arXiv:hep-th/0606039 v1 6 Jun 2006

Full Fermion-Boson Vertex Function Derived in terms of the Ward-Takahashi Relations in Abelian Gauge Theory

Han-xin He^{a,b ∗} a China Institute of Atomic Energy, P.O.Box 275(18), Beijing 102413, P.R.China b Institute of Theoretical Physics, the Chinese Academy of Science, Beijing 100080, P.R.China

Abstract

I present an approach to derive the full fermion-boson vertex function in fourdimensional Abelian gauge theory in terms of a set of normal (longitudinal) and transverse Ward-Takahashi relations for the fermion-boson and axialvector vertices in momentum space in the case of massless fermion. Such a derived fermion-boson vertex function should be satisfied both perturbatively and non-perturbatively. I show that, by an explicit computation, such a derived full fermion-boson vertex function to one-loop order leads to the same result as one obtained in perturbation theory. PACS number(s): 11.30.-j; 11.15.Tk.

Keywords: Full vertex function; Ward-Takahashi relations

∗ E-mail address: hxhe@iris.ciae.ac.cn

I. INTRODUCTION

It is understood that the interactions determine the structure and properties of any theory, and the basic interactions are described by the basic vertices. On the other hand, gauge symmetry imposes powerful constraints on the basic vertex functions of gauge theories, leading to the exact relations among Green’s functions– referred to as the Ward-Takahashi(WT) relations[1]. They play an important role in providing the consistency conditions in perturbation theory as well as in the nonperturbative study of gauge theories through the use of the Dyson-Schwinger equations(DSEs)[2,3]. But the normal WT identity for the vertex specifies only its longitudinal part, leaving the transverse part undetermined. The transverse part of the vertex has long been known to play the crucial role in ensuring multiplicative renormalizability of the propagator and even in determining the propagator [2,4,5]. Therefore, in past years much effort has been devoted to constructing the transverse part of the vertex based on an ansatz guided by perturbative constraints[2,4,5]. However, such a constructed vertex is not unique since it is not fixed by the symmetry of the system. The latter provides the key point in determining the transverse part of the vertex: Like the longitudinal part, the transverse part of the vertex should be determined also by the WT-type constraint relations called the transverse WT relations[6,7].

In this work, I present an approach to derive the full fermion-boson vertex function in four-dimensional Abelian gauge theory in terms of a set of normal and transverse WT relations for the fermion-boson and axial-vector vertices in momentum space in the case of massless fermion without any ansatz. Such a derived fermion-boson vertex function should be satisfied both perturbatively and non-perturbatively because it is determined completely from the symmetry relations. This approach was proposed but not completed yet by present author in Refs.[8,9]. This paper presents a complete description for this approach and the complete results for these transverse WT relations and the full fermionboson vertex function, as well as a proof that such a derived full fermion-boson vertex function to one-loop order leads to the same result as one obtained in perturbation theory.

II. TRANSVERSE WARD-TAKAHASHI RELATIONS FOR THE VECTOR AND THE AXIAL-VECTOR VERTEX FUNCTIONS

At first, let me write the complete expressions of the normal and transverse WT relations for the fermion-boson and axial-vector vertices in momentum space. The normal WT identity for the fermion-boson vertex ( i.e. vector vertex ) Γ^μ_V in momentum space is well-known:

q_μΓ^μ_V (p_1, p_2) = S^{−1}_F (p_1) − S^{−1}_F (p_2), (1)

where q = p_1 − p_2, and S_F is the full fermion propagator. This WT identity in coordinate space is related to the divergence of the time-ordered products of the three-point Green function involving the vector current operator[1,10], while the transverse WT relation for the vector vertex is related to the curl of the time-ordered products of the three-point function involving the vector current operator[7]: ∂^μ_x ⟨ 0 | |T j^ν (x)ψ(x_1)ψ̄(x_2) | | 0 ⟩ − ∂^ν_x ⟨ 0 | |T j^μ(x)ψ(x_1)ψ̄(x_2) | | 0 ⟩

= iσ^{μν} ⟨ 0 | |T ψ(x_1)ψ̄(x_2) | | 0 ⟩ δ^4(x_1 − x) + i ⟨ 0 | |T ψ(x_1)ψ̄(x_2) | | 0 ⟩ σ^{μν} δ^4(x_2 − x) +2m ⟨ 0 | | |T ψ̄(x)σ^{μν} ψ(x)ψ(x_1)ψ̄(x_2) | | | 0 ⟩

+ lim_{x′→x}i(∂^x_λ − ∂^{x′}_λ )ε^{λμνρ} ⟨ 0 | | |T ψ̄(x^′)γ_ργ_5U_P (x^′, x)ψ(x)ψ(x_1)ψ̄(x_2) | | | 0 ⟩ , (2)

where j^μ(x) = ψ̄(x)γ^μψ(x), and σ^{μν} =^i_2 [γ^μ, γ^ν ]. The Wilson line U_P (x^′, x) = P exp(−ig ∫_x′ x dy^ρA_ρ(y)) is introduced in order that the operator be locally gauge invariant, where A_μ are the gauge fields. In the QED case, g = e and A_ρ are the photon fields.

Eq.(2) shows that the transverse part of the vector vertex is related to the tensor and axial-vector vertices. Therefore, to obtain complete constraint on the vector vertex, the WT relations for the axial-vector and tensor vertices are required to build as well. In the case of massless fermion, m = 0, which will be considered in the following discussions, the tensor vertex contribution disappears and so it is only needed to consider the normal and transverse WT relations for the axial-vector vertex.

The normal WT identity for the axial-vector vertex function Γ^μ_A in momentum space is known as[10]:

q_μΓ^μ_A(p_1, p_2) = S^{−1}_F (p_1)γ_5 + γ_5S^{−1}_F (p_2) + i g^2 16π^2

F (p_1, p_2), (3)

where F (p_1, p_2) denotes the contribution of the axial anomaly[11] in momentum space[9,10].

The transverse WT relation for the axial-vector vertex in coordinate space can be derived with the similar procedure as that for obtaining Eq.(2), and the result is[8,9] ∂^μ_x ⟨ 0 | | |T j^ν_5 (x)ψ(x_1)ψ̄(x_2) | | | 0 ⟩ − ∂^ν_x ⟨ 0 | | |T j^μ_5 (x)ψ(x_1)ψ̄(x_2) | | | 0 ⟩

= iσ^{μν} γ_5 ⟨ 0 | | |T ψ(x_1)ψ̄(x_2) | | | 0 ⟩ δ^4(x_1 − x) − i ⟨ 0 | | |T ψ(x_1)ψ̄(x_2) | | | 0 ⟩ σ^{μν} γ_5δ^4(x_2 − x) + lim_{x′→x}i(∂^x_λ − ∂^{x′}_λ )ε^{λμνρ} ⟨ 0 | | |T ψ̄(x^′)γ_ρU_P (x^′, x)ψ(x)ψ(x_1)ψ̄(x_2) | | | 0 ⟩ , (4)

where j^μ_5 (x) = ψ̄(x)γ^μγ_5ψ(x). There is no transverse axial anomaly[12].

The transverse WT relations for the vector and the axial-vector vertex functions can be written in more clear and elegant form in momentum space by computing the Fourier transformations of Eqs.(2) and (4), which give

iq^μΓ^ν_V (p_1, p_2) − iq^ν Γ^μ_V (p_1, p_2) = S^{−1}_F (p_1)σ^{μν} + σ^{μν} S^{−1}_F (p_2) +(p_{1λ} + p_{2λ})ε^{λμνρ}Γ_{Aρ}(p_1, p_2) − ∫ d^4k (2π)^4

2k_λε^{λμνρ}Γ_{Aρ}(p_1, p_2; k), (5) and iq^μΓ^ν_A(p_1, p_2) − iq^ν Γ^μ_A(p_1, p_2) = S^{−1}_F (p_1)σ^{μν} γ_5 − σ^{μν} γ_5S^{−1}_F (p_2) +(p_{1λ} + p_{2λ})ε^{λμνρ}Γ_{V ρ}(p_1, p_2) − ∫ d^4k (2π)^4

2k_λε^{λμνρ}Γ_{V ρ}(p_1, p_2; k), (6)

where the integral-terms involve Γ_{Aρ}(p_1, p_2; k) and Γ_{V ρ}(p_1, p_2; k), respectively, with the internal momentum k of the gauge boson appearing in the Wilson line. Γ_{Aρ}(p_1, p_2; k) and Γ_{V ρ}(p_1, p_2; k) are defined respectively by

∫ d^4xd^4x^′d^4x_1d^4x_2e^{i(p1·x1−p2·x2+(p2−k)·x−(p1 −k)·x′)}⟨0|T ψ̄(x^′)γ_ργ_5U_P (x^′, x)ψ(x)ψ(x_1)ψ̄(x_2)|0⟩ = (2π)^4δ^4(p_1 − p_2 − q)iS_F (p_1)Γ_{Aρ}(p_1, p_2; k)iS_F (p_2), (7) ∫ d^4xd^4x^′d^4x_1d^4x_2e^{i(p1·x1−p2 ·x2+(p2−k)·x−(p1−k)·x′ )}⟨0|T ψ̄(x^′)γ_ρU_P (x^′, x)ψ(x)ψ(x_1)ψ̄(x_2)|0⟩ = (2π)^4δ^4(p_1 − p_2 − q)iS_F (p_1)Γ_{V ρ}(p_1, p_2; k)iS_F (p_2), (8) where q = (p_1 − k) − (p_2 − k). Eqs.(7) and (8) show that Γ_{Aρ}(p_1, p_2; k) and Γ_{V ρ}(p_1, p_2; k) are the non-local axial-vector and vector vertex functions, respectively, which and hence the integral-terms are the four-point-like functions. These integral-terms, with relations (7) and (8), are essential for the transverse WT relations (5) and (6) to be satisfied both perturbatively and non-perturbatively, which were missing in Refs.[7,8]. Indeed, as shown by Ref.[13,14], the integral-term in Eq.[5] is crucial to prove the transverse WT relation (5) being satisfied to one-loop order in perturbation theory.

Eqs.(5) and (6) show that the transverse parts of the vector and the axial-vector vertex functions are coupled each other. It implies that the transverse parts of the vector and axialvector vertex functions are not independent of each other in four-dimensional space-time.

Now there are the normal WT identities (1) and (3), which impose the constraints on longitudinal parts of the vector and the axial-vector vertices, respectively, and the transverse WT relations (5) and (6), which impose the constraints on transverse parts of these vertices. In the case of zero fermion mass, Eqs.(1), (3), (5) and (6) form formally a complete set of WT relations for the vector and the axial-vector vertices. Then the full vector and axial-vector vertex functions can be derived in terms of this set of WT relations.

III. FULL FERMION-BOSON VERTEX FUNCTION

Now let me derive the full fermion-boson vertex ( vector vertex) function Γ^μ_V by consistently solving this set of WT relations for the vector and the axial-vector vertex functions. To do this, multiplying both sides of Eqs.(5) and (6) by iq_ν , and then moving the terms proportional to q_ν Γ^ν_V and q_ν Γ^ν_A into the right-hand side of the equations, I thus have q^2Γ^μ_V (p_1, p_2) = q^μ[q_ν Γ^ν_V (p_1, p_2)] + iS^{−1}_F (p_1)q_ν σ^{μν} + iq_ν σ^{μν} S^{−1}_F (p_2) +i(p_{1λ} + p_{2λ})q_ν ε^{λμνρ}Γ_{Aρ}(p_1, p_2) − iq_νC^{μν}_A , (9)

q^2Γ^μ_A(p_1, p_2) = q^μ[q_ν Γ^ν_A(p_1, p_2)] + iS^{−1}_F (p_1)q_ν σ^{μν} γ_5 − iq_ν σ^{μν} γ_5S^{−1}_F (p_2) +i(p_{1λ} + p_{2λ})q_ν ε^{λμνρ}Γ_{V ρ}(p_1, p_2) − iq_ν C^{μν}_V , (10) where C^{μν}_A = ∫ d^4k (2π)^4

2k_λε^{λμνρ}Γ_{Aρ}(p_1, p_2; k), (11)

C^{μν}_V = ∫ d^4k (2π)^4

2k_λε^{λμνρ}Γ_{V ρ}(p_1, p_2; k). (12) Substituting Eq.(10) into Eq.(9) and using Eqs.(1) and (3), after lengthy computations, I obtain the full fermion-boson vertex function as follows: Γ^μ_V (p_1, p_2) = Γ^μ_{V (L)}(p_1, p_2) + Γ^μ_{V (T )}(p_1, p_2) (13) with Γ^μ_{V (L)}(p_1, p_2) = q^{−2}q^μ[S^{−1}_F (p_2) − S^{−1}_F (p_1)] (14) and Γ^μ_{V (T )}(p_1, p_2) = [q^2 + (p_1 + p_2)^2 − ((p_1 + p_2) · q)^2q^{−2}]^{−1} ×{iS^{−1}_F (p_1)σ^{μν} q_ν + iσ^{μν} q_ν S^{−1}_F (p_2) +i[S^{−1}_F (p_1)σ^{μλ} − σ^{μλ}S^{−1}_F (p_2)](p_{1λ} + p_{2λ}) +i[S^{−1}_F (p_1)σ^{λν} − σ^{λν} S^{−1}_F (p_2)]q_ν (p_{1λ} + p_{2λ})q^μq^{−2} −i[S^{−1}_F (p_1)σ^{μν} − σ^{μν} S^{−1}_F (p_2)]q_ν (p_1 + p_2) · qq^{−2} +i[S^{−1}_F (p_1)σ^{λν} + σ^{λν} S^{−1}_F (p_2)]q_ν (p_{1λ} + p_{2λ})[p^μ_1 + p^μ_2 − q^μ(p_1 + p_2) · qq^{−2}]q^{−2} −iq_ν C^{μν}_A + q_ν q_αq^{−2}(p_{1λ} + p_{2λ})ε^{λμνρ}C^{ρα}_V −iq_ν (p_{1λ} + p_{2λ})[p^μ_1 + p^μ_2 − q^μ(p_1 + p_2) · qq^{−2}]q^{−2}C^{λν}_A }. (15)

Here the longitudinal part of the vertex, given by Eq.(14), is a natural result of the normal WT relation (1), while the transverse part of the vertex, given by Eq.(15), is derived from the transverse WT relations for the vector and axial-vector vertices, Eqs.(5) and (6). Consequently, the longitudinal vertex (14) as well as the transverse vertex (15) and then the full vertex function (13) should be satisfied both perturbatively and nonperturbatively. In next section I will show that, by an explicit computation, the fermion-boson vertex given by Eqs.(13)-(15) is satisfied indeed to one-loop order in perturbation theory.

IV. FULL FERMION-BOSON VERTEX FUNCTION TO ONE-LOOP ORDER

The full fermion-boson vertex (13) consists of the longitudinal part Γ^μ_{V (L)} and the transverse part Γ^μ_{V (T )}, where Γ^μ_{V (T )} involves two parts of contributions from the full fermion propagator and the four-point-like functions, which may be denoted as Γ^{μ(I)}_{V (T )} and Γ^{μ(II)}_{V (T )} , respectively. To prove Γ^μ_V given by Eqs.(13)-(15) being satisfied to one-loop order, it is required to calculate the contributions from the four-point-like functions. In perturbation theory, the four-point-like functions (7) and (8) and then the integral-terms (11) and (12) can be calculated in the interaction representation order by order. At one-loop order the integral-term (11) can be written from Eq.(7) straightforwardly:

C^{μν}_A = ∫ d^4k (2π)^4

2k_λε^{λμνρ}Γ_{Aρ}(p_1, p_2; k)

= g^2 ∫ d^4k (2π)^4 2k_λε^{λμνρ}γ^α 1 /p_1 − /k − m γ^ργ_5 1 /p_2 − /k − m γ^β −i k^2

[g_{αβ} + (ξ − 1) k_αk_β k^2 ] +g^2 ∫ d^4k (2π)^4 2ε^{αμνρ}[γ^β 1 /p_1 − /k − m γ^ργ_5 + γ^ργ_5 1 /p_2 − /k − m γ^β ] −i k^2

[g_{αβ} + (ξ − 1) k_αk_β k^2

], (16)

where /k = γ_μk^μ, and ξ is the covariant gauge parameter. The last two terms in the righthand side of Eq.(16) are the one-loop self-energy contributions accompanying the vertex correction. Replacing γ^ργ_5 by γ^ρ in Eq.(16), then the integral-term (12) at one-loop order, C^{μν}_V , can be written.

The integral-term at one-loop order given by Eq.(16) was computed in Refs.[13,14] where the transverse WT relation (5) was proved to be satisfied to one-loop order. The result is

C^{μν}_A = −Σ(p_1)σ^{μν} − σ^{μν} Σ(p_2) − Q^{μν}_V , (17) where Σ(p_i) ( i = 1, 2) is the one-loop fermion self-energy and Q^{μν}_V = − iα 4π^3

{γ_α/p_1(/p_1σ^{μν} + σ^{μν} /p_2)/p_2γ^αJ^{(0)} − γ_α[/p_1(/p_1σ^{μν} + σ^{μν} /p_2)γ^λ +γ^λ(/p_1σ^{μν} + σ^{μν} /p_2)/p_2]γ^αJ^{(1)}_λ + γ_αγ^λ(/p_1σ^{μν} + σ^{μν} /p_2)γ^ηγ^αJ^{(2)}_{λη} +(ξ − 1)[(/p_1σ^{μν} + σ^{μν} /p_2)K^{(0)} − (p^2_1γ^λσ^{μν} + p^2σ^{μν} γ^λ + /p_1σ^{μν} /p_2γ^λ +γ^λ/p_1σ^{μν} /p_2)J^{(1)}_λ + γ^λ(p^2_1σ^{μν} /p_2 + p^2/p_1σ^{μν} )γ^ηI^{(2)}_{λη} ]}. (18) Here α = g^2/4π, J^{(0)}, J^{(1)}_λ , J^{(2)}_{λη} , K^{(0)} and I^{(2)}_{λη} are some integrals: J^{(0)} = ∫ M d^4k 1 k^2[(p_1 − k)^2 + iϵ][(p_2 − k)^2 + iϵ]

, (19)

K^{(0)} = ∫ M d^4k 1 [(p_1 − k)^2 + iϵ][(p_2 − k)^2 + iϵ]

, (20)

I^{(2)}_{λη} = ∫ M d^4k k_λk_η k^4[(p_1 − k)^2 + iϵ][(p_2 − k)^2 + iϵ]

. (21) Replacing 1 by k_λ and k_λk_η in the numerator of Eq.(19) gives the expressions of J^{(1)}_λ and J^{(2)}_{λη} , respectively. These integrals can be carried out in the cutoff regularization scheme or in the dimensional regularization scheme[4,5] .

The integral-term (12) at one-loop order can be computed similarly, which gives C^{μν}_V = −Σ(p_1)σ^{μν} γ_5 + σ^{μν} γ_5Σ(p_2) − Q^{μν}_A , (22) where Q^{μν}_A = − iα 4π^3

{γ_α/p_1(/p_1σ^{μν} + σ^{μν} /p_2)γ_5/p_2γ^αJ^{(0)} − γ_α[/p_1(/p_1σ^{μν} + σ^{μν} /p_2)γ_5γ^λ +γ^λ(/p_1σ^{μν} + σ^{μν} /p_2)γ_5/p_2]γ^αJ^{(1)}_λ + γ_αγ^λ(/p_1σ^{μν} + σ^{μν} /p_2)γ_5γ^f γ^αJ^{(2)}_{λf} +(ξ − 1)[(/p_1σ^{μν} + σ^{μν} /p_2)γ_5K^{(0)} − (p^2_1γ^λσ^{μν} γ_5 − p^2σ^{μν} γ_5γ^λ + /p_1σ^{μν} γ_5/p_2γ^λ −γ^λ/p_1σ^{μν} γ_5/p_2)J^{(1)}_λ + γ^λ(p^2_1σ^{μν} γ_5/p_2 − p^2/p_1σ^{μν} γ_5)γ^f I^{(2)}_{λf} ]}. (23)

Now substituting the fermion propagator to one-loop order S^{−1}_F (p_i) = /p_i − Σ(p_i), i = 1, 2, together with Eqs.(17)-(18) and Eqs.(22)-(23) into Eqs.(13)-(15), after some algebraic calculations, I obtain

Γ^μ_V = Γ^μ_{V (L)} + Γ^μ_{V (T )} = γ^μ + Λ^μ_V , (24)

where

Λ^μ_V (p_1, p_2) = − iα 4π^3

{γ^α/p_1γ^μ/p_2γ_αJ^{(0)} −(γ^α/p_1γ^μγ^λγ_α + γ^αγ^λγ^μ/p_2γ_α)J^{(1)}_λ + γ^αγ^λγ^μγ^f γ_αJ^{(2)}_{λf} +(ξ − 1)[γ^μK^{(0)} − (γ^λ/p_1γ^μ + γ^μ/p_2γ^λ)J^{(1)}_λ + γ^λ/p_1γ^μ/p_2γ^f I^{(2)}_{λf} ]}, (25)

which is the familiar expression of one-loop vector vertex function in perturbation theory[4,5]. This shows that the full fermion-boson vertex function given by Eqs.(13)-(15) to one-loop order leads to the same result as one obtained in perturbation theory. Since the fourpoint-like functions, Γ_{Aρ}(p_1, p_2; k) and Γ_{V ρ}(p_1, p_2; k), can be calculated order by order in perturbation theory, thus one may demonstrate that the full fermion-boson vertex function derived from symmetry relations should be satisfied order by order in perturbation theory.

V. CONCLUSION AND REMARK

In this paper, I have derived the full fermion-boson vertex function in four-dimensional Abelian gauge theory in terms of a set of normal and transverse WT relations for the vector and axial-vector vertices in momentum space in the case of massless fermion. The longitudinal part of the vertex is specified by the normal WT relation in terms of the fermion propagator, while the transverse part of the vertex is determined by the transverse WT relations for the vector and the axial-vector vertices. Such a derived full fermion-boson vertex function, in principle, should be satisfied both perturbatively and nonperturbatively because it is determined by symmetry relations which are satisfied perturbatively and nonperturbatively. I have shown that, by an explicit computation, such a full fermion-boson vertex is satisfied indeed to one-loop order in perturbation theory. By the parallel procedure, the full axial-vector vertex function can be derived also. Thus this provides an approach to derive the basic vertex functions from the symmetry relations.

Notice that the transverse part of the vertex, Γ^μ_{V (T )}, derived this way separates naturally two parts: Γ^{μ(I)}_{V (T )} expressed in terms of the full fermion propagator, and Γ^{μ(II)}_{V (T )} related to the four-point-like functions. Neglecting Γ^{μ(II)}_{V (T )} corresponds to the cutoff of the four-point-like functions. In this case, it is easy to check that Γ^μ_{V (L)}(p_1, p_2) + Γ^{μ(I)}_{V (T )}(p_1, p_2) → γ^μ when the fermion propagator is taken as bare one. It shows that Γ^{μ(I)}_{V (T )} gives the leading contribution to the transverse part of the vertex. The contribution related to the four-point-like functions, Γ^{μ(II)}_{V (T )} , needs to be studied further.

Additionally, I checked the transverse WT relation for the fermion-boson vertex to oneloop order in d-dimensions, with d = 4+ϵ. The result shows that this relation in d-dimensions has the same form as one, Eq.(5) with Eq.(16), given in 4-dimensions and so there is no need for an additional piece ∼ (d − 4) to include for this relation to hold in 4-dimensions. Thus it can be checked that the full fermion-boson vertex function expressed by Eqs.(13) to (15) holds exactly in 4-dimensions. Recently, Ref.[15] made a good comment on the potential of the transverse WT relation to determine the full fermion-boson vertex and then checked the transverse WT relation to one loop order in d-dimensions. However, the authors of Ref.[15] separated out a so-called additional piece ∼ (d − 4) from the integral-term by defining a modifying integral-term, which in fact does not change the original formula of the transverse WT relation to one-loop order. Thus it needs not have introduced such an additional piece. The detailed discussions will be given in a separate paper[16].

ACKNOWLEDGMENTS

I wish to thank Y.Takahashi and F.C.Khanna for useful conversations, thank H.S.Zong for telling me Ref.[15] and useful conversations. This work is supported by the National Natural Science Foundation of China under grant No.90303006.

REFERENCES

[1] J.Ward, Phys.Rev.78(1950)182; Y.Takahashi, Nuovo Cimento 6(1957)370. [2] C.D.Roberts and A.G.Williams, Prog.Part.Nucl.Phys.33(1994)477; R.Alkofer and L.von Smekal, Phys.Rep.353(2001) 281; and references therein.

[3] A.Bender, W.Detmold and A.W.Thomas, Phys.Lett.B516(2001)54. [4] J.S.Ball and T.W.Chiu, Phys.Rev.D22(1980)2542; D.C.Curtis and M.R.Pennington, Phys.Rev.D42(1990)4165.

[5] A.Kizilersii, M.Reenders and M.R.Pennington, Phys.Rev.D52(1995) 1242. [6] Y.Takahashi, Phys.Rev.D15(1977)1589; Nuovo Cim.A47(1978)392. [7] H.X.He, F.C.Khanna and Y.Takahashi, Phys.Lett.B 480(2000)222. [8] H.X.He, Phys.Rev.C63(2001)025207.

[9] Hanxin He, Nonperturbative fermion-boson vertex function in gauge theories, hepth/0202013.

[10] C.Itzykson and J.B.Zuber, Quantum Field Theory, McGraw-Hill, 1980. [11] S.L.Adler, Phys.Rev.177(1969)2426; J.S.Bell and R.Jackiw, Nuovo Cim.A60(1969)47. [12] H.X.He, Phys.Lett.B507(2001)351. This paper gave a expression of the transverse axial anomaly term which, however, is exactly equal to zero by further calculation, see W.M.Sun, H.S.Zong, X.S.Chen and F.Wang, Phys.Lett.B569 (2003)211.

[13] H.X.He, Commun.Theor.Phys.(Beijing,China)44(2005)103. [14] H.X.He and F.C.Khanna, Int.J.Mod.Phys.A21,No.12(2006)2541. [15] M.R.Pennington and R.Williams, Checking the transverse Ward-Takahashi relation at one loop order in 4-dimensions, hep-ph/0511254.

[16] Han-xin He, Transverse Ward-Takahashi relation for the fermion-boson vertex fnuction in 4-dimensional QED, to be published, hep-ph/0606057.