arXiv:hep-th/0605111 v2 19 May 2006

On d = 4 Yang-Mills instantons in a spherically symmetric background

Yves Brihaye^† and Eugen Radu^‡

†Physique-Mathématique, Universite de Mons-Hainaut, Mons, Belgium

‡Department of Mathematical Physics, National University of Ireland, Maynooth, Ireland

Abstract

We present arguments for the existence of self-dual Yang-Mills instantons for several spherically symmetric backgrounds with Euclidean signature. The time-independent Yang-Mills field has finite action and a vanishing energy momentum tensor and does not disturb the geometry. We conjecture the existence of similar solutions for any nonextremal SO(3)-spherically symmetric background.

Introduction–The recent work [1] noticed the existence of a new type of instanton solution extremizing the Yang-Mills (YM) action S = − 1 16π^2e^2 ∫ M d^4x √ g Tr {F_{ab}F^{ab}}, (1) (with e the gauge coupling constant) for an euclideanized Schwarzschild background metric.

This YM instanton solution was found for a SU(2) nonabelian ansatz with no dependence on the Euclidean time A_adx^a = 1 2 {u(r)τ_3dτ + w(r)τ_1dθ + (cot θτ_3 + w(r)τ_2) sin θdφ}, (2)

(where the τ_i are the standard Pauli matrices), described by two functions w(r) and u(r) which we shall refer to as magnetic and electric potential, respectively.

The configuration reported in [1] differs from the well-known Charap-Duff solution [2], since it satisfies a different set of boundary conditions and has a different value of the action.

Moreover, a double self-dual Schwarzschild background is not crucial for the existence of this new type of solutions. In this letter we report the existence of YM self-dual instantons with similar properties for other Euclidean backgrounds with the same amount of symmetry as the Schwarzschild metric. These solutions are contructed by directly solving the self-duality equations with a suitable set of boundary conditions.

The model– The variation of the action priciple (1) with respect to the gauge connection A_a leads to the Yang-Mills equations

∇_a(F^{ab}) − i[A_a, F^{ab}] = 0. (3)

Here we will consider YM fields satisfying the duality condition F_{ab} = ±^1_2 √ gϵ_{abcd}F^{cd}, in which case the YM energy-momentum tensor vanishes. Thus these self-dual gauge field configurations will not disturb the geometry, while the YM equations (3) are satisfied automatically.

We consider a general spherically symmetric metric ansatz

ds^2 = σ^2(r)N (r)dτ^2 + dr^2 N (r) + R^2(r)(dθ^2 + sin^2 θdφ^2), (4) without fixing the metric gauge. Here θ and φ are the angular coordinates with the usual range, τ corresponds to the Euclidean time, which has a periodicity β, while the radial coordinate r varies between some r_0 and infinity. As r → ∞, the euclideanized (thermal-)Minkowski background is approached, with R(r) → r, σ(r) → 1, N (r) → 1 − 2M/r, with M a positive constant. This type of metric usually corresponds to analytical continuations of Lorentzian black holes and particle-like solutions.

For this metric choice, the self-duality equations read (see also the early work [3])

w^′ = ∓ wu σN , R^2u^′ = ±σ(1 − w^2), (5)

the expression of the YM action being S = ∓ β 2πe^2 [ u(1 − w^2) ] | | | ∞ r_0

, (6)

which equals the SU(2) Pontryagin charge

P_{Y M} = 1 32π^2 ∫ M d^4x √ g ϵ^{abcd} Tr{F_{ab}F_{cd}}. (7) Without any loss of generality, we solve the self-duality equations by taking the upper sign in (5); the anti-instanton solutions are found by reversing the sign of the electric potential.

The expansion of the nonabelian potentials as r → ∞ is^1 w(r) = e^{−Φr} r^{2M−1} + . . . , u(r) = Φ − 1 r + . . . , (8)

with Φ an arbitrary positive constant. Thus one may define nonabelian electric and magnetic charges [1] computed e.g. according to ( Q_E Q_M ) = 1 4π ∫ dS_μ √ g Tr { ( F_{μτ} F̃^{μτ} ) τ_3 } . (9)

The instanton solutions discussed in this paper have Q_M = Q_E = 1.

Self dual instantons in a ”bolt” background– Following [1], we start by considering asymptotically flat background metrics whose fixed point set of the Euclidean time symmetry is of two dimensions (a ”bolt”) and the range of the radial coordinate is restricted to r_h ≤ r < ∞, while

N (r) = N_1(r − r_h) + O(r − r_h)^2, σ(r) = σ_h + O(r − r_h), R(r) = R_h + O(r − r_h),

where N_1, σ_h, R_h are positive constant, determined by the Einstein equations.

The YM potentials have the following expansion as r → r_h

w(r) = w_h + w_h(w^2_h − 1) R^2_hN_1

(r − r_h) + O(r − r_h)^2, u(r) = σ_h(1 − w^2_h) R^2_h

(r − r_h) + O(r − r_h)^2, (10)

with 0 ≤ w_h ≤ 1. From (6), we find the action of the instanton solutions S = − βΦQ_M 2πe^2 . (11)

The properties of the background metric enters here through the expression of β. Note that (5) imply the existence of a maximal allowed magnitude of the electric potential at infinity for a given r_h Φ < ∫_∞ r_h dr σ(r) R^2(r)

. (12)

1 The Charap-Duff instanton solution [2] is found for a Schwazschild background N = 1 − 2M/r, σ = 1, R(r) = r and a different set of boundary conditions. It reads u(r) = −M/r^2, w(r) = √ N, the action being S = −1/e^2 in the normalization we use (see also [4] for a discussion of this solution).

Figure 1. The parameters wh, w^′(rh ), u^′ (rh) and the action S (in units 1/e^2) of the YM instantons in a Schwarzschild instanton background are plotted as a function of rh .

Figure 2. The value wh of the magnetic gauge potential at r = rh is plotted as a function of rh for a Reissner- Nordström background with different values of the electric charge Q.

In the numerical procedure, we set Φ = 1 without any loss of generality, which implies r_h < 1 for both Schwarzschild and Reissner-Nordström backgrounds.

Unfortunately, we could not find closed form solutions of the equations (5) for any physical relevant choice of the metric backgrounds, except for the euclideanized Minkowski metric (i.e. N (r) = σ(r) = 1, R(r) = r), in which case we recover the well-known self-dual YM solution w = r/ sinh r, u = coth r − 1/r [5].

Figure 3. The profiles of the gauge functions w(r) and u(r) are plotted for self-dual instantons in the background of euclideanized Bartnik-McKinnon solution (rh = 0) and a ”bolt” EYM configuration with rh = 1. The nonself-dual ”primary” YM field in the EYM solutions has one node in both cases.

However, these equations can easily be solved numerically^2.

Apart from Schwarzschild instanton, we solved the equations (5) for a Reissner-Nordström instanton background (N = 1 − 2M/r + Q^2/r^2, σ = 1, R = r) [7] and the euclideanized black hole solutions of the Einstein-Maxwell-dilaton theory [8, 9], with R(r) = r(1 − r_− r )^{a2 /(1+a2)}, σ(r) = 1, N (r) = (1 − r_+ r )(1 − r_− r )^{(1−a2)/(1+a2)}, (13)

where a is the dilaton coupling constant (a = 0 corresponding to the Reissner-Nordström case), r_+, r_− being positive constant related to the configuration’s mass and electric charge (with r_h = r_+ > r_−). The periodicity β of the Euclidean time coordinate, which enters (11), depends on the parameters of the solution (e.g. β = 4πr_h for a Schwarzschild geometry).

Another interesting background is provided by the euclideanized ”hairy” black hole solutions in Einstein- Yang-Mills (EYM) theory found in [10]. These purely magnetic solutions solve the EYM field equations also for an Euclidean signature [11]. In this case it is convenient to take R(r) = r while no closed form expression for the metric functions N (r) and σ(r) exists in the literature. The numerical results we found give evidence that this background support a second YM field. This self-dual field has a vanishing energy-momentum tensor and does not curve the geometry, nor interact with the first, purely magnetic nonself-dual gauge field.

In all cases, the gauge functions w(r) and u(r) interpolate monotonically between the corresponding values at r = r_h and the asymptotic values at infinity, without presenting any local extrema (this behaviour can be proven analitycally from (5)). For small enough values of r_h, the solutions look very similar to the flat space self-dual YM configuration. These solutions get deformed increasing the value of r_h, while the value of the magnetic potential w at r = r_h steadly decreases. As r_h approaches some maximal value implied by (12), we find w_h → 0 and the solution approaches the limiting abelian configuration

w(r) = 0, u(r) = Φ + ∫ σ(r) R^2(r) dr. (14) 2 The numerical integrations were carried out using both a shooting method as well as applying the numerical program COLSYS [6], with complete agreement to very high accuracy.

For the case of an extremal background with N (r) ∼ O(r − r_h)^2 as r → r_h (σ(r) and R(r) being nonzero and finite in the same limit), we find the trivial solution w = 1, u = Φ only.

In Figures 1 and 2 we plotted several relavant parameters of the YM instanton solutions as a function of r_h, for the case of Schwarzschild and Reissner-Nordström backgrounds. A typical self-dual YM solution in a euclideanized one-node EYM ”hairy” black hole is plotted in Figure 3. The event horizon radius in this case is r_h = 1, while w_h ≃ 0.9118, the periodicity of Euclidean time-coordinate τ being β ≃ 19.644. These plots retain the generic features of the picture we found in other cases.

Self dual instantons in a topologically trivial background– The EYM ”hairy” black hole solutions discussed above survive in the limit r_h → 0, when the particle-like Bartnik-McKinnon configurations, indexed by the node number k of the ”primary” gauge field [12] are approached. This suggests the existence of self dual instantons for a topologically R^4 background, the Killing vector ∂/∂τ presenting in this case no fixed points sets (i.e. g_{ττ} > 0 for any r and an arbitrary periodicity β). This type of backgrounds usually corresponds to analytical continuations of Lorentzian globally regular, particle-like solutions. A convenient choice here is R(r) = r and we have 0 ≤ r < ∞, while N (0) = 1, σ(0) = σ_0 ≠ 0.

The approximate expression of the YM instanton solutions as r → 0 is

w(r) = 1 − br^2 + O(r^4), u(r) = 2bσ_0r + O(r^2), (15)

(with b > 0), the asymptotic form (8) being valid in this case, too.

We solved the self-duality equations for the case of a a euclideanized Bartnik-McKinnon background with k = 1, 2, 3 nodes. The profiles of the gauge functions u and w for the one-node Bartnik-McKinnon background are plotted in Figure 3. The parameter b which enters the expansion at the origin (15) is b ≃ 0.003504.

We found also solutions with similar properties for a gravitating skyrmion background [13]. Nontrivial solutions of the eqs. (5) are likely to exist for other topologically R^4 backgrounds. The action S of these solutions is still given by (11). However, different from the bolt case, S is independent on the background metric, since the parameter β is arbitrary for a R^4 topology (although the profiles of u and w depend on the details of the geometry).

Further remarks– In this letter we have presented numerical arguments for the existence of self-dual instantons for a number of spherically symmetric backgrounds with Euclidean signature. Hopefully, these numerical results will be of help in constructing the solutions analytically.

Based on our results, we conjecture the existence of similar solutions for any spherically symmetric background with no dependence on the Euclidean time function, which approaches at infinity the euclideanized Minkowski background.

The existence of these solutions raise several interesting questions, since in principle the Euclidean action of any spherically symmetric configuration can be adjusted to arbitrary values by including self-dual nonabelian fields in the action principle.

A discussion of possible generalizations of this work should start with axially symmetric generalizations, by including a winding number n in the YM ansatz [14]. Our preliminary numerical results indicate the existence of an axially symmetric YM self-dual solution in a Schwarzschild background, whose action is n−times the action of single self-dual (anti)instanton. Such configurations are likely to exist for other background choice as well. Also, it would be interesting to look for self-dual instantons in an axially symmetric background (e.g. Kerr-Newman instanton).

Spherically symmetric YM self-dual solutions exist also for a different asymptotic structure of the background metric. For example, we found solutions with many similar properties for an Euclidean anti-de Sitter background with N (r) = 1 + r^2/ℓ^2, σ(r) = 1 and R(r) = r in (4).

Further details on these solutions including an existence proof for a Schwarzschild background will be presented elsewhere.

Acknowledgement We would like to thank D. H. Tchrakian for many useful discussions and comments. This work is carried out in the framework of Enterprise–Ireland Basic Science Research Project SC/2003/390 of Enterprise-Ireland. YB is grateful to the Belgian FNRS for financial support.

References

[1] Y. Brihaye and E. Radu, Phys. Lett. B 636 (2006) 212 [arXiv:gr-qc/0602069]. [2] J. M. Charap and M. J. Duff, Phys. Lett. B 69 (1977) 445.

[3] H. Boutaleb-Joutei, A. Chakrabarti and A. Comtet, Phys. Rev. D 20 (1979) 1884. [4] B. Tekin, Phys. Rev. D 65 (2002) 084035 [arXiv:hep-th/0201050]. [5] M. K. Prasad and C. M. Sommerfield, Phys. Rev. Lett. 35 (1975) 760.

[6] U. Asher, J. Christiansen and R. D. Russel, Math. Comput. 33 (1979) 659; ACM Trans. Math. Softw.

7 (1981) 209.

[7] S. W. Hawking and S. F. Ross, Phys. Rev. D 52 (1995) 5865 [arXiv:hep-th/9504019]. [8] G. W. Gibbons and K. Maeda, Nucl. Phys. B298 (1988) 741. [9] D. Garfinkle, G. T. Horowitz and A. Strominger, Phys. Rev. D43 (1991) 3140. [10] M. S. Volkov and D. V. Galtsov, JETP Lett. 50 (1989) 346;

H. P. Kuenzle and A. K. Masood- ul- Alam, J. Math. Phys. 31 (1990) 928; P. Bizon, Phys. Rev. Lett. 64 (1990) 2844.

[11] I. Moss, Phys. Rev. Lett. 69 (1992) 1852.

[12] R. Bartnik and J. McKinnon, Phys. Rev. Lett. 61 (1988) 141. [13] P. Bizon and T. Chmaj, Phys. Lett. B 297 (1992) 55. [14] C. Rebbi and P. Rossi, Phys. Rev. D 22 (1980) 2010.