arXiv:hep-th/0605113 v3 2 Aug 2006

CERN-PH-TH/083-2006 LMU-ASC 36/06 MPP-2006-51

hep-th/0605113

Comments on noncommutative gravity

Luis Álvarez-Gaumé^{a, 1}, Frank Meyer^{b, 2} and Miguel A. Vázquez-Mozo^{c, 3}

a Theory Group, Physics Department CERN, CH-1211 Geneva 23, Switzerland b Arnold Somerfeld Center for Theoretical Physics, Universität München, Theresienstraße 37, D-80333 Munich, Germany and Max-Planck-Institut für Physik, Föhriger Ring 6, D-80805 Munich, Germany.

c Departamento de Física Fundamental, Universidad de Salamanca, Plaza de la Merced s/n, E-37008 Salamanca, Spain and Instituto Universitario de Física Fundamental y Matemáticas (IUFFyM), Universidad de Salamanca, Salamanca, Spain

Abstract

We study the possibility of obtaining noncommutative gravity dynamics from string theory in the Seiberg-Witten limit. We find that the resulting low-energy theory contains more interaction terms than those proposed in noncommutative deformations of gravity. The rôle of twisted diffeomorphisms in string theory is studied and it is found that they are not standard physical symmetries. It is argued that this might be the reason why twisted diffeomorphisms are not preserved by string theory in the low energy limit. Twisted gauge transformations are also discussed.

1Luis.Alvarez-Gaume@cern.ch
2meyerf@theorie.physik.uni-muenchen.de
3Miguel.Vazquez-Mozo@cern.ch

1 Introduction

The construction of consistent noncommutative deformations of Einstein gravity has been a subject of interest for some time (for an incomplete list of references see [1, 2, 3]). Following the standard procedure to construct noncommutative deformations of gauge and scalar theories [4], noncommutative versions of the Einstein-Hilbert action have been obtained by replacing the ordinary product by the noncommutative Moyal product f(x) ⋆ g(x) = f(x)e^{i2 θμν ←−∂ μ−→∂ ν} g(x). (1.1) There are many ways in which these deformations have been implemented. Generically, noncommutative deformations of gravity lead to a complexification of the metric as well as of the local Lorentz invariance of the theory which is no longer SO(1,3) but U(1,3) or larger [2]. This results in theories with hermitian metrics reminiscent of those studied long ago by Einstein and Straus [5]. These theories are known to contain ghost states [6] (for some proposal to overcome these problems see [3]).

An unsatisfactory feature of many of the approaches developed so far is that they are physically ad hoc, since the deformation of general relativity is not based on any general dynamical principle. Recently, however, a new approach has been proposed in which a deformation of the Einstein-Hilbert action is constructed based on a deformation of the group of diffeomorphisms [7, 8] (see [9] for a review). The idea behind it is to replace the diffeomorphism invariance of general relativity by a twisted version of this symmetry [10], i.e. deforming the Hopf algebra structure of the universal enveloping algebra of the Lie algebra of vector fields by twisting the coproduct in the appropriate way (see also [11]). Roughly speaking this amounts to keeping the action of the diffeomorphisms on the physical “primary” fields unchanged while deforming the Leibniz rule when taking the action of diffeomorphisms on the product of two fields. This change have the effect that diffeomorphisms now act “covariantly” on the star-product of two fields.

Once the deformation of the diffeomorphisms has been introduced a gravity action can be written with the requirement of invariance under the action of the twisted transformations. As with other proposals for noncommutative gravity, the deformed Einstein-Hilbert action can be written in terms of star-products. Nevertheless, unlike other proposals, this construction has the obvious advantage of being based on an underlying symmetry principle.

One may wonder whether string theory can reproduce the deformed gravity action proposed in [7, 8] in some limit. It is known that the strict Seiberg-Witten [12] limit results in a complete decoupling of gravity. This is because in order to retain nontrivial gauge dynamics on the brane one has to scale the closed string coupling constant to zero in the low-energy limit. As a result, closed string states decouple at low energies and the resulting theory is not coupled to gravity.

By looking at the next-to-leading order in the Seiberg-Witten limit it is possible to study the dynamics of closed strings in the presence of a constant B-field. In this paper we will study the gravitational action induced by the bosonic string theory on a space-filling D-brane with a constant magnetic field in the low energy limit. We find that the induced terms for the interaction vertex of three gravitons on the brane contain terms which cannot be derived from an action expressed solely in terms of star-products and therefore are not accounted for in the noncommutative gravity action proposed in [7, 8]. Moreover, these new terms scale in the same way in the Seiberg-Witten limit as the ones associated with star-products and we have found no physical argument that allows their consistent elimination to reproduce an induced gravity action that can be expressed in terms of star-products alone.

We will see that this inability to reproduce a gravity action invariant under deformed diffeomorphisms can be traced back to the fact that the star-product is not “inert” under the action of space-time diffeomorphisms. As it will be shown below, the twisted Leibniz rule can be interpreted as resulting from applying the ordinary Leibniz rule but taking into account the transformation of the star-product. Hence the invariance of the deformed gravity action under twisted diffeomorphisms cannot be considered a physical symmetry in the standard sense, since the transformation involves not only the physical fields but also the star-products. Thus, string theory cannot provide the deformed diffeomorphisms at low energies since these transformations do not yield a physical symmetry of the theory.

The present paper is organized as follows: in Section 2 we will review the construction of the induced gravity action on D-branes in the standard case. After that, in Section 3, we will summarize the relevant aspects of the construction of the noncommutative gravity action presented in [7, 8]. We move on in Section 4 to study the gravity action induced on the brane in the presence of a B-field to the next-to-leading order in the Seiberg-Witten limit. As advertised, we will find extra terms not present in the field theory construction of the noncommutative action. Finally, in Section 5 we will try to understand in physical terms the mismatch between the string and field theory constructions, before summarizing our results in Section 6. In order to make the presentation more self-contained, Appendix A contains a summary of results and definitions concerning Hopf algebras.

2 Brane induced gravity from string theory

We begin by computing the gravitational action induced on the brane in the absence of a B-field. For simplicity we work here with the bosonic string in the presence of a space-filling D-brane. The analysis can be extended to superstrings and/or lower-dimensional D-branes [14].

We carry out the computation by evaluating the correlation functions of three graviton vertex operators on the disk. These correlation functions induce three-graviton interaction terms in the gravitational action on the brane. It is important to stress at this point that we are computing the gravitational action induced on the brane. It is well known that the graviton amplitudes on the disk contain divergences associated with the coincidence limit of two or more vertex operator insertions that are usually handled by considering the different factorization limits including the contributions of Riemann surfaces without boundaries [16]. In our case, however, we eliminate these divergences by adding appropriate counterterms in the induced action on the brane. Then the divergences in the string amplitudes will be absorbed in a renormalization of the coefficients multiplying the different terms in the induced gravitational action. From this point of view the origin of the terms in the induced action is similar to the way in which λϕ^3 and λϕ^4 interaction terms are induced in the Yukawa theory.

We have to calculate the disk correlation function of three graviton vertex operators [17, 18]

V_p = g_s α^′ ε_{μν} (p) ∫ d^2z∂X^μ∂X^ν e^{ip·X} (z, z), ε_{[μν]}(p) = 0 = η^{μν} ε_{μν} (p), (2.1) where the symmetric-traceless polarization tensor has to satisfy the transversality conditions p^με_{μν} (p) and the momentum has to be on-shell, p^2 = 0, for the vertex operator to be a primary field with conformal weight (1,1). Naively, the coupling between three on-shell gravitons (or gauge fields) vanishes for kinematical reasons. In our case we remain on-shell while continuing the momenta to complex value, in such a way that the resulting amplitudes give a nonzero result from which the induced couplings can be read off.

The relevant quantity to evaluate is the correlation function of three graviton vertex operators

⟨V_{p1} V_{p2} V_{p3} ⟩_D = g^2_s (α^′)^3 ∫ D 3∏ i=1 d^2z_i⟨⟨ 3∏ k=1 ∂X^μ∂X^ν e^{ip·X} (z_k, z_k )⟩⟩_D, (2.2) where ⟨⟨. . .⟩⟩_D indicates the correlation function of the corresponding operator on the disk. In order to carry out the calculation, it is very convenient to rewrite the polarization tensors as ε_{μν} ≡ ζ_μζ_ν so that the graviton vertex operator can be expressed as

V_p = g_s ∫ d^2z e^{iP·X} | | |_{ζζ} (2.3)

where by the subscript we indicate that only the part linear in ζ_μζ_ν has to be kept, and P_μ is defined by P_μ ≡ p_μ − i √ α^′ ζ_μ∂ − i √ α^′ ζ_μ∂. (2.4)

Proceeding in this way the correlation function of three gravitons can be written in a way similar to the three tachyons amplitude with the momenta p_μ replaced by P_μ,

⟨V_{p1} V_{p2} V_{p3} ⟩_D = g^2_s (α^′)^{13}

(2π)^{26}δ(p_1 + p_2 + p_3) ∫ D 3∏ i=1 d^2z_i 3∏ k<ℓ e^{−Pk ·PℓG(zk ,zℓ)} | | | |_{(ζζ)3} , (2.5)

where the delta function and the powers of α^′ arise from the integration over the zero modes of X^μ(z, z) and G(z, w) is the propagator of the Laplacian on the disk G(z, w) = −α^′ ( log |z − w| − log |z − w| ) . (2.6)

If we use now the momentum conservation together with the on-shell condition for the momenta, the exponent inside the integral in Eq. (2.5) simplifies to 3∑ k<ℓ P_k · P_ℓG(z_k, z_ℓ) = − i √ α^′ 3∑ k≠ℓ [ (p_k · ζ_ℓ)∂_ℓ + (p_k · ζ_ℓ)∂_ℓ ] G(z_k, z_ℓ)

− 1 2α^′ 3∑ k≠ℓ [ (ζ_k · ζ_ℓ)∂_k∂_ℓ + (ζ_k · ζ_ℓ)∂_k∂_ℓ ] G(z_k, z_ℓ) (2.7)

− 1 α^′ 3∑ i≠j (ζ_i · ζ_j )∂_i∂_j G(z_i, z_j ).

In order to obtain the terms in the effective action we have to expand the exponential in Eq. (2.5), exp [ − ∑_3 k<ℓ P_k · P_ℓG(z_k, z_ℓ) ] keeping the terms linear in ζ_μζ_ν . Doing this we obtain terms with two, four and six momenta that induce interactions in the action that are associated respectively with terms linear, quadratic and cubic in the Riemann tensor [16] (the term without derivatives is associated to a “cosmological” term proportional to √ −g). The only terms that contributes to the Einstein-Hilbert term are those with two momenta given by

e^{− ∑3k<ℓ Pk ·PℓG(zk ,zℓ)} | | |_{(ζζ)3} = − 1 (α^′)^3 3∑ i,ℓ=1 3∑ (j,a,b)=1 3∑ (m,c,d)=1 (p_i · ζ_j )(p_ℓ · ζ_m)(ζ_a · ζ_b)(ζ_c · ζ_d)

× ∂_j G_{reg}(z_i, z_j )∂_mG_{reg}(z_ℓ, z_m)∂_a∂_bG_{reg}(z_a, z_b)∂_c∂_dG_{reg}(z_c, z_d) + 3∑ (j,a,c)=1 3∑ [m,b,d]=1 (p_i · ζ_j )(p_ℓ · ζ_m)(ζ_a · ζ_b)(ζ_c · ζ_d)

× ∂_j G_{reg}(z_i, z_j )∂_mG_{reg}(z_ℓ, z_m)∂_a∂_bG_{reg}(z_a, z_b)∂_c∂_dG_{reg}(z_c, z_d) + 3∑ (a,j,m)=1 3∑ {a,b,c}=1 (p_i · ζ_j )(p_ℓ · ζ_m)(ζ_a · ζ_b)(ζ_c · ζ_d) (2.8)

× ∂_j G_{reg}(z_i, z_j )∂_mG_{reg}(z_ℓ, z_m)∂_a∂_bG_{reg}(z_a, z_b)∂_c∂_dG_{reg}(z_c, z_d) + 3∑ (a,j,m)=1 3∑ {m,b,c}=1 (p_i · ζ_j )(p_ℓ · ζ_m)(ζ_a · ζ_b)(ζ_c · ζ_d)

× ∂_j G_{reg}(z_i, z_j)∂_mG_{reg}(z_ℓ, z_m)∂_a∂_bG_{reg}(z_a, z_b)∂_c∂_dG_{reg}(z_c, z_d) ] , where we have used the notation (a, b, c) to indicate a sum where all the three indices are different and b < c, [a, b, c] to denote that all three indices are different and in addition b > d and {a, b, c} that the three indices are different without any further constraint. We have also indicated that the propagators have to be regularized in the coincidence limit for the expression to be finite.

A calculation of the corresponding integrals gives the following expression for the term with two momenta [16]

⟨V_1V_2V_3⟩_p2 = A [ (p_3 · ε_1 · p_3)(ε_2 · ε_3) + (p_1 · ε_3 · p_1)(ε_1 · ε_2) + (p_2 · ε_1 · p_2)(ε_2 · ε_3) + 2(p_1 · ε_3 · ε_2 · ε_1 · p_2) + 2(p_2 · ε_1 · ε_3 · ε_2 · p_3) + 2(p_3 · ε_2 · ε_1 · ε_3 · p_1) ] , (2.9) where the coefficient A is given by^4 A = − g^2_s (α^′)^3 ∫ D 3∏ i=1 d^2z_i | | |(∂2G12 − ∂2G32)∂1∂3G13 | | |^2. (2.10)

This integral has divergences associated with the coincidence limits of two or more insertions which, by conformal invariance, are related to the factorization limits containing closed string amplitudes. These divergences can be regularized in a way compatible with both conformal invariance and target-space general covariance [16]. In our case, as explained above, these divergences will be reabsorbed in a renormalization of the coupling constant.

In constructing the induced graviton interactions on the brane we have to be careful in normalizing the graviton field properly. In particular, because the disk amplitude with two graviton vertex operators is nonvanishing [16] and scales as g_s, we have to reabsorb powers of the string coupling constant in the definition of the graviton field in such a way that the quadratic term in the effective action is independent of g_s. Therefore we take the following correspondence between the graviton wave function h_{μν} (x) and the polarization tensor ε_{μν} (p)

g^{12}s (α^′)^7 ∫ d^{26}p (2π)^{26} ε_{μν} (p)e^{ip·x} −→ h_{μν} (x). (2.11) With this normalization, it is easy to see that the perturbative expansion can be written as an expansion not in powers of the closed string coupling, g_s, but of the so-called open string coupling constant, g_o = g^{12}s . Then, the gravitational constant κ scales as

κ ∼ g^{12}s (α^′)^6 = g_o(α^′)^6. (2.12)

Notice that this scaling with the string coupling constant is different from the one that emerges in the string low energy effective action, κ ∼ g_s(α^′)^6. The reason behind is of course that, strictly speaking, here we are not computing the low energy effective action but the gravity action induced on the brane at low energies.

Taking into account the previous discussion, the corresponding term in the effective action induced by the part of the amplitude represented by (2.9) can be computed from

ΔS_2 = (α^′)^{26} ∫ d^{26}p_1 (2π)^{26} d^{26}p_2 (2π)^{26} d^{26}p_3 (2π)^{26}

(2π)^{26}δ(p_1 + p_2 + p_3) ⟨V_{p1} V_{p2} V_{p3} ⟩_p2 , (2.13)

4To avoid cumbersome expressions we have factored out explicitly the momentum conservation delta function (α^′)^{−13}(2π)^{26}δ(p_1 + p_2 + p_3).

leading to the following induced term in the Lagrangian

ΔL_2 = −2κ ( 2h^{σμ}∂_μh^{αβ}∂_β h_{ασ} + h^{μσ} h_{αβ}∂_σ∂_μh^{αβ} ) . (2.14)

This term can be obtained from the Einstein-Hilbert term L_{EH} =^1_{2κ2} √ −gR in the weak field

expansion near Minkowski space-time, g_{μν} = η_{μν} + 2κh_{μν} .

The terms with four and six momenta induce contributions to the action containing higher

powers of the curvature tensor. With four momenta we find the following tensor structure

⟨V_1V_2V_3⟩_p4 = B [ (p_1 · ε_2 · ε_3 · p_1)(p_2 · ε_1 · p_3) + (p_2 · ε_3 · ε_1 · p_2)(p_3 · ε_2 · p_1)

+ (p_3 · ε_1 · ε_2 · p_3)(p_1 · ε_3 · p_2) ] (2.15)

where the coefficient B is given by B = −2 g^2_s (α^′)^3 Re ∫ D 3∏ i=1 d^2z_i | |(∂_2G_{12} − ∂_2G_{32}) | |^2[(∂_1G_{12} − ∂_1G_{31})(∂_2G_{13} − ∂_3G_{23})∂_2∂_3G_{23}

+ (∂_1G_{12} − ∂_1G_{31})(∂_2G_{13} − ∂_3G_{23})∂_2∂_3G_{23} ] (2.16)

and we assume that the divergences arising from the coincidence limits have been properly

regularized. As in the previous case, this amplitude induces a term in the effective action

that can be computed as in Eq. (2.13) with the result

ΔL_4 = −8a_4α^′κh^{μν} ∂_μ∂_σh^{αβ}∂_α∂_βh^σ_ν , (2.17)

where a_4 is a numerical constant. As explained in [16], a term of this type arises from the

weak field expansion of a piece in the effective action quadratic in the curvature tensor,

α^′a_4 2κ^2 √ −gR_{μν,σλ}R^{μν,σλ}. Finally we analyze the term with six momenta. From the calculation of the disk amplitude

we get

⟨V_1V_2V_3⟩_p6 = C(p_1 · ε_2 · p_1)(p_2 · ε_3 · p_2)(p_3 · ε_1 · p_3), (2.18)

with C = − g^2_s (α^′)^3 ∫ D 3∏ i=1 d^2z_i | | |(∂2G12 − ∂2G32) | | |^2 | | |(∂3G23 − ∂3G13) | | |^2 | | |(∂1G31 − ∂1G21) | | |^2. (2.19)

Following the same procedure as above, it can be seen that this part of the three-graviton amplitude induces the following term in the effective action

ΔL_6 = 8a_6(α^′)^2κ∂_μ∂_ν h^{αβ}∂_α∂_σh^{λν} ∂_λ∂_βh^{μσ} . (2.20)

Again a_6 is a new dimensionless coupling. This piece of the induced action is the leading term of^{a6(α′)2}_{2κ2} √ −gR^{μν}_{αβ}R^{αβ}_{σλ}R^{σλ}_{μν} in the expansion around flat space-time.

Putting together the previous results (2.14), (2.17) and (2.20) we conclude that open strings induce a three-point graviton action which reproduces the weak-field expansion of the induced action

S_{ind} = 1 2κ^2 ∫ d^{26}x √ −g [a_0 α^′ + R + a_4α^′R_{μν,σλ}R^{μν,σλ} + a_6(α^′)^2R^{μν}_{αβ}R^{αβ}_{σλ}R^{σλ}_{μν} + . . . ] .(2.21)

Terms containing higher powers of the curvature tensor do not contribute to the three-graviton amplitude. In the spirit of induced gravity, the divergences contained in the integrals in Eqs. (2.16) and (2.19) are absorbed into the renormalized couplings a_0, κ, a_4 and a_6.

3 Noncommutative gravity

Einstein’s General Relativity, including the cosmological constant term, can be derived by requiring general covariance and that the action contains only up to two derivatives of the metric. In the case of noncommutative gravity a similar approach has been advanced in [7, 8] where local diffeomorphisms are twisted. In the following we review some basic aspects of this approach and study the corrections to the standard gravitational action in the weak field expansion around flat space-time. The extra couplings between gravitons depending on the noncommutativity parameter θ^{μν} are the ones we will try to obtain from string theory in Section 4.

3.1 Deformed diffeomorphisms

As already explained above, the starting point in the approach of [7, 8] is the deformation of diffeomorphisms by twisting. In General Relativity, infinitesimal diffeomorphisms are generated by vector fields ξ(x) = ξ^σ ∂_σ. Their action on the physical tensor fields T^{(p)}_{(q)} (x) of type (p, q) is given by

T^{′(p)}_{(q)}(x + ξ) = T^{(p)}_{(q)} (x), (3.1) where T^{′(p)}_{(q)}(x) represents the transformed tensor field. By expanding to linear order in ξ the transformation of T^{(p)}_{(q)} (x) can be written in terms or its Lie derivative as

δ_ξT^{(p)}_{(q)} (x) ≡ T^{(p)}_{(q)} (x + ξ) − T^{(p)}_{(q)} (x) = −L_ξT^{(p)}_{(q)} (x), (3.2)

or in components δ_ξT^{μ1...μp} ν_1...ν_q (x) = −ξ α(x)∂_αT^{μ1...μp}_{ν1...νq} (x) + ∂_αξ^{μ1} (x)T^{α...μp}_{ν1...νp} (x) + . . . + ∂_αξ^{μn} (x)T^{μ1...α}_{ν1...νq} (x) − ∂_{ν1} ξ^β (x)T^{μ1...μp}_{β...νq} (x) − . . . − ∂_{νq} ξ^β (x)T^{μ1...μp}_{ν1...β} (x). (3.3) In addition, the infinitesimal diffeomorphism generated by ξ acts on the product of two tensor fields T^{(p1)}_{1 (q1)}(x), T^{(p2)}_{2 (q2)}(x) via the Leibniz rule δ_ξ [ T^{(p1)}_{1 (q1)}(x)T^{(p2)}_{2 (q2)}(x) ] = δ_ξT^{(p1)}_{1 (q1)}(x) T^{(p2)}_{2 (q2)}(x) + T^{(p1)}_{1 (q1)}(x) δ_ξT^{(p2)}_{2 (q2)}(x). (3.4)

In a theory deformed by replacing standard products by the Moyal star-products (1.1) the application of the Leibniz rule (3.4) shows that the product of two tensor fields does not transform covariantly, i.e. unlike in the case analyzed above T^{(p1)}_{1 (q1)}(x) ⋆ T^{(p2)}_{2 (q2)}(x) does not transform as a tensor of type (p_1 + p_2, q_1 + q_2). This means that a noncommutative gravity theory based on replacing standard (commutative) products by star-products will fail to be invariant under diffeomorphisms.

This fact, however, does not necessarily mean that there are no other transformations leaving invariant the action of the deformed theory and that, in the limit θ^{μν} → 0, reduce to the standard diffeomorphism invariance. There are in principle two possible ways to find the deformed transformations. The first one is to deform the action of infinitesimal diffeomorphisms (3.2) on the fields in such a way that, using the Leibniz rule, the deformed action remains invariant. This is analogous to how gauge invariance gets deformed to star-gauge invariance in gauge theories on noncommutative spaces.

A second alternative is to keep the transformations (3.2) intact but to deform the way it acts on products of fields. In [7, 8] a twist of the standard diffeomorphisms has been constructed to achieve precisely this. The idea behind it is the realization that the universal enveloping algebra of vector fields has a Hopf algebra structure (some basic facts about Hopf algebras, as well as the notation used here, are summarized in Appendix A). In particular, for an infinitesimal diffeomorphism generated by ξ ≠ 1, the coproduct Δ(ξ) can be defined to be^5

Δ(ξ) = ξ ⊗ 1 + 1 ⊗ ξ, (3.5)

while Δ(1) = 1 ⊗ 1.

In fact, the choice of the coproduct determines the way the algebra of diffeomorphisms acts on the products of fields. For a given vector field ξ, the action on the product of two tensor fields T^{(p1)}_{1 (q1)}(x), T^{(p2)}_{2 (q2)}(x) is given by [cf. Eq. (A.16)]

δ_ξ[T^{(p1)}_{1 (q1)}(x)T^{(p2)}_{2 (q2)}(x)] ≡ μ { Δ(ξ) [ T^{(p1)}_{1 (q1)}(x) ⊗ T^{(p2)}_{2 (q2)}(x) ]} . (3.6)

Using the coproduct (3.5) the standard Leibniz rule (3.4) is retrieved.

Equation (3.5) is not the only possible choice for a coproduct to define a Hopf algebra structure in the algebra of infinitesimal diffeomorphisms. In particular it is possible to introduce the twist operator F = e^{− i2 θμν ∂μ⊗∂ν} , (3.7) in terms of which a new twisted coproduct is defined as

Δ(ξ)_F = F (ξ ⊗ 1 + 1 ⊗ ξ) F^{−1}. (3.8)

The twist operator (3.7) enters also in the definition of the star-product of two fields

T^{(p1)}_{1 (q1)}(x) ⋆ T^{(p2)}_{2 (q2)}(x) = μ { F^{−1} [ T^{(p1)}_{1 (q1)}(x) ⊗ T^{(p2)}_{2 (q2)}(x) ]} ≡ μ_⋆ [ T^{(p1)}_{1 (q1)}(x) ⊗ T^{(p2)}_{2 (q2)}(x) ] , (3.9)

which is just a more sophisticated way of writing Eq. (1.1).

It is important to stress that the twist does not change the action of infinitesimal diffeomorphisms on the fields, that it is still given by (3.2). The effect of the twist is to change the coproduct and consequently the action of diffeomorphisms on the product. By using Hadamard’s formula e^ABe^{−A} = ∞∑ n=0 1 n! [ A, [A, . . . [A n , B] . . .]], (3.10)

5In the case of infinitesimal diffeomorphisms, the identity 1 correspond to the diffeomorphism generated by a vanishing vector field

the twisted coproduct (3.8) can be written in powers of θ^{μν} as

Δ(ξ)_F = ξ ⊗ 1 + 1 ⊗ ξ (3.11) + ∞∑ n=1 (−i/2)^n n! θ^{μ1ν1} . . . θ^{μn νn} { [∂_{μ1} , [∂_{μ2} , . . . [∂_{μn} , ξ] . . .]] ⊗ ∂_{ν1} ∂_{ν2} . . . ∂_{νn} + ∂_{μ1} ∂_{μ2} . . . ∂_{μn} ⊗ [∂_{ν1} , [∂_{ν2} , . . . [∂_{νn} , ξ] . . .]] } . This twisted coproduct defines the action of the Lie algebra of vector fields on the star-product of two fields as δ_ξ [ T^{(p1)}_{1 (q1)}(x) ⋆ T^{(p2)}_{2 (q2)}(x) ] ≡ μ_⋆ { Δ(ξ)_F [ T^{(p1)}_{1 (q1)}(x) ⊗ T^{(p2)}_{2 (q2)}(x) ]} = δ_ξT^{(p1)}_{1 (q1)}(x) ⋆ T^{(p2)}_{2 (q2)}(x) + T^{(p1)}_{1 (q1)}(x) ⋆ δ_ξT^{(p2)}_{2 (q2)}(x) + ∞∑ n=1 (−i/2) n! θ^{μ1 ν1} . . . θ^{μn νn} { [∂_{μ1} [∂_{μ2} , . . . [∂_{μn} , δ_ξ] . . .]]T^{(p1)}_{1 (q1)}(x) ⋆ ∂_{ν1} ∂_{ν2} . . . ∂_{νn} T^{(p2)}_{2 (q2)}(x)

+ ∂_{μ1} ∂_{μ2} . . . ∂_{μn} T^{(p1)}_{1 (q1)}(x) ⋆ [∂_{ν1} , [∂_{ν2} , . . . [∂_{νn} , δ_ξ] . . .]]T^{(p2)}_{2 (q2)}(x) } . (3.12)

The interesting thing of this choice of the coproduct is that unlike the standard Leibniz rule, Eq. (3.12) guarantees that the star-product of two tensor fields of type (p_1, q_1) and (p_2, q_2) is a tensor of type (p_1 + p_2, q_1 + q_2). Therefore the star-product transforms “covariantly” with respect to twisted diffeomorphisms.

3.2 The deformed gravity action and its weak field expansion

Once the deformation of diffeomorphisms has been carried out, it is possible to proceed with the construction of the deformed gravity action. In [7, 8] a gravity action is presented and shown to be invariant under deformed diffeomorphisms. In D-dimensions this action reads^6

S_{⋆EH} = 1 2κ^2 ∫ d^D x [ (det_⋆ e^a_μ )Ĝ^{μν} ⋆ R_{μν} + c.c. ] . (3.13)

Here Ĝ^{μν} denotes the star-inverse of Ĝ_{μν} , i.e. Ĝ_{σν} ⋆ Ĝ^{μσ} = δ^μ_ν . In terms of the vielbein e^a_μ the deformed metric is given by

Ĝ_{μν} = 1 2 ( e^a_μ ⋆ e^b_ν + e^a_ν ⋆ e^b_μ ) η_{ab} = g_{μν} − 1 8 θ^{α1β1} θ^{α2β2} (∂_{α1} ∂_{α2} e^a_μ )(∂_{β1} ∂_{β2} e^b_ν ) + . . . , (3.14)

6Following the notation of Refs. [7, 8] we denote by Ĝ_{μν} the deformed metric and by g_{μν} its commutative limit θ^{μν} → 0. For other quantities, we denote the deformed ones with a hat.

and the star-determinant of the vielbein is defined by

det_⋆e^a_μ = 1 D! ϵ^{μ1...μD} ϵ_{a1...aD} e^{a1}_{μ1} ⋆ . . . ⋆ e^{aD}_{μD} . (3.15) The other ingredient of the deformed Einstein-Hilbert action (3.13), the Ricci tensor, is defined in terms of the deformed Riemann tensor R̂^λ μν,σ ≡ ∂νΓ̂ λ μσ − ∂_μΓ̂^λ_{νσ} + Γ̂^α_{νσ} ⋆ Γ̂^λ_{μα} − Γ̂^α_{μσ} ⋆ Γ̂^λ_{να} (3.16)

by R̂_{μν} ≡ R̂^σ_{μσ,ν} . In turn, the deformed Christoffel symbols Γ̂^σ_{μν} can be computed from the metric Ĝ_{μν} and its star-inverse by Γ̂^σ_{μν} = 1 2 ( ∂_μG_{να} + ∂_ν G_{μα} − ∂_αG_{μν} ) ⋆ Ĝ^{ασ} . (3.17)

As shown in [7, 8] the deformed action (3.13) is invariant under the deformed algebra of diffeomorphisms, δ_ξS_{⋆EH} = 0, acting on the fields in the way defined in the previous subsection.

Our main goal is to decide whether the deformed Einstein-Hilbert action (3.13) follows somehow from string theory, and the way in which we will do it is by comparing (3.13) to the terms in the gravitational action induced on the brane in the presence of a constant B-field. Since the string theory calculation proceeds by evaluating scattering amplitudes of gravitons, it is convenient to write the deformed gravity action in a weak-field expansion around flat space-time by writing

g_{μν} = η_{μν} + 2κh_{μν} . (3.18)

In the case of the vielbeins the weak field expansion is implemented by^7

e^a_μ = δ^a_μ + 2κτ^a_μ , (3.19)

where τ^a_μ is related to the graviton field by

τ^a_μ = 1 2 η^{ab}h_{μν} δ^ν_a. (3.20)

As above, we fix the gauge invariance by taking the transverse-traceless gauge, h^μ_μ = 0, ∂_μh^{μν} = 0.

7In the Euclidean case this relation can be obtained by noticing that in matrix notation g = ee^T . In addition, the real matrix e can be written as the product of an orthogonal and a symmetric matrix, e = SO. Therefore g = S^2 and S is given by the square root of the metric. Then in the weak field expansion S = 1 +^1_2 (2κh) and, fixing the gauge freedom to O = 1, we find that S = e ≡ 1 + (2κ)τ .

Moreover, in order to eventually compare with the string theory calculation presented in Section 4 in the weak field expansion (3.18) we will consider only the leading terms in the expansion in the noncommutativity parameter θ^{μν} . Using (3.14) and (3.19) we find for the deformed metric

Ĝ_{μν} = η_{μν} + 2κh_{μν} − κ^2 32 θ^{α1β1} θ^{α2β2} ∂_{α1} ∂_{α2} h^σ_μ ∂_{β1β2} h_{νσ} + O(κ^3, θ^4), (3.21)

whereas for its inverse there is also a linear term in θ^{μν}

Ĝ^{μν} = η^{μν} − 2κh^{μν} + κ^2 [ 4h^{μσ} h^ν_σ − 2iθ^{αβ}∂_αh^{μσ} ∂_βh^μ_σ − 3 8 θ^{α1β1} θ^{α2β2} (∂_{α1} ∂_{α2} h^{μσ} )(∂_{β1} ∂_{β2} h^ν_σ ) ] + O(κ^3, θ^3). (3.22)

In the case of the star-determinant of the vielbein det_⋆e^a_μ , as it also happens in the case in Einstein gravity, the only term contributing to the three-graviton amplitude is the leading one, det_⋆e^a_μ = 1 + O(κ, θ).

With these ingredients we can proceed to compute the leading θ-dependent terms in the three-graviton amplitude. Because the action (3.13) is real the first correction to the Einstein- Hilbert action has to contain two powers of the noncommutativity parameter. Hence, for dimensional reasons, we find that the first nontrivial contribution to the three-graviton vertex contains two powers of θ and six derivatives. Collecting all the terms of this type we find that the leading correction to the three-graviton vertex is

Δ_θL_{EH} = 1 2κ^2 [ Ĝ^{μν(2)}R_{νμ} + g^{μν}R̂^{(2)}_{νμ} + Ĝ^{μν(1)}R̂^{(1)}_{νμ} ]| | h^3

+ total derivatives,

where by the superindex (k) we denote the terms with k powers of θ^{μν} and the subindex h^3 indicates that we are keeping only the terms with three graviton fields. Using the expressions given above for the different terms and after a long but straightforward calculation we find the sought term to be

Δ_θL_{EH} = 1 2 κθ^{νγ} θ^{ηρ} ( 2h^{σμ}∂_μ∂_ν ∂_ηh^{αβ} ∂_β∂_γ ∂_ρh_{ασ} + ∂_γ ∂_ρh^{μσ} h_{αβ}∂_σ∂_μ∂_ν ∂_ηh^{αβ} ) + terms vanishing on-shell. (3.23)

In our analysis we are going to ignore those terms in the action that are zero by applying the equations of motion. The reason is that ultimately we want to compare this result with the induced gravity action obtained from the string theory amplitudes. Since string theory only allows the computation of on-shell scattering amplitudes, any term in the effective action vanishing on-shell cannot be accounted for. In order to compare with later results, we can rewrite this term in momentum space as Δ_θL_{EH} = − κ 12 (p_{2 μ}θ^{μν} p_{3 ν} )^2 [ 2p_{3 σ}p_{2 λ}h^{σβ} (p_1)h_{βη}(p_2)h^{ηλ}(p_3) + h^{σλ}(p_1)p_{2 α}p_{2 β}h_{σλ}(p_2)h^{αβ} (p_3) ] + O(p_i · p_j ). (3.24) We notice that the term in brackets has the same tensor structure as the standard Einstein- Hilbert terms for three gravitons, Eq. (2.9). The reason is simple. Since we are expanding around flat space, the kinetic term in the graviton action L_{kin} =^1_2 h_{μν} (−∇^2)h^{μν} is invariant under Lorentz transformations. In the absence of noncommutativity this symmetry would be preserved by all the terms in the weak-field expansion of the Einstein-Hilbert Lagrangian, unlike in our case where the presence of θ^{μν} breaks that symmetry. However, in the terms computed we find that the only source of Lorentz violation is the overall factor (p_{2 μ}θ^{μν} p_{3 ν} )^2 while the rest of the expression, not containing any power of θ^{μν} , has to preserve Lorentz invariance. As we know, there is only one term with this property that contains two momenta and three graviton fields, and this is precisely the three-graviton vertex of the Einstein action given in Eq. (2.9).

4 Induced noncommutative gravity and the Seiberg- Witten limit

We now turn to the question of whether the term (3.23) can be obtained in some low energy limit of string theory. As in Section 2 we restrict our attention to the case of the bosonic string on a D25-brane. Graviton interactions on lower-dimensional branes have been considered in [13]. Applications of the Seiberg-Witten map to the study of induced gravity on noncommutative spaces have been studied in [23].

In the Seiberg-Witten limit [12] the low-energy limit α^′ → 0 is taken while keeping fixed the open string metric G_{μν} , the noncommutativity parameter θ^{μν} and the gauge coupling constant g_{YM}. This limit can be implemented by introducing a control parameter ϵ → 0 an scaling α^′, the closed string metric g_{μν} and the closed string coupling constant g_s according to ϵ^{12} α^′, ϵ g_{μν} and ϵ^{12} g_s, (4.1) where we have assumed that the B-field has maximal rank r = 24.

From the scaling of g_s we see how closed string states decouple in the Seiberg-Witten limit. The resulting low-energy field theory is not coupled to gravity and no gravity action can be obtained in this low-energy limit. Nevertheless, the gravitational couplings can be studied by considering terms which are subleading in the Seiberg-Witten limit, i.e. terms in the action which scale with positive powers of ϵ in the limit ϵ → 0. Since we are interested in reproducing the θ-dependent terms in the three-graviton interaction vertex, the relevant string amplitude to compute is the disk with three graviton vertex operators insertions. The most important change with respect to the standard calculation presented in [16] is that now, due to the presence of the B-field, the disk propagator has the form ⟨X^μ(z, z)X^ν (w, w)⟩_D = −α^′ [ 1 √ ϵ g^{μν} ( log |z − w| − log |z − w| )

+ √ ϵ(−Θ^2)^{μν} log |z − w|^2 + Θ^{μν} log ( z − w z − w )] , (4.2)

where we have introduced the dimensionless noncommutativity parameter Θ^{μν} =^1_{2πα′} θ^{μν} .

Once the disk propagator is known, the three-graviton amplitude can be computed using the same techniques applied in the calculation presented in Section 2, namely

⟨V_{p1} V_{p2} V_{p3} ⟩_D = ϵ^{− 112} g^2_s (α^′)^{13}

(2π)^{26}δ(p_1 + p_2 + p_3) × ∫ D 3∏ i=1 d^2z_i exp { − 3∑ k<ℓ [ 1 √ ϵ P_k · P_ℓG(z_k, z_ℓ) (4.3)

+ √ ϵP_k • P_ℓH(z_k, z_ℓ) + P_k ∧ P_ℓK(z_k , z_ℓ) ] − 1 2 √ ϵ 3∑ k=1 P_k • P_kH(z_k, z_k) }| | |_{(ζζ)3} , where G(z, w) is the propagator on the disk, H(z, w) = −α^′ log |z − w|^2 K(z, w) = −α^′ log ( z − w z − w ) (4.4)

and we have introduced the notation

a • b ≡ a_μ(−Θ^2)^{μν} b_ν , a ∧ b ≡ a_μΘ^{μν} b_ν . (4.5)

It is also important to keep in mind that the •- and ∧-products contain all the dependence on the noncommutativity parameter. Notice also that we have factored out all powers of ϵ so that we have a good control on the Seiberg-Witten limit. This means that P_μ is now given by P_μ ≡ p_μ − i ϵ^{14} √ α^′ ζ_μ∂ − i ϵ^{14} √ α^′ ζ_μ∂. (4.6)

In order to reproduce the first θ-dependent correction in the noncommutative gravity action (3.13) we need terms containing two θ’s and six momenta. There are multiple ways of obtaining this term from Eq. (4.3). In particular, bringing down all the terms of the form (p_i ∧ p_j )(p_k ∧ p_ℓ)K(z_i, z_j )K(z_k, z_ℓ) from the exponent, we find the following contribution to the amplitude^8

ϵ^{− 112} g^2_s (α^′)^{13}

(2π)^{26}δ(p_1 + p_2 + p_3)(p_1 ∧ p_2)^2 ∫ D 3∏ i=1 d^2z_i K(z_1, z_2)^2 3∏ k<ℓ e^{− 1√ϵ Pk ·PℓG(zk ,zℓ)} | | | | (ζζ)^3

,(4.7)

where in the exponential we have to keep the terms with two momenta and three polarization tensors. Since all the dependence on the noncommutativity parameter is already factored out, we can use our results of Section 2 to write the amplitude as

^A (p_1 ∧ p_2)^2 [ (p_3 · ε_1 · p_3)(ε_2 · ε_3) + 2(p_1 · ε_3 · ε_2 · ε_1 · p_2) + permutations ] , (4.8)

with ^A = −ϵ^{− 5}2 g^{2s} (α^′)^3 ∫ D 3∏ i=1 d^2z_i K(z_1, z_2)^2 | | |(∂2G12 − ∂2G32)∂1∂3G13 | | |^2 (4.9)

and we have not included explicitly the overall factor implementing momentum conservation, ( √ ϵα^′)^{−13}(2π)^{26}δ(p_1 + p_2 + p_3). We proceed now as in Section 2 by rescaling the graviton wave function according to (2.11). Using Eq. (2.13) the corresponding induced term in the action can be computed to be

ϵ^{212} b_2κθ^{νγ} θ^{ηρ} ( 2h^{σμ}∂_μ∂_ν ∂_ηh^{αβ} ∂_β∂_γ ∂_ρh_{ασ} + ∂_γ ∂_ρh^{μσ} h_{αβ}∂_σ∂_μ∂_ν ∂_ηh^{αβ} ) , (4.10)

with b_2 the dimensionless coupling. This term is precisely of the form found in Eq. (3.24) for the first θ-dependent correction to the Einstein-Hilbert action. We notice that, as expected, the induced term is suppressed by an overall positive power of ϵ.

8At this stage one should not worry about the overall negative power of ϵ, since this is only due to the normalization chosen for the correlation function. As we see below the properly normalized induced term in the effective action is suppressed by a positive power of ϵ.

Unfortunately together with the wanted term (4.8) string theory gives us a whole plethora of other terms which are not found in the noncommutative gravity action (3.13) and that, moreover, scale the same way as (4.8) in the Seiberg-Witten limit. In particular we can look at the term obtained from (4.3) by taking down all the terms proportional to p_k • p_ℓ (k ≠ ℓ) from the exponential

ϵ^{−5} g^2_s (2π)^{26}δ(p_1 + p_2 + p_3)(p_1 • p_2 + p_1 • p_3 + p_2 • p_3) × ∫ D 3∏ i=1 d^2z_i H(z_1, z_2) 3∏ k<ℓ e^{− 1√ϵ Pk ·PℓG(zk ,zℓ)} | | | | (ζζ)^3

. (4.11)

Since we have factored out two momenta and two powers of the noncommutative parameters we need to keep the terms in the expansion of the exponential that contain three polarization tensors and four momenta. Again we can go back to Section 2 to write

^B (p_1 • p_2 + p_1 • p_3 + p_2 • p_3) [ (p_1 · ε_2 · ε_3 · p_1)(p_2 · ε_1 · p_3) + (p_2 · ε_3 · ε_1 · p_2)(p_3 · ε_2 · p_1) + (p_3 · ε_1 · ε_2 · p_3)(p_1 · ε_3 · p_2) ] , (4.12)

where now after factoring out (α^′ √ ϵ)^{−13}(2π)^{26}δ(p_1 + p_2 + p_3) we have

^B = −ϵ^{− 5}2 2g^{2s} (α^′)^3 ∫ D 3∏ i=1 d^2z_i | | |∂2G12 − ∂2G32 | | |^2H(z1, z2) [ (∂_1G_{12} − ∂_1G_{31}) (4.13)

× (∂_2G_{13} − ∂_3G_{23})∂_2∂_3G_{23} + (∂_1G_{12} − ∂_1G_{31})(∂_2G_{13} − ∂_3G_{23})∂_2∂_3G_{23} + c.c. ] . This amplitude induces a term in the action is not present in the weak-field expansion of the deformed action (3.13) and that furthermore cannot be written in terms of star-products. The problem however lies in that the new induced term has exactly the same scaling in the Seiberg-Witten limit, ϵ^{212} , as the one in Eq. (4.8), so both terms in the effective action are equally important in the low energy limit.

Actually this is not the end of the story, since there are many other terms which contain other θ-dependent couplings and that are of the same order in the low-energy limit. These, for example, include in principle terms proportional to

(p_i ∧ ε_k ∧ p_i) ≡ p_{i μ}Θ^{μν} ε_{k νσ} Θ^{σλ}p_{i λ} and (p_i • ε_k · p_i) ≡ p_{i μ}(−Θ^2)^{μν} ε_{k νσ} p^σ_i . (4.14)

Again, these terms scale in the Seiberg-Witten limit with the same power of ϵ as the others we have kept^9. As in the case of the other term discussed above the induced interactions in the action cannot be expressed in terms of star-products of the fields.

The result of our calculation is that in taking the low-energy limit of gravitons interacting with open strings there are terms in the induced effective action that cannot be written only in terms of star-products. In the end this should not be a surprise, since this is also known to happen when studying the coupling of open string states to closed strings [21, 22]. In particular, couplings of the type (4.14) are found in Ref. [21] when computing the coupling of gauge fields to closed string tachyons.

The bottom line is that the brane-induced low-energy dynamics of closed string theory in the presence of a B-field is much richer than the one contained in the deformed action proposed in [7, 8] (as, for that matter, in any other noncommutative deformation of gravity based only on star-products). In the following we will try to shed some light on the physical reason of why string theory does not yield the noncommutative deformation of gravity presented in Section 3.

5 Star-deformed symmetries versus twisted symmetries

In the last section we have seen how string theory is unable to account for any noncommutative theory of gravity based on star-products, in particular the one proposed in [7, 8]. In spite of all the caveats to be kept in mind while trying to derive noncommutative gravity from the Seiberg- Witten limit, it is quite surprising that the situation is so different from the one arising in gauge theories, where the Seiberg-Witten limit leads to a well-defined noncommutative gauge theory with gauge invariance deformed appropriately.

In this section we attempt to give an explanation of why string theory does not reproduce noncommutative gravity. In order to do that we are going to propose an interpretation of the twisted diffeomorphisms that allows, in our view, a better understanding of the rôle of this twisted symmetry in field theory.

9In the philosophy of induced gravity it is possible to reabsorb powers of ϵ in the graviton wavefunction in order that, for example, the two-graviton induced term scales like ϵ^0. This changes the overall scaling of the three-graviton interaction terms containing two powers of θ^{μν} from ϵ^{212} to ϵ^3 but does not change the relative scaling between the different terms.

5.1 Diffeomorphisms

Let us consider an arbitrary diffeomorphism generated by a vector field ξ(x) = ξ^μ(x)∂_μ. We consider two fields Φ_1, Φ_2 transforming under a finite diffeomorphism generated by a vector field ξ in two different representations R_1, R_2

Φ^′_1 = D_1(ξ)Φ_1, Φ^′_2 = D_2(ξ)Φ_2, D_1(ξ) ∈ R_1, D_2(ξ) ∈ R_2. (5.1) If the star-product of the two fields Φ_1 ⋆ Φ_2 transforms in the product representation R_1 ⊗ R_2 then F^{−1}Φ_1 ⊗ Φ_2 has to transform as (F^{−1}Φ_1 ⊗ Φ_2)^′ ≡ [D_1(ξ) ⊗ D_2(ξ)](F^{−1}Φ_1 ⊗ Φ_2). (5.2) Inserting now the identity 1 = [D_1(ξ)^{−1} ⊗ D_2(ξ)^{−1}][D_1(ξ) ⊗ D_2(ξ)] we find (F^{−1}Φ_1 ⊗ Φ_2)^′ = { [D_1(ξ) ⊗ D_2(ξ)]F^{−1}[D_1(ξ)^{−1} ⊗ D_2(ξ)^{−1}] }{ [D_1(ξ) ⊗ D_2(ξ)](Φ_1 ⊗ Φ_2) } = F^{′−1}Φ^′_1 ⊗ Φ^′_2, (5.3) where we have introduced the transformed operator F^{′−1} = [D_1(ξ) ⊗ D_2(ξ)]F^{−1}[D_1(ξ)^{−1} ⊗ D_2(ξ)^{−1}]. (5.4) Actually, by expanding F^{−1} in powers of the noncommutativity parameter θ^{μν} and inserting the identity, the transformed twist operator can be written as F^{′−1} = e^{i2 θμν [D1 (ξ)∂μD1 (ξ)−1]⊗[D2(ξ)∂μD2(ξ)−1]}. (5.5) Let us now focus on infinitesimal diffeomorphisms. By writing D_1(ξ) = e^{δξ,1} , D_2(ξ) = e^{δξ,2} (5.6) we find, at first order in the generators δ_{ξ,1}, δ_{ξ,2}

[D_1(ξ)∂_μD_1(ξ)^{−1}] ⊗ [D_2(ξ)∂_μD_2(ξ)^{−1}] = ∂_μ ⊗ ∂_ν − [∂_μ, δ_{ξ,1}] ⊗ ∂_ν − ∂_μ ⊗ [∂_ν , δ_{ξ,2}], (5.7) so the variation of the twist operator δ_ξF^{−1} = F^{′−1} − F^{−1} is given by δ_ξF^{−1} = e^{i2 θμν ∂μ⊗∂ν − i2 θμν [∂μ,δξ,1]⊗∂ν − i2 ∂μ⊗[∂ν ,δξ,2]} | | |_δ , (5.8) where the subscript δ indicates that we should only keep the terms linear in δ_{ξ,1} and δ_{ξ,2}.

In order to work out the expression (5.8) we make use of the relation e^{A+δA} | |_{δA} = ∫_1 0 ds e^{sA}δAe^{(1−s)A} = e^A ∫_1 0 dt e^{−tA}δAe^{tA}, (5.9) which together with Hadamard’s formula (3.10) leads to the following expression e^{A+δA} | |_{δA} = e^A ∞∑ n=0 (−1)^n (n + 1)! [ A, [A, . . .[A n , δA] . . .]], (5.10)

so δ_ξF^{−1} can be written as the following formal series linear in δ_{1,ξ}, δ_{2,ξ}

δ_ξF^{−1} = F^{−1} ∞∑ n=1 (−i/2)^n n! θ^{μ1 ν1} θ^{μ2 ν2} . . . θ^{μn νn} { [∂_{μ1} , [∂_{μ2} , . . . [∂_{μn} , δ_{ξ,1}] . . .]] ⊗ ∂_{ν1} ∂_{ν2} . . . ∂_{νn} + ∂_{μ1} ∂_{μ2} . . . ∂_{μn} ⊗ [∂_{ν1} , [∂_{ν2} , . . . [∂_{νn} , δ_{ξ,2}] . . .]] } . (5.11)

Therefore, the transformation of the star-product of Φ_1 and Φ_2 is given by

δ_ξ[Φ_1(x) ⋆ Φ_2(x)] ≡ μ[F^{′−1}Φ^′_1(x) ⊗ Φ^′_2(x)] − μ[F^{−1}Φ_1(x) ⊗ Φ_2(x)] = μ[F^{−1}δ_{ξ,1}Φ_1(x) ⊗ Φ_2(x)] + μ[F^{−1}Φ_1(x) ⊗ δ_{ξ,2}Φ_2(x)] + μ[(δ_ξF^{−1})Φ_1(x) ⊗ Φ_2(x)] (5.12) = δ_{ξ,1}Φ_1(x) ⋆ Φ_2(x) + Φ_1(x) ⋆ δ_{ξ,2}Φ_2(x) + Φ_1(x)(δ_ξ⋆)Φ_2(x),

where we have introduced the notation

Φ_1(x)(δ_ξ⋆)Φ_2(x) ≡ μ[(δ_ξF^{−1})Φ_1(x) ⊗ Φ_2(x)]. (5.13)

Using Eq. (5.8) we can write this extra term explicitly as

Φ_1(x)(δ_ξ⋆)Φ_2(x) = ∞∑ n=1 (−i/2)^n n! θ^{μ1ν1} . . . θ^{μn νn} { [∂_{μ1} , . . . [∂_{μn} , δ_{ξ,1}] . . .]Φ_1(x) ⋆ ∂_{ν1} . . . ∂_{νn} Φ_2(x)

+ ∂_{μ1} . . . ∂_{μn} Φ_1(x) ⋆ [∂_{ν1} , . . . [∂_{νn} , δ_{ξ,2}] . . .]Φ_2(x) } . (5.14)

In this calculation we have retrieved the twisted Leibniz rule that was obtained by twisting the Hopf algebra coproduct by the twist operator F. However, our analysis lead us to a different interpretation of the twisted Leibniz rule. Instead of thinking in term of a twisted symmetry we can interpret the deformed diffeomorphisms as the ordinary ones but with the additional condition that these act not only on the fields but on the star-product as well, according to Eq. (5.14). In other words, the twisted Leibniz rule emerges from the application of the standard one to Φ_1 ⋆ Φ_2 and taking into account the transformation of the star-product itself

δ_ξ(Φ_1 ⋆ Φ_2) = (δ_ξΦ) ⋆ Φ_2 + Φ_1 ⋆ (δ_ξΦ_2) + Φ_1(δ_ξ⋆)Φ_2, (5.15)

i.e., in transforming a star-product of operators we have consider the star-product as a differential operator with its own transformation properties. Notice that the transformation of the star-product depends on the representation of the fields we multiply.

This interpretation of the deformed diffeomorphisms actually allows a better understanding of the results found so far. In particular we see that the deformed diffeomorphisms, although leaving the deformed Einstein-Hilbert action invariant, are not bona fide physical symmetries, since they do not act just on the fields, but on the star-products as well. This prevents the application of the standard Noether procedure to obtain conserved currents. The same can be said with respect to Ward identities in the quantum theory.

It is interesting to particularize our analysis to the case of linear affine transformations, where we can recover the results of Ref. [24]. Considering, for simplicity, the product of two scalar fields Φ_1(x), Φ_2(x) the linear affine coordinate transformation

δx^μ = B^μ_ν x^ν + a^μ. (5.16)

induce the following tranformation for the scalar fields

δΦ(x) = −B^μ_ν x^ν ∂_μΦ(x) − a^μ∂_μΦ(x) ≡ (−B^μ_ν x^ν ∂_μ − a^μ∂_μ) Φ(x). (5.17)

This implies that

[∂_μ, δ] = −B^α_μ∂_α (5.18)

and, as a result, only the term with n = 1 in Eq. (5.14) survives so we find

Φ_1(x)(δ⋆)Φ_2(x) = i 2 θ^{μν} [ B^α_μ∂_αΦ_1 ⋆ ∂_ν Φ_2(x) + B^α_ν ∂_μΦ_1 ⋆ ∂_αΦ_2(x) ] = i 2 ( B^α_μθ^{μν} + θ^{ασ}B^ν_σ ) ∂_αΦ_1(x) ⋆ ∂_ν Φ_2(x) (5.19)

The interesting thing about the case of linear affine transformation is that this extra term in the Leibniz rule can actually be reabsorbed by a simultaneous transformation of the noncommutativity parameter [24]

δθ^{μν} = − (B^μ_αθ^{αν} + θ^{μσ} B^ν_σ ) , (5.20)

since in this case the transformation of Φ_1(x) ⋆_θ Φ_2(x) picks up an extra term associated to the transformation of θ^{μν} itself given by^{10}

δ_θ[Φ_1(x) ⋆_θ Φ_2(x)] ≡ Φ_1(x) ⋆_{θ+δθ} Φ_2(x) − Φ_1(x) ⋆_θ Φ_2(x) = i 2 δθ^{μν} ∂_μΦ_1(x) ⋆_θ ∂_ν Φ_2(x). (5.21)

This cancels exactly the extra term (5.19) in the twisted Leibniz rule and one is left with

δ_{total}[Φ_1(x) ⋆_θ Φ_2(x)] ≡ δ[Φ_1(x) ⋆_θ Φ_2(x)] + δ_θ[Φ_1(x) ⋆_θ Φ_2(x)] = δΦ_1(x) ⋆_θ Φ_2 + Φ_1(x) ⋆_θ δΦ_2(x), (5.22)

where δ indicates the variation of at constant θ^{μν} given by Eq. (5.15). Hence we have recovered the result of [24] that the star-product is covariant under affine linear transformations provided the noncommutativity parameter is also transformed. In particular, if one takes affine linear transformations belonging to the “little group”, i.e. those leaving θ^{μν} invariant, the extra term in the Leibniz rule (5.19) vanishes.

It is important to keep in mind that for this to work it is crucial that in the case of affine linear transformation the noncommutativity parameter does not pick up any dependence on the space-time coordinates. Of course this is not the case for general nonlinear transformations of the coordinates, in which case there is no transformation of the (constant) noncommutativity parameter that allows a covariantization of the Moyal star-product.

5.2 Gauge theories

The situation in gauge theories is somewhat different. It is crucial that in this case we have in principle the Seiberg-Witten map relating ordinary gauge transformations to their stardeformation in a well defined series in θ^{μν} , in such a way that at each stage the effective

10For the sake of clarity, here and in the remain of this subsection we have indicated by ⋆_θ the explicit dependence of the star-product on θ^{μν} .

action is invariant in the ordinary sense. Gauge transformations are deformed in such a way that the star-product does not transform under a star-gauge transformation. This is clear in the case of an adjoint field Φ on which a finite star-gauge transformations act by

Φ(x) −→ U(x)_⋆ ⋆ Φ(x) ⋆ U(x)^{−1}_⋆ , (5.23)

where the inverse is defined in the sense of the star-product

U_⋆(x) ⋆ U_⋆(x)^{−1} = U_⋆(x)^{−1} ⋆ U_⋆(x) = 1. (5.24)

This identity guarantees the covariance of the star-product under star-gauge transformations. Indeed, given two adjoint fields Φ_1(x), Φ_2(x), one finds

Φ^′_i(x) ⋆ Φ^′_2(x) = [U_⋆(x) ⋆ Φ_1(x) ⋆ U_⋆(x)^{−1}] ⋆ [U_⋆(x) ⋆ Φ_1(x) ⋆ U_⋆(x)^{−1}] = U_⋆(x) ⋆ Φ_1(x) ⋆ [U_⋆(x)^{−1} ⋆ U_⋆(x)] ⋆ Φ_2 ⋆ U_⋆(x)^{−1} = U_⋆(x) ⋆ [Φ_1(x) ⋆ Φ_2(x)] ⋆ U_⋆(x)^{−1} = [Φ_1(x) ⋆ Φ_2(x)]^′, (5.25)

where the prime indicates the gauge transformed field. At the infinitesimal level, this means that the star-gauge variation of the star-product of two operators O_1 and O_2 can be computed using the standard Leibniz rule

δ_{gauge}(O_1 ⋆ O_2) = (δ_{gauge}O_1) ⋆ O_2 + O_1 ⋆ (δ_{gauge}O_2). (5.26)

Using the language introduced above we can consider that the star-product is invariant under star-gauge transformations, i.e. δ_{gauge}⋆ = 0. A very important consequence of this deformation of gauge invariance is that it implies a restriction on the possible gauge groups which are reduced to U(N).

A second alternative [19, 20] consists of keeping the gauge transformations undeformed δ_ωΦ = iT_ωΦ and then twist the coproduct as in Eq. (3.8)

Δ(T_ω)_F ≡ F(T_ω ⊗ 1 + 1 ⊗ T_ω)F^{−1} = T_ω ⊗ 1 + 1 ⊗ T_ω + ∞∑ n=1 (−i/2)^n n! θ^{μ1 ν1} θ^{μ2ν2} . . . θ^{μnνn} { [∂_{μ1} , [∂_{μ2} , . . . [∂_{μn} , iT_ω] . . .]] ⊗ ∂_{ν1} ∂_{ν2} . . . ∂_{νn} + ∂_{μ1} ∂_{μ2} . . . ∂_{μn} ⊗ [∂_{ν1} , [∂_{ν2} , . . . [∂_{νn} , iT_ω] . . .]] } . (5.27)

This results in a deformation of the Leibniz rule. In the case of adjoint fields^{11}, Φ(x) −→ U(x)Φ(x)U(x)^{−1}, (5.28) the extra terms in the twisted Leibniz rule reflect the fact that Φ^′_i(x) ⋆ Φ^′_2(x) = [U(x)Φ_1(x)U(x)^{−1}] ⋆ [U(x)Φ_1(x)U(x)^{−1}] ≠ U(x)[Φ_1(x) ⋆ Φ_2(x)]U(x)^{−1}. (5.29) Interestingly, unlike the case of star-gauge transformations, there is no restriction on the possible gauge groups that can be twisted.

Actually we can be more general by repeating the analysis performed above for the diffeomorphisms this time applied to gauge transformations. The covariance of the star-product of two fields Φ_1, Φ_2 transforming respectively under finite gauge transformations in two representations R_1, R_2 as Φ^′_1 = U_1Φ_1, Φ^′_2 = U_2Φ_2, U_1 ∈ R_1, U_2 ∈ R_2 (5.30) leads to a transformation of F^{−1} to F^{′−1} given by F^{′−1} = e^{i2 θμν (U1∂μU −11 )⊗(U2 ∂ν U −12 )}. (5.31) Writing now U_1 = e^{iT (1)ω} , U_2 = e^{iT (2)ω} we can write the variation of F^{−1} under a gauge transformation as

δ_ϵF^{−1} = F^{−1} ∞∑ n=1 (−i/2)^n n! θ^{μ1 ν1} θ^{μ2ν2} . . . θ^{μnνn} { [∂_{μ1} , [∂_{μ2} , . . . [∂_{μn} , T^{(1)}_ω ] . . .]] ⊗ ∂_{ν1} ∂_{ν2} . . . ∂_{νn}

+ ∂_{μ1} ∂_{μ2} . . . ∂_{μn} ⊗ [∂_{ν1} , [∂_{ν2} , . . . [∂_{νn} , iT^{(2)}_ω ] . . .]] } . (5.32) This expression produces again the extra terms in the twisted Leibniz rule (5.27). As in the case of diffeomorphisms discussed above, the twisted Leibniz rule can be thought of again as resulting from the noninvariance of the star-product δ_ω⋆ ≠ 0 under standard, i.e. non-star, gauge transformations δ_ω(Φ_1 ⋆ Φ_2) = [iT^{(1)}_ω Φ_1] ⋆ Φ_2 + Φ_1 ⋆ [iT^{(2)}_ω Φ_2] + Φ_1(δ_ω⋆)Φ_2, (5.33) where the product Φ_1 ⋆ Φ_2 transforms now in the product representation R_1 ⊗ R_2. The starproduct is invariant only in the case of global transformations, for which [∂_μ, iT_ω] = 0. It is in this case that the standard Leibniz rule is retrieved.

11Now we consider the standard inverse U(x)^{−1}U(x) = U(x)^{−1}U(x) = 1.

5.3 Discussion

Our analysis of gauge transformations in noncommutative theories shows that, in extending gauge symmetries to the noncommutative realm one is faced with a choice. Either gauge transformations are deformed in such a way that the standard Leibniz rule is satisfied or one keeps the gauge transformations as in the commutative case at the price of giving up the Leibniz rule. In the latter case the new rule to compute the gauge variation of the starproducts of fields can be seen as resulting from a twist in the Hopf algebra structure of the universal enveloping algebra of the Lie algebra of the gauge group extended by translations.

The obvious advantage of deforming gauge transformations into star-gauge transformations is that gauge symmetries acts then only on the fields in a similar way as in the commutative theories. In this sense star-gauge symmetry is a bona fide physical symmetry, it can be implemented in the quantum case leading to Ward identities.

On the other hand, if ordinary gauge transformations are retained and a twisted Leibniz rule is introduced, the situation is not so clear. In this case the noncovariant nature of the star-product under “undeformed” gauge transformations has to be taken into account in order for the action to be invariant, which amounts to replacing the ordinary Leibniz rule with the twisted one. This means that, unlike the previous case, now the transformations do not act only on the fields. As a consequence this is not a physical symmetry in the usual sense and it is not clear whether Noether charges and Ward identities can be derived.

Let us consider the case of U(N) noncommutative gauge theories. What makes these theories special is the fact that the same action S = − 1 4g^2 ∫ d^4x tr [F_{μν} ⋆ F^{μν} ], F_{μν} = ∂_μA_ν − ∂_ν A_μ − i[A_μ, A_ν ]_⋆ (5.34)

is invariant both under U(N) star-gauge transformations and U(N) twisted gauge transformations. In Ref. [19] a conserved charge was found, given by

j^μ = i[F^{μν}, A_ν ]_⋆, ∂_μj^μ = 0. (5.35)

The fact that the action (5.34) has both types of invariances makes the physical interpretation of this current unclear. Indeed, the current (5.35) can be obtained from (5.34) using the standard Noether procedure with respect to the “global” transformation δA_μ = i[ω(x), A_μ]_⋆ and setting ω(x) to a constant at the end of the calculation. The resulting conservation law is consistent with star-gauge invariance. Namely,

δ_{⋆ω}j^μ = i[F^{μν} , ∂_ν ω]_⋆ + [[F^{μν} , A_ν ]_⋆, ω]_⋆ (5.36)

which applying the equations of motion, ∂_ν F^{μν} = −i[F^{μν}, A_ν ]_⋆, gives

δ_{⋆ω}j^μ = i∂_ν [F^{μν} , ω]_⋆, ∂_μ(δ_{⋆ω}j^μ) = 0. (5.37)

In the case of twisted gauge transformations, in the absence of a Noether procedure valid for twisted symmetries, the only way to obtain the current (5.35) is as an integrability condition for the equations of motion. In the U(1) case j^μ is nevertheless invariant under twisted gauge transformations, δ_ωj^μ = 0, while for U(N) the transformation of the current is given by δ_ωj^μ = i∂_ν [F^{μν}, ω] + i[ω, ∂_ν F^{μν} + i[F^{μν}, A_ν ]_⋆], (5.38)

also compatible with current conservation after applying the equations of motion, ∂_μ(δ_ωj^μ) = 0. As discussed above, the action of the twisted gauge transformations can be seen as the action of ordinary gauge transformations acting not only on the fields but on the star-products as well.

Because of the simultaneous presence of both types of symmetries in the action (5.34) it is not easy to decide whether the origin of the conserved current in noncommutative gauge theories is star-gauge invariance or twisted gauge transformations. One possibility is that in this case star-gauge invariance plays the rôle of a custodial standard symmetry that forces not only that the low energy action is expressed exclusively in terms of star-products but also the existence of conserved currents and Ward identities. If this is the case twisted gauge transformations might play only an accidental rôle in the dynamics of noncommutative gauge theories. Of course, our discussion only applies to U(N) noncommutative gauge theories. In the case of other gauge groups we are left only with twisted gauge transformations as the invariance of the theory since star-gauge transformations cannot be implemented.

In the case of noncommutative gravity the apparent absence of a star-deformed version of diffeomorphism invariance might be at the heart of the difficulties in obtaining a noncommutative gravity action from string theory. Comparing with the case of noncommutative gauge theories it seems that in the case of gravity there is no symmetry of the standard type that plays the custodial rôle that star-gauge symmetry might be playing for gauge theories. Apparently twisted symmetries by themselves are not handled by string theory so well as standard symmetries acting only on the fields.

6 Conclusions and outlook

In this paper we have studied the possibility of obtaining noncommutative gravitational dynamics from string theory by studying the Seiberg-Witten limit of the graviton interactions induced by a space-filling brane in bosonic string theory. In particular our main interest is to investigate whether string theory can provide some ultraviolet completion of recently proposed noncommutative deformations of gravity based on the invariance under twisted diffeomorphisms [7, 8].

The conclusion of our work is that, in the case of gravitational interactions, string theory contains much richer dynamics than those codified in terms of star-products. We have found that the gravitational action induced on the brane in the presence of a constant B-field in the Seiberg-Witten limit cannot be expressed in terms of star-products alone, unlike the action for noncommutative gravity proposed in [7, 8].

The consequences of this result are still to be fully understood. In particular it would be very interesting to clarify the rôle played by twisted symmetries in the context of string theory. In the case of noncommutative gauge theories string theory provides in the Seiberg- Witten limit a theory which in addition to star-gauge symmetry also has a twisted invariance. So far it has not been possible to decide whether this twisted invariance plays a fundamental dynamical rôle in string theory or whether it should be regarded as an accidental symmetry additional to star-gauge invariance which would play a custodial role ensuring the existence of conserved currents and Ward identities.

There are several ways in which one can expect to find twisted symmetries in the context of open strings in the Seiberg-Witten limit. In particular in this limit strings become rigid rods with variable length and their gauge theory Fock space description is similar to that of open strings, in the sense that it is the product of two copies associated with the Hilbert space at each endpoint, H_1 ⊗ H_2. Since while propagating these rods sweep the background magnetic flux, it can be expected that gauge transformations are twisted due to the presence of the background field. Open string field theory in the presence of constant B-fields might be specially suited to study this issue in detail [25].

Acknowledgments

We would like to thank José M. Gracia-Bondía, Kerstin E. Kunze, Juan L. Mañes, Rodolfo Russo and Julius Wess for interesting discussions and comments. F.M. wants to thank the Max-Planck Institut für Physik for financial support, and the CERN Theory Group where part of the work reported here was done. M.A.V.-M. acknowledges the support from Spanish Science Ministry Grants FPA2005-04823 and BFM2003-02121, and thanks the CERN Theory Group for hospitality and support during the course of this work.

Appendix A. Hopf algebras: a summary of useful formulae and definitions

Our aim in this Appendix is to summarize basic facts about Hopf algebras and to introduce the notation used in the paper. A more detailed introduction to the subject of Hopf algebras and quantum groups can be found in standard reviews (for example, [15]).

Coalgebras. The concept of a coalgebra is in a sense “dual” to that of an algebra. If an algebra A is endowed with an associative product, a coalgebra C is a vector space over a field K together with a coproduct Δ which is a bilinear map Δ : C −→ C ⊗ C. (A.1) In general, for any element a of the algebra the action of the coproduct Δ can always be written as

Δ(a) = ∑ i a^{(1)}_i ⊗ a^{(2)}_i , (A.2)

where the superscript indicates the “copy” of C in C ⊗ C to which the element belongs. In addition, the coproduct is required to be coassociative, i.e. for all a ∈ C

(Δ ⊗ I)Δ(a) = (I ⊗ Δ)Δ(a). (A.3)

In more concrete terms, this means that if Δ(a) is given by Eq. (A.2) ∑ i Δ(a^{(1)}_i ) ⊗ a^{(2)}_i = ∑ i a^{(1)}_i ⊗ Δ(a^{(2)}_i ). (A.4)

In the same way that an algebra can contain a unit element e, a coalgebra might include a counit. This is a map e : C −→ K that satisfies

(I ⊗ e) ∘ Δ = I = (e ⊗ I) ∘ Δ. (A.5)

Bialgebras. A bialgebra B is a vector space over a field K that is at the same time an algebra and a coalgebra. In addition the product and the coproduct must be compatible. This means that for all elements a, b ∈ B

Δ(a · b) = ∑ i ( a^{(1)}_i · b^{(1)}_i ) ⊗ ( a^{(2)}_i · b^{(2)}_i ) = Δ(a) · Δ(b), (A.6)

where Δ(a) = ∑ i a^{(1)}_i ⊗ a^{(2)}_i and Δ(b) = ∑ i b^{(1)}_i ⊗ b^{(2)}_i .

Hopf algebras. A Hopf algebra is a bialgebra A together with a linear map S : A −→ A called the antipode which for all a ∈ A with Δ(a) = ∑ i a^{(1)}_i ⊗ a^{(2)}_i satisfies ∑ i a^{(1)}_i · S ( a^{(2)}_i ) = ∑ i S ( a^{(1)}_i ) · a^{(2)}_i = (e ∘ e)(a). (A.7)

Examples. The simplest one is the Hopf algebra associated with a group G. Given this group we can always define the group algebra KG over a field K as the algebra of lineal combinations of elements of G with coefficients λ ∈ K and with the product

(λ_1g_1) · (λ_2g_2) = (λ_1λ_2)(g_1g_2), ∀λ_1, λ_2 ∈ K g_1, g_2 ∈ G, (A.8)

where on the right hand side of the equation we use the product of K and G. This algebra has the unit element e = I, where I the identity element of G.

Actually, the algebra KG has also a coalgebra structure given by the coproduct defined by Δ(g) = g ⊗ g, g ∈ G. (A.9) It is straightforward to show that this coproduct is coassociative. In addition the counit e is defined by e(g) = 1 where 1 is the identity of the field K. Bilinearity of the coproduct and the linearity of the counit determines the map for any element of KG. Moreover, the coproduct (A.9) is actually compatible with the product, so KG is in fact a bialgebra. This structure can be extended to a Hopf algebra by the antipode map S defined by S(g) = g^{−1}, ∀g ∈ G, (A.10) which satisfies indeed the property (A.7).

The second instance of Hopf algebras that we are going to study is the universal enveloping algebra of a Lie algebra. Let L be a Lie algebra over a field K with generators ξ_i (i = 1, . . . , dim L). The universal enveloping algebra U(L) associated with L is the algebra generated by ξ_i with the identification

ξ_i · ξ_j − ξ_j · ξ_i ∼ [ξ_i, ξ_j ], i, j = 1, . . . , dim L, (A.11)

where [a, b] denotes the commutator operation in the Lie algebra.

Given ξ ∈ U(L) the mapping

Δ(ξ) = { ξ ⊗ e + e ⊗ ξ ξ ≠ e e ⊗ e ξ = e (A.12)

defines a coassociative coproduct compatible with the algebra product. A counit e is defined by e(ξ) = { 0 ξ ≠ e 1 ξ = e . (A.13) This shows that U(L) is endowed with a bialgebra structure. This is actually extended to a Hopf algebra by the antipode map S(ξ) = { −ξ ξ ≠ e e ξ = e , (A.14)

which can be easily seen to satisfy the condition (A.7).

The action of a Hopf algebra on an algebra. For the applications of Hopf algebras as twisted symmetries we need to define its action on an algebra A. Roughly speaking we want to define a map α : H ⊗ A −→ A with the property that for every ξ, ζ ∈ H, a ∈ A α(ξ · ζ ⊗ a) = α[ξ ⊗ α(ζ ⊗ a)], α(e ⊗ a) = a, (A.15) where e ∈ H is the unit element.

If H was just an algebra this would be the end of the story. However H has a Hopf algebra structure as well, so additional conditions are imposed involving the coproduct and the counit. If we denote now by μ the product map on the algebra A, μ(a ⊗ b) = ab for a, b ∈ A these conditions are α(ξ ⊗ ab) = μ ∘ α[Δ(ξ) ⊗ (a ⊗ b)], α(ξ ⊗ 1) = 1 ∘ e(ξ), (A.16) with 1 the unity element of the algebra A and the action of the map α is extended to α[(ξ ⊗ ζ) ⊗ (a ⊗ b)] = α(ξ ⊗ a) ⊗ α(ζ ⊗ b). (A.17) As an example we can consider the action of the universal enveloping algebra of a Lie algebra, U(L) on an algebra A. Since the coproduct Δ is given by Eq. (A.12), we have for a, b ∈ A, ξ ∈ U(ξ) α[Δ(ξ) ⊗ (a ⊗ b)] = α(ξ ⊗ a) ⊗ b + a ⊗ α(ξ ⊗ b). Therefore Eq. (A.16) reads α(ξ ⊗ ab) = μ ∘ [α(ξ ⊗ a) ⊗ b] + μ ∘ [a ⊗ α(ξ ⊗ b)]. (A.18) This identity is nothing but Leibniz’ rule giving the action of an element of the Hopf algebra ξ on the product of two algebra elements a and b.

Twisting. Of course the coproduct given in Eq. (A.12) is just one among all the possible choices for a coproduct satisfying the appropriate conditions. Other possible coproduct can be obtained from this one by twisting. This means that given a invertible element F ∈ U(L) ⊗ U(L), a new Hopf algebra structure can be defined using the twisted coproduct Δ_F (ξ) ≡ FΔ(ξ)F^{−1} = F(ξ ⊗ e + e ⊗ ξ)F^{−1}, (A.19) and the twisted antipode S_F (ξ) ≡ uS(ξ)u^{−1}, (A.20) where u is defined by u ≡ μ[(I ⊗ S)F] = ∑ i f^{(1)}_i S(f^{(2)}_i ). (A.21)

In writing this last expression we have used the decomposition F = ∑ i f^{(1)}_i ⊗ f^{(2)}_i . (A.22)

Of course not every twist operator F gives rise to a well defined twisted Hopf algebra. In particular one should make sure that the new coproduct Δ_F preserves coasociativity (A.3) and is compatible with the counit e (A.5). This respectively is guaranteed if F satisfies the following conditions (e ⊗ F)(I ⊗ Δ)F = (F ⊗ e)(Δ ⊗ I)F (I ⊗ e)F = (e ⊗ I)F = e. (A.23)

References

[1] A. H. Chamseddine, G. Felder and J. Fröhlich, Gravity in noncommutative geometry, Commun. Math. Phys. 155 (1993) 205 [arXiv:hep-th/9209044]. J. Madore and J. Mourad, A Noncommutative extension of gravity, Int. J. Mod. Phys. D 3 (1994) 221 [arXiv:gr-qc/9307030].

A. Jevicki and S. Ramgoolam, Non-commutative gravity from the AdS/CFT correspondence, J. High Energy Phys. 04 (1999) 032 [arXiv:hep-th/9902059]. J. W. Moffat, Noncommutative quantum gravity, Phys. Lett. B 491 (2000) 345

[arXiv:hep-th/0007181].

M. A. Cardella and D. Zanon, Noncommutative deformation of four dimensional Einstein gravity, Class. Quant. Grav. 20 (2003) L95 [arXiv:hep-th/0212071]. H. García-Compeán, O. Obregón, C. Ramírez and M. Sabido, Noncommutative self-dual gravity, Phys. Rev. D68 (2003) 044015 [arXiv:hep-th/0302180]. D. V. Vassilevich, Quantum noncommutative gravity in two dimensions, Nucl. Phys. B715 (2005) 695 [arXiv:hep-th/0406163].

X. Calmet and A. Kobakhidze, Noncommutative general relativity, Phys. Rev. D72 (2005) 045010 [arXiv:hep-th/0506157].

[2] A. H. Chamseddine, Complexified gravity in noncommutative spaces, Commun. Math.

Phys. 218 (2001) 283 [arXiv:hep-th/0005222].

A. H. Chamseddine, Invariant actions for noncommutative gravity, J. Math. Phys. 44

(2003) 2534 [arXiv:hep-th/0202137].

A. H. Chamseddine, SL(2, C ) gravity with complex vierbein and its noncommutative extension, Phys. Rev. D69 (2004) 024015 [arXiv:hep-th/0309166].

[3] H. Nishino and S. Rajpoot, Teleparallel complex gravity as foundation for noncommutative gravity, Phys. Lett. B532 (2002) 334 [arXiv:hep-th/0107216].

[4] M. R. Douglas and N. A. Nekrasov, Noncommutative field theory, Rev. Mod. Phys. 73, 977 (2001) [arXiv:hep-th/0106048].

R. J. Szabo, Quantum field theory on noncommutative spaces, Phys. Rept. 378, 207 (2003) [arXiv:hep-th/0109162].

[5] A. Einstein, A generalization of the Relativistic Theory of Gravitation, Ann. Math. 46 (1945) 578.

A. Einstein and E. G. Straus, A generalization of the relativistic theory of gravitation II, Ann. Math. 47 (1946) 731.

A. Einstein, A generalized theory of gravitation, Rev. Mod. Phys. 20 (1948) 35. E. G. Straus, Some results in Einstein’s Unified Field Theory, Rev. Mod. Phys. 21 (1949) 414.

[6] T. Damour, S. Deser and J. G. McCarthy, Nonsymmetric gravity theories: Inconsistencies and a cure, Phys. Rev. D47 (1993) 1541 [arXiv:gr-qc/9207003].

[7] P. Aschieri, C. Blohmann, M. Dimitrijevic, F. Meyer, P. Schupp and J. Wess, A gravity theory on noncommutative spaces, Class. Quant. Grav. 22 (2005) 3511

[arXiv:hep-th/0504183].

[8] P. Aschieri, M. Dimitrijevic, F. Meyer and J. Wess, Noncommutative geometry and gravity, Class. Quant. Grav. 23 (2006) 1883 [arXiv:hep-th/0510059].

[9] F. Meyer, “Noncommutative spaces and gravity, arXiv:hep-th/0510188.

[10] R. Oeckl, Untwisting noncommutative R^d and the equivalence of quantum field theories, Nucl. Phys. B581 (2000) 559 [arXiv:hep-th/0003018].

M. Chaichian, P. P. Kulish, K. Nishijima and A. Tureanu, On a Lorentz-invariant interpretation of noncommutative space- time and its implications on noncommutative QFT,

Phys. Lett. B604 (2004) 98 [arXiv:hep-th/0408069].

J. Wess, Deformed coordinate spaces: Derivatives, in: “Mathematical, Theoretical and Phenomenological Challenges Beyond the Standard Model”, eds. G. Djordjević, L. Nes̆ić and J. Wess, World Scientific 2005. arXiv:hep-th/0408080.

M. Chaichian, P. Presnajder and A. Tureanu, New concept of relativistic invariance in NC space-time: Twisted Poincare symmetry and its implications, Phys. Rev. Lett. 94 (2005) 151602 [arXiv:hep-th/0409096].

P. Matlock, Non-commutative geometry and twisted conformal symmetry, Phys. Rev. D71 (2005) 126007 [arXiv:hep-th/0504084].

[11] A. Kobakhidze, Theta-twisted gravity, arXiv:hep-th/0603132.

[12] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09, 032 (1999) [arXiv:hep-th/9908142].

[13] F. Ardalan, H. Arfaei, M. R. Garousi and A. Ghodsi, Gravity on noncommutative Dbranes, Int. J. Mod. Phys. A 18 (2003) 1051 [arXiv:hep-th/0204117].

[14] S. Corley, D. A. Lowe and S. Ramgoolam, Einstein-Hilbert action on the brane for the bulk graviton, J. High Energy Phys. 07 (2001) 030 [arXiv:hep-th/0106067].

[15] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge 1994.

P. Podles and E. Müller, Introduction to quantum groups, Rev. Math. Phys. 10 (1998) 511 [arXiv:q-alg/9704002].

S. Weinzierl, Hopf algebra structures in particle physics, Eur. Phys. J. C33 (2004) S871

[arXiv:hep-th/0310124].

D. Manchon, Hopf algebras, from basics to applications to renormalization,

arXiv:math.qa/0408405.

[16] A. A. Tseytlin, Graviton Amplitudes, Effective Action And String Generating Functional On The Disk, Int. J. Mod. Phys. A4 (1989) 3269.

[17] M. B. Green, J. H. Schwarz and E. Witten, Superstring Theory, Cambridge 1987.

J. Polchinski, String Theory, Cambridge 1998.

[18] E. D’Hoker and D. H. Phong, The Geometry Of String Perturbation Theory, Rev. Mod.

Phys. 60 (1988) 917.

[19] P. Aschieri, M. Dimitrijevic, F. Meyer, S. Schraml and J. Wess, Twisted gauge theories,

arXiv:hep-th/0603024.

[20] D. V. Vassilevich, Twist to close, Mod. Phys. Lett. A21 (2006) 1279

[arXiv:hep-th/0602185].

J. Zahn, Remarks on twisted noncommutative quantum field theory, Phys. Rev. D73 (2006) 105005 [arXiv:hep-th/0603231].

J. G. Bu, H. C. Kim, Y. Lee, C. H. Vac and J. H. Yee, Noncommutative field theory from twisted Fock space, Phys. Rev. D73 (2006) 125001 [arXiv:hep-th/0603251]. M. Chaichian and A. Tureanu, Twist symmetry and gauge invariance, Phys. Lett. B637 (2006) 199 [arXiv:hep-th/0604025].

[21] M. R. Garousi, Non-commutative world-volume interactions on D-branes and Dirac- Born-Infeld action, Nucl. Phys. B 579 (2000) 209 [arXiv:hep-th/9909214].

[22] H. Liu and J. Michelson, ⋆-Trek: The one-loop N = 4 noncommutative SYM action, Nucl. Phys. B614 (2001) 279 [arXiv:hep-th/0008205].

H. Liu, ⋆-Trek II: ⋆_n operations, open Wilson lines and the Seiberg-Witten map, Nucl. Phys. B614 (2001) 305 [arXiv:hep-th/0011125].

[23] R. Banerjee and H. S. Yang, Exact Seiberg-Witten map, induced gravity and topological invariants in noncommutative field theories, Nucl. Phys. B708 (2005) 434

[arXiv:hep-th/0404064].

[24] J. M. Gracia-Bondía, F. Lizzi, F. Ruiz Ruiz and P. Vitale, Noncommutative spacetime symmetries: Twist versus covariance, Phys. Rev. D74 (2006) 025014

[arXiv:hep-th/0604206].

[25] E. Witten, Noncommutative Geometry And String Field Theory, Nucl. Phys. B268 (1986) 253.

T. Kawano and T. Takahashi, Open string field theory on noncommutative space, Prog. Theor. Phys. 104 (2000) 459 [arXiv:hep-th/9912274].

T. Kawano and T. Takahashi, Open-closed string field theory in a background B field, Prog. Theor. Phys. 104 (2000) 1267 [arXiv:hep-th/0005080].

L. Bonora, D. Mamone and M. Salizzoni, B field and squeezed states in vacuum string field theory, Nucl. Phys. B630 (2002) 163 [arXiv:hep-th/0201060]. L. Bonora, D. Mamone and M. Salizzoni, Vacuum string field theory with B field, J. High Energy Phys. 04 (2002) 020 [arXiv:hep-th/0203188].

B. Chen and F. L. Lin, Star spectroscopy in the constant B field background, Nucl. Phys. B637 (2002) 199 [arXiv:hep-th/0203204].