arXiv:hep-th/0606006 v1 1 Jun 2006

Preprint typeset in JHEP style - HYPER VERSION hep-th/0606006

DCPT-06/13

Braneworld Stars and Black Holes

Simon Creek, Ruth Gregory, Panagiota Kanti, and Bina Mistry Centre for Particle Theory, Department of Mathematical Sciences, Durham University, South Road, Durham, DH1 3LE, U.K.

Abstract: We look for spherically symmetric star or black hole solutions on a Randall-Sundrum brane from the perspective of the bulk. We take a known bulk solution, and analyse possible braneworld trajectories within it that correspond, from the braneworld point of view, to solutions of the brane Tolman-Oppenheimer-Volkoff equations. Our solutions are therefore embedded consistently into a full bulk solution. We find the full set of static gravitating matter sources on a brane in a range of bulk spacetimes, analyzing which can correspond to physically sensible sources. Finally, we look at time-dependent trajectories in a Schwarzschild–anti de Sitter spacetime as possible descriptions of time-dependent braneworld black holes, highlighting some of the general features one might expect, as well as some of the difficulties involved in getting a full solution to the question.

Keywords: braneworlds, black holes.

Contents

1. Introduction / Motivation 1

2. The general brane equations 6 2.1 The Static Brane : An exact solution 8

3. Static Braneworld “Stars” 10 3.1 A 5-dimensional Anti-de Sitter Bulk 11 3.2 A 5-dimensional Schwarzschild Bulk 13

4. Braneworld Stars : A Schwarzschild-adS Bulk 19 4.1 Supercritical branes 22 4.2 Critical branes 22 4.3 Subcritical branes 24

5. The Time-Dependent Brane 26 5.1 Exact branes 26 5.2 Branes with matter 27 5.3 The interaction of black holes and branes 31

6. Conclusions 33

1. Introduction / Motivation

The idea that spacetime may not be simply four-dimensional, but have extra dimensions as yet undetected by experiment, has become essentially accepted as fact over the past two decades, largely as a consequence of string or M-theory, but also as a result of earlier work on supergravity. Over the past few years, a new alternative has emerged in our understanding of how extra dimensions can be compactified – braneworlds and warped compactifications. Rather than the old Kaluza-Klein (KK) idea of wrapping up extra dimensions so small we only see them through extra massless fields, the braneworld idea allows us to have relatively large extra dimensions, possibly even up to the microscale, with standard particle physics confined to the “brane” and thereby unable to detect the extra dimensions at ordinary energy scales [1, 2, 3]. Gravity however can sample these extra dimensions, and one of the most alluring aspects of warped compactifications is the possibility of unusual gravitational

– 1 – phenomenology not only at small scales (akin to the KK picture) but at large scales, too [4, 5, 6].

The braneworld paradigm views our universe as a slice of some higher dimensional spacetime, in which we have standard four-dimensional physics confined to the brane, and only gravity (plus possibly a small number of other fields) propagating in the bulk. Confinement to the brane, while at first sounding counter-intuitive, is in fact a common occurrence. The first braneworld scenarios [1] used topological defects to model the braneworld, and zero-modes on the defects to produce confinement, and in string theory, D-branes have ‘confined’ gauge theories on their worldvolumes. The new phenomenology of braneworld scenarios is then primarily located in the gravitational sector, with a particularly nice possible resolution of the hierarchy problem being its primary motivation. Clearly however, the scenario has far outgrown these initial particle phenomenology motivations, and has proved a fertile testbed for new possibilities in cosmology, astrophysics, and quantum gravity. One of the most popular models to explore, and the one which we will be using, has been the Randall-Sundrum scenario, [3], which consists of a domain wall universe living in five-dimensional anti-de Sitter (adS) spacetime. This model can be loosely motivated by the Horava-Witten compactification of M-theory [7], and many of the ideas tested and developed in this simple, calculationally explicit model underly more recent string theory motivated compactifications [8].

The Randall-Sundrum model has one (or two) domain walls situated as minimal submanifolds in adS spacetime. In its usual form, the metric of the braneworld is ds^2 = e^{−2k|z|} [ −dt^2 + dx^2 ] + dz^2 . (1.1)

Here, the spacetime is constructed so that there are four-dimensional flat slices stacked along the fifth z-dimension, which have a z-dependent conformal pre-factor known as the warp factor. Since this warp factor has a cusp at z = 0, this indicates the presence of a domain wall – the braneworld – which represents an exactly flat Minkowski universe. The reason for choosing this particular slicing of adS spacetime was to have a flat Minkowski metric on the brane – i.e. to choose the “standard vacuum”.

Randall and Sundrum showed that although gravity was inherently five-dimen-sional, and the spacetime was strongly warped, as far as a four-dimensional braneworld observer was concerned, the gravitational potential of a particle on the brane was the Newtonian 1/r potential to leading order. A complete analysis shows that the graviton propagator has the correct tensor structure, and that the effect of the KK modes is to introduce a 1/r^3 correction to the gravitational potential [9].

In astrophysics and cosmology we are not so much interested in the perturbative graviton propagator as in issues such as cosmological models or black holes, which are questions of non-perturbative, or strong gravity. The braneworld generalization of the FRW universe has been well explored and understood [10]; the high degree

– 2 – of symmetry present renders the full five-dimensional problem fully integrable [11], and the general cosmological braneworld is fully understood in terms of a slice of a five-dimensional adS black hole [12]. The mass of this bulk black hole then generates a radiation-style source for the Friedman equation. Interestingly, this understanding feeds in to the second question: What is the metric of a braneworld black hole?

At first sight it might seem that this question should be very similar to answer; as both reduce to a two-dimensional problem, however, the symmetry groups of the two spacetimes are crucially different. For cosmology, the metric splits into two parts – the two dimensions on which it depends, and the spatial part of the universe, which has constant curvature. This problem is equivalent to a two-dimensional field theory which turns out to be totally integrable. For the black hole however, the metric splits into three parts – the two dimensions on which it depends, the time coordinate and the remaining spatial part in which the horizon resides. Thus there are two fields in the two-dimensional theory, and there is no longer a simple solution [13].

The first attempt, [14], to find a black hole solution replaced the Minkowski metric in (1.1) by the Schwarzschild metric, thus creating a black string sticking out of the brane. Unfortunately, as suspected by the authors, this string is unstable to classical linear perturbations [15]. Chamblin et. al. realised that the true static localised black hole would actually be a slice of a five-dimensional accelerating black hole metric (known as the C-metric, [16], in four dimensions), however no such metric has as yet been found. A lower dimensional version of a black hole living on a 2 + 1-dimensional braneworld was however presented by Emparan, Horowitz and Myers [17], using this four-dimensional C-metric. Since then, several authors have attempted to find the full metric using numerical techniques [18], although the main drawback seems to be that it is a very sensitive numerical system. Nonetheless, the results of [19] for small black holes are encouraging.

Analytically, progress has mostly (though see [20]) been limited to considering the brane metric equations of motion, with the only bulk input coming from the projection of the Weyl tensor, the “Weyl term” [21], onto the brane. Since this system contains an unknown bulk dependent term, assumptions have to be made either in the form of the metric or the Weyl term [22, 23]. There is no clear consensus on what the brane black hole metric is, however, some interesting features which do occur are wormholes and singular horizons [24, 23].

One of the reasons this braneworld black hole metric is so interesting is that it is believed to correspond to a quantum corrected black hole. In string theory, it has been realized for some time that there is a correspondence between string theory on adS space, and a CFT on the boundary of that adS space [25]. In other words, all of the information contained in the five-dimensional gravitational spacetime is encoded in a pure quantum field theory living on a four-dimensional spacetime. In the braneworld picture, the brane is not at the adS boundary, but at a finite distance, and the theory on this brane now contains gravity, as well as a conformal

– 3 – energy-momentum tensor – the Weyl term. The effect of the brane on the adS/CFT correspondence therefore is that the bulk theory of gravity in five dimensions corresponds to the four dimensional brane theory of a CFT, with a UV cutoff, interacting with gravity [26]. Since the brane theory is a quantum theory, the holographic correspondence suggests that the classical bulk solution projects to a quantum corrected solution on the brane [27]. Indeed, it was this type of argument that led Tanaka [28] to argue that the braneworld black hole metric would be time-dependent, corresponding to the back-reaction of Hawking radiation on the black hole metric.

For cosmological solutions, this holographic interpretation works very well; the presence of a black hole horizon in the bulk (which is the only allowed class of bulk solution [11]) induces a corresponding source in the Friedman equation which has the form of a radiation source. This source can be interpreted as a CFT in a thermal state corresponding to the Hawking temperature of the bulk black hole. The brane cosmological metric has a constant curvature spatial part, and its symmetries demand that only a radiation energy Weyl term is allowed. From the bulk perspective, this means that every point on the brane is at the same distance from the bulk black hole. Thus a flat universe corresponds to a ‘flat’ bulk black hole, a closed universe to a conventional spherical bulk black hole.

Transporting this intuition over to the brane black hole situation, one can imagine that the black hole becomes displaced from the “center of gravity” of the spherical wall, causing an anisotropy in the brane Weyl term, E_{μν} . As the black hole gets closer to the brane, this anisotropy increases, possibly becoming more important than the radiation term. This reasoning argues for a near-horizon equation of state for E_{μν} which leads to a singular ‘event horizon’ [23], which possibly corresponds to a Boulware choice of vacuum in the quantum corrected black hole [27].

However, there is another holographic interpretation possible, and one which is far more intriguing and experimentally relevant – one which incorporates black hole evaporation. Instead of imagining a quasi-static transport of the bulk black hole towards the brane, consider a bulk geodesic. From the point of view of the brane, these trajectories have constant acceleration away from the brane, so a particle in the bulk moving along a geodesic initially moves towards the brane, can touch the brane, but then moves back into the bulk accelerating away (see section 5). Thus a black hole would move towards the brane, hit the brane, then recoil away back off to infinity. From the brane point of view, this would correspond to collapse of conformal matter, localized around the lightcone, formation of an horizon, and subsequent evaporation of the black hole, again localized around the lightcone. This picture was indeed obtained in perturbation theory in [29], where the metric of a particle leaving the brane was obtained to leading order.

Such a picture should be a reasonable approximation for small mass black holes, which, coincidentally, are precisely the type of black holes that are believed to be important in LHC and cosmic ray phenomenology (for some early works, see [30, 31];

– 4 – for a more complete list of references, see [32]). Such small black holes are thought to be produced after brane-localized particles scatter at high energies and undergo gravitational collapse. A horizon is then formed engulfing the two particles, which can never escape their mutual gravitational attraction. Due to their small mass, these black holes quickly evaporate through the emission of Hawking radiation [32]: for a black hole with mass M_{BH} ≃ 5 TeV, and fundamental gravity scale M_∗ = 1 TeV, their lifetime is only τ_{BH} ≃ 10^{−26} sec, and therefore exist on our brane only momentarily. Even for a higher mass, that would result in a longer lifetime, the corresponding black hole may still ‘disappear’ from our brane due to the so-called recoil effect [33, 34, 35]. Due to the absence of an analytic solution describing a black hole localized on a brane with a non-vanishing self-energy, all studies of the evaporation of brane-world black holes have been restricted to the case where the black hole mass is assumed to be significantly larger than the brane self-energy. In addition, by assuming that the black hole horizon is much smaller than the inverse adS radius, the bulk warping has also been ignored. As a result, all studies up to now have failed to consider the complete bulk-brane-black-hole gravitational system.

In the present work, we study the aforementioned gravitational system in full. Our analysis will be complementary to work on probe branes [36], and develops the work on specific brane trajectories in black hole backgrounds [37, 38]. We restrict our study to the case of a 5-dimensional spacetime in which a 3-brane with a nonnegligible energy-momentum tensor is embedded. By using the Israel’s junction conditions [39], we derive a set of equations corresponding to a spherically symmetric brane with additional matter content corresponding to a homogeneous and isotropic fluid, in other words the brane equivalent of the Tolman-Oppenheimer-Volkoff (TOV) equations. The main difference between this work and the brane based work of [22] is that we have not only a complete brane solution to the TOV equations, but also the full bulk solution. In other words a genuine brane star. Clearly the general brane-bulk system has infinitely many degrees of freedom, so our approach here is to restrict to a spherically symmetric bulk solution, and a variety of bulk backgrounds are considered with the final objective being the consistent embedding of a 3-brane into a Schwarzschild–anti de Sitter spacetime.

The outline of the paper is as follows: In the next section we derive the brane equations of motion for a brane with a general isotropic fluid source living in a (general) spherically symmetric bulk. We then consider the static system in section 3, and show how the static brane is completely integrable. In section 4 we specialize to the physically relevant case of a Schwarzschild–anti de Sitter bulk, exploring possible black hole and stellar solutions. We then briefly consider time dependent solutions in section 5 before concluding.

– 5 –

2. The general brane equations

We now adopt a spherically-symmetric coordinate system, and write the 5-dimensional line-element in the form

ds^2 = −U(r) dτ^2 + 1 U(r) dr^2 + r^2(dχ^2 + sin^2 χ dΩ^2_{II} ) , (2.1)

where U(r) is a general function of the global radial coordinate and dΩ^2_{II} the line element on a unit 2-sphere. We are considering configurations within the second Randall-Sundrum model with a single brane of positive tension and with spacetime reflection symmetric in the wall.

The location of the brane in the 5-dimensional bulk is described by the function χ(τ, r). If we take a 5-vector to be described by the component functions x^μ = (τ, r, χ, θ, ϕ), we may form a new basis in terms of the (unnormalised) tangent vectors and the unit normal:

T^μ = (1, 0, χ̇, 0, 0) R^μ = (0, 1, χ^′, 0, 0) Θ^μ = (0, 0, 0, 1, 0) (2.2) Φ^μ = (0, 0, 0, 0, 1) n_μ = n(−χ̇, −χ^′, 1, 0, 0) . In the above, overdot and prime denote partial differentiation with respect to τ and r, respectively, and^1_{n2} = ( −^{χ̇2}_U + Uχ^{′2} +^1_{r2} ) . The tensor h_{μν} = g_{μν} − n_μn_ν projects vectors onto the wall, and its tangential components define the induced metric on the brane. In the aforementioned basis, it can be simply evaluated as

h_{μν} = −U + r^2χ̇^2 r^2χ̇χ^′ r^2χ̇χ^{′ 1}_U + r^2χ^{′2} r^2 sin^2 χ r^2 sin^2 χ sin^2 θ 0 .

The Israel junction conditions [39], triggered by the presence of the brane with a non-vanishing distributional energy-momentum tensor T_{μν} , take the form

[K_{μν} − Kh_{μν} ]^+_− = κ_5T_{μν} , (2.3)

where K_{μν} = h^ρ_μh^σ_ν ∇_ρn_σ is the extrinsic curvature of the brane, and κ_5 = 8πG_5. Using the Z_2 reflection symmetry around the wall, the Israel conditions can be rewritten as K_{μν} = κ_5 6 (3T_{μν} − h_{μν} T ) . (2.4)

– 6 –

Deviating from the simplified ansatz of [14] in which the brane was characterized only by a constant self-energy, in this work we assume that the energy-momentum tensor on the brane may take the general form T_{μν} = [ρ(τ, r) + p(τ, r)] h_{μσ} h_{νρ} u^σu^ρ + p(τ, r) h_{μν} . (2.5) The above ansatz describes an isotropic distribution of a perfect fluid with ρ(τ, r) and p(τ, r) the energy density and pressure, respectively, of the fluid. The vector u^μ is the fluid’s 4-velocity, that satisfies the normalization condition u^μu^ν h_{μν} = −1. It can be easily shown that working in the rest frame of the fluid on the brane, i.e. writing u^μ = 1 √ −h_{T T} (1, 0, 0, 0, 0) (2.6)

in the basis (T, R, Θ, Φ, n), is equivalent to taking u^μ to be parallel to the time-like tangent vector T^μ in the original basis (τ, r, χ, θ, ϕ). The ansatz (2.6) allows us to rewrite the brane energy-momentum tensor as: T_{μν} = −(ρ + p) h_{μT} h_{νT} h_{T T} + p h_{μν} . (2.7)

For convenience, we will write the energy density and pressure of the perfect fluid on the brane in terms of an “equation of state” p(τ, r) = w(τ, r)ρ(τ, r), and define for later convenience the quantity v(τ, r) ≡ 2 + 3w(τ, r) . (2.8) Note however, that unlike a standard equation of state, in which the pressure is a fixed multiple of the energy, this redefinition does not restrict the pressure in any way since v is an arbitrary function of both r and τ .

By using the form of the energy momentum tensor given in (2.7) together with (2.8), the Israel conditions for a brane containing a perfect fluid take the form K_{μν} = κ_5 6 ρ [ h_{μν} − (1 + v) h_{μT} h_{νT} h_{T T} ] , (2.9)

or, more explicitly, K_{T T} = −n ( χ̈ + Urχ^′χ̇^2 − 1 2 UU^′χ^′ ) = − κ_5 6 ρv ( −U + r^2χ̇^2 ) (2.10) K_{RR} = −n ( χ^{′′} + 2χ^′ r + U^′χ^′ 2U + Urχ^{′3} ) = κ_5 6 ρ [ 1 U + r^2χ^{′2} +

(1 + v) r^4χ̇^2χ^{′2} U − r^2χ̇^2 ] (2.11) K_{T R} = −n ( χ̇^′ + χ̇ r + Urχ^{′2}χ̇ − U^′χ̇ 2U ) = − κ_5 6 ρvr^2χ̇χ^′ (2.12)

K_{ΘΘ} = −n ( Urχ^′ sin^2 χ − sin χ cos χ ) = κ_5 6 ρr^2 sin^2 χ . (2.13)

– 7 –

Two additional, but not independent, equations are obtained from conservation of energy-momentum: χ̇ ( 1 + 1 2 U^′r − U + κ_5ρ 6n (1 + v)r^2 cot χ ) = − κ_5ρ̇ 6n r^2 , (2.14) χ^′ ( 1 + 1 2 U^′r − U + κ_5ρ 6n (1 + v) r^4χ̇^2 cot χ −U + r^2χ̇^2 ) = − κ_5ρ^′ 6n r^2 . (2.15)

We may summarise the above results by saying that a 4-dimensional brane containing a perfect fluid, described by its energy density ρ(τ, r) and equation of state p(τ, r) = w(τ, r)ρ(τ, r), can be successfully embedded in a 5-dimensional sphericallysymmetric background defined by a single function U(r) as long as we can find a consistent set of functions ρ(τ, r), w(τ, r) and χ(τ, r) – with the latter denoting the position of the brane in the 5-dimensional spacetime – satisfying (2.10)-(2.15). This task is simplified if we define a new function α = r cos χ, in terms of which equations (2.10)-(2.15) may be written as

r^2α̈ U − (α^′r − α) ( U^′r 2 − U ) + α +

(1 + v) U [U(α^′r − α) + α] ( −U + r^2α̇^2 r^2 − α^2 ) = 0 , (2.16) Ur^2α^{′′} + (α^′r − α) ( U^′r 2 − U ) − α + (1 + v)

[U(α^′r − α) + α] Ur^2α̇^2(α^′r − α)^2 (r^2 − α^2) (r^2α̇^2 − U(r^2 − α^2))

= 0 , (2.17) rα̇^′ − 1 2 U^′r U α̇ + (1 + v)(U(α^′r − α) + α) α̇(α^′r − α) (r^2 − α^2)

= 0 , (2.18)

U(α^′r − α) + α = κ_5 6 ρr ( − r^2α̇^2 U + U(α^′r − α)^2 + r^2 − α^2

) 1_2

,(2.19) ρ̇r ρ = rα̇ ( 1 +^1_2 U^′r − U U(α^′r − α) + α + (1 + v) α r^2 − α^2 ) , (2.20) ρ^′r ρ = (α^′r − α) ( 1 +^{U ′r}_2 − U U(α^′r − α) + α + (1 + v) (r^2 − α^2) r^2α̇^2α (r^2α̇^2 − U(r^2 − α^2)) ) . (2.21)

In the above, we have also used equation (2.13) to eliminate the quantity κ_5ρ/6n from all other equations. The above system may lead to either static or timedependent brane configurations depending on whether time-dependence is permitted in the brane trajectory χ.

2.1 The Static Brane : An exact solution If we assume that the brane trajectory is time-independent, then considerable simplifications occur. Since χ̇ = α̇ = 0, ρ̇ = 0 from (2.20). The remaining equations

– 8 –

(apart from (2.18) which is trivially satisfied) become: v = −(α^′r − α) (_1

2 U^′r U(α^′r − α) + α ) , (2.22) Ur^2α^{′′} + (α^′r − α) ( 1 2 U^′r − U ) − α = 0, (2.23) U(α^′r − α) + α = κ_5 6 ρr [ U(α^′r − α)^2 + r^2 − α^2

] 1_2

, (2.24) ρ^′r ρ = (α^′r − α) ( 1 +^1_2 U^′r − U U(α^′r − α) + α ) . (2.25)

Integrating (2.25) gives the energy density as: ρ(r) = ρ_0 r^2

[U(α^′r − α) + α] , (2.26)

where ρ_0 is an integration constant. Substituting for ρ(r) in (2.24) yields

U(α^′r − α)^2 − α^2 + ( 1 − 36 κ^2_5ρ^2_0 ) r^2 = 0 . (2.27)

In fact, equations (2.23) and (2.27) for α(r) can be integrated out in terms of a modified radial variable r̃ = ∫ dr r √ U (2.28)

giving:

cos χ = ae^{r̃} + be^{−r̃} , (2.29)

where 4ab = 1 − 36 κ^2_5ρ^2_0

. (2.30)

The energy density and pressure can then be straightforwardly obtained as ρ = ρ_0 r [√ U ( ae^{r̃} − be^{−r̃} ) + ae^{r̃} + be^{−r̃} ] , (2.31) p(r) = − 2 3 ρ(r) − ρ_0U^′ 6 √ U ( ae^{r̃} − be^{−r̃} ) . (2.32)

Finally, we can read off the induced metric on the brane as

ds^2 = −Udτ^2 + 36 κ^2_5ρ^2_0 r^2dr^2 U(r^2 − α^2)

+ (r^2 − α^2) dΩ^2_{II} . (2.33)

Note that the constants a and b encode the same information as the integration constant ρ_0, and the arbitrary constant corresponding to the zero point of r̃ from the integration in (2.28).

– 9 –

3. Static Braneworld “Stars”

In the previous section, we showed how the static brane equations admitted an (implicit) exact solution in terms of the radial variable r̃, which depended on an integral of the bulk Newtonian potential U(r). Although this is an exact solution, the actual properties of the brane depend on the specifics of the relation between r̃ and r. Once this is determined, we have a solution describing a static, spherically symmetric distribution of an isotropic perfect fluid on the brane, i.e. a solution to the brane TOV system. Of course, not all the trajectories we will find will have the interpretation of a star, and, to this end, a careful examination of the energy density and pressure profile will be undertaken.

As a warm up to considering more physically relevant bulk spacetimes, let us consider the simplest possible bulk – the vacuum: U = 1. In this case r̃ = ln r, and α(r) = ar^2 + b. Introducing the polar coordinates

x^∗ = r cos χ , y^∗ = r sin χ , (3.1)

brings the brane trajectories in the form ( x^∗ − 1 2a )_2 + y^{∗2} = 1 4a^2 − b a , (3.2)

with x^∗ = b in the particular case a = 0. These solutions are of limited physical importance as they have constant energy and pressure : ρ = 2aρ_0, p = −2ρ/3. They correspond to an Einstein static universe,

ds^2 = −dτ^2 + R^2_0dΩ^2_{III} (3.3)

where R^2_0 = (1 − 4ab)/4a^2.

Now let us consider a more general family of bulk spacetimes. If we make the choice U(r) = 1 + Cr^n for the bulk metric function, where C and n are arbitrary constants, we can integrate r̃ straightforwardly to obtain an analytic solution

r̃ = 1 n ln | | | | | √ U − 1 √ U + 1 | | | | | , (3.4)

which allows us to write α in the general form: α(r) = [ A | | | √ U − 1 | | | 2 n + B (√ U + 1

) 2_n ]

, (3.5)

with A and B convenient redefinitions of the integration constants a and b appearing in the general solution (2.29).

These solutions (3.5), in conjunction with the choice for the bulk metric function U(r) = 1 + Cr^n, describe different brane configurations in a variety of spherically symmetric bulk backgrounds. Two such backgrounds of immediate physical significance correspond to n = ±2, i.e. pure adS spacetime, and the Schwarzschild solution in five dimensions.

– 10 –

3.1 A 5-dimensional Anti-de Sitter Bulk

In the case of a 5-dimensional bulk filled with a negative cosmological constant, the bulk metric function may be written as U(r) = 1 + k^2r^2, where k is the inverse adS radius. The shape of the brane, α(r), is then given by the expression: α(r) ≡ r cos χ(r) = A (√ U − 1 ) + B (√ U + 1 ) , (3.6)

where, in terms of (2.29), we have set r̃ = 0 at infinity, and A = a/k, and B = b/k. Using the polar coordinates (3.1), the above trajectory may be written as

(1 − β) ( x^∗ + (A − B) 1 − β )_2 − βy^{∗2} = (A + B)^2 (1 − 4ABk^2) (1 − β)

, (3.7)

where β = k^2(A + B)^2. These brane trajectories can be seen to be conic sections

Figure 1: A selection of branes of varying coefficient A, for the case B = 0, k = 1 in a 5-dimensional anti-de Sitter bulk.

classified by the parameter β. For β > 1, the brane is an ellipsoid, β = 1, a paraboloid, and for β < 1 a hyperboloid, with β = 0 corresponding to a straight line. In figure 1, we display the resulting brane configurations for some indicative values of the integration parameters A and B. For simplicity, we have set k = 1, and B = 0; then, as A varies, the shape of the brane changes gradually covering all three cases outlined above.

– 11 –

The physical significance of β becomes apparent from the computation of the energy density from (2.26):

ρ = k^2ρ_0(A − B) = 6k κ_5 k(A − B) √ 1 − β + k^2(A − B)^2

. (3.8)

This reveals that the energy density is constant throughout the brane, and, for A > B, it remains positive. Then, for the critical value β = 1, the energy density has precisely the Randall-Sundrum critical value ρ_{RS} = 6k/κ_5, while for β less (greater) than unity we have a sub- (super-) critical brane. Turning to the equation of state on the brane, by using equations (2.22) and (2.8), we find that p(r) = −ρ + (A + B)k^2ρ_0 3 √ U . (3.9)

It is worth noting that we cannot get a static trajectory for a critical or super-critical brane with a pure tension energy momentum (w = −1): such a solution follows only for A+B = 0, that corresponds to β = 0 and thus to a sub-critical, or Karch-Randall brane [40]. For β ≠ 0, we have a varying tension on our brane, equivalent to a surplus pressure in the braneworld.

Finally, we can evaluate the induced metric on the brane:

ds^2 = −U(r) dτ^2 + ( 1 − 4ABk^2 r^2 − α^2(r) ) r^2dr^2 U(r) + ( r^2 − α^2(r) ) dΩ^2_{II} ,

= −U (r(r̂)) dτ^2 + dr̂^2 1 − λr̂^2/3

+ r̂^2dΩ^2_{II} . (3.10)

where λ/3 = −k^2 + ρ^2κ^2_5/36 is the effective cosmological constant on the brane. Clearly, the spatial part of the metric takes the form of a constant curvature space, being flat, anti de Sitter or de Sitter depending on whether the brane is critical, sub- or super-critical respectively. However, since the relation between r and r̂ is in general convoluted, the brane has a nontrivial Newtonian potential. This is because unless A = −B, there is a nonvanishing excess pressure on the brane, which acts as a source and results in a non-asymptotically flat (or (a)dS) spacetime. To see this explicitly consider a critical brane

ds^2_c = − k^2 (A^2 + B^2 + r̂^2/2)^2 (A − B)^2 dτ^2 + dr̂^2 + r̂^2 dΩ^2_{II} . (3.11)

This spacetime is clearly not asymptotically flat, and in fact corresponds to a source

T^0_0 = 0 , T^r_r = T^θ_θ = T^φ_φ = 4 κ_5(2A^2 + 2B^2 + r̂^2)

, (3.12)

which corresponds to the actual pressure discrepancy on the brane: p+6k/κ_5 . Similar results hold also for the case of a sub- or super-critical brane where T^0_0 = λ ≠ 0.

– 12 –

We see therefore that these particular trajectories have excess pressure on the brane, which results in metrics which do not asymptote exact Randall-Sundrum or Karch-Randall branes. However, if |kA| and |kB| are large enough, the metric can be flat (or asymptotically (a)dS) over many orders of magnitude before the effect of the pressure kicks in.

3.2 A 5-dimensional Schwarzschild Bulk

We now assume that the 5-dimensional bulk contains not a cosmological constant, but a mass that creates a spherically symmetric Schwarzschild background with U(r) = 1 − μ/r^2, where μ is related to the actual mass of the black hole by M = 3πμ/8G_5 . In this case, n = −2 and C = −μ. Then, equation (3.5), that describes the shape of the brane, takes the form

α(r) = r^2 [ A (√ U − 1 ) + B (√ U + 1 )] , (3.13)

where now A = −b/ √ μ, B = a/ √ μ, and r̃ = 0 at the horizon. Note that by construction, these trajectories are strictly only valid outside the event horizon of the black hole, since the definition of the r̃ coordinate involves a branch cut there. We could in principle redefine r̃ inside the horizon, although as we are only interested in the exterior solution we shall not do so here.

Following the same analysis as before, the functions ρ and p are now found to be

ρ(r) = ρ_0 [ B( √ U + 1)^2 − A( √ U − 1)^2 ] , (3.14) p(r) = −ρ(r) + ρ_0 3 √ U [ B( √ U + 1)^2(2 √ U − 1) − A( √ U − 1)^2(2 √ U + 1) ] , (3.15)

where ρ_0 =^6_{κ5}^√_{1+4ABμ} . Clearly ρ is not a constant for these branes, in contrast to the adS case, and we must now consider what we think of as a physically sensible brane energy and trajectory. Obviously we want ρ to be positive, but in addition, if our solutions are to correspond to stars or black holes, we expect that they will have the interpretation of energy sources, in other words, the energy of the brane will increase towards the centre of the brane. This is not quite as straightforward as having ρ be a decreasing function of r, since the brane radial coordinate is in fact r sin χ, and we must therefore examine each trajectory in turn.

To examine the shape of the brane, we square equation (3.13) to obtain:

4AB r^2 + 2(B − A)r cos χ − cos χ^2 = μ(A + B)^2 . (3.16)

The solutions of the above equation are hyperbolae in the (cos χ, r)-plane, which leads to the following parametric solution in polar coordinates: r = √ μ cosh λ (3.17) χ = Arccos √ μ(Be^λ − Ae^{−λ}) . (3.18)

– 13 –

Clearly there are constraints on the range of the parameter λ, since we require that | cos χ| ≤ 1, and in addition we will impose positivity of ρ.

With these constraints in mind, we can see qualitatively the different families of trajectories that are allowed. First of all, note that the brane can only touch the event horizon if 0 < B − A ≤ 1/ √ μ , (3.19)

the first inequality coming from positivity of energy. Then, computing the derivative dχ dr from (3.17, 3.18) shows that unless B = −A,^{dχ}_{dr} → ∞ at the horizon, meaning that the brane touches the horizon at a tangent. However, if B = −A, then the brane can actually pass through the horizon, and, as we will see, eventually hits the central singularity.

From (3.16), we see that the general shape of the trajectories is in fact primarily determined by the quantity AB. We will now run through the general brane shapes that are allowed.

Figure 2: A selection of branes (solid lines) for the case AB > 0, in a 5-dimensional Schwarzschild bulk of fixed mass parameter μ = 0.03. The dashed line denotes the corresponding horizon radius.

• AB > 0. In this case (3.18) implies that either the brane completely encloses the event horizon, or it touches (and hence terminates on) the event horizon, depending on the value of B − A compared to the critical value 1/ √ μ. Returning to (3.13), we see that in the latter case cos χ is an increasing function of r, and so the brane lies

– 14 – to the right of the points where it touches the event horizon, which are themselves on the right of the (x^∗, y^∗)-plane since B > A. Figure 2 shows a sample set of brane trajectories in this class. Note that as χ^′ < 0 for these trajectories, it is the interior of the bubbles in the bulk that is retained.

For B > A > 0, it may easily be seen that the energy density (3.14) remains positive throughout the brane. Turning to (2.25), we see that this also corresponds to ρ being an increasing function of r, hence these branes have an energy surplus at the point located farthest away from the event horizon. The branes terminating on the horizon look like the inside of a bubble, with the event horizon defining its boundary, and its energy density concentrated at its center r̂ = 0. However, the pressure (3.15) is increasing away from the center of the bubble, eventually acquiring an infinite value at the point where the brane touches the event horizon thus rendering the bubble boundary singular.

Figure 3: A selection of branes for the case AB = 0, in a 5-dimensional Schwarzschild bulk of fixed mass parameter μ = 0.03. The case A = 0, B = 1 is shown together with a set of branes with B = 0 and variable A. The dashed line denotes again the event horizon.

• AB = 0. If A = 0, then (3.13) will only correspond to a brane exterior to the horizon if | cos χ| = rB (1 + √ U) ≤ 1. This leads to the bound B ≤ 1/ √ μ while positivity of energy demands that B > 0. Examination of (3.13) then shows that these trajectories start tangent to the event horizon, curve out into the bulk, then return to the event horizon. The indicative case (A = 0, B = 1) is shown in figure

– 15 –

3. The energy density and pressure of these trajectories may be easily shown to be similar to the ones of branes with AB > 0 terminating on the horizon, and they correspond again to bubbles with a singular pressure boundary.

If B = 0 on the other hand, the trajectories asymptote r cos χ = −μA/2 at infinity, remaining roughly straight until they near the vicinity of the horizon where they bend away. (Those touching the horizon are the planar solutions of [37].) If −A < 1/ √ μ, then they become tangent to the horizon at the same point as the trajectory, found by swopping B and −A. If −A > 1/ √ μ, the trajectories manage to bend sufficiently far that they avoid the event horizon altogether. The borderline case A = −1/ √ μ has the brane just skimming the horizon. Figure 3 shows some of these brane trajectories with B = 0 and variable A.

Figure 4: A selection of branes for the case AB < 0, in a 5-dimensional Schwarzschild bulk of fixed mass parameter μ = 0.03. The dashed line denotes again the corresponding horizon radius.

The energy and pressure of these brane trajectories have a particularly simple form : ρ = −6A κ_5 (√ U − 1 )_2 , p = − ρ 3 ( √ U − 1) √ U . (3.20)

For A < 0, these branes have ρ positive and uniformly decreasing as r increases. If |A| ≤ 1/ √ μ, the energy density decreases away from the horizon, however the pressure still diverges there. If |A| > 1/ √ μ, the brane never touches the horizon and the pressure remains everywhere finite. Moreover, the energy density is decreasing

– 16 – away from their centre r̂ = 0, and hence they correspond to asymptotically empty branes with positive mass sources. We will return to these physically interesting cases later.

• AB < 0. From positivity of energy, we see that here A must be negative, and the brane lies exclusively on the right hand side of the (x^∗, y^∗)-plane. The brane can be seen to either be a single arc which touches the horizon, or a closed loop. In fact, by slowly reducing the magnitude of B − A, we see that the loop moves closer to the event horizon forming two arcs, each curving away from the horizon, eventually touching it at two points. In this case, the outer half is related to the inner half by exchanging B → −A, and A → −B. A selection of these branes is depicted in figure 4. For the arc branes with B − |A| > 0, the energy density increases away from the horizon and reaches its maximum value at the center of the brane r̂ = 0, creating again a bubble with a diverging pressure at its boundary. The same singular behaviour at the event horizon is exhibited by the pressure in the case of arc branes with B − |A| < 0, although in this case, the energy initially decreases away from the horizon, which corresponds to an energy deficit, and then increases again creating an energy source. In the case of closed loops, that do not touch the horizon, the pressure singularity is again avoided, and the energy density profile resembles one of the two described above depending on the value of B − |A| in that case.

The one exception to the picture described above, where the brane can at most touch the horizon but otherwise it extends outside it, is the special situation alluded to previously, namely the case A = −B. The brane equation in this case can be written as

y^{∗2} + ( x^∗ − 1 4B )_2 = 1 16B^2

. (3.21)

The above situation is unique in that the brane extends beyond the black hole horizon and even passes through the point mass located at x^∗ = y^∗ = 0. For this solution the singularity problem associated with crossing the horizon is removed by the choice A = −B. The energy density is uniformly increasing with r for B > 0, and acquires its maximum value at the point located farthest away from the black hole. This type of brane is also shown in figure 4 – the solid purple line indicating the sole trajectory which crosses the horizon.

Having derived these brane trajectories, we would now like to highlight which are likely to be physically useful. First of all, note that the definition of the brane extrinsic curvature means that the normal, defined in (2.2), is pointing out of the spacetime being kept in this Z_2-symmetric identification. This means that, typically, for a trajectory which escapes to infinity, it is the right hand side of the bulk spacetime which is being kept, and for closed branes, it is the interior of the bubble. In other words, for the brane trajectories with B = 0, the spacetime without the black hole

– 17 – in is the bulk appropriate to the brane trajectory. Similarly, with the small (red) bubble in figure 4, it is the interior of the bubble which is kept, which has no segment of the event horizon in it.

Focussing on the B = 0 trajectories, as these are asymptotically flat, we now show that these have precisely the energy-momentum one would expect for a TOV star solution. From (3.20) we see that the energy density is peaked around r̂ = r sin χ = 0, as is the pressure, the energy falling off as 1/r^4 and the pressure as 1/r^6 (with r̂ ∝ r for large r). Plotting the energy and pressure for the brane shows that this does indeed correspond to a localized matter source, with the peak energy density dependent on the minimal distance from the horizon. The central energy and pressure can be readily calculated from this minimal radius, r_m = μ|A|/2 + 1/2|A|:

ρ_c = 24|A| κ_5(1 + μA^2)^2

, p_c = 16|A| κ_5(μA^2 − 1)(1 + μA^2)^2

, (3.22)

which shows that the central pressure diverges as μA^2 → 1. However, for |A| = 1/ √ μ the trajectory just touches the event horizon of the black hole, which is the source of this divergent pressure. This is analogous to the divergence of central pressure in the four-dimensional TOV system, which is indicative of the existence of a Chandrasekhar limit for the mass of the star.

Figure 5: The energy (dark line) and pressure (grey line) of brane stars with a pure Schwarzschild bulk as a function of the brane radial coordinate r̂. The black hole mass is fixed at μ = 1, and the distance of closest approach to the horizon increases across the plots.

Some examples of the solutions to the brane TOV equations are given in figure 5. Notice that as the brane trajectory is moved away from the horizon, the pressure of the matter on the brane decreases; in fact, in the final plot, the pressure can barely be distinguished from the axis. Also note that as μA^2 increases, the spread of the matter on the brane increases. In these spacetimes, there is no actual black hole in the bulk, since it is the bulk to the right of the brane that is retained. Rather, it is the combination of the bulk Weyl curvature and the brane bending which produces the fully coupled gravitational solution.

By working in dimensionless units, ξ = r/ √ μ and b, we can be more explicit about the dependence of energy on the bulk Weyl mass parameter, μ, and the ‘impact

– 18 – parameter’ A (or b). For instance, the energy density on the brane scales as b/ √ μ, and the spread of the star as b. We can also calculate the total mass of the star readily as

M_s = 4π ∫_∞ r_m rρ √ r^2 − α^2 √ U dr = 12πμ κ_5

F (b) , (3.23)

where F (b) → 1 from above very rapidly. In other words, the total mass of the star is directly proportional to the bulk mass parameter. Referring back to the existence of a central singularity in the pressure, we see that this corresponds to either reducing b to bring the brane to the horizon, or increasing μ, to bring the horizon to the brane (or perhaps a combination of both). In either case, the total mass and the concentration of the matter increases. There is however no overall upper bound on the mass of the star, as we can always have a nonsingular solution for any μ simply by making b large enough. The limit on mass is therefore not a true Chandrasekhar limit, but more a statement about an upper bound on the concentration of matter. The real reason there is no absolute upper bound is because, unlike the RS system with an adS bulk, gravity on the braneworld is not localized, nor is it four-dimensional. This is also seen in the induced metric on the brane (2.33), which in the case of a Schwarzschild bulk has no convenient expression in terms of the radial coordinate r̂^2 = r^2 − α^2. However, for the one solution which tends to infinity, we see that α → μ|A|/2, which implies that the asymptotic metric is in fact the projection of the 5-dimensional Schwarzschild metric on the brane.

To sum up: the pure Schwarzschild spacetime has a rich set of brane trajectories, most of which are closed, however, there is a class of asymptotically flat branes which have a localized source satisfying the DEC (mostly) and hence with the interpretation of an isolated gravitating star.

4. Braneworld Stars : A Schwarzschild-adS Bulk

We now turn to the case of a static brane embedded in a 5-dimensional Schwarzschild– anti de Sitter (Sch-adS) spacetime. Since the Randall Sundrum model is a brane in adS spacetime, we expect that any consistent brane trajectories in Sch-adS will potentially correspond to brane stars or black holes. It is worth stressing that these solutions will not just be brane solutions, but full brane and bulk solutions, since the full Israel equations for the brane have been solved in a known bulk background.

Note that in the Randall-Sundrum scenario, our empty brane solution does not have zero energy-momentum, but a background constant energy and tension: T_{μν} = ρh_{μν} , where ρ = ρ_{RS} for the critical RS brane, and ρ < ρ_{RS} for the subcritical Karch- Randall brane. Therefore, when we compute p and ρ for a spherically symmetric brane, this background brane energy momentum will be included. According to [21],

– 19 – the brane gravitational field couples to the differential energy momentum T_{μν} = T_{μν} − ρ_b κ_5 h_{μν} (4.1)

where ρ_b is the background brane tension, as well as a possible brane cosmological constant term corresponding to the difference between ρ_b and the critical RS brane tension. For the critical brane, T_{μν} will give the extra matter on the brane which is sourcing the spherically symmetric gravitational field, however, sub- and supercritical branes will also have an additional gravitational effect from the cosmological constant term. For the sake of simplicity, as well as correspondence with the zero bulk black hole mass limit, we will identify the background brane tension as

ρ_b = 6k(a − b) κ_5 √ 1 − 4ab (4.2)

The metric function U(r) is now given by

U(r) = 1 + k^2r^2 − μ r^2

, (4.3)

and is not covered by the general metric ansatz studied in the previous section. The function r̃ actually has an exact analytic expression

r̃(r) = 1 kr_+ Elliptic F [ Arcsin ( r r_− ) , r^2_− r^2_+ ] . (4.4)

In the above, r_+ (the black hole horizon) and r_− are defined by the expressions

r^2_+ =

−1 + √ 1 + 4k^2μ 2k^2

, r^2_− = −1 − √ 1 + 4k^2μ 2k^2

. (4.5)

Although an exact solution, the expression (4.4) is of limited use because of the imaginary value of r_−, and the presence of the Elliptic function. It can be used of course to give numerical solutions for the brane, as we will do presently, however we will first deduce some general properties of trajectories based in part on what we have learned from the effects of the black hole mass, and negative cosmological constant separately.

First of all, note that for large enough r, the geometry will be dominated by the cosmological constant, therefore we expect that our pure adS solutions will be good approximations to any trajectories for large r. Next, if μk^2 ≪ 1, i.e. if the black hole is much smaller than the adS scale, we expect that in the vicinity of the horizon the Schwarzschild solutions will be good approximations for the brane, therefore for small mass black holes, we might expect brane trajectories to be well approximated by some combination of Schwarzschild and adS branes. We would like to note here that, for convenience and easy comparison with the pure adS limit, we

– 20 – zero the r̃-coordinate at infinity. Then, the range of r̃ in Sch-adS turns out to be finite, and to decrease sharply with increasing μ (for example, if μ = 0.01, r_+ ≃ 0.1 and r̃_+ ≃ −3.7, whereas if μ = 10^5, r_+ ≃ 10 and r̃_+ ≃ −0.13). This suggests that trajectories in large mass Sch-adS black hole spacetimes are more finely tuned, and possibly more restricted than in small mass black hole spacetimes.

Figure 6: A sample of supercritical brane trajectories with a + b > 1 in a 5-dimensional Schwarzschild–anti de Sitter background of fixed parameters k = 1 and μ = 0.03. The dashed line denotes again the horizon.

We are clearly interested in branes which have matter that can be interpreted as a gravitating source, i.e. we would like to have a energy excess at the center of the brane. We can see therefore that, unless we have a closed bubble, this will in general correspond to ρ being an increasing function of r. From (2.25), we see that in Sch-adS ρ^′ = 2μρ_0 r^3

(cos χ)^′ , (4.6)

hence ρ will be a decreasing function of r if cos χ is. However, from (2.31), ρ is asymptotically dominated by ρ_0 √ U(ae^{r̃} − be^{−r̃})/r ∝ (cos χ)^′, hence any positive energy brane trajectory will have (cos χ)^′ > 0 near infinity, and hence ρ will be increasing near infinity (albeit at a very slow rate), corresponding to an energy deficit at large r. However, this underdensity will prove to be extremely marginal, and many trajectories have, as their main feature, energies significantly in excess of their background value in the interior.

– 21 –

Like adS spacetime, the Sch-adS trajectories can be classified according to whether they asymptote the adS boundary at nonzero χ, at χ = 0, or do not reach the boundary at all, i.e. are closed bubbles. These correspond to subcritical, critical, or supercritical branes (a + b > 1, a + b = 1, and a + b < 1) respectively.

4.1 Supercritical branes

We will now show that all closed trajectories are supercritical. Clearly if a trajectory is not closed, it is not supercritical, since if a brane asymptotes the adS boundary, then in that asymptotic regime it must have | cos χ| ≃ |a + b| ≤ 1 from the pure adS results. Now suppose that the brane has a finite extent. In that case, the brane must satisfy cos χ = 1 at some value r̃_1 < 0. If the brane is closed, it should also satisfy cos χ = cos χ_0 at some other value r̃_0 < r̃_1, where χ_0 = 0 if the bubble lies entirely on the RHS of the black hole, and χ_0 = π if the bubble encloses the black hole. The only other possibility for a finite brane is to terminate on the horizon and, in that case, r̃_0 = r̃_h if χ_0 ∈ (0, π). Using this information, we find that a = e^{r̃1} − e^{r̃0} cos χ_0 e^{2r̃1} − e^{2r̃0}

, b = e^{r̃1+r̃0}

(e^{r̃1} cos χ_0 − e^{r̃0} ) e^{2r̃1} − e^{2r̃0}

. (4.7)

From the above we may see that, since r̃_0 < r̃_1 < 0, a + b is a decreasing function of r̃_1; therefore, since a + b = 1 for r̃_1 = 0, a + b > 1 for a closed bubble with r̃_1 < 0.

In figure 6, we depict a sample of supercritical branes for fixed background parameters k = 1 and μ = 0.03, and various values of the parameters a and b of the general solution (2.29). The branes exhibit the features discussed above and form either closed loops or arcs terminating on the horizon. The latter characteristic is determined by whether a and b satisfy the constraint | cos χ| ≃ |ae^{r̃+} + be^{−r̃+} | ≤ 1 near the horizon. For the arcs terminating on the horizon, it may be easily seen that the energy density remains positive and increases towards the center of the brane. As in the Schwarzschild case, however, the pressure becomes singular at the horizon. For branes forming a closed loop on the RHS of the horizon, a similar behaviour is found to the one encountered in the Schwarzschild background: the energy density decreases near the vicinity of the horizon but increases towards the most distant point of the brane. A uniformly increasing behaviour for the energy density is found also in the case of brane trajectories that enclose the black hole horizon: ρ reaches its maximum positive value at the point of the brane located farthest away from the black hole, although care must be taken over the choice of a and b to ensure that ρ remains positive throughout the trajectory.

4.2 Critical branes

In this case we have a + b = 1, which means that the brane trajectories asymptote the adS boundary at exactly χ = 0. The branes are thus open, and may or may not touch the black hole horizon depending on the exact values of the parameters a and

– 22 –

Figure 7: (a) A sample of critical brane trajectories with a + b = 1 in a 5-dimensional Schwarzschild–anti de Sitter background of fixed parameters k = 1 and μ = 0.03. The dashed line denotes again the horizon. (b) A set of plots of the brane energy (black line) and pressure (grey line) for a sequence of critical branes moving away from the horizon.

b. In order to demonstrate when this happens, we describe our trajectories in terms of a sole parameter by writing a = (1 + c)/2 and b = (1 − c)/2. Then, if

c < | tanh r̃_+/2| , (4.8)

the trajectory will remain on the RHS of the horizon: after reaching a point of closest proximity, the brane will bend to avoid the horizon and eventually escape to infinity. If c saturates or exceeds the above bound, the brane will terminate on the horizon. A sample of critical trajectories in a Sch-adS background is shown in figure 7(a).

The behaviour of the energy density and pressure in this case is strongly dependent on the location of the brane compared to the black hole. Branes that originate from the horizon and extend to infinity have their energy density positive, provided they intersect the horizon at χ_0 < π/2, i.e. c < | coth r̃_+|. The horizon is then a local energy maximum if c < | tanh r̃_+|, with the energy decreasing away from the horizon, undershooting the asymptotic value before increasing again towards the asymptotic critical value. If c > | tanh r̃_+|, then the energy monotonically increases out to infinity. In addition, the pressure, as expected, diverges at the black hole boundary.

According to figure 7(a), as the value of the c parameter decreases, the brane shifts towards the right. For branes that avoid the horizon the energy density is again positive, peaking at the center, and dropping rapidly to the background value,

– 23 – undershooting it slightly to form the underdense region already discussed. The pressure also reaches its maximum value at the center, but is uniformly decreasing with r, at a much slower rate, consistent with the pressure excess observed for the pure adS branes. Apart from this pressure excess, the other main difference with pure Schwarzschild trajectories, is whether branes satisfy the differential DEC at their center depends crucially on the choice of c. By differential DEC, we mean the DEC for the differential energy momentum T_{μν} , and thus the energy momentum tensor for an observer on the brane. In pure Schwarzschild, the DEC is satisfied except for branes which skirt extremely close to the horizon, where the local Weyl curvature causes the pressure to diverge. This phenomenon is also observed for the Sch-adS branes skimming close to the horizon, however, as we decrease c (or increase b) the central energy dominates the pressure for only a finite range of b before once again dropping below the pressure. This is because the further we move away from the horizon the adS curvature becomes more important, and for pure adS branes, the effect of the adS curvature is to induce a pressure excess. In figure 7(b), we present the (differential) energy density and pressure for a sequence of critical branes in a Sch-adS background displaced an increasing distance from the horizon. One may easily observe the localization of both the energy density and pressure at the center of the brane, corresponding to a distribution of a positive mass source, as well as the fact that the DEC can be satisfied at the centre of the distribution.

4.3 Subcritical branes

This family of branes with a + b < 1 are largely similar to critical branes. They correspond to open trajectories that asymptote the adS boundary, although at nonzero χ in this case. The same bound as before, i.e. whether | cos χ| ≃ |ae^{r̃+} + be^{−r̃+} | ≤ 1, will determine whether the brane terminates on the event horizon or remain on the RHS of it. As the brane trajectories in this case look similar, apart from the angle of approach from the adS boundary, to the ones presented in figure 7(a) for critical branes, we refrain from presenting another graph here. The energy density and pressure profile in this case is again similar to the one found for critical branes. Once again, for a large family of parameters a and b, solutions with a positive energy excess at the center of the brane may be easily found.

One special subcritical trajectory found in the pure adS case was the Karch Randall trajectory, a + b = 0. We can extend this to Sch-adS obtaining

cos χ = 2a sinh r̃ (4.9)

however, since a > 0 for a positive energy trajectory, this has (cos χ)^′ > 0, and hence the energy density is always increasing with r. Thus, whether or not these trajectories terminate on the horizon, they always correspond to energy deficits on the brane, and hence negative mass sources from the point of view of a brane observer.

– 24 –

Figure 8: A mixture of brane trajectories in a 5-dimensional Schwarzschild–anti de Sitter background of fixed parameters k = 1 and μ = 0.03.

Finally, one other special trajectory that emerged from the previous section was the Schwarzschild trajectory which was nonsingular on the horizon, intersecting it perpendicularly and extending to the origin. This corresponds to ae^{r̃+} = be^{−r̃+} (note that the condition A = B for Schwarzschild was for an r̃ coordinate zeroed at the horizon). Extending this concept to Sch-adS gives

cos χ = 2ae^{r̃+} cosh(r̃ − r̃_+) (4.10)

These trajectories can be super- sub- or precisely critical, depending on the magnitude of a, however, for all of these trajectories (cos χ)^′ > 0, hence they correspond to energy deficits on the brane.

The brane trajectories found in this section and depicted in figures 6 and 7 have obvious similarities with the ones presented in the previous section. As expected, the brane trajectories in a bulk containing both a mass and a negative cosmological constant are hybrid constructions, and exhibit features and characteristics that appeared either in the case of an adS or a Schwarzschild background. As an example, in figure 8, we present a mixture of supercritical, critical and subcritical branes embedded in a Sch-adS bulk, that clearly resembles the one presented in figure 1. The parameters a and b in this particular case have been chosen so that the branes remain

– 25 – on the RHS of the horizon, and apart from the brane bending to avoid the horizon, these trajectories have otherwise similar characteristics with the ones in figure 1. Finally, we would like to note here that the study of Sch-adS backgrounds with larger mass parameter μ has led to similar families of trajectories. As mentioned earlier, as the value of μ gets bigger, the range of the r̃-coordinate becomes shorter, and an increased accuracy is necessary in our numerical analysis in order to produce the corresponding trajectories. Apart from being numerically more sensitive, the study of large mass Sch-adS backgrounds yields the same characteristics for the allowed brane trajectories.

5. The Time-Dependent Brane

Having analysed the static brane trajectories in a spherically symmetric background, finding brane black hole and stellar solutions, we now comment on the time dependent case. The full problem is beyond the scope of this paper, however, we will make some remarks here, and explore the various issues involved in finding a time-dependent brane black hole trajectory, such as might be appropriate to black hole evaporation or recoil.

5.1 Exact branes

We start by reviewing the argument that there is no time-dependent trajectory which corresponds to a pure vacuum brane embedded in a black-hole bulk background. Setting v = −1 in the brane equations (2.16)-(2.21) results in considerable simplifications. Once again, the energy density ρ = ρ_0 r^2

[U(α^′r − α) + α] , (5.1)

(which in principle can be a (τ, r)-dependent quantity) solves (2.20) and (2.21). In addition, (2.18) is immediately integrable yielding α(τ, r) = f(τ ) √ U(r) + g(r) , (5.2)

where f(τ ) and g(r) are, at the moment, arbitrary functions. If we substitute the above form of α(τ, r) into (2.17), we then find √ U ( 1 2 U^{′′}r^2 − U^′r + U − 1 ) f(τ ) + Ur^2g^{′′} + (g^′r − g) ( U^′r 2 − U ) − g = 0. (5.3)

The only way for this equation to be satisfied, for all τ , with f(τ ) ≠ 0, is for the factor preceding f(τ ) to be equal to zero: 1 2 U^{′′}r^2 − U^′r + U − 1 = 0 , (5.4)

– 26 – which has as a solution

U(r) = 1 + Cr + Dr^2 , (5.5)

for constants C and D. Thus a brane with equation of state w = −1 can only be embedded in a bulk with the above solution for the metric function. However, computing the energy momentum tensor of the bulk spacetime, and demanding that it be isotropic leads to C = 0, and hence a constant curvature spacetime with D = −Λ/6. Clearly adS spacetime satisfies this, with D = k^2. Here the pure tension brane trajectory takes the form α(τ, r) = 1 k √ 1 + k^2r^2 cos(kτ ) − 1 k , (5.6)

with energy, as expected, ρ = ρ_{RS} = 6k κ_5

. (5.7)

This is the Randall-Sundrum brane in global coordinates. To see this, use the transformation between global adS and RS coordinates: ku = [√ 1 + k^2r^2 cos kτ − kr cos χ ]_{−1} (5.8) kt = (ku) √ 1 + k^2r^2 sin kτ (5.9)

k|x| = (ku) kr sin χ , (5.10)

in which the RS metric is:

ds^2 = 1 k^2u^2 [ −dt^2 + du^2 + dx^2 ] . (5.11)

The wall trajectory in global coordinates is in fact oscillatory, starting off at the adS boundary, moving in to the origin when it closes off the whole adS boundary, then moving back again. The RS wall is oscillatory because the spherical coordinates are the universal covering space of adS, and so the ‘wall’ is actually an infinite family of walls, each in the local patch covered by the horospherical coordinates.

The key feature of this wall trajectory is that it satisfies the Israel junction conditions [39] for a ‘brane’ energy-momentum tensor which is proportional to the induced metric on the brane. A natural generalization of this situation would be the consistent embedding of a brane, with a general energy-momentum tensor, in a bulk background that describes a regular black hole in either flat or curved spacetime.

5.2 Branes with matter

Let us now explore simplistically what happens if we modify the global adS metric to Sch-adS. Since r = 0 is a geodesic of the spherical adS spacetime, the image of r = 0 in the Randall-Sundrum spacetime, which is a hyperbola, will be a geodesic

– 27 – in the RS spacetime. Therefore, if we put a black hole at r = 0, it should look like a particle in the RS spacetime, at least to a first approximation. We should note here that this philosophy is similar to that of [38], who considered slices of SchadS which would satisfy the DEC. However, note that those slices were static (and asymptotically adS), crucially here we are allowing time dependence in order to get an asymptotically flat brane, as well as the interpretation of black hole evaporation or recoil

As we have just shown, it is not possible to have a vacuum brane embedded in anything other than pure adS spacetime, therefore finding a full solution to a time-dependent braneworld black hole would require embedding a time-dependent axisymmetric brane at the very least in an axisymmetric bulk, since it was proven in [11] that a bulk with SO(4) symmetry must necessarily be Sch-adS. Thus, the exact solution for the vacuum brane is an extremely involved problem which is probably only tractable numerically. What we will now do is to relax the assumption that T_{μν} ∝ h_{μν} for the brane, and explore the effect of the bulk black hole on the timedependent brane, determining the effect of brane bending and varying the brane position and black hole mass on the brane energy-momentum.

From (5.8), we see that a flat brane sitting at ku = ϵ in the RS picture satisfies √ 1 + k^2r^2 cos kτ − kr cos χ = (ku)^{−1} = 1 ϵ . (5.12)

Therefore as a starting point, we keep this same trajectory and calculate the energymomentum. As we have already discussed, there is no trajectory that will have a pure brane energy momentum, T_{μν} = −(6k/κ_5) h_{μν} , however, as a black hole formed on the brane must be produced by the collapse of matter, it is not clear whether we should expect a pure brane energy momentum solution; rather, a solution corresponding to the collapse of matter on the brane is perhaps more physically realistic.

The aim of this subsection is to understand how the bulk black hole acts on the brane energy momentum, producing a spherically symmetric brane matter source. By varying the black hole mass, the distance of closest approach of the black hole to the brane, and modifying the brane trajectory, we can study the effect of these various factors on the brane energy momentum. Since we expect the full picture to involve all three of these effects in some combination, this process of isolating the effect of each will allow us to gain insight into the nature of the brane black hole. Unlike the previous sections however, here we are not imposing a particular type of matter, such as an isotropic fluid, but determining whether time-dependent brane trajectories exist which have sensible matter on the brane. In particular, we will be looking for matter which obeys the weak energy condition (WEC), namely that the energy density increases at the center of collapse.

Recall that the energy momentum of a surface slicing the Sch-adS spacetime is

– 28 – given by the Israel junction conditions as: T_{μν} = 2 κ_5 (K_{μν} − Kh_{μν} ) = − 6k κ_5 h_{μν} + t_{μν} , (5.13)

where we have taken the critical RS brane tension 6k/κ_5, and t_{μν} is (hopefully) a small perturbation in the energy-momentum. We can compute this geometric energy momentum from (2.10-2.13), and since we want to compare this to a pure critical RS brane T_{μν} = −(6k/κ_5) h_{μν} we will plot the ratio (in an obvious abuse of notation): e_{μν} = (K_{μν} − Kh_{μν} ) (−h_{μν} ) = T_{μν} (−2h_{μν} ) = 3 + t_{μν} (−2h_{μν} ) . (5.14)

In the above, we have set for simplicity κ_5 = 1. Clearly, since the trajectory is time dependent, this ratio will also be time dependent, however, we expect that the largest effect of the bulk black hole will be represented by the t = 0 slice of the braneworld – the point of closest proximity – we therefore plot the energy momentum at t = 0. This has the simplifying effect of making χ̇ = 0 in the expressions for the extrinsic curvature, and gives a local static frame for the energy momentum tensor.

Figure 9 shows the effect of the bulk black

Figure 9: The energy-momentum of an RS brane with a black hole in the bulk as a function of the brane radial coordinate r sin χ. The energy is given by the black line, the radial pressure by the grey line and the azimuthal pressure by the dotted line.

hole on the energy momentum tensor of the brane. We have picked a small bulk black hole (μ = 0.1), and the RS brane sits at ku = 0.3. The energy is the solid black line, the radial tension the grey line, and the angular tension the dotted line. The black hole causes the energy of the brane to decrease from its critical value, whereas both the radial and azimuthal tension increase. Clearly, therefore, from the point of view of differential energy-momentum, this brane does not satisfy the WEC, although the overall energy momentum does satisfy the WEC. The brane however fails to satisfy the dominant energy condition (DEC). Unsurprisingly, moving the RS brane towards the black hole increases the overall effect on the energy and tension. Increasing the mass of the black hole in the interior changes this picture surprisingly little, provided we simultaneously move the RS brane towards the boundary.

Clearly therefore, maintaining the RS slicing of the global spacetime in the presence of a black hole results in brane energy momenta which are not physically sensible, they satisfy neither brane WEC nor DEC. However, this was not unexpected,

– 29 –

Figure 10: A selection of plots of brane energy-momentum with brane bending included for a range of amplitudes and powers of r.

as we have not modified the RS trajectory, and the main feature of our static brane solutions was that they responded to the bulk black hole by bending. Indeed, in a definitive brane gravity paper, [9], Garriga and Tanaka showed that a crucial part of obtaining four dimensional Einstein gravity (i.e. with the correct tensor structure) was what could be interpreted as a brane bending term. Essentially, the effect of matter on the brane was to “shift” the brane with respect to the acceleration horizon in the bulk. Clearly then, if a black hole forms on the brane, we would expect the brane to respond to this matter by bending. The 1/r brane bending term derived in [9] was of course in the static limit, therefore we cannot simply read off what the non-static term should be, therefore we try a variety of modifications to the position of the brane to explore their effect.

A shift in the position of the brane corresponds to ku → 1 + kδu, and we will make the simplifying assumption that kδu = −δ(r), trying out a range of functions δ: δ(r) = q r^p . (5.15)

What this does is to change the function χ:

cos χ(τ, r) = 1 r (√ 1 + r^2 cos τ − 1 u ) ≃ 1 r (√ 1 + r^2 cos τ − 1 1 + δ(r) ) , (5.16)

where we can use the transformation between RS and global coordinates to try out a range of power laws in δ(r) which reduce to sensible brane bendings in the RS picture.

We have looked at the effect of bending the brane both towards and away from the black hole for a variety of δ(r). In all cases, bending the brane towards the black hole worsens the energy deficit on the brane, and does not help with the DEC. However, bending the brane away from the black hole, as occurs in the static brane trajectories, can remove the energy deficit, and indeed restore the DEC near the

– 30 – centre of the brane. This indicates that a true brane trajectory will try to avoid the black hole by bending away from it.

Figure 10 shows the effect of the brane bending on the energy-momentum. Bending the brane by a power p > 1 introduces an energy deficit at some radius, therefore we only show those functions which maintain the differential brane WEC. The GT brane bending of 1/x corresponds approximately to p = 1/2.

Finally, we point out that unlike the static trajectories, in these time dependent cases the black hole is in the bulk spacetime, hence these are candidate branes for a black hole having recoiled into the bulk.

5.3 The interaction of black holes and branes The main motivating factors for obtaining a time-dependent braneworld black hole are to gain insight into the back-reaction of Hawking radiation on a quantum corrected four-dimensional black hole, and to understand the process of black hole recoil from a braneworld. In the former case we would want a Z_2-symmetric solution, while the latter case does not necessarily require this. Since we have been working within the Z_2-symmetric setup, we will only consider this here.

The idea is that the time-dependent process will be some perturbed version of a time-dependent brane trajectory in five-dimensional Sch-adS spacetime. By allowing the brane to intersect the bulk black hole horizon, this would appear to describe black hole formation and evaporation via transport of a bulk black hole to the brane, and subsequent departure back into the bulk. When the brane hits the black hole, we might expect some part of it will be captured by the black hole, and will therefore remain behind the event horizon even when the black hole has left the brane, effectively having been chopped off from the rest of the brane. This feature is seen in the probe brane calculations of [41], and we expect this to hold in the case of a fully gravitating brane. In support of this, we can appeal to the case of a cosmic string interacting with a black hole, where early work indicated that strings would be captured, and via self-intersection would leave some part behind in the black hole [42], and idealized gravitational calculations show explicitly how this ties in with the thermodynamic process of string capture and black hole entropy [43]. Just as in the cosmic string case, this capture of the brane by the black hole will turn out to be important in establishing the thermodynamic viability of the black hole recoil process.

The recoil of the black hole from the brane is an important indicator of the possible evaporation process. Since the energy-momentum on the brane violates the DEC, it might be thought that this is an indicator that the black hole cannot leave the brane, and indeed a naive entropy argument supports this view. The argument runs as follows: A black hole of mass M on the brane has entropy ∼ M^{3/2}, however, if it recoils into the bulk, it must recoil as two black holes of mass M/2, hence total entropy 2(M/2)^{3/2} = M^{3/2}/ √ 2. Thus black hole recoil is entropically forbidden.

– 31 –

However, there are some interesting possible corrections to this simple argument, that can change this equation rather substantially. First, at the calculational level, the fact that entropy is proportional to horizon area/volume, which for Sch-adS is not simply related to the mass. Next, it does not take into account the effect of the brane bending. Since the brane is bent, if it does intersect the black hole horizon, it will not do so at the equator, but somewhat “south”, i.e. for χ_0 > π/2. For the black hole intersecting the horizon at χ_0, the actual area contributing to the entropy of the intermediate state is

A_{int} = 4πf(χ_0) [ √ 1 + 2πk^2μ/f(χ_0) − 1 2k^2 ]_{3/2} , (5.17)

where f(χ) = χ/2 − (sin 2χ)/4.

Finally, in the process of the black hole intersecting the brane, we would expect some part of the brane to be excised and captured by the black hole, thus increasing its mass. Estimating this as δM = 6k κ_5 4π 3 (r_+ sin χ_0)^3 , (5.18)

we see that the area of the final state is in fact

A_f ≃ 2π^2 [√ 1 + 4k^2μ + 32k^3(r_+ sin χ_0)^3/3π − 1 2k^2 ]_{3/2} . (5.19)

The above becomes larger than the intermediate area at k^2μ ≃ 0.01 for χ_0 ≤ π/4, and even ignoring the brane bending effect by setting χ_0 = π/2, we still find that black hole recoil is preferred at k^2μ ≥ 0.07, or at a (four-dimensional) Schwarzschild radius 2G_N m ≃ l_{adS} /10 (5.20)

where l_{adS} is the adS length scale.

It is important to note that these arguments use the standard entropy of the isolated Sch-adS black hole. In other words, they assume a static solution with an event horizon at r_+. Clearly in the time-dependent spacetime there is some question about whether this approximation is valid, indeed, even ignoring branes, we see that a black hole with mass greater than about 3 (in adS units) has lower entropy than two black holes of mass 3/2. Clearly therefore, entropy arguments should be used with caution, nonetheless, for small black holes, where we might expect them to be more reliable, taking into account brane bending and fragmentation shows that it is by no means entropically preferred for a black hole to stick to the brane.

To sum up: taking time dependent brane trajectories in a Sch-adS background give brane trajectories with additional matter on the brane. The brane prefers to bend away from the black hole, and in such a case the matter satisfies the DEC

– 32 – near the core of collapse, and the WEC at all times. For very small black holes (μk^2 ≤ 0.01) our results suggest that the bending of the brane may cause it to avoid the black hole altogether. We cannot use our approximation to draw conclusions for large black holes, as it presupposed the black hole was a small perturbation to the RS spacetime. The entropy argument for black hole recoil supports the notion that part of the brane will be captured by the black hole, however, we have not attempted to model this gravitationally with time dependent closed branes at this point. Clearly any more detailed calculation would require modification of the bulk solution.

6. Conclusions

In this work, we have analyzed spherically symmetric brane solutions in a known bulk spacetime with the aim of finding a consistent black hole solution for the brane. We found that the problem of a static braneworld slicing a known spherically symmetric bulk was completely integrable, with the solution being given in terms of an implicit function of the bulk radial variable. Thus, we have found all possible complete brane and bulk solutions for a brane with a perfect fluid matter source living on it – in other words complete brane TOV solutions. These solutions have the interpretation of braneworld stars, and correspond to static slicings of a Sch-adS bulk spacetime, with the bulk solution corresponding to the part of the Sch-adS spacetime not containing the event horizon of the black hole. Thus our solutions are completely nonsingular. We have also found solutions in which the event horizon of a bulk black hole impinges upon the brane, but these typically have divergent pressure on the brane, reminiscent of the singularity in the TOV system when we try to solve for too big or compact a star.

All of our solutions contain excess pressure at large radii, this seems to be a feature of the slicing of the pure adS bulk, and it is related to the fact that the Randall-Sundrum solution, a pure Minkowski brane, is in fact not a static slicing of adS in global coordinates. The only possibility for having a well-behaved asymptopia is to have a subcritical Karch-Randall brane. These however, cannot be extended into positive mass sources. We have therefore been unable to find a solution which has all the features we would desire in a braneworld star, however, we have made crucial progress by first demonstrating how to find exact and complete solutions to the brane TOV problem, as well as classifying these according to their energy-momentum.

Probe brane calculations of the interaction of a wall with a black hole indicate the possibility of brane excision, that is, that as the black hole leaves the brane, the brane is distorted so much that it self-intersects and part of the brane is excised, falling into the black hole, with the remainder moving away towards infinity. Among our various solutions are closed bubbles as well as open branes, and it is tempting to try to model this process using a quasi-static approach – taking a sequence of the static solutions we have found as approximate solutions (such as in [44]). Unfortunately

– 33 – however, positivity of energy requires that the interior of the bubbles be kept, and for the branes extending to infinity, the bulk does not contain a black hole, therefore these solutions are not suitable for such an approximation. If we wished to keep the exterior of the bubble and the black hole inside the bulk spacetime, we would need negative energy branes. It would appear that time-dependence is key to finding consistent solutions, as in those cases, the black hole is actually retained in the bulk.

We have also explored the time dependent brane trajectories, using the RS brane as a starting point, to try to model the process of gravitational collapse, and to explore the issues involved in black hole evaporation. We found that the effect of a bulk black hole on the RS brane was to induce a negative energy source, however, by bending the RS brane by a small amount, we could restore the brane-DEC, although these solutions had anisotropic pressure. Provided we allow matter on the brane, we can form trajectories which now have black holes in the bulk, and which can intersect with the brane, although in this case the DEC is violated.

Finally, an important point to note is that in all our results, we have made the simplifying assumption of Z_2-symmetry around the brane. The RS model is Z_2- symmetric, and many of the investigations into gravitational braneworld solutions are also Z_2-symmetric. However, it is obviously important to check and explore if any of our conclusions change significantly if we drop this restriction. In particular, for black hole recoil off the brane, we would expect the black hole to recoil on one side only of the brane, and hence for Z_2-symmetry to be broken. It may be that many of the restrictions we have found with our solutions can be evaded if we remove Z_2-symmetry. This is currently under investigation.

Acknowledgments

We would like to thank Roberto Emparan for useful discussions. S.C. and P.K. are supported by PPARC Grants PPA/S/S/2004/3815 and PPA/A/S/2002/00350 respectively, and B.M. is supported by EPSRC.

References

[1] V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B 125, 139 (1983).

V. A. Rubakov and M. E. Shaposhnikov, Phys. Lett. B 125, 136 (1983). K. Akama, Lect. Notes Phys. 176, 267 (1982). [arXiv:hep-th/0001113].

[2] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B429, 263 (1998) [hep-ph/9803315].

N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Rev. D 59, 086004 (1999) [hep-ph/9807344].

I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. Lett. B 436, 257 (1998) [hep-ph/9804398].

– 34 –

[3] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 (1999)

[arXiv:hep-ph/9905221].

L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 (1999) [arXiv:hep-th/9906064].

[4] I. I. Kogan, S. Mouslopoulos, A. Papazoglou, G. G. Ross and J. Santiago, Nucl. Phys.

B 584, 313 (2000) [arXiv:hep-ph/9912552];

[5] R. Gregory, V. A. Rubakov and S. M. Sibiryakov, Phys. Rev. Lett. 84, 5928 (2000) [arXiv:hep-th/0002072].

[6] G. R. Dvali, G. Gabadadze and M. Porrati, Phys. Lett. B 485, 208 (2000) [arXiv:hep-th/0005016].

[7] P. Horava and E. Witten, Nucl. Phys. B 475, 94 (1996). [arXiv:hep-th/9603142].

A. Lukas, B. A. Ovrut, K. S. Stelle and D. Waldram, Phys. Rev. D 59, 086001 (1999) [arXiv:hep-th/9803235].

[8] S. Kachru, R. Kallosh, A. Linde, J. Maldacena, L. McAllister and S. P. Trivedi, JCAP 0310, 013 (2003) [arXiv:hep-th/0308055].

[9] J. Garriga and T. Tanaka, Phys. Rev. Lett. 84, 2778 (2000) [arXiv:hep-th/9911055].

S. B. Giddings, E. Katz and L. Randall, JHEP 0003, 023 (2000) [arXiv:hep-th/0002091].

[10] P. Binetruy, C. Deffayet and D. Langlois, Nucl. Phys. B 565, 269 (2000) [arXiv:hep-th/9905012].

C. Csaki, M. Graesser, C. F. Kolda and J. Terning, Phys. Lett. B 462, 34 (1999) [arXiv:hep-ph/9906513].

J. M. Cline, C. Grojean and G. Servant, Phys. Rev. Lett. 83, 4245 (1999) [arXiv:hep-ph/9906523].

P. Kanti, I. I. Kogan, K. A. Olive and M. Pospelov, Phys. Lett. B 468, 31 (1999) [arXiv:hep-ph/9909481]; Phys. Rev. D 61, 106004 (2000) [arXiv:hep-ph/9912266].

[11] P. Bowcock, C. Charmousis and R. Gregory, Class. Quant. Grav. 17, 4745 (2000) [arXiv:hep-th/0007177].

[12] H. A. Chamblin and H. S. Reall, Nucl. Phys. B 562, 133 (1999)

[arXiv:hep-th/9903225].

N. Kaloper, Phys. Rev. D 60, 123506 (1999) [arXiv:hep-th/9905210]. P. Kraus, JHEP 9912, 011 (1999) [arXiv:hep-th/9910149]. S. S. Gubser, Phys. Rev. D 63, 084017 (2001) [arXiv:hep-th/9912001].

[13] C. Charmousis and R. Gregory, Class. Quant. Grav. 21, 527 (2004) [arXiv:gr-qc/0306069].

[14] A. Chamblin, S. W. Hawking and H. S. Reall, Phys. Rev. D 61, 065007 (2000) [arXiv:hep-th/9909205].

– 35 –

[15] R. Gregory, Class. Quant. Grav. 17, L125 (2000) [arXiv:hep-th/0004101].

R. Gregory and R. Laflamme, Phys. Rev. Lett. 70, 2837 (1993) [arXiv:hep-th/9301052].

G. Gibbons and S. A. Hartnoll, Phys. Rev. D 66, 064024 (2002) [arXiv:hep-th/0206202].

[16] W. Kinnersley and M. Walker, Phys. Rev. D 2, 1359 (1970).

[17] R. Emparan, G. T. Horowitz and R. C. Myers, JHEP 0001, 007 (2000) [arXiv:hep-th/9911043].

R. Emparan, G. T. Horowitz and R. C. Myers, JHEP 0001, 021 (2000) [arXiv:hep-th/9912135].

[18] T. Shiromizu and M. Shibata, Phys. Rev. D 62, 127502 (2000)

[arXiv:hep-th/0007203].

A. Chamblin, H. S. Reall, H. a. Shinkai and T. Shiromizu, Phys. Rev. D 63, 064015 (2001) [arXiv:hep-th/0008177].

T. Wiseman, Phys. Rev. D 65, 124007 (2002) [arXiv:hep-th/0111057].

[19] H. Kudoh, T. Tanaka and T. Nakamura, Phys. Rev. D 68, 024035 (2003) [arXiv:gr-qc/0301089].

[20] P. Kanti and K. Tamvakis, Phys. Rev. D 65, 084010 (2002) [arXiv:hep-th/0110298].

R. Casadio and L. Mazzacurati, “Bulk shape of brane-world black holes,” Mod. Phys. Lett. A 18, 651 (2003) [arXiv:gr-qc/0205129].

P. Kanti, I. Olasagasti and K. Tamvakis, Phys. Rev. D 68, 124001 (2003) [arXiv:hep-th/0307201].

[21] T. Shiromizu, K. i. Maeda and M. Sasaki, Phys. Rev. D 62, 024012 (2000) [arXiv:gr-qc/9910076].

R. Maartens, “Geometry and dynamics of the brane-world,” arXiv:gr-qc/0101059.

[22] N. Dadhich, R. Maartens, P. Papadopoulos and V. Rezania, Phys. Lett. B 487, 1 (2000) [arXiv:hep-th/0003061].

M. Bruni, C. Germani and R. Maartens, Phys. Rev. Lett. 87, 231302 (2001) [arXiv:gr-qc/0108013].

R. Casadio, A. Fabbri and L. Mazzacurati, Phys. Rev. D 65, 084040 (2002) [arXiv:gr-qc/0111072].

G. Kofinas, E. Papantonopoulos and I. Pappa, Phys. Rev. D 66, 104014 (2002) [arXiv:hep-th/0112019].

K. A. Bronnikov, V. N. Melnikov and H. Dehnen, Phys. Rev. D 68, 024025 (2003) [arXiv:gr-qc/0304068].

[23] R. Gregory, R. Whisker, K. Beckwith and C. Done, “Observing braneworld black holes,” JCAP 0410, 013 (2004) [arXiv:hep-th/0406252].

– 36 –

[24] K. A. Bronnikov and S. W. Kim, Phys. Rev. D 67, 064027 (2003)

[arXiv:gr-qc/0212112].

D. Karasik, C. Sahabandu, P. Suranyi and L. C. R. Wijewardhana, Phys. Rev. D 70, 064007 (2004) [arXiv:gr-qc/0404015].

[25] J. M. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[26] M. J. Duff and J. T. Liu, Phys. Rev. Lett. 85, 2052 (2000) [Class. Quant. Grav. 18, 3207 (2001)] [arXiv:hep-th/0003237].

[27] R. Emparan, A. Fabbri and N. Kaloper, JHEP 0208, 043 (2002)

[arXiv:hep-th/0206155].

[28] T. Tanaka, Prog. Theor. Phys. Suppl. 148, 307 (2003) [arXiv:gr-qc/0203082].

[29] R. Gregory, V. A. Rubakov and S. M. Sibiryakov, Class. Quant. Grav. 17, 4437 (2000) [arXiv:hep-th/0003109].

[30] S. Dimopoulos and G. Landsberg, Phys. Rev. Lett. 87, 161602 (2001) [arXiv:hep-ph/0106295].

S. B. Giddings and S. Thomas, Phys. Rev. D 65, 056010 (2002) [arXiv:hep-ph/0106219].

S. Dimopoulos and R. Emparan, Phys. Lett. B 526, 393 (2002) [arXiv:hep-ph/0108060].

[31] J. L. Feng and A. D. Shapere, Phys. Rev. Lett. 88, 021303 (2002)

[arXiv:hep-ph/0109106].

L. Anchordoqui and H. Goldberg, Phys. Rev. D 65, 047502 (2002) [arXiv:hep-ph/0109242].

R. Emparan, M. Masip and R. Rattazzi, Phys. Rev. D 65, 064023 (2002) [arXiv:hep-ph/0109287].

[32] P. Kanti, Int. J. Mod. Phys. A 19, 4899 (2004) [arXiv:hep-ph/0402168].

M. Cavaglia, Int. J. Mod. Phys. A 18, 1843 (2003) [arXiv:hep-ph/0210296].

[33] V. P. Frolov and D. Stojkovic, Phys. Rev. Lett. 89, 151302 (2002)

[arXiv:hep-th/0208102].

[34] A. Flachi and T. Tanaka, Phys. Rev. Lett. 95, 161302 (2005) [arXiv:hep-th/0506145].

[35] D. Stojkovic, Phys. Rev. Lett. 94, 011603 (2005) [arXiv:hep-ph/0409124].

[36] A. Flachi, O. Pujolas, M. Sasaki and T. Tanaka, arXiv:hep-th/0601174.

[37] S. S. Seahra, Phys. Rev. D 71, 084020 (2005) [arXiv:gr-qc/0501018].

[38] C. Galfard, C. Germani and A. Ishibashi, Phys. Rev. D 73, 064014 (2006) [arXiv:hep-th/0512001].

– 37 –

[39] W. Israel, Nuovo Cimento Soc. Ital. Phys. B 44, 4349 (1966).

[40] A. Karch and L. Randall, JHEP 0105, 008 (2001) [arXiv:hep-th/0011156].

[41] V. P. Frolov, A. L. Larsen and M. Christensen, Phys. Rev. D 59, 125008 (1999) [arXiv:hep-th/9811148].

V. P. Frolov, M. Snajdr and D. Stojkovic, Phys. Rev. D 68, 044002 (2003) [arXiv:gr-qc/0304083].

D. Stojkovic, JHEP 0409, 061 (2004) [arXiv:gr-qc/0409038].

[42] S. Lonsdale and I. Moss, Nucl. Phys. B 298, 693 (1988).

J. P. De Villiers and V. P. Frolov, Class. Quant. Grav. 16, 2403 (1999) [arXiv:gr-qc/9812016].

[43] A. Achucarro, R. Gregory and K. Kuijken, Phys. Rev. D 52, 5729 (1995) [arXiv:gr-qc/9505039].

F. Bonjour, R. Emparan and R. Gregory, Phys. Rev. D 59, 084022 (1999) [arXiv:gr-qc/9810061].

[44] A. Flachi, O. Pujolas, M. Sasaki and T. Tanaka, “Critical escape velocity of black holes from branes,” arXiv:hep-th/0604139.

– 38 –