ E, one finds that the scattering information is encoded in the structure of the distorted plane wave states ψ̃^{(±)}_k ≡ cos (γ + k|x|) ± i sin kx, being the eigenstates of the supercharge Q_1 linear in derivative, Q_1ψ̃^{(±)}_k = ± √ E ψ̃^{(±)}_k .

The substitution β → −β yields the case of a repulsive potential, for which the analog of (8) is not normalizable. This case is characterized by the hidden broken N = 2 SUSY with a typical double degeneracy of the continuous spectrum with E > β^2. In the limit β → 0 the scattering states ψ^{(+)}_k (x) and ψ^{(−)}_k (x) are transformed into the plane wave solutions with E > 0, while ψ_0(x)/ √ β is reduced to a constant wave function corresponding to a singlet state with E = 0, and the hidden SUSY of the delta potential problem is transformed into the hidden unbroken N = 2 SUSY of a free particle on a line.

IV. Hidden nonlinear SUSY in PT system. —Now consider the quantum PT potential problem [14, 15] given by the Hamiltonian

H_λ = − d^2 dx^2 − λ(λ + 1) ω^2 cosh^2 ωx

+ λ^2ω^2 (11)

with two real parameters λ and ω. It factorizes, H_λ = −D_{−λ}D_λ, via the first order differential operators,

D_λ = d dx + λω tanh ωx, D_{−λ} = −D^†_λ, (12)

satisfying the relations

D_{−λ}D_λ = D_{λ+1}D_{−(λ+1)} + (2λ + 1)ω^2, (13)

D_λ = C^{−1}D_{λ−1}C = C^{−λ} d dx C^λ, (14)

C ≡ cosh ωx. At integer λ the second equality from Eq. (14) is a consequence of the iterative application of the first equality. It is this property that is behind the reflectionless nature of the PT potential with λ = l, l ∈ Z, due to which system (11) turns out to be related to the nonlinear integrable systems [3]. We put λ = l assuming that l = 1, 2, . . ..

System (11) with λ = l possesses l bound states. Its continuous spectrum is doubly degenerate except the first level with E_l(0) = l^2ω^2, see below. This indicates on existence in it of a hidden nonlinear SUSY [7, 8]. Again, we identify the reflection, R, [H_l, R] = 0, as a grading operator. The system has a local integral of motion P_l = iD_{−l}D_{−l+1} . . . D_l, (15) P_l = P^†_l , being the order (2l + 1) differential operator [16]. It satisfies the relation P^2_l = P_{2l+1}(H_l), where the order 2l + 1 polynomial is

P_{2l+1}(H_l) = (H_l − l^2ω^2) l−1∏ n=0 ( H_l − (l^2 − (l − n)^2)ω^2

)_2 . (16) Since R anticommutes with integral (15), we identify the operators

Q_{l,1} = P_l, Q_{l,2} = iRQ_{l,1}, (17)

Q_{l,a} = Q^†_{l,a}, as the supercharges. Together with the Hamiltonian they generate a nonlinear (polynomial) superalgebra of the order 2l + 1, {Q_{l,a}, Q_{l,b}} = 2δ_{ab} P_{2l+1}(H_l), [H_l, Q_{l,a}] = 0, (18) whose form coincides with that of the hidden SUSY of the order 2(l + 1) parabosonic oscillator [7].

The (non-normalized) bound states have the form ψ_{l,0} = cosh^{−l} ωx and ψ_{l,n}(x) = D_{−l}D_{−l+1} . . . D_{−l+n−1} cosh^{n−l} ωx, (19) where n = 1, . . . , l − 1. These are the singlet states corresponding to the n discrete energy levels

E_{l,n} = (l^2 − (l − n)^2)ω^2, n = 0, . . . , l − 1. (20)

They are annihilated by the supercharges Q_{l,a}, and have a definite parity, Rψ_{l,n} = (−1)^nψ_{l,n}.

In correspondence with reflectionless nature of the system, the functions

ψ^{(±)}_{l,k} (x) = D_{−l}D_{−l+1} . . . D_{−1} exp(±ikx) (21)

with k ≥ 0 describe the scattering states of the energy E_l(k) = k^2 + l^2ω^2, and satisfy the relation Rψ^{(±)}_{l,k} = (−1)^lψ^{(∓)}_{l,k} . They are the eigenstates of the local supercharge Q_{l,1},

Q_{l,1}ψ^{(±)}_{l,k} = ∓(−1)^lkE_1(k)E_2(k) . . . E_l(k)ψ^{(±)}_{l,k} , (22)

E_n(k) ≡ k^2 + n^2ω^2, n = 1, . . . , l. The states ψ^{(+)}_{l,k} and ψ^{(−)}_{l,k} with k > 0 form a SUSY doublet. The SUSY singlet state ψ^l_0 ≡ ψ^{(+)}_{l,0} = ψ^{(−)}_{l,0} is annihilated by the both supercharges. Eqs. (19) and (20) at n = l reproduce this singlet state, being a polynomial of order l in tanh ωx, and its corresponding energy. Note that the simplest (“fermionic”) singlet state ψ^1_0 (x) = tanh ωx appears as a kink solution in the 2-dimensional φ^4 field theory, for which the Schrödinger equation with PT potential plays a role of a stability equation [17].

The scattering data can be extracted from the eigenstates of the supercharge Q_1. Taking the limits x → ∓∞ in (21), one gets ψ^{(+)}_{l,k} (x) → A^∓_l (k)e^{ikx}, A^∓_l (k) = (ik ± lω)(ik ± (l − 1)ω) . . . (ik ± ω). (23) As a result we find the transmission coefficient t_l(k) = A^+_l (k)/A^−_l (k). It can be presented in the form t_l(k) = exp (−2i(δ_{1,k} + . . . δ_{l,k})) , e^{−iδn,k} = (nω − ik)/ √ E_{n,k}. Thus, the PT system with parameter λ = l has the hidden unbroken N = 2 nonlinear SUSY characterized by the polynomial superalgebra (18), and by the l + 1 singlet SUSY states of alternating parity.

Though the structure of the hidden SUSY in the PT and the delta potential problems is essentially different, the Hamiltonian of the the latter system can be obtained via a limit procedure from the former system of a generic form with λ ∈ R. Rescaling the coordinate variable, x → ωλβ^{−1}x, and taking the double limit λ → 0, ω → ∞, λω = β, we reduce Hamiltonian (11) to (7).

V. Summary and discussion. —Let us summarize and discuss the obtained results. The revealed hidden SUSY of the three quantum bosonic systems with local Hamiltonians is based on the existence of the grading operator, which is a nonlocal integral of motion being a reflection or a twisted reflection operator, and of a nontrivial integral anticommuting with it. In the bound state AB and delta potential problems the supercharges have a nature of a square root of the Hamiltonian, while in the PT system with parameter λ = l they are of the square root of the order 2l + 1 polynomial in H_l nature. In the AB and PT systems one of the self-adjoint supercharges is local, but in the delta potential problem the both self-adjoint supercharges are nonlocal operators.

In the bound state AB effect, Eq. (6) being applied to the reflection operator R yields a well defined twisted reflection operator only for integer and half-integer values of the parameter α. Exactly in these two special cases the system enjoys the hidden unbroken (α = n), or broken (α = n +^1_2 ) N = 2 SUSY characterized by the minimum, E = 0, and maximum, E =^1_4 , energy values of the ground state. A hidden SUSY is also present in the AB system extended to the cylindrical geometry and given by the Hamiltonian H_{cyl,α} = H_α + p^2_z, where p_z = −i^d_{dz} , −∞ < z < ∞. For such a system the hidden N = 2 SUSY exists, again, only for 2α ∈ Z.

It is characterized by the grading operator Γ = R_zR_α, Γψ(z, φ) = e^{−2iαφ}ψ(−z, −φ). The supercharges are the nonlocal operators Q_{α,1} = (p_φ+α)+iΓp_z, Q_{α,2} = iΓQ_{α,1}, Q_{α,a} = Q^†_{α,a}, generating the superalgebra of the form (4). In the case of the planar AB system with α = n, a hidden N = 2 SUSY can be revealed following the same line. However, for half-integer values of α the action of the supercharge operators takes off some of the energy eigenstates from the Hamiltonian domain. Due to these complications, the analysis of the hidden SUSY in the planar AB effect requires a special treatment related to the problem of a self-adjoint extension [18].

The hyperbolic PT potential can be treated as a limit case of some doubly periodic elliptic functions with a real period tending to infinity [19, 20]. The quantum problems with periodic potential given by an elliptic function appear, in particular, in solid state physics as the crystals models. It would be interesting to look for a hidden supersymmetry in such a class of periodic quantum mechanical systems [21]. They are also of interest for supersymmetric quantum mechanics [22], Kaluza-Klein [23], and preheating after inflation theories [24].

Since the three considered related bosonic systems reveal a hidden N = 2 SUSY of linear or nonlinear form, it has also to be present as a hidden, additional SUSY in the corresponding ordinary supersymmetric systems obtained via the extension by fermionic (spin) degrees of freedom. Unlike the fictitious double SUSY of superconformal mechanics model observed in Ref. [9], the supersymmetric extentions of these three systems have to possess a true double supersymmetry.

It seems likely that the hidden SUSY should also reveal itself in nonlinear integrable systems and field theoretical models. The natural candidates for investigation in such a direction are the systems to which the PT quantum potential problem is related, namely, the Korteweg-de Vries equation [15], and the 2-dimensional φ^4 and sine- Gordon field theories [17]. Another class of the systems corresponds to the (2+1)D models with Chern-Simons term inducing a spin-statistics transmutation based on the AB effect [5, 25].

Acknowledgements. MP thanks J. Zanelli and J. Gomis for useful discussions, and CECS, where a part of this work was done, for hospitality extended to him. The work of FC was supported in part by CONICYT PhD Program Fellowship, and that of MP by FONDECYT- Chile (project 1050001).

[1] Y. A. Golfand and E. P. Likhtman, JETP Lett. 13, 323 (1971); P. Ramond, Phys. Rev. D 3, 2415 (1971); A. Neveu and J. H. Schwarz, Nucl. Phys. B 31, 86 (1971); D. V. Volkov and V. P. Akulov, Phys. Lett. B 46, 109 (1973); J. Wess and B. Zumino, Nucl. Phys. B 70, 39

(1974); ibid. B 78, 1 (1974).

[2] E. Witten, Nucl. Phys. B 188, 513 (1981). [3] For a review on supersymmetric quantum mechanics and its applications, see: F. Cooper, A. Khare and U. Sukhatme, Phys. Rept. 251, 267 (1995); G. Junker, Supersymmetric Methods in Quantum and Statistical Physics, Berlin: Springer (1996); A. Lahiri, P. K. Roy and B. Bagchi, Int. J. Mod. Phys. A 5, 1383 (1990).

[4] S. R. Coleman, Phys. Rev. D 11, 2088 (1975); S. Mandelstam, Phys. Rev. D 11, 3026 (1975); M. Stone (Ed.), Bosonization, Singapore, World Scientific (1994).

[5] F. Wilczek, Phys. Rev. Lett. 49, 957 (1982); F. Wilczek and A. Zee, Phys. Rev. Lett. 51, 2250 (1983); A. M. Polyakov, Mod. Phys. Lett. A 3, 325 (1988); G. W. Semenoff, Phys. Rev. Lett. 61, 517 (1988).

[6] M. S. Plyushchay, Annals Phys. 245, 339 (1996); J. Gamboa, M. Plyushchay and J. Zanelli, Nucl. Phys. B 543, 447 (1999).

[7] M. Plyushchay, Int. J. Mod. Phys. A 15, 3679 (2000). [8] A. A. Andrianov, M. V. Ioffe and V. P. Spiridonov, Phys.

Lett. A 174, 273 (1993).

[9] F. Correa, M. A. del Olmo and M. S. Plyushchay, Phys.

Lett. B 628, 157 (2005).

[10] V. de Alfaro, S. Fubini and G. Furlan, Nuovo Cim. A 34, 569 (1976); V. P. Akulov and A. I. Pashnev, Teor. Mat. Fiz. 56, 334 (1983); S. Fubini and E. Rabinovici, Nucl. Phys. B 245, 17 (1984); P. Claus, M. Derix, R. Kallosh, J. Kumar, P. K. Townsend and A. Van Proeyen, Phys. Rev. Lett. 81, 4553 (1998).

[11] Y. Aharonov and D. Bohm, Phys. Rev. 115, 485 (1959). [12] M. Peshkin and A. Tonomura, The Aharonov-Bohm effect, Springer-Verlag (1989).

[13] Y. Aharonov, S. Coleman et al., Phys. Rev. Lett. 73, 918 (1994).

[14] G. Pöschl and E. Teller, Z. Physik 83, 143 (1933). [15] W. Kwong and J. L. Rosner, Prog. Theor. Phys. Suppl.

86, 366 (1986).

[16] For λ = l −^1_2 the analog of (15) reduces to the order l polynomial in the Hamiltonian.

[17] R. Jackiw, Rev. Mod. Phys. 49, 681 (1977). [18] Y. Aharonov and A. Casher, Phys. Rev. A 19, 2461 (1979); Y. Aharonov, A. Casher and S. Yankielowicz, Phys. Rev. D 30, 386 (1984); P. de Sousa Gerbert, Phys. Rev. D 40, 1346 (1989).

[19] M. Abramowitz and I. Stegun (Eds.), Handbook of Mathematical Functions, Dover (1990).

[20] Y. Alhassid, F. Gursey and F. Iachello, Phys. Rev. Lett.

50, 873 (1983).

[21] For a recent observation of a hidden supersymmetry in a finite-gap Lamé system, see F. Correa, L.-M. Nieto and M. S. Plyushchay, Phys. Lett. B 644, 94 (2007).

[22] G. V. Dunne and J. Feinberg, Phys. Rev. D 57, 1271 (1998); D. J. Fernandez, J. Negro and L. M. Nieto, Phys. Lett. A 275, 338 (2000).

[23] S. k. Nam, JHEP 0004, 002 (2000).

[24] P. B. Greene, L. Kofman, A. D. Linde and A. A. Starobinsky, Phys. Rev. D 56, 6175 (1997).

[25] For a recent observation of a bosonized super- Poincaré symmetry in a (2+1)D system of anyons, see P.A. Horváthy, M.S. Plyushchay and M. Valenzuela, hep-th/0610317.