arXiv:hep-th/0605123 v2 16 Aug 2006

On the question of regular solitons in a Noncommutative Maxwell–Chern–Simons–Higgs model

Pradip Mukherjee^{1 a,b} Anirban Saha^{a,c}

aDepartment of Physics, Presidency College 86/1 College Street, Kolkata - 700 073, India

bpradip@bose.res.in

cani saha09@dataone.in

Abstract

The Maxwell–Chern–Simons model with scaler matter in the adjoint representation is analyzed from an alternative approach which is regular in the θ → 0 limit. This method is complementary to the usual operator formalism applied to explore the nonperturbative solutions which gives singular results in the θ → 0 limit. The absence of any regular non-trivial lumpy solutions satisfying B–P–S bound has been conclusively demonstrated.

PAC codes: 11.15.-q, 11.10.Nx, Keywords: Maxwell–Chern–Simons–Higgs Model, Solitons, Noncommutativity

Gauge theories defined over noncommutative (NC) space, where the coordinates x^μ satisfy the Heisenberg algebra {x^μ, x^ν } = iθ^{μν} with θ^{μν} a constant antisymmetric tensor^2, has become prominent in the recent literature. The principal motivation came from the emergence of such field theories from the context of string theory [3]. Field theories formulated on NC platform have later been established in their own right [4]. The essential fuzziness of space time associated with noncommutativity has led to many nontrivial solutions of theories which are otherwise trivial in the commutative limit. New interactions originate [5], gauge couplings develop [6] and various other phenomena emerge carrying NC signature. A particularly interesting scenario in this context is the occurence of classical stable soliton solutions in odd dimensional scalar NC field theories with self interaction only [7] and also in a NC U(1) gauge theory coupled with matter in the adjoint representation of the gauge group [8]. The NC U(1) gauge theories coupled with adjoint matter is important for their possible application in constructing D-branes as solitons of the tachyon field in NC open string theory [9, 10]. It is indeed worthwhile to analyse such theories from different points of view.

1Also Visiting Associate, S. N. Bose National Centre for Basic Sciences, JD Block, Sector III, Salt Lake City, Calcutta -700 098, India and IUCAA, Post Bag 4, Pune University Campus, Ganeshkhind, Pune 411 007,India

2Heisenberg first suggested this idea which was later developed by Snyder [1, 2].

There are basically two broad approaches of treating NC field theories. One approach is to work in the deformed phase space where the ordinary product of two functions ϕ̂(x) and ψ̂(x) is replaced by their star product ϕ̂(x) ⋆ ψ̂(x) = ( ϕ̂ ⋆ ψ̂ ) (x) = e^{i2 θαβ ∂α∂′β}ϕ̂(x)ψ̂(x^′ )|_x′_{=x.} (1) Alternatively, one works in a certain Hilbert space that carries a representation of the basic noncommutative algebra. The fields are promoted to operators in this Hilbert space, the form of which is usually determined by the Weyl–Wigner correspondence. For the case of adjoint matter coupled with U(1)_⋆ Chern–Simons (CS) gauge field these different approaches have been shown to reveal mutually independent sectors of solutions of the theory [6]. In the present paper we will address the coupling of adjoint matter with the Maxwell field in addition to the C–S term. The problem was earlier addreseed in [11] from the operator approach.

A solution generating technique based on the operator approach has been used in [11] which was developed in [9]. Here different solutions have been obtained in various limits of the action, S = ∫ dtd^2x ( − 1 4 (F_{μν} )^2 + 1 2 D^μϕD_μϕ − V (ϕ − ϕ_⋆) ) (2) where ϕ is the scalar field in the adjoint representation of the NC U(1) group. The potential V has a local minima at ϕ = ϕ_⋆ with V (0) = 0 and a local maximum at ϕ = 0. The static soliton solution of the theory has energy E = 2πθn ( 1 2θ^2

+ V (−ϕ_⋆) ) (3) which diverges as θ → 0. These soliton solutions obtained by using the operator approach thus essentially belong to the singular sector. It is not clear what happens in the θ → 0 limit. Specifically, the question is whether there is some non-trivial non-perturbative solutions depending on the NC parameter and vanishing continuously along with it. Clearly, this question can not be answered by the operator approach. It is however very much desirable to explore all sectors of solutions of the theory. At this point our method of analysis [6] which is regular in the θ → 0 limit becomes instrumental. Note that this is also an exact method valid nonperturbatively which compares favourably with the operator approach.

In the following we will consider the model

Ŝ = ∫ d^3x [ − 1 4g^2

F̂_{μν} ⋆ F̂^{μν} + 1 2 ( D̂_μ ⋆ ϕ̂ ) ⋆ ( D̂^μ ⋆ ϕ̂ ) + k 2 ϵ^{μνλ} ( Â_μ ⋆ ∂_νÂ_λ − 2i 3 Â_μ ⋆ Â_ν ⋆ Â_λ )] (4) where ϕ̂ is the scalar field and Â_μ is the NC gauge field. We adopt the Minkowski metric η_{μν} = diag (+, −, −, −). The dynamics of the gauge field is assumed to be governed by a combination of the Maxwell and the C–S term and thus more general than (2). Note that we have not included any potential term in (4). Our motivation is to find whether any non-trivial coupling is possible in the smooth θ → 0 sector. In the event of such coupling an appropriate potential term can be devised to saturate the BPS limits.

The commutative equivalent of (4) can be easily obtained by using the exact S–W maps for D_μ ⋆ ϕ̂(x) and −^1_{4g2} F̂_{μν} ⋆ F̂^{μν} given in [12, 13] and noting that the C–S action retains its form under SW map [14]. Proceeding in this direction we write the commutative equivalent of (4) as Ŝ^{SW map}= ∫ d^3x [√ det (1 + F θ) { 1 4g^2 ( 1 1 + F θ )_{μα} F_{αβ} ( 1 1 + F θ )_{βν} F_{νμ} + 1 2 ( 1 1 + F θ 1 1 + θF )_{μν} ∂_μϕ∂_ν ϕ } + k 2 ϵ^{μνλ}A_μ∂_ν A_λ ] (5) In (5) we have used the matrix notation (AB)^{μν} = A^{μλ}B_λ^ν AB = A^{μλ}B_{λμ} (6) Also (1 + F θ) is to be interpreted as a mixed tensor in calculating the determinant. Note that the invariance of the theory under U(1) gauge transformation is manifest in (5). It is now straightforward to write down the equations of motion for the scalar field ϕ and the gauge field A_μ from (5) respectively as ∂_α {√ det (1 + F θ) ( 1 1 + F θ 1 1 + θF )_{αν} ∂_ν ϕ } = 0 (7) and kϵ^{ανλ}∂_ν A_λ − 1 4g^2 ∂_ξ [√ det (1 + F θ) { 1 2 ( θ 1 1 + F θ + 1 1 + θF θ )_{αξ} ( 1 1 + F θ F 1 1 + F θ F )

+ 2 ( 1 1 + F θ F 1 1 + F θ + 1 1 + θF F 1 1 + θF )_{αξ}

− 2 ( θ 1 1 + F θ F 1 1 + F θ F 1 1 + F θ + 1 1 + θF F 1 1 + θF F 1 1 + θF θ )_{αξ}}] = j^α (8) where,

j^α = ∂_ξ [√ det (1 + F θ) { 1 4 ( θ 1 1 + F θ + 1 1 + θF θ )_{αξ} ( 1 1 + F θ 1 1 + θF )_{μν}

+ ( 1 1 + F θ 1 1 + θF θ )_{μα} ( 1 1 + θF )_{ξν}

+ ( 1 1 + F θ )_{μα} ( θ 1 1 + F θ 1 1 + θF )_{ξν} } ∂_μϕ∂_ν ϕ ] (9) By direct computation from (9) we get

∂_αj^α = 0 (10)

So j^α in (9) can be consistently interpreted as the matter current. If we go to the limit g → ∞, the Maxwell term is eliminated from the action. In this limit we can compare the equations of motion with the results given in [6]. There, we have discussed elaborately, the issues of commutative limit and first order approximations. The observations in this context apply equally for the present model.

The equations (7) and (8) are a set of coupled nonlinear equations. We will now investigate whether they admit any solitary wave solution. This can be seen in a systematic way by looking for the Bogomolnyi bounds of the equations. To this end we turn to the construction of the energy functional for which we require the physical energy momentum (EM) tensor corresponding to the model (5). The issue of energy-momentum tensor for a NC gauge theory involves many subtle points as evidenced in the literature [15]. We have shown in [6] that the canonical (Noether) procedure or the extended method of Jackiw [16, 17] do not give both symmetric and gauge invariant EM tensor. The best way is to find a symmetric and gaugeinvariant EM tensor by varying the action (5) with respect to a background metric and finally keeping the metric flat.

We thus extend the action (5) as S = ∫ d^3x √ −gL (11) where g = detg_{μν} and g_{μν} is the background metric. By definition [18] the symmetric gaugeinvariant EM tensor is

Θ^{(s)}_{αβ} = 2 ∂L ∂g^{αβ} − Lg_{αβ} (12) in the limit g_{μν} → η_{μν} . Explicitly

Θ^{(s)}_{ρλ} = √ det (1 + F θ) [ 1 4g^2 ( 1 1 + θF F θ ) ρλ ( 1 1 + θF F 1 1 + θF F ) + 1 g^2 ( 1 1 + θF F 1 1 + θF F ) ρλ − 1 4g^2 ( 1 1 + θF F 1 1 + θF F ) g_{λρ} + 1 2 ( 1 1 + θF F θ ) ρλ ( 1 1 + F θ 1 1 + θF )_{μν} ∂_μϕ∂_ν ϕ + ( 1 1 + F θ 1 1 + θF ) ρ ν ∂_λϕ∂_ν ϕ − 1 2 ( 1 1 + F θ 1 1 + θF )_{μν} ∂_μϕ∂_ν ϕg_{ρλ} ] (13)

Naturally this EM tensor is physically significant and we can work out the energy density of the field system from the time-time component of this EM tensor. Until now our approach was completely general in that we do not assume vanishing time-space noncommutativity. However, assuming θ^{0i} = 0 is almost conventional in the study of NC solitons. In particular the calculations of non-perturbative solutions in NC U(1) gauge theory reported in the literature assume noncommutativity only in the spatial directions. Going over to this limit, the energy functional becomes E = ∫ d^3xΘ^{(s)}_{00} = ∫ d^3x 1 2 √ det (1 + F θ) { − 1 2g^2 ( 1 1 + F θ F 1 1 + F θ F )

+ 2 g^2 ( 1 1 + F θ F 1 1 + F θ F ) 00 + 2 ( 1 1 + F θ 1 1 + θF ) 0 ν (∂_0ϕ∂_ν ϕ) − ( 1 1 + F θ 1 1 + θF )_{μν} (∂_μϕ∂_ν ϕ) } (14)

With the stated assumptions about NC tensor θ^{μν} the form of the matrices appearing in the above equation can be easily worked out. Explicitly the matrix for the

(_1 1+F θ 1 1+θF )_{μν} can be written as ( 1 1 + F θ 1 1 + θF )_{μν} = { 1 −^{θ2}(^{E21 +E22} ) (1−θB)^2 }_{θE} 2 (1−θB)^2 −θE_1 (1−θB)^2 θE_2 (1−θB)^2 −1 (1−θB)^2 0 −θE_1 (1−θB)^2 0 −1 (1−θB)^2 (15)

Also det (1 + F θ) = (1 − θB)^2. In the static limit the energy functional becomes

E = ∫ d^2x √ det (1 + F θ) 2 (1 − θB)^2 [ 1 g^2 ( E_i^2 + B^2 ) + (∂_iϕ)^2 ] (16)

Note that the square root term in the first factor is taken positive by convention^3. Evidently, from (16), minimum configuration of the static energy functional corresponds to the trivial solution where E_i, B and ∂_iϕ vanishes everywhere. These solutions also trivially satisfy the equations of motion. Clearly in the static limit there is no coupling between the matter and the gauge field. Hence there is no BPS soliton in the model. This result fills a gap in the existing literature regarding the possible B–P–S soliton solutions of the model and is consistent with the fact that there is no coupling of the matter and the gauge field in the corresponding commutative theory. Note however, that the solution space for the Bogomolony equations form a subspace of solutions of the equations of motion (7, 8) and our analysis does not rule out the existence of non-trivial non-B–P–S solutions of the equations of motion.

We have investigated a model involving the NC adjoint matter field coupled to a general NC U(1) gauge field by an approach which complements the analysis of the model using the operator method. Our analysis was based on finding a commutative equivalent of the theory using S–W maps for the matter and gauge fields. A novel approach to analyze such theories in a closed form was presented. The equations of motion for the commutative equivalent of the proposed model were given. They are exact in the NC parameter θ without any restriction on the NC structure. Specializing the NC tensor by neglecting noncommutativity in the timespace direction, we have shown that the model does not have any nontrivial BPS soliton in the sector which has a smooth commutative limit.

3Note that this squareroot term can not be written explicitly since depending on θB < 1 or θB > 1 one has to take √ det (1 + F θ) = (1 − θB) or (θB − 1).

Acknowledgment

AS would like to thank the Council for Scientific and Industrial Research (CSIR), Govt. of India, for financial support and the Director, S.N.Bose National Centre for Basic Sciences, for providing computer facilities. The authors also acknowledge the excellent atmosphere of IUCAA where part of the work has been done. They also thank the referee for useful comments.

References

[1] H. S. Snyder, Phys. Rev. 71 (1947) 38. [2] H. S. Snyder, Phys. Rev. 72 (1947) 874. [3] N. Seiberg and E. Witten, JHEP 09 (1999) 032.

[4] See R. J. Szabo, Phys. Rep. 378 (2003) 207 and the references therein. [5] A. Saha, A. Rahaman, P. Mukherjee, Phys. Lett. B 638 (2006) 292, [hep-th/0603050]. [6] P. Mukherjee, A. Saha, Mod.Phys.Lett.A 21 (2006) 821, [hep-th/0409248] [7] R. Gopakumar, S. Minewalla, A. Strtominger, JHEP 05 (2000) 020 [8] A. P. Polychronakos, Phys. Lett. B 495 (2000) 407 [9] J. A. Harvey, P. Kraus, F. Larsen, JHEP 12 (2000) 024 [10] A. Sen, Int.J.Mod.Phys. A20 (2005) 5513, [hep-th/0410103] [11] A. Khare and M. B. Paranjape, JHEP 04 (2001) 002, [hep-th/0102016]. [12] H. S. Yang, [hep-th/0402002].

[13] R. Banerjee and H. S. Yang, Nucl.Phys. B 708 (2005) 434. [14] N. Grandi and G. A. Silva, Phys. Lett. B 507 (2001) 345.

[15] R. Banerjee, C. Lee, H. S. Yang, Phys.Rev. D 70 065015, 2004, [hep-th/0312103] and the referances therein.

[16] R. Jackiw, Phys.Rev.Lett.41, (1978) 1635. [17] R. Jackiw, S. -Y. Pi, Phys.Rev.Lett.88, (2002) 111603 [18] J. V. Narlikar, General Relativity and Cosmology, The Macmillan Company of India Ltd., Delhi.