arXiv:hep-th/0606057 v1 7 Jun 2006

FFUOV-06/10 FTUAM-06/09 hep-th/0606057 June 2006

Type II pp-wave Matrix Models from Point-like Gravitons

Yolanda Lozano^{a,1} and Diego Rodríguez-Gómez^{b,2}

aDepartamento de Física, Universidad de Oviedo, Avda. Calvo Sotelo 18, 33007 Oviedo, Spain

bDepartamento de Física Teórica C-XI, Universidad Autónoma de Madrid, Cantoblanco, 28049 Madrid, Spain

ABSTRACT

The BMN Matrix model can be regarded as a theory of coincident M-theory gravitons, which expand by Myers dielectric effect into the 2-sphere and 5-sphere giant graviton vacua of the theory. In this note we show that, in the same fashion, Matrix String theory in Type IIA pp-wave backgrounds arises from the action for coincident Type IIA gravitons. In Type IIB, we show that the action for coincident gravitons in the maximally supersymmetric pp-wave background gives rise to a Matrix model which supports fuzzy 3-sphere giant graviton vacua with the right behavior in the classical limit. We discuss the relation between our Matrix model and the Tiny Graviton Matrix theory of hep-th/0406214.

1 E-mail address: yolanda@string1.ciencias.uniovi.es
2 E-mail address: Diego.Rodriguez.Gomez@cern.ch

1 Introduction

Taking the point of view that the BFSS Matrix model [1] can be regarded as a theory of coincident M-theory gravitons, we showed in [2] that using the action for coincident gravitons proposed therein it is possible to go beyond the linear order approximation of [3]. This action was successfully used in [2, 4] for the study of giant gravitons [5, 6] in AdS_m × S^n backgrounds, which are not linear perturbations to Minkowski. Moreover, in the M-theory maximally supersymmetric pp-wave background [7], this action, besides reproducing the BMN Matrix model [8], predicts a new quadrupolar coupling to the M-theory 6-form potential, which supports the so far elusive fuzzy 5-sphere giant graviton solution [9].

In this paper we will focus on Type II pp-wave Matrix models. These models share with the BMN Matrix model the removal of the flat directions and the existence of a large class of giant graviton supersymmetric vacua. We will mainly concentrate on two backgrounds: the Type IIA background that is obtained from the maximally supersymmetric pp-wave background of M-theory after dimensional reduction [10], and the maximally supersymmetric Type IIB ppwave background [11]. We will simply refer to them as the Type IIA and Type IIB pp-wave backgrounds.

Several approaches have been taken in the literature for the study of Type II pp-wave Matrix models. Matrix String theory in the Type IIA pp-wave background has been studied in [12, 13]. The approach in [12] is to start from the supermembrane action in the maximally supersymmetric pp-wave background of M-theory, and then use the correspondence law of [14] to reduce it to ten dimensions. Reference [13] constructs it, in turn, from the BMN Matrix action, using the 9-11 flip [15]. Matrix String models in more general pp-wave backgrounds have also been considered in [16], by studying certain deformations of ten dimensional N = 1 SYM. These models include the BMN Matrix model when dimensionally reduced to one dimension, as well as the Matrix String theory of [12, 13], in two dimensions. In this reference a possible deformation of the IKKT Matrix String theory [17] which could be suitable for the study of Type IIB pp-wave backgrounds was also considered. General features about a Matrix String theory in the maximally supersymmetric pp-wave background of Type IIB were also discussed in [18]^3. A Matrix String theory for this background was however not explicitly constructed till reference [20].

The approach taken in [20] is to regularize the light-cone 3-brane action in the Type IIB pp-wave background, in close analogy to the derivation in [21] of the BMN Matrix model from the light-cone supermembrane action. The light-cone 3-brane carries N units of light-cone momentum, and some of its vacua are finite size 3-branes with zero light-cone energy, i.e. giant gravitons^4 [22]. In close analogy to the description in [8], [20] proposes a description of the 3-sphere vacua in terms of N expanding gravitons, each carrying one unit of light-cone momentum, the so-called tiny gravitons. The resulting Matrix model, a one dimensional U(N) gauge theory, is referred as the Tiny Graviton Matrix theory.

Keeping in mind that the BMN Matrix model can be regarded as a theory of coincident M-theory gravitons [9], which expand by Myers dielectric effect into the 2-sphere and 5- sphere giant graviton vacua of the theory, one would expect that the Tiny Graviton Matrix theory of [20] could, in the same fashion, be regarded as a theory of Type IIB coincident gravitons, which expand by dielectric effect into the 3-sphere vacua. The tiny gravitons of

3 See also [19].

4 Fixing the light-cone gauge corresponds to going to the rest frame of the giant graviton. There is another solution consisting on a zero-size 3-brane with the same energy, i.e. a point-like graviton.

[20] would then simply be coincident Type IIB point-like gravitons. In fact, it was shown in [23, 24] that the giant graviton solutions of the AdS_5 × S^5 and AdS_3 × S^3 × T^4 Type IIB backgrounds can be described microscopically using the action for coincident gravitons constructed in [23]. This action contains the right multipole moment couplings to explain the expansion of the gravitons into fuzzy 3-spheres or fuzzy cylinders, respectively. Moreover, this action is a U(N) gauge theory, in which the non-Abelian vector field is associated to (wrapped) D3-branes “ending” on the gravitons^5. In this construction each graviton carries one unit of light-cone momentum, and the enhancement from the U(1) gauge theory, for a single graviton, to a U(N) gauge theory, for N gravitons, takes place identically than in a system of coincident D-branes. This is in agreement with the discussion in [20], and with the results in [22].

In this article we pursue further the line of research initiated in [9], and show that the Matrix models that have been constructed in the literature in Type II pp-wave backgrounds can be obtained from the actions for Type II coincident gravitons constructed in [2, 25, 23]. Matrix String theory in the Type IIA pp-wave background [12, 13] is reproduced exactly, whereas in Type IIB we obtain a new Matrix model which supports fuzzy 3-sphere giant graviton solutions with the right behavior in the large N limit. We discuss with some detail the relation between this Matrix model and the Tiny Graviton Matrix theory of [20] throughout the paper.

The article is organized as follows. Section 2 is devoted to the study of the type IIA ppwave Matrix model. After briefly reviewing the background in subsection 2.1 we present the action describing Type IIA coincident gravitons in subsection 2.2. This action is a completion of the truncated action derived in [2, 25], which, as we discuss, is not suitable for the study of this background. We particularize the action constructed in subsection 2.2 to the Type IIA pp-wave background in subsection 2.3 and show the perfect agreement with the matrix actions of [12, 13]. Finally in subsection 2.4 we discuss some of the fuzzy sphere vacuum solutions. Section 3 is devoted to the study of the Type IIB pp-wave Matrix model. We start in subsection 3.1 by rewriting the background in coordinates adapted to our construction. In subsection 3.2 we recall the action for type IIB coincident gravitons of [23]. We see that this action is adequate for the study of the pp-wave background. In subsection 3.3 we present our proposal for the Matrix model. Finally we summarize in subsection 3.4 some of the fuzzy 3-sphere vacua of the model. We end in section 4 with some conclusions.

2 The Type IIA Matrix Model

2.1 The background

We consider the Type IIA pp-wave background:

ds^2 = −2dx^+dx^− − β(dx^+)^2 + dx^2_1 + . . . + dx^2_8 ,

C^{(1)}_+ = − 1 3 μx^4 , C^{(3)}_{+ij} = − μ 3 ϵ_{ijk} x^k ; i, j, k = 1, 2, 3 (2.1)

5 The D3-branes are wrapped on two isometric directions of the action, which in the pp-wave background are the light-cone direction and a combination of the two S^1 fibres in the decomposition of the 3-spheres of the background as U(1) bundles over S^2 .

which is obtained by reducing along an isometric SO(6) direction the maximally supersymmetric pp-wave background of M-theory [10]. This background preserves 24 of the original 32 supersymmetries [22, 26]. Here

β = ( μ 3 )^2(x^2_1 + . . . + x^2_4) + ( μ 6 )^2(x^2_5 + . . . + x^2_8) . (2.2)

We are interested in constructing a Matrix model describing the dynamics of gravitational waves in this background, in the sector with momentum p^+ = −p_− = N/R.

2.2 The action for Type IIA gravitons

An action describing coincident gravitational waves in Type IIA backgrounds has been constructed to linear order in the background fields in [25]. This action is, however, not suitable for the study of the Type IIA background (2.1), because (C^{(1)}_+ )^2 contributes with a quadratic power of the x^4 transverse scalar and therefore gives a contribution to the leading order expansion of the action (see next subsection). In this section we construct an action for Type IIA waves that goes beyond the linear approximation, and is suitable for the study of the Type IIA pp-wave background (2.1) to the desired order.

Our starting point is the action for coincident M-theory gravitational waves constructed in [2]. This action goes beyond the linear order approximation, and has the same regime of validity of Myers action for coincident D-branes [27]^6:

S = − ∫ dτ STr { k^{−1} √ − [ g_{μν} D_τ X^μD_τ X^ν + E_{τ i}(Q^{−1} − δ)^i_kE^{kj} E_{jτ} ] detQ } + + ∫ dτ STr { P [ k^{−2}k^{(1)} ] − iP [ (i_X i_X )C^{(3)} ] + 1 2 P [ (i_X i_X )^2i_k C^{(6)} ] + . . . } (2.3)

where

E_{μν} = g_{μν} + k^{−1}(i_kC^{(3)})_{μν} , Q^i_j = δ^i_j + ik[X^i, X^k]E_{kj} , i = 1, . . .9 . (2.4)

Here we have taken units in which the tension of a single graviton is equal to one. In this action the direction of propagation of the waves appears as a special isometric direction, with Killing vector k^μ. k^2 and k^{(1)} are defined as k^2 = g_{μν} k^μk^ν and k^{(1)}_μ = g_{μν} k^ν . k^{−2}k^{(1)} is then the momentum operator along the isometric direction. Consistently with this isometry the pull-backs into the worldvolume are taken with gauge covariant derivatives [28]

D_τ X^μ = ∂_τ X^μ − k^{−2}k_ν ∂_τ X^ν k^μ . (2.5)

In this way the dependence on the isometric direction is effectively eliminated from the action. This action is in fact a gauge fixed action in which the U(N) vector field, associated to M2- branes (wrapped on the direction of propagation) ending on the waves, has been taken to vanish, A_τ = 0. In this gauge U(N) covariant derivatives reduce to ordinary derivatives, and gauge covariant derivatives can be defined using ordinary derivatives as in (2.5).

We can obtain the action describing coincident Type IIA gravitons by reducing the action (2.3) along a transverse direction. Applying the dimensional reduction rules to the eleven

6 We refer the reader to reference [2] for more details.

dimensional metric it is clear that quadratic powers of the RR 1-form potential show up. Given that in the pp-wave background C^{(1)}_+ = −μx^4/3, these couplings have to be included in order to construct a Matrix model which contains quadratic powers of the transverse scalars. For simplicity we restrict ourselves to backgrounds in which the NS-NS 2-form potential vanishes, all components but the time component and the component on the direction of propagation of the RR 1-form potential are zero, and k_i = 0. This is indeed a suitable truncation for the pp-wave background (2.1).

We obtain for the BI action

S^{BI} = − ∫ dτ STr { 1 √ k^2 + e^{2ϕ}(i_kC^{(1)})^2 √( l1 − (k^2 + e^{2ϕ}(i_kC^{(1)})^2)[A, X]^2 ) detQ

. √ − [ g_{μν} D_τ X^μD_τ X^ν + k^2e^{2ϕ} k^2 + e^{2ϕ}(i_k C^{(1)})^2 ( C^{(1)}_μ D_τ X^μ + F )_2]} (2.6)

Here

E_{μν} = g_{μν} + e^ϕ √ k^2 + e^{2ϕ}(i_kC^{(1)})^2

(i_kC^{(3)})_{μν}

Q^i_j = δ^i_j + i[X^i, X^k]e^{−ϕ} √ k^2 + e^{2ϕ}(i_kC^{(1)})^2E_{kj} (2.7)

and i now runs from 1 to 8. A is the scalar field that comes from the reduction of the eleventh transverse direction and F is its field strength. F forms an invariant field strength with the pull-back of the RR 1-form potential, and therefore A is associated to D0-branes ending on the waves. The first square root in (2.6) comes from the reduction of the determinant of the nine dimensional Q matrix, whereas the second square root comes from the reduction of the pull-back of the metric. We should mention that in this action we have made a further truncation. We have omitted those terms coming from the reduction of E_{τ i}(Q^{−1} −δ)^i_kE^{kj} E_{jτ} . This is justified because these terms contribute to higher order on the transverse scalars.

Dimensionally reducing the CS action we get:

S^{CS} = ∫ dτSTr { P [ k^{−2}k^{(1)} ] + e^{2ϕ}i_kC^{(1)} k^2 + e^{2ϕ}(i_k C^{(1)})^2 ( P [ C^{(1)} ] + F ) − iP [ (i_X i_X )C^{(3)} ]

+ 1 2 P [ (i_X i_X )^2i_kB^{(6)} ] + . . . } (2.8)

From here we see that the Type IIA gravitons propagate along the same isometric direction, consistently with the fact that the isometry is inherited when we reduce along a transverse direction. We also find dielectric couplings to the RR 3-form and the NS-NS 6-form potentials, which would be responsible for the expansion of the gravitons into D2-branes and NS5-branes in suitable backgrounds. We have omitted couplings to higher order background potentials and products of different background fields contracted with the non-Abelian scalars because they will not play a role in the pp-wave background that we consider in this paper.

2.3 The Matrix model We can now particularize the actions (2.6) and (2.8) to the Type IIA pp-wave background (2.1). We are interested in describing waves with non-vanishing light-cone momentum p_−. However the actions (2.6) and (2.8) are singular for the choice k^μ = δ^μ_−, since k^2 = g_{−−} vanishes in the pp-wave background. A natural way to regularize the action is to undo the Penrose limit, keep the waves propagating in the ψ-direction of the original eleven dimensional AdS background, and finally take the Penrose limit L → ∞. Since, in the notation of (2.1), the light-cone coordinates are related to the AdS time and ψ coordinate through

x^+ = 3 2μ (t + ψ) , x^− = μL^2 3 (t − ψ) , (2.9)

p_− and p_ψ are related through p_ψ = −p_− μL^2 3 . (2.10)

If we take the gravitons propagating along the ψ direction with momentum p_ψ = N we have that p_− = −N/R if R is related to the AdS radius and the mass scale as R = μL^2/3.

Therefore, we take k^μ = δ^μ_ψ in the actions (2.6) and (2.8). Moreover, we take light-cone gauge and identify x^+ with the worldline time. Expanding the action (2.6) to leading order (in λ = 2πα^′) we find^7

S^{BI} = − μ 3 ∫ dx^+STr { l1 −

L^2 4 [X, X]^2 −

L^2 2 [A, X]^2 + i 2 ϵ_{ijk} X^iX^j X^k +

9β̃^2 4μ^2L^2 − 9 2μ^2L^2

Ẋ^2 − 9 2μ^2L^2 F ( F − μ 3 X^4 )} (2.11) and S^{CS} = ∫ dx^+STr { μ 3 ( 1 − 9β̃ 4μ^2L^2 ) − 1 2L^2 X^4F − i μ 6 ϵ_{ijk} X^iX^j X^k } (2.12)

where

β̃ = β − μ^2 9 (X^4)^2 , (2.13)

i = 1, 2, 3 and we denote the non-Abelian transverse scalars with capital letters.

Therefore, the final action reads

S = ∫ dx^+STr ( 1 2R Ẋ^2 − β̃ 2R + R 4 [X, X]^2 + R 2 [A, X]^2 + 1 2R F ( F − 2μ 3 X^4 ) − i μ 3 ϵ_{ijk}X^iX^jX^k ) (2.14) where we have substituted R = μL^2/3. This action is in perfect agreement with the results in [12] and [13] when one makes the truncation ∂_σX^μ = 0 (see the discussion below).

7 Note that in our units λ = 1. This approximation is however the usual one taken in non-Abelian BI actions (see [27]), based on the fact that these actions are good to describe the system of branes when they are distances away less than the Planck length.

Indeed, it was shown in [29, 25] that Matrix String theory has an alternative interpretation as describing the dynamics of coincident Type IIA gravitons. The idea in [29, 25] is that since Matrix String theory describes string states with fixed light cone momentum, it could, in some limit, effectively describe gravitons. Explicitly, Matrix String theory is constructed by compactifying M-theory on the 9th direction, and then performing the 9-11 flip [15]. However, when one considers weakly curved backgrounds the 9th direction appears as a special isometric direction on which neither the background fields nor the currents depend. This is translated into a reduced, SO(8) transverse rotationally invariant action. One can however rewrite the action in terms of ten dimensional pull-backs into a one dimensional worldvolume by using the techniques of gauged sigma models.

The 9th direction is interpreted as the spatial worldsheet direction of the string, σ. If one makes the truncation ∂_σ X^μ = 0 and let k^μ be the Killing vector pointing along the 9th direction one can achieve invariance under the local isometric transformations generated by k^μ by introducing gauge covariant derivatives as in (2.5). Using gauge covariant pull-backs, constructed with these gauge covariant derivatives, it is possible to eliminate the pull-back of the isometric coordinate, and to reproduce the isometric couplings in the Matrix String action in a manifestly covariant way (see [25]).

Consistently with this discussion we reproduce, using the action for Type IIA gravitons, the subsector of the Matrix String theory constructed in [12, 13] satisfying ∂_σX^μ = 0.

2.4 The fuzzy sphere solutions

The Matrix model (2.14) admits fuzzy 2-sphere giant graviton solutions. One is a static fuzzy sphere located at x^4 = . . . = x^8 = 0, identical to the 2-sphere solution of the BMN Matrix model but from the fact that it preserves just eight supersymmetries due to the toroidal compactification from M-theory [12]. A more general solution is considered in [13] in which the static fuzzy sphere is located in an arbitrary point in the x^4 direction, which preserves as well eight supersymmetries. In this section we are going to show however that the x^4 location and the radius of the fuzzy 2-sphere must satisfy the relation

x^4r = − m √ N^2 − 1 2N , (2.15)

where m is an integer, in agreement with the results found in [30] in the large N limit.

Let us first discuss the solutions in [30]. In this reference spherical D2-brane giant graviton solutions are studied using a test D2-brane in the pp-wave background, carrying light-cone momentum. It is found that 2-sphere solutions with non-vanishing x^4 are possible when a magnetic field inducing D0-brane charge in the configuration is switched on. Then the radius of the spherical D2-brane and its x^4 location must satisfy the relation

x^4r = −m/2 , (2.16)

where m is the D0-brane charge induced in the worldvolume. This result is supported by a microscopical calculation in terms of non-Abelian m D0-branes expanding into the fuzzy 2-sphere by dielectric effect.

We now show that a similar condition for the radius of the spherical fuzzy D2-brane and its x^4 location is predicted within the Matrix model description.

Let us start by taking in (2.14) the fuzzy 2-sphere ansatz:

X^i = r √ C_N J^i , i = 1, 2, 3 (2.17)

with J^i the generators of SU(2) in an N dimensional representation (in our notation [J^i, J^j ] = 2iϵ^{ijk} J^k ) and C_N the quadratic Casimir in this representation. Take as well X^4 = constant and Abelian (we will denote it as x^4), X^5 = . . . = X^8 = 0, and F Abelian. We then obtain an action S = − N 2R ∫ dx^+ [(μ 3 − 2Rr √ N^2 − 1 ) r^2 − F ( F − 2 3 μx^4 )] , (2.18)

and, Legendre transforming F , a Hamiltonian H = N 2R [(μ 3 − 2Rr √ N^2 − 1

)_2

r^2 + ( μx4 3 + p_AR N )_2]

, (2.19)

where p_A is the conjugate momentum of the scalar field A. Recalling that A has its origin on the eleventh transverse scalar, p_A is the momentum along the eleventh direction, which is interpreted in ten dimensions as D0-brane charge.

Now, minimizing with respect to r and x^4, we find two zero energy solutions, one with zero radius, the point-like graviton, and a second one with r = μ √ N^2 − 1 6R , (2.20)

which corresponds to the giant graviton. Both solutions are located at

x^4 = − 3mR μN , (2.21)

for m D0-brane charge.

Therefore, microscopically, the radius and the position in x^4 of the giant graviton must be related through

x^4r = − m √ N^2 − 1 2N . (2.22)

This reproduces the relation (2.16) of [30] in the large N limit. Moreover, the Hamiltonian (2.19), derived using the Matrix model, coincides in the large N limit with the Hamiltonian describing the spherical D2-brane with momentum N and D0-brane charge m of [30], as we now show.

A classical spherical D2-brane in the pp-wave background (2.1) with x^− = x^−(x^+) sitting at a constant x^4 at x^5 = . . . = x^8 = 0, and carrying D0-brane charge m, is described by a Lagrangian

S = −4πT_2 ∫ dx^+ {√μ_2 9 ( r^2 + (x^4)^2 ) + 2ẋ^− √ r^4 + m^2 4 − μ 3 ( r^3 − m 2 x^4 )} , (2.23)

where we have substituted F_{θϕ} = m 2 sin θ , (2.24) which is the magnetic field inducing m D0-brane charge in the worldvolume.

Legendre transforming with respect to ẋ^− we arrive at the following Hamiltonian in terms of the canonically conjugated momentum p_− H = − p_− 2 [( μ 3 + 4πT_2r p_− )_2

r^2 + (μx4 3 − 2πT_2m p_− )_2] . (2.25)

This expression coincides exactly in the large N limit with the microscopical Hamiltonian (2.19), when we take into account that in our units 2πT_2 = 1.

The minimum energy, E = 0, is reached when: r = − μp_− 12πT_2

, x^4 = 6πT_2m μp_− , (2.26)

which also agree exactly in the large N limits with expressions (2.20) and (2.21).

We can conclude that the classical 2-sphere solution found in [30] is correctly reproduced within the Matrix model description. Since this 2-sphere giant graviton solution carries both momentum charge (in our notation, N), and D0-brane charge (in our notation, m) it is possible to describe it microscopically either as N gravitational waves with D0-brane charge m, expanding due to their (dielectric) coupling to the RR 3-form potential, or as m D0-branes moving along the x^− direction with momentum N (expanding as well due to their coupling to the 3-form potential). This explains why the microscopical description of [30] in terms of D0-branes agrees with the Matrix model description. The Matrix model provides however a unified set-up for the microscopical study of giant graviton configurations in both Type II and M theories.

3 The Type IIB Matrix Model

In this section we propose a Matrix model for the maximally supersymmetric pp-wave background of Type IIB. This Matrix model is constructed from the action describing coincident Type IIB gravitons.

3.1 The background

We start by recalling the form of the maximally supersymmetric pp-wave background of Type IIB [11]. It arises as the Penrose limit of the AdS_5 × S^5 background

ds^2 = L^2(− cosh^2 ρ dτ^2 + dρ^2 + sinh^2 ρ dΩ^2_3 + dθ^2 + cos^2 θdψ^2 + sin^2 θdΩ̃^2_3)

C^{(4)}_{τ α1α2α3} = −L^4 sinh^4 ρ √ g_α , C^{(4)}_{ψγ1 γ2γ3} = −L^4 sin^4 θ √ g_γ (3.27)

where {α_i} and {γ_i} are, respectively, the angles parametrizing the 3-spheres contained in the AdS and S parts of the geometry:

dΩ^2_3 = dα^2_1 + sin^2 α_1(dα^2 + sin^2 α_2dα^2_3) , dΩ̃^2_3 = dγ^2_1 + sin^2 γ_1(dγ^2_2 + sin^2 γ_2dγ^2_3) , (3.28) and √ g is the volume element on the unit 3-sphere.

Defining

x^+ = 1 2μ (τ + ψ) , x^− = μL^2(τ − ψ) , ρ = r L , θ = y L (3.29)

and taking L → ∞ one gets [31]

ds^2 = −2dx^+dx^− − μ^2(r^2 + y^2)(dx^+)^2 + dr^2 + r^2dΩ^2_3 + dy^2 + y^2dΩ̃^2_3 C^{(4)}_{+α1α2α3} = −μr^4 √ g_α , C^{(4)}_{+γ1γ2 γ3} = −μy^4 √ g_γ . (3.30)

We are interested in constructing a Matrix model describing the dynamics of gravitons in this background in the sector with momentum p^+ = −p_− = N/R. In order to do this it is convenient to describe the 3-spheres in (3.30) as Hopf-fiberings, p : S^3 → S^2, using the round metric for S^3:

dΩ^2_3 = 1 4 ( (dχ − A)^2 + dΩ^2 ) (3.31)

where, in Euler angles:

A = − cos χ_1dχ_2 , dΩ^2 = dχ^2_1 + sin^2 χ_1dχ^2 . (3.32) Using now Cartesian coordinates to describe the 2-spheres we can write the background metric and potentials (3.30) as

ds^2 = −2dx^+dx^− − μ^2(r^2 + y^2)(dx^+)^2 + dr^2 + r^2 4 ( (dχ − A)^2 + dx^2_1 + dx^2 + dx^2_3 ) + +dy^2 + y^2 4 ( (dχ̃ − Ã)^2 + dz^2_1 + dz^2 + dz^2_3 ) , C^{(4)}_{χ+ij} = 1 8 μr^4ϵ_{ijk} x^k , i, j = 1, 2, 3 , C^{(4)}_{χ̃+ab} = 1 8 μy^4ϵ_{abc}z^c , a, b = 1, 2, 3 (3.33)

where ⃗x and ⃗z parametrize points in R^3. In these coordinates:

A = − x_3 x^2_1 + x^2

(x_1dx_2 − x_2dx_1)

Ã = − z^3

z^2_1 + z^2

(z_1dz_2 − z_2dz_1) . (3.34)

Note that in these coordinates we have reduced the explicit invariance of the background from U(1)^2 × (SO(4))^2 to U(1)^2 × (SO(3) × U(1))^2, though the whole invariance should still be present in a non-manifest way.

3.2 The action for Type IIB gravitons

The action describing coincident Type IIB gravitons was constructed in [23]. Like the action for Type IIA gravitons, it goes beyond the linear order approximation and has the same regime of validity than Myers action for coincident D-branes. It is given by:

S = − ∫ dτ STr { k^{−1} √ − [ g_{μν} D_τ X^μD_τ X^ν + E_{τ i}(Q^{−1} − δ)^i_kE^{kj} E_{jτ} ] detQ } + + ∫ dτ STr { P [ k^{−2}k^{(1)} ] − iP [ (i_X i_X )i_lC^{(4)} ] + . . . } (3.35)

where

E_{μν} = g_{μν} − k^{−1}l^{−1}e^ϕ(i_ki_lC^{(4)})_{μν} , Q^i_j = δ^i_j + i[X^i, X^k]e^{−ϕ}klE_{kj} , i = 1, . . .7 (3.36)

and the gauge covariant derivatives are defined as

D_τ X^μ = ∂_τ X^μ − k^{−2}k_ν ∂_τ X^νk^μ − l^{−2}l_ν ∂_τ X^ν l^μ . (3.37)

A detailed discussion of this action can be found in [23]. Like the action for Type IIA gravitons, the direction of propagation appears as a special isometric direction, with Killing vector k^μ. In this case however there is a second isometric direction, with Killing vector l^μ, which is inherited from the T-duality transformation involved in the construction. Although in the Abelian limit the dependence in this direction can be restored, this does not happen in the non-Abelian case (see the discussion in [23]). Note that it is precisely due to the existence of this second isometry that the RR 4-form potential can couple in the action (3.35). Otherwise the dielectric couplings in (3.35) and in (3.36) would not be possible^8. Therefore, the action (3.35) is suitable for the study of gravitons which propagate in backgrounds with isometric directions. This is indeed the case in the pp-wave background, where there are two isometric directions associated to the two fibres in the Hopf decomposition of the transverse 3-spheres.

The action (3.35) is, again, a gauge fixed action, in which the U(N) vector field, associated in this case to D3-branes wrapped on the two isometric directions, is set to zero. In this gauge U(N) covariant derivatives reduce to ordinary derivatives, as in (3.37).

3.3 The Matrix model

We can now particularize the action (3.35) to the background (3.33). As in subsection 2.3 we take light-cone gauge and identify x^+ with the worldline time. We take as well the gravitons propagating in the ψ direction, i.e. k^μ = δ^μ_ψ. Again, this is equivalent to taking the gravitons with momentum p_−, since p_ψ and p_− are related through the change of coordinates (3.29) as

p_ψ = −μL^2 p_− . (3.38)

8 One could expect in principle a coupling of the form (iX iX )ik C^{(4)} in the CS action. However, such a coupling does not arise in the T-duality transformation involved in the construction of (3.35), and, moreover, it vanishes in the AdS5 × S^5 background. Indeed, in this background, the coupling that is responsible for the existence of the dual giant graviton solution is (iX iX )ilC^{(4)} [23].

Therefore we describe the sector of the theory with light-cone momentum p_− = −N/R taking p_ψ = N and R = μL^2. Doing this we avoid the singularities that arise in the action if we simply take k^μ = δ^μ_−, due to the fact that k^2 = g_{−−} = 0.

In order to identify the second isometric direction we change coordinates ξ = χ + χ̃ 2 , ξ̃ = χ − χ̃ 2 (3.39)

and take l^μ = δ^μ_ξ . This choice preserves the Z_2 symmetry χ ↔ χ̃, r ↔ y, x ↔ z of the background. Then we have

C^{(4)}_{ξ+ij} = 1 8 μr^4ϵ_{ijk} x^k , C^{(4)}_{ξ+ab} = 1 8 μy^4ϵ_{abc}z^c . (3.40)

These two potentials couple in both the CS and BI parts of the action. This will allow the existence of zero energy solutions corresponding to expansions of the gravitons into the two 3-spheres contained in the geometry.

We make the ansatz that the radii of the two 3-spheres are commutative, consistently with the symmetries of the background, and we restrict the use of capital letters for the non-commutative scalars. We find for the CS action:

S^{CS} = μ ∫ dx^+STr { l1 − 1 4L^2

(r^2 + y^2) − i r^4 16 ϵ_{ijk} X^iX^j X^k − i y^4 16 ϵ_{abc}Z^aZ^bZ^c } , (3.41)

and for the BI action

S^{BI} = −μ ∫ dx^+STr { l1 + r^2 + y^2

4L^2 − 1 2μ^2L^2 ( ṙ^2 + ẏ^2 + r^2 4 Ẋ^2 + y^2 4 Ż^2 ) + − 1 2μ^2L^2 ( r^2y^2 r^2 + y^2 ) ( ˙ξ̃ − AiẊ^i − ÃaŻ^a 2 )( ˙ξ̃ − AjẊ^j − ÃbŻ^b 2 ) + − 1 256 L^2(r^2 + y^2) ( r^4[X, X]^2 + y^4[Z, Z]^2 + 2r^2y^2[X, Z]^2 ) + +i r^4 16 ϵ_{ijk} X^iX^j X^k + i y^4 16 ϵ_{abc}Z^aZ^bZ^c } (3.42)

where we have expanded the action (3.35) to leading order and A ≡ A_idx^i, Ã ≡ Ã_adz^a.

Notice that ξ̃ only appears in the quadratic term in the second line of the action. Integrating it out through its equation of motion we finally get

S^{BI} = −μ ∫ dx^+STr { l1 − 1 2μ^2L^2 ( ṙ^2 + ẏ^2 + r^2 4 Ẋ^2 + y^2 4 Ż^2 ) + r^2 + y^2 4L^2 + − 1 256 L^2(r^2 + y^2) ( r^4[X, X]^2 + y^4[Z, Z]^2 + 2r^2y^2[X, Z]^2 ) + +i r^4 16 ϵ_{ijk} X^iX^j X^k + i y^4 16 ϵ_{abc}Z^aZ^bZ^c } (3.43)

Combining (3.43) and (3.41) and taking into account that R = μL^2 we can finally read our proposal for the Type IIB Matrix model:

S = ∫ dx^+STr { 1 2R ( ṙ^2 + ẏ^2 + r^2 4 Ẋ^2 + y^2 4 Ż^2 ) − μ^2 2R (r^2 + y^2) + + 1 256 R(r^2 + y^2) ( r^4[X, X]^2 + y^4[Z, Z]^2 + 2r^2y^2[X, Z]^2 ) + −i μ 8 r^4ϵ_{ijk} X^iX^j X^k − i μ 8 y^4ϵ_{abc}Z^aZ^bZ^c } (3.44)

Notice that this action is symmetric under the interchange r ↔ y, X ↔ Z, like the background.

The Type IIB Matrix theory given by (3.44) is a U(N) gauge theory built up with six non-Abelian scalars, X^i, i = 1, 2, 3, and Z^a, a = 1, 2, 3 plus two Abelian ones, r and y. The gauge field is set to zero through the gauge fixing condition A_τ = 0. In these coordinates the explicit symmetry of the model is reduced to (SO(3) × U(1))^2. Some comments about the relation between our Type IIB Matrix model and the Tiny Graviton Matrix theory of [20] are now in order.

The Tiny Graviton Matrix theory of reference [20] is a U(N) gauge theory, with two main differences from our proposal. First, the Tiny Graviton Matrix theory is built up with eight non-Abelian scalars plus an additional fixed U(N) matrix, L_5, which is introduced in order to be able to quantize the odd Nambu brackets of the light-cone 3-sphere. This matrix does not have a direct physical interpretation, but it allows to couple the RR 4-form potentials in the action. Therefore, from our point of view we would expect L_5 to be related to the existence of isometric directions in the background, since in our construction the RR 4-form potentials couple in the action contracted with the Killing vector associated to the isometry. This is in agreement with the discussion in [32]. In this reference it is argued that L_5 has its origin in M-theory compactified in T^2. In this compactification one of the directions is the light-cone direction, and the second one is the origin of L_5 in the Type IIB theory. This idea becomes explicit in our construction. Indeed, the two isometric directions of the Type IIB action are the direction of propagation of the gravitons and the direction used to construct this action from the action for type IIA gravitons using T-duality. Therefore this action is related to an M-theory action with two isometric directions. One is the direction of propagation of the waves, in this case x^−, and the other one is the T-duality direction.

Second, the manifest symmetry of the Matrix model in [20] is the full (SO(4))^2 invariance of the background. Our model has the advantage of not depending on the unphysical matrix L_5 but at the expense of losing the full symmetry of the background.

The differences between the two models become more evident when one looks at their vacuum solutions, as we do in the next subsection. We will see however that both models support fuzzy 3-sphere solutions with the right scaling of the radius with the light-cone momentum in the large N limit.

3.4 The fuzzy sphere solutions

A non-trivial check of the correctness of our Matrix model (3.44) is that it supports fuzzy 3-sphere solutions which agree exactly, in the limit of large number of gravitons, with the classical 3-spheres of [5, 22]. Note that the 3-sphere giant graviton expanding in the spherical part of the geometry [5] and the one expanding in the AdS part [6, 33] of the AdS_5 × S^5 spacetime are mapped under Penrose limit into the same type of solution, a fact that is reflected in the action through the Z_2 symmetry r ↔ y, X ↔ Z. Therefore we only need to study in detail one of the two solutions.

Let us consider for instance the dual giant graviton solution, i.e. the one expanding into the (Penrose limit of the) AdS part of the geometry.

Our fuzzy 3-sphere ansatz is given by:

r = constant , y = Z^a = 0 , a = 1, 2, 3 , X^i = 1 √ N^2 − 1

J^i , i = 1, 2, 3 , (3.45)

where J^i are SU(2) generators in an N dimensional representation (in our conventions [J^i, J^j ] = 2iϵ^{ijk} J^k ). That is, we define the fuzzy 3-sphere as an S^1 bundle over a fuzzy 2-sphere . Substituting this ansatz in (3.44) we get S = N R ∫ dx^+ r^2 2 ( μ − r^2R 4 √ N^2 − 1

)_2 . (3.46)

Since our configuration is static the Hamiltonian is just minus the Lagrangian, and we can compare directly (3.46) with the classical Hamiltonian of [22], which is given in our notation by [9] H = −p_− r^2 2 ( μ + 2π^2T_3r^2 p_− )_2 . (3.47)

We find that both expressions agree exactly in the large N limit, once we take into account that T_3 = (8π^2)^{−1}, in units in which T_1 = 1, and that we are describing the sector of the theory with p_− = −N/R. The corresponding radii of the giant graviton solutions, given by

r^2 = 4μ √ N^2 − 1 R (3.48) and r^2 = − μp_− 2π^2T_3

, (3.49)

also agree exactly in this limit. This is a non-trivial check of the validity of our Matrix model (3.44).

Note that in our construction the fuzzy 3-spheres are realized as S^1 bundles over fuzzy 2-spheres. Therefore these vacua have just an explicit U(1) × SO(3) symmetry. Although at the classical level the SO(4) covariance of the 3-sphere is still present in a non-manifest way, the fuzzy 3-sphere consists on an Abelian fibre over a non-Abelian base manifold, and this makes unclear how the whole SO(4) invariance can be recovered. This set-up is however useful, because the difficulties associated to the fuzzification of odd dimensional spheres (see [34, 35, 36]) are avoided by reducing the dimensionality of the fuzzy transverse space from 3 to 2, by means of writing the 3-sphere as an S^1 fibre over an S^2 base manifold, and taking only the S^2 non-commutative. This can be done consistently because the action that we use to describe the gravitons contains an explicit Abelian Killing direction which can be identified with the direction along the fibre^9.

9 In this paper we have identified it with the combination (χ + χ̃)/2 in order to have a matrix model which is symmetric under the interchange of the two R^4 subspaces of the background.

On the other hand, the fuzzy 3-sphere vacua of the Tiny Graviton Matrix theory of [20] are fully SO(4)-symmetric^{10}. By adding L_5 to the collection of non-commutative transverse scalars it is possible to construct finite dimensional representations of SO(5) which can be further reduced to N dimensional representations of SO(4). In this way the fuzzy 3-sphere is constructed from an intermediate fuzzy 4-sphere. Comparing to our description, this construction circumvents the difficulties associated to the fuzzification of the 3-sphere by increasing by one the dimensionality of the fuzzy space, which is precisely the role played by the matrix L_5.

Another difference between the fuzzy 3-sphere vacua of [20] and the ones constructed in this paper is that, although the solutions in [20] have the correct scaling of the radius with the momentum in the large N limit, some non-commutativity still remains (see [34, 35, 36]). This is however not the case for the fuzzy 3-sphere solution constructed in this paper, which approaches neatly the classical 3-sphere in the large N limit, where all the non-commutativity disappears.

4 Conclusions

Using the action for coincident Type IIA gravitons constructed in [25, 2]^{11} we have reproduced Matrix String theory in the pp-wave background that is obtained by reducing the maximally supersymmetric pp-wave background of M-theory [12, 13]. We have also clarified how in the Matrix model approach the fuzzy 2-sphere solutions of [30], with non-vanishing x^4 position in the transverse space, emerge when D0-brane charge is induced in the configuration.

In the Type IIB case we have started from the action describing coincident Type IIB gravitons of [23]. This action is connected by duality to the action for non-Abelian D-branes constructed in [27], and has been successfully used in the microscopical description of giant gravitons in AdS_5 × S^5 [23]. Using this action we have made a proposal for a pp-wave Matrix model which supports fuzzy 3-sphere vacuum solutions with the right behavior in the large N limit.

Our Matrix model is a one dimensional gauge theory which could be a candidate for the holographic description of strings in the pp-wave background. Indeed, x^+, which parametrizes the conformal boundary of the pp-wave [37], is its time direction, and the matrix model is compactified along x^−.

As we have mentioned there is a second candidate for this holographic description^{12}, which is the Tiny Graviton Matrix theory of [20]. We have already mentioned some differences between the two constructions. On one hand our Matrix model does not depend on the matrix L_5, which lacks a direct physical interpretation, however this happens at the expense of losing the explicit SO(4)×SO(4) symmetry of the transverse space, and of the Matrix model in [20]. This is related to the fact that L_5 is associated to an isometry of the background. Since we have made this isometry explicit in our construction we have reduced the size of the symmetry group.

The existence of these two different Matrix models for the Type IIB pp-wave background could be related to the fact that there is no unique way to quantize diffeomorphisms in a 3-sphere. Therefore one could expect different gauge theories with the right continuum limit.

10 See also [34, 35, 36].

11 And completed in this paper in order to describe the pp-wave background. 12 See also [38, 39, 40, 41].

A possible connection between the two Matrix models, that would be interesting to check, is whether our Matrix model can be derived in the approach of [20] by first writing the 3-spheres in the transverse space as U(1) fibres over S^2 base manifolds, and then quantizing only the Nambu brackets associated to the three transverse scalars building up each 2-sphere, which would now be even dimensional.

Finally, we would like to mention that we have only constructed the bosonic parts of the Type II Matrix models, and that it would be interesting to check their supersymmetry properties. Our starting point, the actions for Type II gravitons, are connected by dualities to (non-Abelian) D-brane actions, for which supersymmetry has been studied (see [42, 43]). Using dualities it should be possible to construct the fermionic parts of these actions. Moreover, since the pp-wave backgrounds are linear perturbations to Minkowski we could use the results in [44]. In the Type IIB case we do not expect however that the invariance under the whole P SU(2|2) × P SU(2|2) × U(1) superalgebra of the pp-wave background [45] will be manifest, due to the explicit breaking SO(4) → SO(3) × U(1) of our construction.

Acknowledgements

We would like to thank B. Janssen and M.M. Sheikh-Jabbari for useful discussions. The work of Y.L. has been partially supported by CICYT grant BFM2003-00313 (Spain), and by the European Commission FP6 program MRTN-CT-2004-005104, in which she is associated to Universidad Autónoma de Madrid. D.R-G. would like to thank the Departamento de Física Teórica y del Cosmos at Universidad de Granada for its hospitality while part of this work was done and for partial financial support through a visiting professor grant.

References

[1] T. Banks, W. Fischler, S.H. Shenker, L. Susskind, Phys. Rev. D55 (1997) 5112, hep-th/9610043.

[2] B. Janssen, Y. Lozano, Nucl. Phys. B658 (2003) 281, hep-th/0207199.

[3] D. Kabat, W. Taylor, Phys. Lett. B426 (1998) 297, hep-th/9712185.

[4] B. Janssen, Y. Lozano, D. Rodríguez-Gómez, Nucl. Phys. B712 (2005) 371, hep-th/0411181.

[5] J. McGreevy, L. Susskind, N. Toumbas, JHEP 0006 (2000) 008, hep-th/0003075.

[6] M.T. Grisaru, R.C. Myers, O. Tafjord, JHEP 0008 (2000) 040, hep-th/0008015.

[7] J. Figueroa-0’Farrill, G. Papadopoulos, JHEP 08 (2001) 036, hep-th/0105308.

[8] D. Berenstein, J. Maldacena, H. Nastase, JHEP 0204 (2002) 013, hep-th/0202021.

[9] Y. Lozano, D. Rodríguez-Gómez, JHEP 0508 (2005) 044, hep-th/0505073.

[10] J. Michelson, Phys. Rev. D66 (2002) 066002, hep-th/0203140.

[11] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, JHEP 01 (2002) 047, hep-th/0110242.

[12] K. Sugiyama, K. Yoshida, Nucl. Phys. B644 (2002) 128, hep-th/0208029. [13] S.R. Das, J. Michelson, A.D. Shapere, Phys. Rev. D70 (2004) 026004, hep-th/0306270. [14] Y. Sekino, T. Yoneya, Nucl. Phys. B619 (2001) 22, hep-th/0108176. [15] R. Dijkgraaf, E. Verlinde, H. Verlinde, Nucl. Phys. B500 (1997) 43, hep-th/9703030. [16] G. Bonelli, JHEP08 (2002) 022, hep-th/0205213.

[17] N. Ishibashi, H. Kawai, Y. Kitazawa, A. Tsuchiya, Nucl. Phys. B498 (1997) 467, hep-th/9612115.

[18] R. Gopakumar, Phys. Rev. Lett. 89 (2002) 171601, hep-th/0205174. [19] H. Verlinde, JHEP 0312 (2003) 052, hep-th/0206059. [20] M.M. Sheikh-Jabbari, JHEP 09 (2004) 017, hep-th/0406214.

[21] K. Dasgupta, M.M. Sheikh-Jabbari, M. Van Raamsdonk, JHEP 0205 (2002) 056, hep-th/0205185.

[22] D. Sadri, M.M. Sheikh-Jabbari, Nucl. Phys. B687 (2004) 161, hep-th/0312155. [23] B. Janssen, Y. Lozano, D. Rodríguez-Gómez, Nucl. Phys. B669 (2003) 363, hep-th/0303183.

[24] B. Janssen, Y. Lozano, D. Rodríguez-Gómez, Nucl. Phys. B711 (2005) 392, hep-th/0406148.

[25] B. Janssen, Y. Lozano, Nucl. Phys. B643 (2002) 399, hep-th/0205254. [26] S. Hyun, H. Shin, JHEP 0210 (2002) 070, hep-th/0208074. [27] R.C. Myers, JHEP 12 (1999) 022, hep-th/9910053.

[28] E. Bergshoeff, B. Janssen, T. Ortín, Phys. Lett. B410 (1997) 131, hep-th/9706117. [29] D. Brecher, B. Janssen, Y. Lozano, Nucl. Phys. B634 (2002) 23, hep-th/0112180. [30] Y.-X. Chen, J. Shao, Phys. Rev. D69 (2004) 106010, hep-th/0310062. [31] M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, Class. Quant. Grav. 19 (2002) L87, hep-th/0201081.

[32] M.M. Sheikh-Jabbari, M. Torabian, JHEP 0504 (2005) 001, hep-th/0501001. [33] A. Hashimoto, S. Hirano, N. Itzhaki, JHEP 0008 (2000) 051, hep-th/0008016. [34] Z. Guralnik, S. Ramgoolam, JHEP 0102 (2001) 032, hep-th/0101001. [35] S. Ramgoolam, Nucl. Phys. B610 (2001) 461, hep-th/0105006. [36] S. Ramgoolam, JHEP 0210 (2002) 064, hep-th/0207111. [37] D. Berenstein, H. Nastase, hep-th/0205048.

[38] N. Beisert, C. Kristjansen, J. Plefka, M. Staudacher, Phys. Lett. B558 (2003) 229, hep-th/0212269.

[39] M. Spradlin, A. Volovich, Phys. Lett. B565 (2003) 253, hep-th/0303220. [40] N. Kim, T. Klose, J. Plefka, Nucl. Phys. B671 (2003) 359, hep-th/0306054. [41] J. Plefka, Fortsch. Phys. 52 (2004) 264, hep-th/0307101.

[42] E. Bergshoeff, A. Bilal, M. de Roo, A. Sevrin, JHEP 0107 (2001) 029, hep-th/0105274. [43] A. Bilal, Nucl. Phys. B618 (2001) 21, hep-th/0106062.

[44] W. Taylor, M. Van Raamsdonk, Nucl. Phys. B558 (1999) 63, hep-th/9904095. [45] D. Sadri, M.M. Sheikh-Jabbari, Rev. Mod. Phys. 76 (2004) 853, hep-th/0310119.