arXiv:hep-th/0606071 v2 11 Sep 2006

The method of covariant symbols in curved space-time

L.L. Salcedo^∗ Departamento de Física Atómica, Molecular y Nuclear, Universidad de Granada, E-18071 Granada, Spain (Dated: September 11, 2006)

Diagonal matrix elements of pseudodifferential operators are needed in order to compute effective Lagrangians and currents. For this purpose the method of symbols is often used, which however lacks manifest covariance. In this work the method of covariant symbols, introduced by Pletnev and Banin, is extended to curved space-time with arbitrary gauge and coordinate connections. For the Riemannian connection we compute the covariant symbols corresponding to external fields, the covariant derivative and the Laplacian, to fourth order in a covariant derivative expansion. This allows to obtain the covariant symbol of general operators to the same order. The procedure is illustrated by computing the diagonal matrix element of a nontrivial operator to second order. Applications of the method are discussed.

PACS numbers: 04.62.+v, 11.15.-q, 11.15.Tk Keywords: method of symbols; spectral geometry; field theory in curved space-time; covariant derivative expansion; heat kernel expansion

I. INTRODUCTION

As is known, the functional integral formulation of quantum field theory depends on the computation of the partition functional. To one loop this amounts to adding the quadratic fluctuations above a classical solution. Typically

Z_{1-loop} = ∫ Dψ(x) e^{−⟨ψ|K̂|ψ⟩} (1.1) where the quantum fluctuations are controlled by the differential operator K̂. This operator may depend on all kind of external fields and typically it will contain the covariant derivative ∇_μ (with all kind of connections) as well as other background fields, M (x), i.e. K̂ = K(∇, M ). Formally, the Gaussian integral gives the functional determinant Det(K̂) raised to some power which depends on the type of fields (real or complex, bosonic or fermionic). Thus, for the effective action,

Z = e^{−Γ} , (1.2)

one formally obtains

Γ_{1-loop} = c Tr log(K̂) = c ∫ d^dx √ g tr⟨x| log(K̂)|x⟩ . (1.3) This brings in a pseudodifferential operator, namely, log(K̂), and its kernel at coincident points. Unfortunately, the logarithm does not define an ultraviolet convergent (o even one-valued) operator for any physical space-time dimension, correspondingly the kernel of log(K̂) diverges at coincident points, as also does its trace. If the ζ-function regularization is used [1, 2, 3, 4], this introduces a new pseudodifferential operator, the complex power of the fluctuation operator, (K̂)^s [5]. Its kernel ⟨x|(K̂)^s|y⟩ is an analytic entire function with respect to s provided the points x and y are different. The diagonal matrix elements ⟨x|(K̂)^s|x⟩ are meromorphic functions of s with a finite number of poles which depend on the order of K̂ and the space-time dimension, but they are analytic at s = 0. The computation of other observables introduces further pseudodifferential operators f̂ = f(∇, M ) and their diagonal matrix elements. For instance, for a gauge current

δΓ = ∫ d^dx √ g tr(J^μ(x)δA_μ(x)) (1.4)

∗Electronic address: salcedo@ugr.es

with fluctuation operator of the Klein-Gordon type, K̂ = −∇_μ∇^μ + M , at one loop one formally obtains

J^μ_{1-loop}(x) = −c ⟨x| { ∇^μ, (K̂)^{−1} } |x⟩ , (1.5) and again some regularization procedure has to be used to render the expression meaningful.

The main purpose of this work is of practical and methodological character, namely, to address the computation of diagonal matrix elements of operators of the type f̂ = f(∇, M ). As we have just shown such problem is ubiquitous in one-loop calculations in quantum field theory. A more concrete goal is to extend methods existing for flat space-time to curved space-time, the covariant derivative carrying gauge and coordinate connections.

A useful technique when working with pseudodifferential operators is the method of symbols [4, 5, 6, 7]. For an operator f̂ constructed with x^μ and ∂_μ the symbol is essentially the function f(x, p) such that f̂ = : f(x, ∂) :, where the normal order stands for writing ∂_μ at the right of x^μ. Obviously the symbol is closely related to the Wigner representation of operators [8] which is the basis of the phase space approach to quantum mechanics [9], except that Weyl normal order [10] is used instead, so that : f(x, ∂) : is Hermitian. As will be shown below, the symbol allows to carry out manipulations, typically expansions of various types, and directly or indirectly it has been used extensively in the computation of the one loop effective action and related quantities, such as the heat kernel [11, 12, 13, 14, 15, 16], both in flat space-time [7, 17, 18, 19] and in curved space-time [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]. The mathematical aspects of the symbol in Riemannian manifolds have been considered e.g. in [32]. The extension of the method of symbols to finite temperature field theory (in the imaginary time formalism where space is compactified to a circle) has been carried out in [33, 34, 35, 36]. A further branch of mathematical physics where nowadays the symbol and the Moyal product [37] (which provides the symbol of the product of two operators) have proven useful is in noncommutative quantum field theory [38, 39, 40], where they play an important role in the construction of noncommutative versions of existing theories.

In general, the symbol is not a covariant quantity (either in the gauge or coordinate senses) since the prescription ∂_μ → p_μ is not covariant. Obviously, a naive covariant prescription of the type ∇_μ → p_μ would not define a faithful representation of the pseudodifferential operator because, unlike p_μ, ∇_μ is a non Abelian quantity. When the symbol is used to compute a covariant quantity, such as the effective action, covariance is recovered at the end of the computation, but is not fully manifest in intermediate steps. Actually the situation is not as bad as it seems (examples are given below) and it is usually not necessary to go to the point of splitting ∇_μ into ∂_μ plus connections (thus spoiling the geometrical meaning of the covariant derivative, a quite bold step to take even in the simplest computations, particularly in the coordinate sector), but nevertheless, it is a more or less severe nuissance. A possible way out is to use “covariant gauges”, namely, Fock-Schwinger [11, 41] in the gauge sector and Riemann normal coordinates [42, 43, 44] in the coordinate sector [26]. In [45] Pletnev and Banin proposed a new method for the gauge sector in flat space-time which implements the previous gauge fixing in a convenient way. In the present work we name their construction covariant symbol of the pseudodifferential operator. Whereas the ordinary symbol is a function of x^μ and p_μ, the covariant symbol is actually an operator, but multiplicative in x-space, and hence equivalent to a function of x^μ. Unlike the ordinary symbol, however, the covariant symbol is non multiplicative with respect to p_μ, that is, it contains ∂/∂p_μ. Eliminating ∇_μ at the price of introducing ∂/∂p_μ is in principle a net gain, though, since one is trading a non Abelian quantity for an Abelian one. Besides being manifestly gauge covariant, the covariant symbol has the interesting property that it is a representation (in the technical sense of algebra homomorphism) of the original operator. E.g., if f is the covariant symbol f̂ , log(f ) is the covariant symbol of log(f̂ ). No Moyal product is required to compute the covariant symbol of the product of two operators. Unfortunately there are also drawbacks: in general, the covariant symbol cannot be computed in closed form even for differential operators and thus expansions of some type are usually required. In practice, this is not a serious disadvantage since even the ordinary symbol of non differential operators is not obtainable in closed form. In addition to manifest covariance, the great virtue of the covariant symbol is that, due to their homomorphism property, one needs to work them out for the building blocks only, that is, the external fields M and the covariant derivative ∇_μ, and this can be done once and for all. At present, the method of covariant symbols has been successfully used in several problems [45, 46, 47, 48, 49].

In this work we take a step forward and extend the method of covariant symbols to the case of curved space-time.^1 The main issue now is to retain manifest coordinate covariance, in addition to gauge covariance. In fact, we find that working with the full covariant derivative as a whole (i.e., all connections included), as advocated for instance in [16], is the cleanest way to proceed both conceptually and computationally. To some extent the construction carried out in the flat space-time case can be adapted to the curved case. However, as is known, there are important technical differences

1 In their original work [45] Pletnev and Banin proposed a formula including the Riemannian connection, which, however, has not yet been used in any actual application known to us. Our own proposal is unrelated to that one.

between gauge and coordinate cases. All differences stem from the fact that the covariant derivative always adds a new coordinate index, and thus a quantity X and its covariant derivative X_μ = ∇_μX fall in different representations of the group of diffeomorphisms. This implies, for instance, that ∇_ν acting on X_μ will contain a further term Γ^λ_{νμ} not present in its action on X. This is not so in the purely gauge case. When these facts are properly taken into account, and with the help of Riemann normal coordinates in an intermediate step, the construction in [45] can be extended to the general case (i.e., coordinate plus gauge symmetries). The construction holds for completely general connections in the world sector^2 (including e.g. torsion).

As we said the covariant symbol can seldom be obtained in closed form. A natural expansion in this context is that in the number of covariant derivatives (also known as adiabatic expansion), which permits a systematic evaluation of the covariant symbol. For an operator f̂ = f(∇, M ) it is sufficient to compute the covariant symbols of ∇_μ and M . We do this explicitly to second order for a generic connection, and to fourth order for the particular case of the Riemannian connection in the world sector (and arbitrary connection in the gauge sector). The Laplacian is computed to the same order in the derivative expansion. The computation provides the covariant symbols in terms of elementary operators classified by their number of derivatives. Such operators are just all possible local covariant operators constructed with M , the field strength tensor and their covariant derivatives. There is a number of similarities between the covariant derivative expansion and the standard heat kernel expansion. Both are expected to be asymptotic at best. They are local and blind to global properties of the space-time manifold. In both cases all possible local covariant operators are expected to appear with some universal coefficients which are rational numbers (to be determined by the computation). In the standard heat kernel expansion the operators are classified by their (mass) dimension. Because ∇_μ has dimension 1, the heat kernel expansion can be obtained a posteriori by means of a subsequent reexpansion of the covariant derivative expansion [19].

The paper is organized as follows. In Section II we consider flat space-time and revise the construction of ordinary and covariant symbols in that case, as well as their use for the computation of diagonal matrix elements. In Section III we discuss the construction of ordinary symbols in curved space-time, highlighting the subtleties introduced by the presence of curvature. In Section IV we extend covariant symbols to curved space-time, discuss their properties and compute them to second order in the derivative expansion for a general gauge and world connection. Section V is devoted to set up a systematic computation of the covariant symbols, and they are computed to fourth order for Riemannian connection. In Section VI we illustrate the ideas and techniques involved by using the covariant symbols to explicitly compute the diagonal matrix elements of a concrete operator to second order. Finally, in Section VII we present our conclusions. In Appendix A we summarize some of the conventions used in the work. In Appendix B we work out the same calculation as in Section VI but using the method of (ordinary) symbols. In Appendix C it is shown how to reduce momentum integrations in curved space-time to those of the flat case.

II. SYMBOLS AND COVARIANT SYMBOLS IN FLAT SPACE-TIME

In this section we consider a d-dimensional flat space-time. The operators act on states ψ(x) which can be thought of as “matter fields”, as opposed to background external fields appearing in the operators. In addition to their spacetime dependence, the matter fields may carry internal indices (however, for simplicity, we disregard possible world indices in the fields throughout this section). For concreteness, in what follows, we will assume that the states are vectors in the fundamental representation of some internal symmetry gauge group, and that the operators map them into the same gauge representation. The scalar product takes the form ⟨ψ_1|ψ_2⟩ = ∫ d^dx ψ^†_1(x)ψ_2(x).

The pseudodifferential operators to be considered are of the form f̂ = f(D, M ). They are constructed algebraically^3 out of the covariant derivative D_μ and one or more multiplicative operators which are collectively denoted by M . Such M are just equivalent to matrix-valued (in internal space) functions of x acting as M (x)ψ(x). The covariant derivative is of the form D_μ = ∂_μ + A_μ(x), the gauge connection A_μ(x) being also a matrix-valued function.

Under a gauge transformation ψ(x) → Ω^{−1}_g (x)ψ(x), where Ω_g is a multiplicative operator and Ω_g(x) a matrix in

2 In this work we will use the label world interchangeably with coordinate or space-time in expressions like “world tensor”, “world index”, etc, to refer to properties tied to indices μ, ν, . . ., associated to natural bases, ∂/∂x^μ, of the tangent space of the space-time manifold.

3 This means that f̂ has the same algebraic properties as a sum of products of M ’s and D’s weighted with c-number coefficients, e.g., D_μ log(D^2 + M ).

the internal space. Correspondingly M , D_μ and f̂ transform under a similarity transformation

M → Ω^{−1}_g M Ω_g, D_μ → Ω^{−1}_g D_μΩ_g, (2.1) A_μ → Ω^{−1}_g [∂_μ, Ω_g] + Ω^{−1}_g A_μΩ_g, f̂ → Ω^{−1}_g f̂ Ω_g .

(The last equality being a consequence of the fact that f̂ is algebraically a function of M and D_μ.)

We can consider a basis of states of the form |x, a⟩ with spatial part equal to a Dirac delta located at x and a being a gauge index, and the corresponding dual basis, ⟨x, a|y, b⟩ = δ(x − y)δ^a_b . In what follows we will refer to diagonal matrix elements of an operator f̂ to mean those matrix elements of the type ⟨x, a|f̂|x, b⟩ (a and b not necessarily equal). For convenience, we will occasionally write the same matrix element omitting the internal indices, i.e. ⟨x|f̂|x⟩, and using a matrix notation in internal space. The diagonal matrix element is gauge covariant, ⟨x|f̂|x⟩ → Ω^{−1}_g (x)⟨x|f̂|x⟩Ω_g(x), (2.2) due to Ω_g|x⟩ = Ω_g (x)|x⟩. Of course, this is somewhat formal as ⟨x|f̂|x⟩ does not exist for many otherwise decent operators due to ultraviolet divergences in taking the diagonal limit. Throughout this work we will assume that the function f is sufficiently convergent so that the matrix element exists, or that a gauge invariant prescription, such as dimensional renormalization or ζ-function regularization has been used. Such a prescription always exists for symmetries as gauge invariance, which correspond to similarity transformations of f̂ .

A. Symbol of an operator

In order to compute ⟨x|f̂|x⟩, a standard technique is the method of symbols [4]. Let |0⟩ denote the wavefunction equal to one for all x, that is ⟨x, a|0, b⟩ = δ^a_b , |0, a⟩ = ∫ d^dx|x, a⟩. (2.3) Then, for a given point x_0, ⟨x_0|f(D, M )|x_0⟩ = ∫ d^dy δ(y − x_0)⟨x_0|f(D, M )|y⟩ = ∫ d^dy d^dp (2π)^d e^{p(y−x0)}⟨x_0|f(D, M )|y⟩ = ∫ d^dy d^dp (2π)^d ⟨x_0|e^{−px}f(D, M )e^{px}|y⟩ = ∫ d^dp (2π)^d ⟨x_0|e^{−px}f(D, M )e^{px}|0⟩ = ∫ d^dp (2π)^d ⟨x_0|f(D + p, M )|0⟩ . (2.4) In the second line py := p_μy^μ. Throughout this work^4 we will use an imaginary momentum variable p_μ = ip_μ (p_μ real) to save unnecessary i factors, however d^dp := d^dp is the standard integration in R^d. In the third line x^μ is the position operator. In the fourth line we use the identity (2.3). Finally, in the last line we use the properties e^{−px}M (x)e^{px} = M (x), e^{−px}∂_μe^{px} = ∂_μ + p_μ . (2.5) The quantity ⟨x|f(D + p, M )|0⟩ is known as the symbol of the pseudodifferential operator f̂. It is a matrix-valued function of x and p. For any multiplicative operator, the property

⟨x_0|h(x)|0⟩ = h(x_0) (2.6)

4 Our notational conventions are summarized in Appendix A.

implies that the symbol of the operator M is just the function M (x). More generally, because ∂_μ|0⟩ = 0, the symbol of f(D, M ) can be obtained by dragging the ∂_μ’s to the right and replacing them by p_μ.

The matrix element ⟨x|f(D, M )|x⟩ is potentially ultraviolet divergent. Using (2.4) the divergence is now controlled by the momentum integration and one can make expansions or other manipulations using the symbol of the operator. On the other hand, ⟨x|f(D, M )|x⟩ is manifestly gauge covariant (cf. (2.2)) but the symbol is not, in general, due to the non covariance of |0⟩. This implies that explicit gauge covariance in (2.4) is only recovered after momentum integration, but not in intermediate steps. Since this is an important point let us dwell a bit on it. Clearly, if an operator ĥ is both covariant and multiplicative, the matrix element ⟨x|ĥ|0⟩ will also be covariant^5. For instance, ⟨x|D_μ|0⟩ = A_μ(x) (not covariant) whereas the matrix element ⟨x| |0⟩ of the multiplicative operator F_{μν} := [D_μ, D_μ] is just F_{μν}(x) = ∂_μA_ν − ∂_ν A_μ + [A_μ, A_ν] (covariant). So the lack of covariance of the symbol stems from the fact that the operator f(D + p, M ) (although covariant) is not multiplicative. On the other hand, let

f̂^′ := ∫ d^dp (2π)^d f(D + p, M ) , (2.7)

so that (2.4) becomes

⟨x_0|f̂ |x_0⟩ = ⟨x_0|f̂^′|0⟩ . (2.8)

The operator f̂^′ is multiplicative (in addition to covariant). This can be seen as follows. For any (imaginary) constant c-number a_μ e^{−ax}f̂^′e^{ax} = ∫ d^dp (2π)^d f(D + p + a, M ) = f̂^′ , (2.9)

and this implies that f̂^′ is multiplicative. The operation in (2.7) projects the multiplicative component of f̂ . Another observation is that, as can be seen from (2.9), an operator is multiplicative if an only if it is invariant under the replacement D_μ → D_μ + a_μ, where a_μ is constant c-number, and in turn, this is true if and only if all D_μ appear only in the form [D_μ, ]. Some of these arguments need to be modify in the curved case (see e.g. discussion relative to Z^0_{μν} in (3.5)).

A standard technique for using the symbol in the computation of diagonal matrix elements of concrete operators (e.g. the heat kernel) is as follows: f(D + p, M ) is expanded in powers of D_μ and M . Each term so obtained is worked out by dragging the D_μ to the right (or to the left) producing commutators of the type [D_μ, ], which are gauge covariant and multiplicative. At the end, there will be two type of summands, namely, i) those where all D_μ’s are inside commutators. These are multiplicative and so give gauge covariant contributions to the symbol. And ii) summands where the D_μ at the right cannot be arranged in commutators. These are non multiplicative and break gauge covariance of the symbol. From the previous discussion it follows that such terms cancel after momentum integration and the surviving terms yield a covariant diagonal matrix element.

The method just described is illustrated in Appendix B for the more involved case of curved space-time.^6

B. Covariant symbol

To achieve manifest gauge invariance prior to momentum integration in (2.4), one can choose to work in the covariant Fock-Schwinger gauge referred to the point x_0. An equivalent but more convenient procedure was devised by Pletnev and Banin [45] who introduced what we will call the (gauge) covariant symbol of an operator. This is defined as follows f = e^{−∂p D}e^{−px}f̂ e^{px}e^{∂p D} (2.10) where ∂_pD = ∂^μ_p D_μ and ∂^μ_p = ∂/∂p_μ. (Note that ∂_pD = D∂_p just means the product of two operators, no derivative of one on the other is implied.) Therefore, while the original operator f̂ acts on functions ψ(x), its covariant symbol

5 Indeed, ⟨x|ĥ|0⟩ → ⟨x|Ω^{−1}_g ĥΩ_g |0⟩ = Ω^{−1}_g (x)ĥ(x)Ω_g (x) = Ω^{−1}_g (x)⟨x|ĥ|0⟩Ω_g (x), since Ω^{−1}_g ĥΩ_g is also a multiplicative operator. 6 To revert the calculation in Appendix B to the flat space-time case amounts to replace ∇_μ with D_μ, g_{μν} with δ_{μν} , and to set to zero all p_{μν···} (having two or more indices) as well as all Riemann tensors.

f is an operator on functions ψ(x, p). Key properties of the covariant symbol are i) it is a multiplicative operator in x space, ii) it is gauge covariant and iii) it is related to the original operator by a similarity transformation.

Property iii) is obvious from its definition. ii) is also clear, since f̂ , x^μ, p_μ, ∂^μ_p , and D_μ are all gauge covariant. Property i) holds provided the original operator f̂ does not contain p_μ and means that in the covariant symbol all ∂^x_μ appear in commutators only. The multiplicative property is equivalent to the statement [x^μ, f] = 0. That this is the case can be verified directly from the definition. Alternatively, using the property ∂^μ_p = x^μ, which is easily verified, one has

[x^μ, f ] = [∂^μ_p , f] = [∂^μ_p , f̂] = 0 . (2.11)

In the second equality we have used (iii). The multiplicative property of the covariant symbol plays an important role in what follows.

The covariant symbol can be used to compute the diagonal matrix element: ⟨x_0|f̂|x_0⟩ = ∫ d^dp (2π)^d ⟨x_0|e^{−px}f̂ e^{px}|0⟩ = ∫ d^dp (2π)^d ⟨x_0|e^{−∂pD}e^{−px}f̂ e^{px}e^{∂p D}|0⟩ = ∫ d^dp (2π)^d f (x_0) . (2.12)

The second equality follows from noting that ∂^μ_p at the right vanishes (since it is acting on a p-independent wavefunction in (x, p) space). Likewise, ∂^μ_p at the left vanishes due to integration by parts.^7 In the last equality we have used that the covariant symbol is multiplicative to write f (x_0) instead of the matrix element ⟨x_0|f|0⟩.

As we can see from the properties i-iii), the mapping f̂ → f really defines a representation of the operators f̂ in xspace in terms of multiplicative operators (with respect to x) in (x, p)-space which is consistent with gauge covariance. A further property is that the covariant symbol preserves the hermiticity properties of the original operator.

Because the covariant symbol is a representation (i.e. an algebra homomorphism) one has e.g. f(D, M ) = f(D, M) , F_{μν} = [D_μ, D_ν ] , [D_μ, M ] = [D_μ, M] , (2.13)

and so on. Using the definition (2.10), the basic operators D_μ and M can be readily computed in terms of a covariant derivative expansion [45] M = e^{−[∂pD, ]}M = M − M_μ ∂^μ_p + 1 2! M_{νμ} ∂^ν_p ∂^μ_p − 1 3! M_{ανμ} ∂^α_p ∂^ν_p ∂^μ_p + · · · , D_λ = e^{−[∂pD, ]}(D_λ + p_λ)

= p_λ − 1 2! F_{μλ} ∂^μ_p + 2 3! F_{νμλ} ∂^ν_p ∂^μ_p − 3 4! F_{ανμλ} ∂^α_p ∂^ν_p ∂^μ_p + · · · . (2.14)

In writing this formulas we have denoted the derivatives of M and F_{μν} by introducing the convention [D_μ, X_I ] = X_{μI} , i.e., [D_μ, X_{α1···αn} ] = X_{μα1···αn} . (2.15)

7 A more precise form of (2.12) would be ⟨x|f̂|x⟩ = ∫ d^d p (2π)^d ⟨x|⟨p|f|0⟩|0_p⟩ = ⟨x|⟨0_p|f |0⟩|0_p⟩ , where |0_p⟩ stands for the unit wavefunction in p space. The statement is then e^{∂p D} |0_p⟩ = |0_p⟩ and ⟨0_p|e^{−∂p D} = ⟨0_p|.

As is readily verified, the expansions in (2.14) are consistent with the last two equations in (2.13). (F_{μν} follows the same formula as M since the latter only assume M to be a multiplicative operator.)

As a further convention, we will exploit the fact that the derivatives ∂^μ_p commute and so all their indices are symmetrized, to use a single symbol s for all of them, that is, we will often write

M = M − M_s ∂^s_p + 1 2! M_{ss} (∂^s_p)^2 − 1 3! M_{sss} (∂^s_p )^3 + · · · ,

D_λ = p_λ − 1 2! F_{sλ} ∂^s_p + 2 3! F_{ssλ} (∂^s_p)^2 − 3 4! F_{sssλ} (∂^s_p)^3 + · · · . (2.16)

The use of covariant symbols to compute diagonal matrix elements is illustrated in Section VI for curved space-time. Since it is easy to reduce that calculation to the simpler case of flat space-time (see footnote 6) we do give further examples here.

Note that the covariant symbol method is compatible with derivative expansions (see [48, 50] for strict derivative expansions of the effective action functional of Dirac fermions using this method). Such expansions are expected to be asymptotic in general.

Another comment has to do with momentum space integration by parts. Formally, f(D+p, M ) and f = e^{−∂pD}f(D+ p, M )e^{∂pD} would differ by terms with ∂_p, implying that the difference should vanish on |0_p⟩ or ⟨0_p| (see footnote 7). This formal argument is correct for sufficiently well behaved operators in the ultraviolet, e.g. M but not for D_μ in (2.16), (see also ∇_μ∇^{μ(2)} in (5.43)). Of course, it is never necessary to take diagonal matrix elements of divergent operators (without some regularization to make them convergent). The homomorphism property implies that D_λ provides the suitable momentum dependence to give the correct result when used as part of an ultraviolet convergent operator.

To summarize this section, the ordinary symbols are representations of pseudodifferential operators in terms of functions of x and p which are matrix valued in internal space and they are not gauge covariant. The representation introduced by Pletnev and Banin in flat space-time, on the other hand, is in terms of operators which are multiplicative with respect to x and so equivalent to functions. In this sense they are similar to the ordinary symbols (which also remain operators in internal space). They are covariant and enjoy the homomorphism property, at the price of being non multiplicative in p space. Both ordinary and covariant symbols provide diagonal matrix elements upon integration over p.

III. SYMBOLS IN CURVED SPACE-TIME

A. General considerations

The method of symbols can be extended to curved space-time. The main issue now is to preserve both gauge covariance and coordinate or world^8 covariance. The space-times we consider may have Euclidean or Minkowskian signatures. We will treat the two cases simultaneously since there is no formal difference for our purposes. We will often refer to the Riemannian connection to mean the unique torsionless metric preserving connection, regardless of the signature of the metric.

The pseudodifferential operator is now of the form f̂ = f(∇, M ) where ∇_μ is the covariant derivative and includes connections for the parallel transport of all indices: world and internal indices. The latter include gauge, Lorentz frame, Dirac indices in the case of fermions, and so on.^9 In what follows we use indifferently “internal” or “gauge” index to mean any kind of internal index. The matter fields ψ(x) may contain internal indices as well as world indices. Likewise, the external fields M may also contain all kind of indices and act as multiplicative operators with respect to x. The metric g_{μν} (x) is an example of such a field.

We do not assume that f(∇, M ) should be a world scalar (cf. Section VI for an example). As a consequence f̂ may connect different diffeomorphism representations. The reason for this generality is that there is no net gain in restricting oneself to the equal representation case. This is because we need to consider covariant symbols not only

8 See footnote 2.

9 We are following the approach found for instance in [16]. In this approach, if e^a_μ is the tetrad field, the connections on the indices μ and a are such that ∇_ν e^a_μ = 0, likewise for the Dirac gammas, ∇_μγ^ν = 0 with a suitable connection acting on the Dirac indices. This convention is not universally adopted. For instance, in [51] ∇_ν e^a_μ would only include the connection for the world index while D_ν e^a_μ would only include the connection for the tetrad index.

of the final operator f̂ but also of ∇_μ as a building block and ∇_μ always connects different tensor representations. This is an important difference with the gauge case where one can work consistently viewing all operators as matrices in internal space.^{10} Of course, it would be pointless to try to erase the difference between gauge and coordinate cases using a tetrad, e.g. D_a = e^μ_a ∇_μ [52] since, although D_a is a world scalar, it connects now different internal representations (namely, with respect the new internal structure introduced by the Lorentz index a).

For states in equal representations the scalar product is

⟨ψ_1|ψ_2⟩ = ∫ d^dx √ g(x) ψ^†_1(x)ψ_2(x) , (3.1)

g(x) denoting | det g_{μν}|. As usual the scalar product has been defined so that it is coordinate invariant, although metric dependent. (Note however that, as shown below, the construction of the covariant symbols themselves do not require a metric to be defined.) For states in different representations the scalar product vanishes. An active world (or coordinate, or diffeomorphism) transformation, x^μ → x^{′μ}(x) defines a corresponding operator on states ψ → Ω̂^{−1}_w ψ, which takes the form

ψ(x) → (Ω̂^{−1}_w ψ)(x) = ψ(x^′(x)) (3.2)

for a scalar, ψ_μ(x) → ∂x^{′α} ∂x^μ ψ_α(x^′(x)) (3.3)

on covariant world vectors, and so on.

As in the flat case we will use a basis of the tensor product type, with states |x_0, a, w⟩ located at x_0 (wavefunction δ(x − x_0)/ √ g(x)), a being a gauge index and w a set of world indices (empty for world scalar states), with dual basis ⟨x, a, w|y, b, w^′⟩ = δ^a_b δ^w′ δ(x − y)/ √ g(x). The metric in the space-time factor of the basis states is introduced so that they are world scalars, and similarly for the scalar product.

Once again we want to evaluate diagonal (in x) matrix elements ⟨x, a, w|f̂|x, b, w^′⟩. For short we will often write just ⟨x|f̂ |x⟩, however, one should keep in mind the presence of world and internal indices since they determine how the covariant derivative acts. In particular, the operator f̂ should connect the in representation (b, w^′) with the out representation (a, w), so that ⟨ψ_1|f̂|ψ_2⟩ is a gauge and world singlet.

As in the purely gauge case, we can regard the matrix element ⟨x|f(∇, M )|x⟩ as a (gauge and world) covariant function of x which takes values on operators acting on internal and world indices. And in turn this can be viewed as equivalent to a covariant multiplicative operator (in the purely gauge case, such multiplicative operator is f̂^′ introduced in (2.7)).

Because multiplicative operators play an important role in what follows let us define them more precisely. A c-number multiplicative operator, ϕ̂, is one that acts in the form ϕ̂|x, a, w⟩ = ϕ(x)|x, a, w⟩ (3.4) ϕ(x) being a fixed complex function. Such operator is gauge singlet and world scalar. Now, by definition a multiplicative operator is one that commutes with all c-number multiplicative operators. A multiplicative operator is diagonal in x but in general non diagonal with respect to all other degrees of freedom. In commutators, the c-number multiplicative operators are blind to those degrees of freedom but sensible to derivatives with respect to x. Here we can see a difference between the purely gauge case and the general case (gauge plus world degrees of freedom). In the flat case, [D_μ, D_ν] and [D_μ, Q], with Q multiplicative, are multiplicative operators, as is easily verified. This property is lost when a world connection is included, i.e. for ∇_μ. For a generic world connection, the operator

Z^0_{μν} := [∇_μ, ∇_ν] (3.5)

10 In the gauge case (and flat space-time), if ψ is a gauge vector D_μψ is again a gauge vector and so in a second derivative D_ν D_μψ, D_ν would still be “the same operator” ∂_ν + A_ν . In the general covariant case (and gauge singlet), if ϕ is a world scalar, ∇_μϕ = ∂_μϕ is a world vector and ∇_ν “acts differently” on it, namely, as ∇_ν = ∂_ν − Γ_ν (Γ_ν being a matrix on world indices (Γ_ν )_α^β = Γ^β_{να}). The point is, of course, that due to its geometrical meaning (through the Leibnitz rule), ∇_μ acts consistently at each place (i.e. using the proper connection) and there is no need to worry about such details.

is not multiplicative, since acting on a world scalar and gauge singlet state ϕ(x), it gives^{11} [∇_μ, ∇_ν]ϕ = −T^λ_{μν} ∇_λϕ = −T^λ_{μν} ∂ϕ ∂x^λ . (3.6)

being T^λ_{μν} the torsion. (Equivalently, [[∇_μ, ∇_ν], ϕ̂] = −T^λ_{μν} [∇_λ, ϕ̂], in terms of c-number multiplicative operators.) The result depends on derivatives of ϕ and so such Z^0_{μν} is not a multiplicative operator in the presence of torsion. A remedy is to introduce the new operator

Z_{μν} := [∇_μ, ∇_ν] + 1 2 {∇_λ, T^λ_{μν} } (3.7)

({ , } denotes anticommutator) which is multiplicative, as is readily verified. It coincides with Z^0_{μν} for a torsionless connection such as the Levi-Civita or Riemannian connection (in the world sector). Nevertheless, [∇_α, Z_{μν} ] is again non multiplicative (even for the Riemannian connection). In addition, at variance with F_{μν} of the flat case, Z_{μν} will not commute with the momentum p_μ (to be introduced subsequently, similar to the flat case). This is because Z_{μν} acts on world indices

[Z_{μν} , p_λ] = −R^σ_{μν λ} p_σ . (3.8)

(This formula holds for any world connection.) As noted previously, the difference between D_μ and ∇_μ is due to fact that ∇_μ acts on world indices but also adds world indices.

Because there are several types of quantities to be considered, we will introduce the following notation: the more general quantities or objects (such as operators, wavefunctions, matrix elements, etc) to be considered in this Section belong to the class C(x, ∇, Z, W, I, p) . (3.9) The presence of the label (x) indicates that the quantity in question may depend on x^μ. Likewise, the label (∇) denotes that the object may be non multiplicative in x space. (Z) means that it may contain Z_{μν} or other multiplicative operators that act on world indices. (W ) indicates that it may contain world indices. (I) that they may contain internal (or gauge, or bundle) indices. Finally, (p) that it may depend on p_μ. On the other hand, the class C(x, ∇, Z, W, I, p) , (3.10) or simply C(∇, I), will indicate quantities which are multiplicative in x space [do not contain “free” ∇_μ’s] (denoted with ∇) and are gauge singlets [do not contain internal indices] (denoted with I). And similarly for other underlined labels. Thus, for instance, p_μ is in class C(∇, Z, I), the operators M in f(∇, M ) are in class C(∇, Z, p), and Z_{μν} is in class C(∇, p) (while Z^0_{μν} ∈ C(p) for a world connection with torsion). c-number multiplicative operators are in C(∇, Z, I, W ). Multiplicative operators are in C(∇).

B. Diagonal matrix elements

To implement the method of symbols as for the flat case, we proceed similarly to (2.4), starting with the diagonal matrix element ⟨x_0|f̂ |x_0⟩ = 1 √ g(x_0) ∫ d^dx_1δ(x_1 − x_0)⟨x_0|f(∇, M )|x_1⟩ √ g(x_1) = 1 √ g(x_0) ∫ d^dx_1 d^dp (2π)^d e^{p(x1 −x0)}⟨x_0|f(∇, M )|x_1⟩ √ g(x_1) (3.11)

The matrix element is independent of the coordinate system, but the symbol is not. So we will pick a certain reference coordinate system (RCS) and denote its coordinates by ξ^A(x), A = 1, . . ., d. These are d world scalar

11 Our conventions are such that, for a world vector gauge singlet V^λ

[∇_μ, ∇_ν ]V^λ = +R^λ_{μν σ} V^σ − T^σ_{μν} ∇_σ V^λ , R_{μν} := R^λ_{λμ ν} , R := R^λ_λ .

functions, furthermore, we set to zero the connection associated to the indices A (recall that ∇_μ is defined acting on all indices with the appropriate connection). We will reserve the symbol x^μ to denote an arbitrary coordinate system. Then

∇_μξ^A = ∂ξ^A ∂x^μ =: t^A_μ (x) . (3.12)

These are world vector. Let us also introduce the dual contravariant world vectors

t^μ_A(x) := ∂x^μ ∂ξ^A (3.13)

such that

t^A_μ t^μ_B = δ^A_B , t^μ_A t^A_ν = δ^μ_ν . (3.14)

Using in (3.11) the RCS, if ξ^A_0 , ξ^A_1 , and g^{(ξ)}(x), denote, respectively, the coordinates of the point x_0 and x_1, and the determinant of the metric in the RCS, we find ⟨x_0|f̂ |x_0⟩ = 1 √ g^{(ξ)}(x_0) ∫ d^dξ_1 d^dp_A (2π)^d e^{pA(ξA1 −ξA0 )}⟨x_0|f(∇, M )|x_1⟩ √ g^{(ξ)}(x_1) . (3.15)

The momentum integration variables p_A are d c-number and space-time constant quantities, p_A ∈ C(x, ∇, Z, W , I, p).

It is convenient to work in an arbitrary coordinate system. To this end, let us define the world vector fields

p_μ = t^A_μ p_A , X^μ = t^μ_Aξ^A . (3.16)

The c-number function Φ = p_Aξ^A can also be written as p_μX^μ, and moreover

p_μ = ∇_μΦ . (3.17)

We can write ⟨x_0|f̂|x_0⟩ = 1 √ g^{(ξ)}(x_0) ∫ d^dx_1 d^dp_A (2π)^d e^{pμ(Xμ1 −Xμ0 )}⟨x_0|f(∇, M )|x_1⟩ √ g(x_1) . (3.18)

Now, being p_μX^μ a c-number multiplicative operator, we can apply (3.4) to write ⟨x_0|f̂ |x_0⟩ = 1 √ g^{(ξ)}(x_0) ∫ d^dx_1 d^dp_A (2π)^d ⟨x_0|e^{−pX} f(∇, M )e^{pX} |x_1⟩ √ g(x_1) . (3.19)

Introducing now the space-time constant states |0, a, w⟩, which lie in the class C(x, ∇, Z, p),

⟨x, a, w|0, b, w^′⟩ = δ^a_b δ^w′ , |0, a, w⟩ = ∫ d^dx √ g(x)|x, a, w⟩ , (3.20) yields ⟨x_0|f̂|x_0⟩ = 1 √ g^{(ξ)}(x_0) ∫ d^dp_A (2π)^d ⟨x_0|e^{−pX} f(∇, M )e^{pX} |0⟩ = 1 √ g^{(ξ)}(x_0) ∫ d^dp_A (2π)^d ⟨x_0|f(∇ + p, M )|0⟩ , (3.21) where we have used the identity (understood as product of three operators)

e^{−pX} ∇_μe^{pX} = ∇_μ + p_μ . (3.22)

The quantity ⟨x_0|f(∇ + p, M )|0⟩ is now the symbol of f̂ at x_0. Again it is not gauge covariant, since under a local gauge transformation, Ω_g (x), |0⟩ stops being space-time constant. For a similar reason, it is not general covariant under Ω̂_w, unless |0⟩ is a world scalar. (However, as in the gauge case, covariance is recovered for matrix elements

⟨x_0| |0⟩ of multiplicative operators.) In addition, the symbol depends on the choice of RCS through p_μ and t^A_μ . p_μ is the vector field which happens to take constant components p_A in the RCS, and similarly X^μ has components ξ^A precisely in that coordinate system. Such RCS dependence cancels after momentum integration, as ⟨x_0|f(∇, M )|x_0⟩ is gauge and coordinate covariant. As in the flat space-time case (3.21) can also be written as

⟨x_0|f̂ |x_0⟩ = ⟨x_0|f̂^′|0⟩ (3.23)

with

f̂^′ := 1√ g^{(ξ)}(x) ∫ d^dp_A (2π)^d f(∇ + p, M ) , (3.24)

(g^{(ξ)}(x) being a c-number multiplicative operator here.) The operator f̂^′ is multiplicative, formally independent of the in and out state spaces, and gauge and world covariant. Furthermore, it is RCS independent; the RCS dependence of the momentum integral through the vector field t^A_μ in p_μ exactly cancels with the prefactor 1/ √ g^{(ξ)} (cf. Appendix C). As the scalar product itself, f̂^′ is metric dependent.

As in the flat case, we can work out f(∇ + p, M ) by dragging ∇_μ to the right.^{12} A very important difference with the flat case is that ∇_μ and p_ν no longer commute. Their commutator is just the covariant derivative of p_μ,

[∇_μ, p_ν] = [∇_μ, t^A_ν ]p_A = t^A_{μν} p_A = t^λ_At^A_{μν} p_λ (3.25)

(t^A_{μν} being the covariant derivative of t^A_ν , according to our convention.) The same computation in the RCS system, where p_μ equals p_A (and so ∂^x_μp_ν = 0), gives

[∇_μ, p_ν] = −Γ^{(ξ)λ}_{μν} p_λ . (3.26)

In an arbitrary coordinate system this becomes

[∇_μ, p_ν] = −P^λ_{μ ν}p_λ , (3.27)

where P^λ_{μ ν} is the world tensor with components precisely equal to Γ^λ_{μν} in the RCS. Hence,

P^λ_{μ ν} = −t^λ_At^A_{μν} . (3.28)

As we mentioned before, another difference with the flat case (and hence another complication) is that the construction [∇_μ, ] does not automatically produce multiplicative operators. In any case, after moving the ∇’s to the right, in principle one will be able to manage to form multiplicative combinations of nablas in some terms, plus terms in which non multiplicative combinations appear at the right. The latter vanish upon momentum integration. Such integration will usually require to put all p_μ’s together at the left (recall that Z_{μν} and p_λ do not commute) except those in the form p_μp^μ, appearing in propagators, etc. Note that p_μp^μ is not constant even in the RCS because p^μ(x) = g^{μν} (x)p_ν, however, it is a c-number multiplicative operator, so it commutes with all multiplicative operators (p_μp^μ fails to commute with non multiplicative operators, but those have been already been disposed of.) The key point is that when only multiplicative operators appear, the tensor P^λ_{μ ν} and its covariant derivatives will be needed only at the point x = x_0. Upon momentum integration these tensors will appear only through combinations which are independent of the choice of the RCS, e.g.

∇_μP^α_{ν β} − ∇_νP^α_{μ β} − P^α_{μ λ}P^λ_{ν β} + P^α_{ν λ}P^λ_{μ β} = R^α_{μν β} . (3.29)

(For the momentum integration with x-dependent p_μp^μ see Appendix C.) In practice, the natural way to proceed is to take as RCS the Riemann normal coordinates at x = x_0 from the beginning since this choice provides manifestly covariant results for the tensor P^λ_{μ ν} and its covariant derivatives.

In Appendix B we illustrate all previous points for the operator Q̂_{μν} in (6.1) and the Riemann connection. The matrix elements of this operator are computed to second order in a derivative expansion using the (ordinary) symbols method.

12 And the rule ∂^x_μ|0⟩ = 0 still applies. However, as in the purely gauge case, it is not practical to lose manifest covariance. It is preferable to let the momentum integration to kill non multiplicative (and so non covariant) contributions. See Appendix B for an example.

IV. COVARIANT SYMBOLS IN CURVED SPACE-TIME

As we have just sketched in the previous Section, one can work with the ordinary symbols for pseudodifferential operators in curved space-time along the same lines as for the flat case, although things are, in general, more involved in the curve case and covariance is recovered only after momentum integration. In this Section we introduce the covariant symbols in presence of curvature. They are fully covariant representations in terms of operators which are multiplicative with respect to x.

We will need derivatives with respect to the momenta p_A. These are denoted as ∂^A

∂^A := ∂ ∂p_A , ∂^μ := t^μ_A ∂^A , (4.1)

The derivatives ∂^μ are contravariant world vectors which satisfy

[∂^μ, p_ν] := δ^μ_ν (4.2)

and, as a consequence of (3.27)

[∇_μ, ∂^ν ] = P^ν_{μ λ}∂^λ . (4.3)

We should extend now our previous notation. The most general objects belong to the class C(x, ∇, Z, W, I, p, ∂) , (4.4) where the new label ∂ indicates a possible dependence on ∂^A.^{13} On the other hand the class, C(∂) denotes quantities which are multiplicative with respect to p_A.

In the curved case we introduce a preliminary definition of the covariant symbol of an operator f̂ as f := e^{− 12 {∇μ,∂μ}}e^{−pαXα} f̂ e^{pβ Xβ} e^{12 {∇ν ,∂ν }} , f̂ ∈ C(p, ∂) . (4.5) This definition, as well as the general properties to be discussed below, holds actually for any connection on the world indices, although eventually we will restrict ourselves to the Riemannian connection for simplicity. As shown subsequently, the map f̂ → f defines an operator representation from C(x, ∇, Z, W, I, p, ∂) into C(x, ∇, Z, W, I, p, ∂).

The definition depends on the choice of the (arbitrary) RCS (in which the tensors p_μ and ∂^μ have constant components). Eventually we will take the RCS as the Riemann normal coordinate system, thereby obtaining fully covariant expressions for the covariant symbol. Because ∇_μ and ∂^μ do not commute (cf. (4.3)), one can extend the construction e^{Dμ∂μ} corresponding to the flat case in several different ways, among other, as e^{∇μ∂μ} or e^{∂μ∇μ} , or even as e^{12 {∇μ,∂μ}}. All of them are valid. The two former choices give slightly simpler formulas, but the latter has the virtue of preserving the hermiticity properties of the original operator, e^{pX} being unitary.

The use of the covariant symbol to compute the diagonal matrix element is fully analogous to its flat space-time version ⟨x_0|f̂ |x_0⟩ = 1 √ g^{(ξ)}(x_0) ∫ d^dp_A (2π)^d ⟨x_0|e^{−pX} f̂ e^{pX} |0⟩ = 1 √ g^{(ξ)}(x_0) ∫ d^dp_A (2π)^d ⟨x_0|e^{− 12 {∇,∂}}e^{−pX} f̂e^{pX} e^{12 {∇,∂}}|0⟩ = 1 √ g^{(ξ)}(x_0) ∫ d^dp_A (2π)^d ⟨x_0|f |0⟩ . (4.6) In the second equality we have used 1 2 {∇_μ, ∂^μ} = ∇_μ∂^μ − 1 2 P^μ_{μ λ}∂^λ = ∂^μ∇_μ + ∂^λ 1 2 P^μ_{μ λ} , (4.7)

and so the rules ∂^A|0_p⟩ = ⟨0_p|∂^A = 0 can be exploited as in the flat case (|0_p⟩ being the unit wavefunction in p space, see footnote 7).

13 From now on we use ∂^μ to denote ∂^μ_p since the non covariant operator ∂^x_μ = ∂/∂x^μ will appear rarely.

Because the covariant symbol is multiplicative with respect to x (to be shown subsequently), one could, loosely speaking, replace ⟨x_0|f|0⟩ with f (x_0), interpreted as an operator valued function at x_0. In addition, in the absence of derivatives, whether p_μ is constant or not is no longer relevant, and one can formally integrate over p_μ instead of p_A, the Jacobian implying the replacement of g^{(ξ)}(x_0) with g(x_0). ⟨x_0|f̂|x_0⟩ = 1 √ g(x_0) ∫ d^dp_μ (2π)^d f(x_0) . (4.8)

In case of ambiguity the expression (4.6) should be used. (See also Section VI for further details.)

The properties of the covariant symbol are i) It is a representation (an algebra homomorphism). This follows from being defined as a similarity transformation.

Actually, the definition in (4.5) is a similarity transformation in a extended sense, since, in general the ∇_μ’s in the formula will fall in different representations (different rank world tensors). In any case, whenever ∇_μ acts on a field, it selects, by convention, the appropriate connections corresponding to the gauge and world representation of the field, in such a way that the homomorphism property holds, that is^{14} λX + μY → λX + μY , XY → XY . (4.9) ii) The covariant symbol is a multiplicative operator (with respect to x), i.e., it falls in the class C(∇), provided the original operator does not act in p space, or more precisely f̂ ∈ C(p) (it may contain ∂^μ). This can be as follows: the covariant symbol being multiplicative is equivalent to e^{−aX} f e^{aX} = f , ∀a_A ∈ C(x, ∇, Z, W , I, p, ∂) (4.10) where aX = a_μX^μ, with a_μ = t^A_μ a_A, a_A being an arbitrary constant c-number quantity. Then e^{−aX} f e^{aX} = e^{−aX} e^{− 12 {∇,∂}}e^{−pX} f̂ e^{pX} e^{12 {∇,∂}}e^{aX} = e^{− 12 {∇,∂}}e^{−a∂} e^{−aX} e^{−pX} f̂e^{pX} e^{aX} e^{a∂} e^{12 {∇,∂}} = e^{− 12 {∇,∂}}e^{−pX} e^{−a∂}f̂ e^{a∂}e^{pX} e^{12 {∇,∂}} = f , f̂ ∈ C(p) (4.11)

In the second equality we use [∇_μ, aX] = a_μ to move e^{aX} to the left, generating a factor e^{a∂} . Since a_μ∂^μ = a_A∂^A, this factor is a constant c-number and commutes with everything except p_A. In the last equality we use that f̂ does not contain p_A.

iii) It is gauge and world covariant. This follows from using a covariant coordinate system such as Riemann normal coordinates at x_0. Because the covariant symbol is multiplicative (all x derivatives have already been taken) no quantities at points different from x_0 are needed.

iv) It preserves the hermiticity properties of the original operator. Assuming hermiticity rules in x space of the type

(λX + μY )^† = λ^∗X^† + μ^∗Y^† , (XY )^† = Y^†X^† , (x^μ)^† = +x^μ , (∇_μ)^† = −∇_μ , (Z_{μν} )^† = −Z_{μν} , (R^β_{μν α})^† = +R^β_{μν α} , (T_{μν}^λ)^† = +T_{μν}^λ , (4.12)

etc, the Hermitian character of an operator is shared by its covariant symbol by adding the prescriptions

(p_μ)^† = −p_μ , (∂^μ)^† = +∂^μ (4.13)

(recall that we are using a purely imaginary momentum variable throughout).

14 The symbols X and Y are used to represent arbitrary operators. In particular X is unrelated to the vector field X^μ.

Of course, in practice the calculations implied in the definition of the covariant symbol cannot be carried out explicitly in full, a statement that also holds for the matrix element ⟨x|f̂|x⟩ itself. A suitable approach compatible with its definition, is to carry out a covariant derivative expansion of the symbol. In this counting each ∇_μ counts as first order, the torsion T_{μν}^λ is also first order, R^β_{μν α} is second order and so on, p_μ and ∂^μ count as zeroth order.

A systematic computation is presented in next Section. By way of illustration we show here the covariant symbol of M and ∇_μ to second order in the derivative expansion for a general connection and general reference coordinate system. The result is expressed in terms of the tensors P_{μ1μ2···μn}^α_β, which generalize that in (3.27) and (3.28) [∇_{μ1} , [∇_{μ2} , · · · , [∇_{μn} , p_β] · · · ]] = −P_{μ1 μ2···μn}^α_βp_α . (4.14) This gives

M = M − M_μ∂^μ + 1 2 M_{μν} ∂^μ∂^ν + 1 2 M_μP^μ_{ν λ}∂^λ∂^ν + O(∇^3) ,

∇_μ = p_μ + 1 2 P^λ_{α μ}{p_λ, ∂^α} − 1 4 {Z_{αμ}, ∂^α} − 1 4 (P^λ_{αβ μ} + P^σ_{α β}P^λ_{σ μ}){p_λ, ∂^α∂^β } + O(∇^3) . (4.15)

We have used the property P^α_{μ ν} − P^α_{ν μ} = T^α_{μν} . As we can see ∇_μ is multiplicative in x space.

We can particularize these formulas to the case of normal coordinates at x_0 as RCS, but arbitrary connection. Using the results of the next section (cf. (5.16) and (5.19)), one obtains at x_0^{15}

M = M − M_μ∂^μ + 1 2 M_{μν} ∂^μ∂^ν + O(∇^3) , (4.16)

∇_μ = p_μ + 1 4 T_{αμ}^λ{p_λ, ∂^α} − 1 4 {Z_{αμ}, ∂^α} + ( 1 12 R^λ_{μα β} − 1 6 T_{αβμ}^λ + 1 24 T_{μα}^σT_{σβ}^λ ) {p_λ, ∂^α∂^β } + O(∇^3) .

This result is manifestly covariant and all operators involved are multiplicative with respect to x. The Hermitian properties are explicit as well. Also note that M and ∇_μ are still operators with respect to the gauge and world indices. For instance, Z_{μν} acts on world indices yielding the curvature tensor. It is also noteworthy that this formulas are formally independent of the domain of the operators involved. In particular, depending on the internal and world representation of the states, Z_{μν} will act in a way or another. E.g., on a state which is gauge singlet and world scalar |ϕ⟩ Z_{μν} |ϕ⟩ = 0 , (4.17) yet Z_{μν} p_λ|ϕ⟩ = [Z_{μν} , p_λ]|ϕ⟩ + p_λZ_{μν} |ϕ⟩ = −R^σ_{μν λ} p_σ|ϕ⟩ . (4.18) When working with operators in C(Z), like Z_{μν} , one should be aware of seemingly paradoxical results. E.g., for the same state |ϕ⟩ as before, and for B_λ a gauge singlet field, 0 = ⟨ϕ|Z_{μν}B_λ|ϕ⟩ = −⟨ϕ|R^σ_{μν λ} B_σ |ϕ⟩ (4.19) (using ⟨ϕ|Z_{μν} = Z_{μν} |ϕ⟩ = 0). Indeed the result is zero, since the state R^σ_{μν λ} B_σ|ϕ⟩ is a rank three tensor and cannot connect with the scalar state |ϕ⟩. There is also no contradiction if one uses instead the operator Z_{μν} B^μC^ν (again B^μ, C^ν gauge singlets) which is a scalar (and the previous argument would not apply), since in this case the operator [Z_{μν} , B^μC^ν] itself vanishes.

A preliminary definition of the covariant symbol was given in (4.5). As final definition we take (4.5) but using as RCS the Riemann normal coordinates associated to the given connection (these coordinates are defined for any connection), at each point x. That is, we use a different RCS at each point. This is perfectly well defined since the operator is multiplicative and so equivalent to a function. For the same reason, the algebra homomorphism property is also not spoiled. There is an ambiguity in that normal coordinates at x are unique modulo a rigid general linear transformation. However, such ambiguity does not reflect on the form of the covariant symbol when written in terms of p_μ and ∂^μ.

15 We recall that only for multiplicative operators can one meaningfully take x = x_0.

V. COMPUTATION OF THE COVARIANT SYMBOLS In this Section we proceed to set up a systematic computation of the covariant symbols within a derivative expansion.

The expansion is taken to fourth order.

A. Arbitrary reference coordinate system and arbitrary connection Momentarily, we will work with an arbitrary RCS and arbitrary connection. The quantities t^A_μ , t^μ_A, p_A, p_μ, ∂^A and ∂^μ have already been defined and some of their properties noted in previous sections. Here we only note the equivalent definition t^A_μ := [∇_μ, ξ^A] , (5.1) where ξ^A is regarded as a c-number multiplicative operator. Next we introduce the world scalar operator (in C(W , I, p, ∂)) ∇_A := 1 2 {∇_μ, t^μ_A} , (5.2) which has the property ∇_μ = 1 2 {∇_A, t^A_μ } , (5.3) as is readily shown. For this and similar manipulations the following lemma is useful

Lemma: If the set of operators A_i satisfies [A_i, A_j] = [[B, A_i], A_j] = 0 for all i, j (5.4) then 1 4 {{B, A_i}, A_j} = 1 2 {B, A_iA_j } for all i, j . (5.5) Applying the lemma, (5.3) follows from the definition (5.2) and the properties [t^A_μ , t^μ_B] = [[∇_μ, t^A_ν ], t^α_B] = 0. A crucial property of ∇_A is that [∇_A, X] is multiplicative provided X is multiplicative, as is easily shown. As note before, this property is not enjoyed by ∇_μ: to have that the stronger assumption X ∈ C(∇, Z) is needed.^{16} In the RCS it holds p_μX^μ = p_Aξ^A, and also^1_2 {∇_μ, ∂^μ} = ∇_A∂^A (using (5.2) and the fact that ∂^A commutes ∇_μ and t^μ_A). Therefore, we can reexpress the definition (4.5) of the covariant symbol in the form f = e^{−∂A∇A} e^{−pB ξB} f̂ e^{pC ξC} e^{∂D ∇D} . (5.6) The commutation properties of the quantities ξ^A, ∇_A, p_A and ∂^A are as follows [ξ^A, ξ^B] = [ξ^A, p_B] = [ξ^A, ∂_B] = [∇_A, p_B] = [∇_A, ∂^B ] = [p_A, p_B] = [∂^A, ∂^B] = 0 , [∇_A, ξ^B] = δ^B_A , [∂^A, p_B] = δ^A_B , [∇_A, ∇_B] := Z_{AB} . (5.7) We have introduced the operator Z_{AB} . Recursively we find Z_{A1 ···An} := [∇_{A1} , Z_{A2···An} ] , [Z_{A1···An} , ξ^B] = [Z_{A1···An} , , p_B] = [Z_{A1···An} , ∂^B ] = 0 . (5.8) In particular, note that the operators Z_{A1···An} are multiplicative since they commute with ξ^A.

16 If ϕ is a c-number multiplicative operator and X is merely multiplicative, [[∇_A, X], ϕ] = [[∇_A, ϕ], X] = 0 since [∇_A, ϕ] is again a c-number multiplicative operator, however, [∇_μ, ϕ] is not (it contains a world index).

The important observation is that the commutation relations of ξ^A, ∇_A, p_A and ∂^A are identical to those of the flat case, as is also the definition of the covariant symbol in terms of these operators, (5.6). This immediately implies that the analogous of (2.16) hold M = M − M_S ∂^S + 1 2! M_{SS} (∂^S )^2 − 1 3! M_{SSS} (∂^S )^3 + · · · , M ∈ C(∇, Z, p, ∂) ∇_A = p_A − 1 2! Z_{SA} ∂^S + 2 3! Z_{SSA} (∂^S )^2 − 3 4! Z_{SSSA} (∂^S )^3 + · · · . (5.9) with M_A = [∇_A, M ], M_{AB} = [∇_A, [∇_B, M ]], and so on, and S standing for contracted symmetrized indices of the type A, B, . . ., (cf. Appendix A). (Actually, the equation for M holds too for M ∈ C(∇, p, ∂).)

Unfortunately, this simple result is not sufficient. We need ∇_μ instead of ∇_A, and quantities formed with M and ∇_μ instead of ∇_A and Z_{A1 ,A2,...,An} .

B. Riemann normal coordinates and arbitrary connection Let us consider first M. Since M ∈ C(Z), M commutes with t^μ_A and t^A_μ and their derivatives. Hence, we find M_A = M_μ t^μ_A , M_{AB} = M_{μν} t^μ_A t^ν_B + M_ν t^ν_{μB} t^μ_A , (5.10) and so on. As before, we use the notation t^λ_{μ1 ...μn A} = [∇_{μ1} , t^λ_{μ2...μn A}] , t^A_{μ1...μn λ} = [∇_{μ1} , t^A_{μ2...μnλ}] . (5.11) The derivatives of the type t^λ_{μ1 ...μn A} can be expressed in terms of t^λ_B and t^B_{μ1...μnλ} using the relations (3.14), e.g. t^ν_{μA} = −t^ν_B t^λ_A t^B_{μλ} . (5.12) This gives for the term with two derivatives in M M_{SS} = (M_{ss} + M_λ t^A_{ss} t^λ_A)t^s_S t^s_S . (5.13) To proceed further we make a choice of RCS (for given base point x_0), namely, we choose the usual Riemann normal coordinates at x_0. These are the coordinates such that the curves ξ^A(t) = tv^A are geodesics passing through x_0, the geodesics being the straightest lines with respect to the given connection. A practical equivalent definition is to take the coordinates ξ^A so that ξ^A(x_0) = 0 , t^A_{ss...s} n | | |_{x0} = 0 for n ≥ 2 . (5.14)

(This means that, for n ≥ 2, the completely symmetrized component of t^A_{μ1 ...μn} vanishes.) In this form the normal coordinates system was used in a similar context in [53]. Given x_0 and t^A_μ at x_0, the normal coordinates are locally unique, since the t^A_{μ1 ...μn λ} at x_0 can be obtained recursively in terms of the curvature and torsion tensors and their derivatives, using the definition above. For instance, t^A_{μν} = ∇_μ∇_νξ^A = t^A_{νμ} − T^λ_{μν} t^A_λ (5.15) and using (5.14) (i.e., t^A_{μν} is purely antisymmetric at x_0) t^A_{μν} = − 1 2 T^λ_{μν} t^A_λ , at x_0 . (5.16) Likewise, starting from t^A_{μνα} + five permutations = 0 , at x_0 , (5.17) and using the identity t^A_{αβγ} = t^A_{βαγ} − R^λ_{αβ γ} t^A_λ − T^λ_{αβ} t^A_{λγ} (5.18)

(plus derivatives of (5.15)) to bring the five permutations to coincide with the first ordering, gives t^A_{μνα} at x_0. This yields t^A_{αβγ} = ( − 1 3 R_{αβ}^λ_γ + 1 3 R_{γα}^λ_β − 1 2 T_{αβγ}^λ + 1 6 T_{βγα}^λ − 1 6 T_{γαβ}^λ − 1 4 T_{βγ}^σT_{σα}^λ − 1 12 T_{γα}^σ T_{σβ}^λ + 1 12 T_{αβ}^σT_{σγ}^λ ) t^A_λ , at x_0 . (5.19)

The same technique applies for computing any higher derivative of ξ^A at x_0.

Let us come back now to the evaluation of M_{SS} . Clearly for normal coordinates (but arbitrary connection), (5.13) reduces to M_{SS} = M_{ss}t^s_S t^s_S at the origin. In fact a similar reduction happens to all orders, that is,^{17} M_{S...S} = M_{s...s} t^s_S · · · t^s_S , at x_0 . (5.20) In summary, the covariant symbol of M , to all orders in the derivative expansion, is given by a expression fully analogous to that of the purely gauge case, namely,

M = M − M_s ∂^s + 1 2! M_{ss} (∂^s)^2 − 1 3! M_{sss} (∂^s)^3 + · · · , M ∈ C(∇, Z, p, ∂) (5.21) where s are symmetrized world symbols. Note that, unlike (5.9), this expression does not apply for arbitrary operators in C(∇, p, ∂) such as Z_{μν} .

Next, we need to introduce world-index counterparts of Z_{A1...An} . As discussed in section III, the objects [∇_{μ1} , [· · · , ∇_{μn} ] · · · ] are not in general multiplicative operators. Instead, we recursively define

Z_{μν} = [∇_μ, ∇_ν] + 1 2 {∇_λ, T^λ_{μν} } , Z_{αμν} = [∇_α, Z_{μν} ] − 1 2 {∇_λ, R^λ_{μν α}} , . . (5.22) Z_{αμ1···μn} = [∇_α, Z_{μ1 ···μn} ] − 1 2 {∇_λ, R^λ μ_1···μ_n α} , (with R^α_{σμν β} := ∇_σR^α_{μν β} , etc). These operators are multiplicative, and indeed for a gauge singlet V^σ they satisfy

[Z_{μν} , V^σ] = R^σ_{μν λ} V^λ , [Z_{αμν}, V^σ] = R^σ_{αμν λ} V^λ , . . V ∈ C(∇, Z, I) (5.23) [Z_{μ1···μn} , V^σ] = R^σ_{μ1···μn λ} V^λ (and of course a similar action on each world index in the case of tensors). In addition they are antihermitian. In

17 This can be seen recursively as follows. M_{S...S} contains a first term M_{s...s} t^s_S · · · t^s_S plus other terms containing a factor t^A_{s...s} (with two or more s’s). Now, in the present case (namely, M ∈ C(∇, Z, p, ∂) but not, e.g., for Z_{μν} ), each new ∇_S is equivalent to t^s_S ∇_s. If ∇_s acts on a factor t^s_S in the first term, the formula t^λ_{sS} = −t^λ_A t^s_S t^A_{ss} applies and this vanishes at x_0. Likewise, if ∇_s acts on the other terms, there will always remain a t^A_{s...s} factor with two or more s’s. So the only surviving piece at x_0 is that obtained by ∇_s acting on M_{s...s}. This yields (5.20). See footnote 20 for an alternative proof.

terms of these, one obtains the following relations at x_0,^{18} Z_{AB} = 1 2 {t^α_A t^β_B, Z_{αβ}} , (all at x_0) Z_{ABC} = 1 2 { t^α_A t^β_B t^μ_C , Z_{αβμ} + 1 4 {Z_{βλ}, T_{αμ}^λ} − 1 4 {Z_{μλ}, T_{αβ}^λ} } . (5.24)

We can proceed now to the evaluation of ∇_μ. To do this we use the relation

∇_μ = 1 2 {∇_A, t^A_μ } (5.25)

which follows from (5.3) and the homomorphism property of the covariant symbols. The quantity t^A_μ is easily obtained two second order using M = t^A_μ in (5.21) and the formulas (5.16) and (5.19)

t^A_μ = t^A_λ [ δ^λ_μ + 1 2 T_{sμ}^λ ∂^s + ( 1 6 R^λ_{μs s} − 1 3 T_{ssμ}^λ + 1 12 T_{sμ}^σT_{sσ}^λ ) (∂^s)^2 + O(∇^3) ] . (5.26)

On the other hand ∇_A is obtained to second order from (5.9) and the first equation in (5.24). In this way we reproduce the result for ∇_μ in (4.16).

C. Riemannian connection results

From now on we restrict ourselves to the Riemannian connection, since the absence of torsion considerably simplifies the expressions.

For the Riemannian connection one finds at x_0

t^A_{μν} = 0 , t^A_{αμν} = 1 3 ( R^λ_{μνα} + R^λ_{νμα} ) t^A_λ , at x_0 . (5.27)

Some higher order results needed to obtain t^A_μ are as follows

t^A_{sμ} = 0 , t^A_{ssμ} = 1 3 R^λ_{μs s} t^A_λ , t^A_{sssμ} = 1 2 R^λ_{sμs s} t^A_λ , (5.28) t^A_{ssssμ} = [ 3 5 R^λ_{ssμs s} + 7 15 R^σ_{μs s}R^λ_{σs s} ] t^A_λ , all at x_0 .

With (5.21) this gives

t^A_μ = t^A_λ [ δ^λ_μ + 1 6 R^λ_{μs s} (∂^s)^2 − 1 12 R^λ_{sμs s} (∂^s)^3 + ( 1 40 R^λ_{ssμs s} + 7 360 R^σ_{μs s}R^λ_{σs s} ) (∂^s)^4 + O(∇^5) ] . (5.29)

18 Naturally, instead of (5.22), we could have adopted a definition of the type Z^′_{μ1···μn} = 1 2 {t^{A1}_{μ1} · · · t^{An}_{μn} , Z_{A1···An} }, which has all the good properties, and in particular Z_{A1···An} = 1 2 {t^{μ1}_{A1} · · · t^{μn}_{An} , Z^′_{μ1···μn} } . However, the relations similar to (5.23) become more complicated. The definition adopted corresponds to Z_{αμ1...μn} = 1 2 {t^A_α , [∇_A, Z_{μ1...μn} ]}.

In addition, for the Riemannian connection one has the Bianchi identities 0 = Z_{α1···αnμ1μ2 μ3} + Z_{α1···αnμ2 μ3μ1} + Z_{α1 ···αnμ3μ1 μ2} , (5.30) and the following relations (which hold at x_0) Z_{AB} = 1 2 {t^α_A t^β_B , Z_{αβ}} , Z_{ABC} = 1 2 {t^α_A t^β_B t^μ_C, Z_{αβμ}} , (all at x_0) (5.31) Z_{ABCD} = 1 2 { t^α_A t^β_B t^μ_C t^ν_D, Z_{αβμν} + 1 6 {Z_{λμ}, R^λ_{βνα} + R^λ_{νβα}} − 1 6 {Z_{λν} , R^λ_{βμα} + R^λ_{μβα}} } . Combining all the previous relations and (5.25) we can now write down the expression for ∇_μ, which we have computed to four derivatives ∇_μ = ∇_μ^{(0)} + ∇_μ^{(1)} + ∇_μ^{(2)} + ∇_μ^{(3)} + ∇_μ^{(4)} + O(∇^5) (5.32) The result is as follows ∇_μ^{(0)} = p_μ , ∇_μ^{(1)} = 0 , ∇_μ^{(2)} = − 1 4 {Z_{sμ}, ∂^s} + 1 12 {[Z_{sμ}, p_s], (∂^s)^2} , ∇_μ^{(3)} = 1 6 {Z_{ssμ}, (∂^s)^2} − 1 24 {[Z_{ssμ}, p_s], (∂^s)^3} , ∇_μ^{(4)} = − 1 16 {Z_{sssμ}, (∂^s)^3} + 1 80 {[Z_{sssμ}, p_s], (∂^s)^4} + 1 48 {Z_{sλ}, [Z_{sμ}, ∂^λ](∂^s)^2} − 7 720 {[Z_{sλ}, p_s], [Z_{sμ}, ∂^λ](∂^s)^3} . (5.33) The result has been written in a manifestly antihermitian form. Although the Riemann tensor does not appear, these formulas hold only for the Riemann connection. The formulas have been verified in various ways. In particular, for M ∈ C(∇, Z, p, ∂) one can apply the expansion (5.21) to M and also to M_μ = [∇_μ, M ] since it fall in the same class. Then one can check that the formulas preserve the homomorphism property, in the form M_μ = [∇_μ, M ] . (5.34) Another check comes from computing the covariant symbol of Z_{μν} (for which (5.21) does not apply). A direct computation to four derivatives gives Z_{μν} = Z_{μν} − 1 2 {Z_{sμν}, ∂^s} + 1 4 {Z_{ssμν}, (∂^s)^2} + O(∇^5) . (5.35) As we have verified, this expression satisfies Z_{μν} = [∇_μ, ∇_ν] . (5.36) These checks would serve to determine some of the coefficients in the expression of ∇_μ, but not all.

Another operator of great interest in applications is the Laplacian, Δ = g^{μν} ∇_μ∇_ν . (5.37) Since [∇_λ, g_{μν}] = 0, an application of (5.21) gives g_{μν} = g_{μν} . (5.38) (Also clear from the definition (4.5) since g_{μν} commutes with all operators there.) Therefore we can use our previous results to obtain the covariant symbol of the Laplacian, by means of Δ = g^{μν} ∇_μ∇_ν . (5.39)

This yields an expansion of Δ to four derivatives,

Δ = Δ^{(0)} + Δ^{(1)} + Δ^{(2)} + Δ^{(3)} + Δ^{(4)} + O(∇^5) (5.40)

with

Δ^{(0)} = p_μp^μ , Δ^{(1)} = 0 ,

Δ^{(2)} = − 1 2 {Z_{sμ}, p^μ∂^s} + 1 3 [[Z_{sμ}, p^μ], ∂^s] + 1 6 {[Z_{sμ}, p_s]p^μ, (∂^s)^2} , Δ^{(3)} = 1 6 {Z_{ssμ}, {p^μ, (∂^s)^2}} − 2 3 [Z^μ_{sμ}, ∂^s] − 1 12 {[Z_{ssμ}, p_s]p^μ, (∂^s)^3} , Δ^{(4)} = − 1 16 {Z_{sssμ}, {p^μ, (∂^s)^3}} + 1 40 {[Z_{sssμ}, p_s]p^μ, (∂^s)^4]} − 1 16 {Z_{sμ}, {[Z^μ_s , p_s], (∂^s)^3}} + 1 8 {Z_{sμ}Z^μ_s , (∂^s)^2} + 1 30 {[Z_{sμ}, p_s][Z^μ_s , p_s], (∂^s)^4} + 1 60 [Z^μ_α, ∂^α][Z_{μβ}, ∂^β] + 2 45 [Z^μ_α, ∂^β][Z_{μβ}, ∂^α] + 2 45 [Z^μ_α, ∂^β][Z^α_μ , ∂_β] + 1 3 [Z^μ_{sμν} , ∂^ν]∂^s + 1 60 [Z^μ_{μsν} , ∂^ν ]∂^s − 1 40 [Z^μ_{μ νs}, ∂^ν]∂^s . (5.41)

Once again the result has been written in an explicit Hermitian form. It is noteworthy that in all terms the metric has been used once to raise one index (as in the Laplacian itself), except in the second term with coefficient 2/45 in Δ^{(4)}, in which the metric is used thrice. This is because specific properties of the Riemann connection have been used in simplifying the formula. (The metric has to appear an odd number of times since the Laplacian is odd under g_{μν} → −g_{μν} whereas the connection itself is even.)

The previous formulas can also be brought to a more systematic or “standard” form. We define such standard form by the requirement that the quantities R, Z, p and ∂ appear in the expressions in this very order (i.e., the ∂’s occupy the rightmost position, then the p’s, and so on.) Of course, in standard form hermiticity is no longer manifest. For the covariant symbol of the covariant derivative, we obtain

∇_μ^{(2)} = 1 2 Z_{μs}∂^s + 1 6 R_{μs} ∂^s + 1 6 R^α_{μs s} p_α(∂^s)^2 ,

∇_μ^{(3)} = 1 3 Z_{ssμ}(∂^s)^2 + 1 8 R^α_{αμs s}(∂^s)^2 − 1 8 R_{ssμ}(∂^s)^2 − 1 12 R^α_{sμs s}p_α(∂^s)^3 ,

∇_μ^{(4)} = − 1 8 Z_{sssμ}(∂^s)^3 + 1 24 R^α_{μs s}Z_{αs}(∂^s)^3 + 1 20 R_{sssμ}(∂^s)^3 − 1 10 R^α sαμs s(∂ s)^3 − 13 720 R_{sα}R^α_{μs s}(∂^s)^3 + 1 90 R^β_{αμ s} R^α_{βs s}(∂^s)^3 + 1 40 R^α_{ssμs s} p_α(∂^s)^4 + 7 360 R^α_{μs s} R^β_{αs s} p_β(∂^s)^4 . (5.42)

In the same way, for the covariant symbol of the Laplacian,

Δ^{(2)} = 1 6 R + Z^α_s p_α∂^s − 1 3 R^α_s p_α∂^s + 1 3 R^α_s^β_s p_αp_β(∂^s)^2 ,

Δ^{(3)} = − 1 3 Z^α_{α s}∂^s − 1 4 R_s ∂^s + 2 3 Z_{ssα} p^α(∂^s)^2 + 1 6 R_{ssα} p^α(∂^s)^2 + 1 6 R^{α β}_{αs s} p_β(∂^s)^2 − 1 6 R^{α β}_{s s s} p_αp_β(∂^s)^3 ,

Δ^{(4)} = 3 20 R_{ss}(∂^s)^2 − 1 10 R^{α β}_{βαs s}(∂^s)^2 + 1 4 Z^α_{s αs}(∂^s)^2 + 29 120 R^α_sR_{αs}(∂^s)^2 + 1 4 R^α_s Z_{αs}(∂^s)^2 − 31 120 R^α_βR^β_{αs s}(∂^s)^2 − 1 60 R^{αβ}_{s γ} R^γ_{sα β} (∂^s)^2 + 1 4 Z^α_s Z_{αs}(∂^s)^2 − 1 20 R_{sssα} p^α(∂^s)^3 − 3 20 R^{α β}_{s αs s} p_β(∂^s)^3 − 1 4 Z_{sssα} p^α(∂^s)^3 + 13 120 R^α_s R^β_{αs s} p_β(∂^s)^3 − 1 15 R^{α β}_{s s} R^γ_{sα β} p_γ (∂^s)^3 + 1 4 R^{α β}_{s s} Z_{αs} p_β(∂^s)^3 + 1 20 R^{α β}_{ss s s} p_αp_β(∂^s)^4 + 1 15 R^{α γ}_{s s}R^β_{γs s} p_αp_β(∂^s)^4 . (5.43)

In this alternative form the metric appears exactly once in each term.

Eqns. (5.21), (5.42) and (5.43) are the main result of this work. They extend the results of Pletnev and Banin to curved space-time, and can be used immediately to compute diagonal matrix elements by means of (4.8). Obvious applications are the computation of the heat kernel in the non minimal case within a strict covariant derivative expansion. Such calculation has been carried out, both for traced and untraced coefficients, and it will be presented elsewhere. Other interesting application is to the computation of the effective action of fermions with chiral gauge and curvature connections. This type of calculation has been done in the flat space-time case within a covariant derivative expansion for both the normal and abnormal parity components of the effective action in [48, 50]. So it would seem natural to extend such results to the case of curved space-time.

VI. SAMPLE COMPUTATION USING COVARIANT SYMBOLS

For the purposes of illustration, in this Section we apply the method of covariant symbols to the computation of the diagonal matrix element of a concrete operator. In Appendix B we carry out the analogous computation using the method of symbols. As operator we take

Q̂_{μν} = ∇_μ 1

m^2 − Δ

∇_ν , (6.1)

where m is a positive constant c-number. The operator is defined on a d-dimensional Euclidean space-time. d is kept arbitrary so that ultraviolet convergence of the matrix element is assured in the sense of dimensional regularization. Note that, through a standard functional transform, the operator can be related to

Ĥ_{μν} = ∇_μe^{τΔ} ∇_ν (6.2)

which is well behaved in the ultraviolet (for positive τ ).

The covariant derivative ∇_μ includes gauge and world connections, the latter being the Riemannian connection. We do not specify the gauge connection and also the space of states is kept unspecified. In particular, the states may have any tensorial structure. Also the operator itself is not a world scalar.

We have chosen Q_{μν} instead of (m^2 − Δ)^{−1} or e^{τΔ} in order to illustrate the method with an operator that cannot be obtained as a variation of the heat kernel, for which many results and alternative procedures are available.

Specifically, we will compute Q_{μν}(x) = ⟨x|Q̂_{μν}|x⟩ (6.3) through second derivatives, i.e., neglecting terms with four or more covariant derivatives. Because m^2 is a constant, in this case the derivative expansion is equivalent to an inverse mass expansion. The terms neglected introduce a relative error O(1/m^4).

Using the relation (4.6), we can write

Q_{μν} (x) = ⟨ Q_{μν} ⟩ (6.4)

where Q_{μν} is the covariant symbol of Q̂_{μν} , and we have introduced the notation (X representing an arbitrary multiplicative quantity here) ⟨X⟩ := 1 √ g^{(ξ)}(x) ∫ d^dp_A (2π)^d ⟨x|X|0⟩ , X ∈ C(∇) . (6.5) Using the homomorphism property of the covariant symbol implies

Q_{μν} (x) = ⟨ ∇_μ 1 m^2 − Δ ∇_ν ⟩ . (6.6)

Next we proceed to substitute the derivative expansion expressions of ∇_μ and Δ. A simplification occurs by noting that ∇_λ differs from p_λ only by terms with ∂^σ. As can be seen in (5.42), ∇_μ^{(n)} for n ≥ 1 has ∂^σ at the right, or also at the left since these quantities are antihermitian. Thus ⟨ X∇_λ ⟩ = ⟨Xp_λ⟩ , ⟨ ∇_λX ⟩ = ⟨p_λX⟩ . (6.7)

This gives

Q_{μν} (x) = ⟨ p_μ [ m^2 − p_λp^λ − Δ^{(2)} ]_{−1} p_ν ⟩ + O(∇^4) = ⟨ p_μ [ N + N ( 1 6 R + (Z_{αβ} − 1 3 R_{αβ}) p^α∂^β + 1 3 R_{αλβσ} p^αp^β ∂^λ∂^σ ) N ] p_ν ⟩ + O(∇^4) , (6.8)

where

N := 1 m^2 + p^2

, p^2 := −p_λp^λ ≥ 0 . (6.9)

The momentum derivatives are easily computed using the identities

[∂^α, N ] = 2p^αN^2 ⟨X∂^β N p_ν⟩ = ⟨X(2p^β p_νN^2 + δ^β_ν N )⟩ ⟨X∂^α∂^β N p_ν⟩ = ⟨X ( 2(δ^α_ν p^β + δ^β_ν p^α + g^{αβ}p_ν )N^2 + 8p^αp^β p_νN^3 ) ⟩ . (6.10)

(Of course, one can choose to apply ∂^μ to the left, by parts.) In addition we group together the p’s and the N ’s using

p_μZ_{αβ} = Z_{αβ} p_μ + R^λ_{αβ μ} p_λ , [Z_{μν}, N ] = 0 . (6.11)

This produces^{19} Q_{μν}(x) = ⟨ p_μp_νN + 1 6 R p_μp_ν N^2 + (Z^α_ν − 1 3 R^α_ν )p_αp_μN^2 + R^{α β}_{μ ν} p_αp_βN^2 ⟩ + O(∇^4) . (6.12)

The momentum integrals can already be taken. In principle, for an expression ⟨X⟩ (X being a multiplicative operator) the proper procedure would be to take matrix elements ⟨x|X|0⟩, and then proceed to carry out the integration over the d constants p_A. In the present case, all the p dependence is contained in blocks of the type (p_{μ1} · · · p_{μ2r} N^n),

19 Terms with four p’s cancel among them. It is not obvious to me whether this is just accidental or to be expected a priori.

where all quantities commute among them (all p’s have been put together in each term). Thus in this case we can equivalently carry out the momentum integration in each block using

⟨p_{μ1} · · · p_{μ2r} N^n⟩_p := 1 √ g^{(ξ)}(x) ∫ d^dp_A (2π)^d p_{μ1} · · · p_{μ2r} N^n = 1 √ g(x) ∫ d^dp_μ (2π)^d p_{μ1} · · · p_{μ2r} N^n . (6.13)

In addition, we can introduce the multiplicative operator Q̂^′_{μν} such that Q_{μν} (x) = ⟨x|Q̂^′_{μν}|0⟩ . (6.14) Using these definitions, we obtain

Q̂^′_{μν} = ⟨p_μp_νN ⟩_p + 1 6 R ⟨ p_μp_ν N^2 ⟩ p + (Z^α_ν − 1 3 R^α_ν ) ⟨ p_αp_μN^2 ⟩ p + R^{α β}_{μ ν} ⟨ p_αp_βN^2 ⟩ p + O(∇^4) . (6.15)

As shown in Appendix C the momentum integrals can be computed to yield formally the same result as in flat space-time except that the flat metric is replaced by the metric tensor at x. It is often convenient to apply first angular averages, namely, ⟨ p_μp_ν f(p^2) ⟩ p = ⟨ − p^2 d g_{μν} f(p^2) ⟩ p (6.16)

or more generally p_{μ1} · · · p_{μ2n} → (−p^2)^n d(d + 2) · · · (d + 2n − 2) g_{μ1 ···μ2n} , (6.17) where g_{μ1···μ2n} is the completely symmetric sum of n-products of metrics ((2n − 1)!! terms).

The angular average yields

Q̂^′_{μν} = − 1 d g_{μν} ⟨ p^2N ⟩ p − 1 d ( 1 6 g_{μν} R + 2 3 R_{μν} + Z_{μν} ) ⟨ p^2N^2 ⟩ p + O(∇^4) . (6.18)

Finally, the standard formulas of dimensional integration apply, ⟨ (p^2)^rN^n ⟩ p = (m^2)^{d/2+r−n} (4π)^{d/2} Γ(d/2 + r) Γ(d/2) Γ(n − d/2 − r) Γ(n)

, (6.19)

and so Q̂^′_{μν} = m^d (4π)^{d/2} Γ(1 − d/2) [ 1 d g_{μν} − 1 m^2 ( 1 12 g_{μν}R + 1 3 R_{μν} + 1 2 Z_{μν} )] + O(∇^4) . (6.20)

This result is manifestly covariant, and formally independent of the domain and range of Q̂_{μν} , as Q̂_{μν} itself in (6.1). To fully fix the matrix element it remains to specify the internal and world structures of the states ⟨x, a, w| and |0, b, w^′⟩.

VII. CONCLUDING REMARKS

From the computational point of view, our main result is contained in Eqns. (5.21), (4.16) (for a general connection) and (5.42) and (5.43) for the Riemannian connection. With such building blocks, and with the help of the representation (homomorphism) property, one can construct the covariant symbol of other operators f(∇, M ). This has been illustrated with an explicit computation in Section VI. It clearly would be interesting to extend the present results to higher orders and to include torsion more systematically. See e.g. [54, 55] for relations between torsion and chirality. For references motivating the study of quantum field theory in curved space-time with torsion see [56, 57, 58].

Regarding the concrete expressions obtained, we observe that they are rather natural, involving local covariant operators, similar to the heat kernel coefficients.^{20} However, we warn that the presence of Z_{μν} (or other operators in

20 It is noteworthy that actually not all such operators are present and thus selection rules are at work. For instance, terms of the form M_{ss}R_{ss}(∂^s)^4 do not appear in M. Technically, the reason for the non existence of such terms is that M does not involve p_μ (cf. (5.9)). Then, using only ∂^μ and derivatives of M , Z’s, the Riemann tensor and the torsion, there is no way to contract all indices. The presence of p_μ would permit [∂^ν , p_μ] = δ^ν_μ, and hence the Ricci tensor to appear. This is an alternative proof of (5.21).

C(Z)) is unusual as compared to other treatments. In those treatments [16], if one needs to apply, say, the heat kernel operator on a state with world indices (e.g., the gluon field, G_μ), a first step is to transform the world index into an internal one using a tetrad field, G_a = e^μ_a G_μ. The new field G_a is a coordinate scalar so one can apply the heat kernel expressions for scalars. The world structure of the field is now in the internal sector through the corresponding connection for the tetrad index. In this way the result depends on an F_{μν}(x) which includes the strength tensor from the original gauge structure plus that of the new internal structure. The idea is to assimilate coordinate covariance as much as possible to the gauge case, where F_{μν} (x) is a matrix valued function. Our own representation is different since the expressions obtained in the present work hold regardless of the world tensor structure of the states, without transforming them into scalars. This works thanks to the action of Z_{μ1...μn} which are not just matrix valued fields: from the gauge point of view, while F_{μν} is the same matrix valued function in, e.g. F_{μν}B_α| ⟩ and in B_αF_{μν} | ⟩, Z_{μν} would be a “different” matrix valued function in each case, since it acts on any world index at its right. Of course, nothing prevents us to reduce our formulas to reproduce the abovementioned more usual point of view. To do so, once the state has been transformed into a world scalar, one only needs to move all Z_{μν} to the right using commutators, and then set the world part of Z_{μν} to zero (since it is acting on a world scalar). Nevertheless, in our view, it is more natural to work with the original fields rather than transforming them into scalars by means of an ad hoc new internal structure.

With respect to applications of the method exposed, it naturally applies to one loop computations is curved spacetime. A first application would be to compute the heat kernel, not using the standard Seeley-DeWitt expansion, which orders operator by their dimension, but the covariant derivative expansion. Explicit calculations along this line exist only for the minimal case (i.e., Klein-Gordon theories with a trivial gauge sector) [27, 53]. The non-minimal, but flat space-time, calculation of [19] can be extended to the curved case and results for traced and untraced coefficients will be presented elsewhere. Further applications refer to the effective action of Klein-Gordon and Dirac theories in curved space-time. Again results obtained by the covariant symbol method exist for these two cases, for flat space-time and quite general non Abelian backgrounds [48, 50]. These computations correctly reproduce the Wess-Zumino-Witten action [59, 60] as well as the associated anomalies in the abnormal parity sector of the fermion case. For Dirac fermions in curved space-time there are many interesting results concerning chiral, coordinate and frame anomalies [51, 61, 62, 63, 64] but results are much more scarce for the effective action itself. We expect that all the anomalies will be obtained as a byproduct of the effective action computation.

Mathematically, the covariant symbol is a quite interesting and challenging quantity, since it implies the construction of a true representation of pseudodifferential operators in terms of purely multiplicative operators (in the original x space). It would be very nice to have any rigorous result concerning such quantities and in particular to obtain the exact covariant symbol in particular cases. The fact that the covariant symbol can be computed systematically within concrete (presumably asymptotic) expansions suggests that this quantity can be given a rigorous and proper mathematical definition.

Acknowledgments

This work was supported by DGI, FEDER, UE and Junta de Andalucía funds (FIS2005-00810, HPRN-CT-2002- 00311, FQM225).

APPENDIX A: NOTATIONAL CONVENTIONS

In this appendix we summarize the non standard notational conventions used in the main text.

Derivative convention. For a quantity X_I having an ordered set of world indices I, X_{μI} denotes its covariant derivative [∇_μ, X_I ]. E.g. R^α_{σμν β} := [∇_σ, R^α_{μν β}]. Exceptions are Z_{μ1 μ2···μn} , defined in (5.22) so that they are multiplicative operators with respect to x, and the tensors P_{μ1μ2···μn}^α_β defined in (4.14).

Note that on states (wavefunctions) the action of ∇_μ is expressed as ∇_μψ while on operators it acts adjointly, [∇_μ, X]. Occasionally will write simply ∇_μX if X ∈ C(∇, Z, I)), e.g. ∇_σR^α_{μν β} or ∇_μt^A_ν .

Momentum convention. The momentum p_μ is purely imaginary, p_μ = ik_μ (k_μ real). However, d^dp is just the standard real measure d^nk and p^2 := −g^{μν} p_μp_ν = g^{μν} k_μk_ν the standard real norm (positive for Euclidean signature).

s index convention. s indicates a symmetrized world index. So we will use the notation

A_{sμss}(∂^s)^3 (A1) to mean A_{αμβγ} ∂^α∂^β ∂^γ . (A2) There is no ambiguity since the ∂^μ commute.^{21} In section V we use a similar convention for the index S, which refers to the labels of the type A, B, etc.

Riemann tensor convention. For a gauge singlet and world vector wavefunction [∇_μ, ∇_ν]V^λ = +R^λ_{μν σ}V^σ − T^σ_{μν} ∇_σV^λ , (A3) The Ricci tensor and the scalar curvature are R_{μν} := R^λ_{λμ ν} , R := g^{μν} R_{μν} . (A4)

APPENDIX B: COMPUTATION OF Qμν (x) USING THE METHOD OF SYMBOLS

In this appendix we will illustrate the method of (ordinary) symbols with the same operator Q̂_{μν} considered in Section VI. (We will use definitions introduced in that Section.) Eq. (3.21) implies Q_{μν}(x) = 1 √ g^{(ξ)}(x) ∫ d^dp_A (2π)^d ⟨x|Q_{μν}(∇ + p, M )|0⟩ = ⟨ (∇_μ + p_μ) 1 m^2 − (∇_α + p_α)(∇^α + p^α)

(∇_ν + p_ν ) ⟩ . (B1)

Carrying out an expansion in powers of ∇_μ through second order yields

Q_{μν} (x) = ⟨ p_μp_νN + p_μN ( Δ + {∇_α, p^α}N {∇_β, p^β} ) N p_ν +p_μN {∇_α, p^α}N ∇_ν + ∇_μN {∇_α, p^α}N p_ν + ∇_μN ∇_ν ⟩ + O(∇^4) . (B2)

The next step is to move all ∇’s to (say) the right (it is essential not to split the covariant derivative into non covariant pieces). The move is obtained by applying the rules [∇_μ, p_{α1···αn} ] = p_{μα1···αn} , [∇_μ, N ] = 2p^αp_{μα}N^2 , (B3) this gives Q_{μν}(x) = ⟨ p_μp_ν N + p_μp^α_{αν}N^2 + p_ν p^α_{μ α}N^2 + 2p^αp_{μαν}N^2 + 2p_μp_νp^αp^β_{α β}N^3 +2p_μp_νp^αp^β_{βα}N^3 + 4p_μp^αp^βp_{αβν} N^3 + 4p_νp^αp^βp_{μαβ}N^3 + 8p_μp_ν p^αp^β p^γ p_{αβγ} N^4 +N ∇_μ∇_ν + p_μp_νN^2∇^α∇_α + 2p_μp^αN^2∇_α∇_ν +2p_ν p^αN^2∇_μ∇_α + 4p_μp_νp^αp^βN^3∇_α∇_β + 39 further terms ⟩ + O(∇^4) . (B4) The “39 further terms” not made explicit contain a factor p_{αβ}. For the Riemannian connection they vanish by choosing normal coordinates centered at x. (Of course, the rule p_{αβ} = 0 can only be applied after all covariant derivatives have been put aside.)

The derivatives of p_μ are easily obtained recalling that p_α = t^A_α p_A, thus p_{μ1···μn} = t^A_{μ1···μn} p_A = t^A_{μ1···μn} t^λ_A p_λ . (B5) In particular, using (5.27) one obtains p_{αμν} = 1 3 ( R^λ_{μνα} + R^λ_{νμα} ) p_λ . (B6)

21 Note that in an expression like ∂^αZ_{αβμ} ∂^β the indices α and β are not symmetrized (Z and ∂ do not commute). The expression differs from ∂^β Z_{αβμ}∂^α and hence it would not be faithfully represented by ∂^sZ_{ssμ}∂^s.

Substitution in the expression above gives

Q_{μν} (x) = ⟨ p_μp_νN − 2 3 R_{μα} p_νp^αN^2 + 1 3 R_{να} p_μp^αN^2 + 2 3 R_{μανβ} p^αp^β N^2 − 2 3 R_{αβ} p_μp_νp^αp^βN^3

+N ∇_μ∇_ν + p_μp_ν N^2∇^α∇_α + 2p_μp^αN^2∇_α∇_ν +2p_ν p^αN^2∇_μ∇_α + 4p_μp_νp^αp^βN^3∇_α∇_β ⟩ + O(∇^4) . (B7)

Prior to momentum integration, this expression is not manifestly covariant since there are still ∇’s not derivating anything nor in the form of Z_{μ1 ···μn} , that is, the expression in brackets is not a multiplicative operator. It is often not necessary to completely carry out the momentum integration to achieve manifest gauge covariance [17, 65]. Taking an angular average, as explained in Section VI, gives

Q_{μν} (x) = ⟨ − p^2 d g_{μν}N − 1 3 p^2 d R_{μν} N^2 − 2 3 (p^2)^2 d(d + 2) g_{μν} RN^3 − 4 3 (p^2)^2 d(d + 2)

R_{μν} N^3

+N ∇_μ∇_ν − 4 p^2 d N^2∇_μ∇_ν − p^2 d g_{μν} N^2∇^α∇_α +4 (p^2)^2 d(d + 2)

N^3∇_μ∇_ν + 4

(p^2)^2 d(d + 2)

N^3∇_ν∇_μ + 4

(p^2)^2 d(d + 2) g_{μν} N^3∇^α∇_α ⟩ + O(∇^4) . (B8)

Using now the recurrence ⟨ (p^2)^rN^n ⟩ p = d/2 + r − 1 n − 1 ⟨ (p^2)^{r−1}N^{n−1} ⟩ p , n > 1 (B9)

to eliminate higher powers of N , gives already a covariant result

Q_{μν} (x) = ⟨ − p^2 d g_{μν}N − 1 12 g_{μν} RN − 1 3 R_{μν} N − 1 2 N [∇_μ, ∇_ν] ⟩ + O(∇^4) . (B10)

Upon momentum integration this coincides with (6.20) obtained in Section VI using the method of covariant symbols.

APPENDIX C: MOMENTUM INTEGRALS

Here we want to show that momentum integrals like (6.13) give formally the same result as in flat space-time. Rather than considering the most general case, it will be sufficient to treat a sample integral. We consider I_{μν} = 1 √ g ∫ d^dk (2π)^d k_μk_νf(k^2) . (C1)

Here k_μ are real (p_μ := ik_μ, d^dp := d^dk, cf. Appendix A) and k^2 = g^{αβ}k_αk_β

Introducing an orthonormal tetrad, e^a_α, as well as a new momentum variable, q_a,

e^α_a e^a_β = δ^α_β , g_{αβ} = η_{ab}e^a_αe^b_β , k_α = e^a_αq_a (C2)

we obtain

g = | det g_{αβ}| = | det e^a_α|^2 , d^dk = | det e^a_μ| d^dq = √ g d^dq , k^2 = η^{ab}q_aq_b = q^2 (C3) so I_{μν} = I_{ab} e^a_μe^b_ν (C4)

with I_{ab} = ∫ d^dq (2π)^d q_aq_bf(q^2) = η_{ab}I , (C5)

and finally

I_{μν} = g_{μν} I , (C6) with I computed as in flat space-time I = ∫ d^dq (2π)^d 1 d q^2f(q^2) . (C7)

[1] J. S. Dowker and R. Critchley, Phys. Rev. D13, 3224 (1976). [2] S. W. Hawking, Commun. Math. Phys. 55, 133 (1977).

[3] E. Elizalde, S. D. Odintsov, A. Romeo, A. A. Bytsenko and S. Zerbini, Zeta Regularization Techniques with Applications (World Scientific, Singapore, 1994).

[4] L. L. Salcedo and E. Ruiz Arriola, Ann. Phys. 250, 1 (1996), [hep-th/9412140]. [5] R. T. Seeley, Proc. Symp. Pure. Math. 10, 288 (1967). [6] T. Eguchi, P. B. Gilkey and A. J. Hanson, Phys. Rept. 66, 213 (1980). [7] R. I. Nepomechie, Phys. Rev. D31, 3291 (1985). [8] E. P. Wigner, Phys. Rev. 40, 749 (1932).

[9] P. Carruthers and F. Zachariasen, Rev. Mod. Phys. 55, 245 (1983). [10] H. Weyl, Z. Phys. 46, 1 (1927). [11] J. S. Schwinger, Phys. Rev. 82, 664 (1951). [12] B. S. DeWitt, Phys. Rept. 19, 295 (1975). [13] P. B. Gilkey, J. Diff. Geom. 10, 601 (1975).

[14] I. G. Avramidi, Nucl. Phys. Proc. Suppl. 104, 3 (2002), [math-ph/0107018].

[15] K. Kirsten, Spectral Functions in Mathematics and Physics (Chapman & Hall/CRC Press, Boca Raton, 2002). [16] D. V. Vassilevich, Phys. Rept. 388, 279 (2003), [hep-th/0306138]. [17] L.-H. Chan, Phys. Rev. Lett. 57, 1199 (1986). [18] R. D. Ball, Phys. Rept. 182, 1 (1989).

[19] L. L. Salcedo, Eur. Phys. J. C37, 511 (2004), [hep-th/0409140]. [20] A. O. Barvinsky and G. A. Vilkovisky, Nucl. Phys. B282, 163 (1987). [21] V. P. Gusynin, Phys. Lett. B225, 233 (1989).

[22] V. P. Gusynin and V. A. Kushnir, Sov. J. Nucl. Phys. 51, 373 (1990). [23] I. G. Avramidi, Nucl. Phys. B355, 712 (1991).

[24] I. G. Avramidi, J. Math. Phys. 37, 374 (1996), [hep-th/9406047].

[25] A. A. Bel’kov, A. V. Lanyov and A. Schaale, Comput. Phys. Commun. 95, 123 (1996), [hep-ph/9506237]. [26] A. E. M. van de Ven, Class. Quant. Grav. 15, 2311 (1998), [hep-th/9708152]. [27] I. G. Moss and W. Naylor, Class. Quant. Grav. 16, 2611 (1999), [gr-qc/0101125]. [28] S. Yajima, Class. Quant. Grav. 5, L207 (1988). [29] S. Yajima, Class. Quant. Grav. 13, 2423 (1996).

[30] Y. V. Novozhilov and D. V. Vassilevich, Lett. Math. Phys. 21, 253 (1991). [31] A. Ceresole, P. Pizzochero and P. van Nieuwenhuizen, Phys. Rev. D39, 1567 (1989). [32] M. J. Pflaum, New York Journal of Mathematics 4, 97 (1998), [dg-ga/9612011]. [33] L. L. Salcedo, Nucl. Phys. B549, 98 (1999), [hep-th/9802071].

[34] C. García-Recio and L. L. Salcedo, Phys. Rev. D63, 045016 (2001), [hep-th/0007183]. [35] E. Megías, E. Ruiz Arriola and L. L. Salcedo, Phys. Lett. B563, 173 (2003), [hep-th/0212237]. [36] E. Megías, E. Ruiz Arriola and L. L. Salcedo, Phys. Rev. D69, 116003 (2004), [hep-ph/0312133]. [37] J. E. Moyal, Proc. Cambridge Phil. Soc. 45, 99 (1949). [38] E. Witten, Nucl. Phys. B268, 253 (1986).

[39] A. Konechny and A. S. Schwarz, Phys. Rept. 360, 353 (2002), [hep-th/0012145]. [40] M. R. Douglas and N. A. Nekrasov, Rev. Mod. Phys. 73, 977 (2001), [hep-th/0106048]. [41] V. Fock, Phys. Z. Sowjetunion 12, 404 (1937).

[42] L. Alvarez-Gaume, D. Z. Freedman and S. Mukhi, Ann. Phys. 134, 85 (1981). [43] U. Muller, C. Schubert and A. M. E. van de Ven, Gen. Rel. Grav. 31, 1759 (1999), [gr-qc/9712092]. [44] A. Hatzinikitas, hep-th/0001078.

[45] N. G. Pletnev and A. T. Banin, Phys. Rev. D60, 105017 (1999), [hep-th/9811031]. [46] A. T. Banin, I. L. Buchbinder and N. G. Pletnev, Nucl. Phys. B598, 371 (2001), [hep-th/0008167]. [47] A. T. Banin and N. G. Pletnev, Int. J. Mod. Phys. A17, 825 (2002), [hep-th/0111100]. [48] L. L. Salcedo, Eur. Phys. J. C20, 161 (2001), [hep-th/0012174]. [49] L. L. Salcedo, Phys. Lett. B530, 244 (2002), [hep-th/0201057]. [50] L. L. Salcedo, Eur. Phys. J. C20, 147 (2001), [hep-th/0012166]. [51] L. Álvarez-Gaumé and P. Ginsparg, Ann. Phys. 161, 423 (1985). [52] S. Weinberg, Gravitation and Cosmology (John-Wiley and Sons, New York, 1972). [53] V. P. Gusynin and V. A. Kushnir, Class. Quant. Grav. 8, 279 (1991). [54] H. T. Nieh and M. L. Yan, Ann. Phys. 138, 237 (1982).

[55] O. Chandia and J. Zanelli, Phys. Rev. D55, 7580 (1997), [hep-th/9702025]. [56] I. L. Buchbinder and I. L. Shapiro, Phys. Lett. B151, 263 (1985). [57] I. L. Buchbinder and I. L. Shapiro, Class. Quant. Grav. 7, 1197 (1990). [58] I. L. Buchbinder, S. D. Odintsov and I. L. Shapiro, Phys. Lett. B162, 92 (1985). [59] J. Wess and B. Zumino, Phys. Lett. B37, 95 (1971). [60] E. Witten, Nucl. Phys. B223, 422 (1983).

[61] L. Alvarez-Gaume and E. Witten, Nucl. Phys. B234, 269 (1984). [62] W. A. Bardeen and B. Zumino, Nucl. Phys. B244, 421 (1984). [63] H. Leutwyler and S. Mallik, Z. Phys. C33, 205 (1986).

[64] R. A. Bertlmann, Anomalies in quantum field theory (Oxford University Press, Oxford, 1996). [65] J. Caro and L. L. Salcedo, Phys. Lett. B309, 359 (1993).