arXiv:hep-th/0606075 v2 10 Jul 2006

Boundary Terms in Supergravity and Supersymmetry^∗

Peter van Nieuwenhuizen C.N. Yang Institute for Theoretical Physics Stony Brook University, Stony Brook, NY 11794-3840, USA

vannieu@insti.physics.sunysb.edu

Anton Rebhan Institut für Theoretische Physik, Technische Universität Wien, Wiedner Hauptstr. 8–10, A-1040 Vienna, Austria Dmitri V.Vassilevich Institut für Theoretische Physik, Universität Leipzig Augustusplatz 10, D-04109 Leipzig, Germany Robert Wimmer Institut für Theoretische Physik, Universität Hannover, Appelstr. 2, D-30167 Hanover, Germany

July 10, 2006

Abstract: We begin with the simplest possible introduction to supergravity. Then we discuss its spin 3/2 stress tensor; these results are new. Next, we discuss boundary conditions on fields and boundary actions for N = 1 supergravity. Finally, we discuss new boundary contributions to the mass and central charge of monopoles in N = 4 super Yang-Mills theory. All models are in 3 + 1 dimensions.

YITP-SB-06-21

1 Introduction

Supergravity is 30 years old. It is an active field as several of the speakers at this conference demonstrate. I will present a new program in supergravity, with some initial results, but much more can be done. For those who are not familiar with supergravity, I will give the simplest introduction to supergravity I know of; it is not the way supergravity was originally constructed [1], but it is how it was simplified years later, bit by bit. It is suitable to become part of a course on general relativity.

Boundary contributions to the variation of the action are usually neglected in theories of rigid or local supersymmetry (susy). However, a theory is only complete if one has also defined its boundary conditions. In this contribution we shall discuss this problem; one may think of putting

∗Talk given by P. van Nieuwenhuizen at the Einstein-celebration gravitational conference at Puri (India) in December 2005.

supergravity in a box. Of course, boundary conditions play a central role in such classical solutions as instantons and solitons. As a second topic, we study how boundary terms also play a role in the study of solitons at the quantum level: we shall discuss the quantum contributions to the mass of magnetic monopoles in N = 2 and N = 4 super Yang-Mills theory.

The main new point in our discussion of boundary conditions (BC) on fields concerns their consistency. Given an action with a (rigid or local) symmetry, there are boundary terms in the variation of the action (for spacetime symmetries, including supersymmetry, but not for internal symmetries), which should cancel if the symmetry is unbroken. This one can achieve by imposing suitable BC, or by adding a boundary term to the action (boundary action), or by both. Another class of boundary variations is obtained when one constructs the Euler-Lagrange field equations. Also in this case one needs to partially integrate, and the boundary terms obtained in this way are in general different from those obtained from the variation of the action under a symmetry transformation. By definition, these boundary field equations should be satisfied on-shell. We shall actually require that they be satisfied also off-shell because we want to characterize the field space by a complete set of boundary conditions, before one begins by studying symmetries of the action and field equations.

However, these are not all BC. If a theory has a symmetry, the symmetry transformation of a BC should also be satisfied, because a theory with fields ϕ is invariant under a symmetry transformation ϕ −→ ϕ̃ if nothing changes when written in terms of ϕ̃. So the BC on ϕ must be the same as on ϕ̃, and this implies that a symmetry transformation of a given BC must again be a BC. If this new BC is not part of the set of BC obtained at this point, we have to add it. In this way we obtain a whole ’orbit’ of BC. So the BC we need come from

(i) Euler-Lagrange field equations

(ii) symmetries of the action

(iii) variations thereof

(iv) conjugate BC

The last set, conjugate BC, occur when some bulk field equations vanish at the boundary as a consequence of the BC. One must then impose these field equations which are ’conjugate’ to the boundary conditions separately as BC. There are many articles in the literature of general relativity on BC [2, 3, 4, 5, 6, 7, 8, 9, 10], but the concept of their consistency is new, as far as I know, and was developed by Roček, Lindström and myself [11]. This approach was tested at the example of susy kink in [12]. One can also use an approach based on rigid superspace methods [13] to determine a boundary action in x space such that the rigid susy of the total action does not lead to BC on the fields (while the boundary field equations still lead to BC on the fields which form a closed orbit under rigid susy). For a discussion of susy junction conditions see [14].

In ordinary (Einstein-Hilbert) gravity, boundary terms are well-known from the work of Gibbons, Hawking and York [15, 16]. These authors noted (it is only a brief remark in the Gibbons- Hawking paper) that if one adds the extrinsic curvature as boundary action on a boundary ∂M of spacetime M, then under an Euler-Lagrange variation one finds the following result δS_{EH} + δS_{bound} = ∫ M G^{μν} δg_{μν} + ∫ ∂M K^{ij} δg_{ij} (1) So the bulk field equations state that the Einstein tensor G^{μν} must vanish, but the boundary field equations require K^{ij} δg_{ij} to vanish, where g_{ij} is the metric in the surface, and K^{ij} the extrinsic curvature. Gibbons and Hawking proposed to impose as BC that δg_{ij} = 0. With Vassilevich [17] I have studied the case of supergravity, and found that the condition δg_{ij} = 0 violates local supersymmetry. Instead we found a consistent orbit of BC which contains the BC K^{ij} = 0.

The program of studying BC in general field theories while taking consistency into account is a large program, and only a few initial results have been obtained. For example, in superspace one often replaces Grassmann integration by differentiation with susy covariant derivatives D_α = ∂ ∂θ^α + θ̄α̇σ^μ_{αα̇}∂_μ. The terms with ∂_μ in D_α are supposed to cancel, but clearly this is not true in general when there are boundaries. In fact, one finds that a ’boundary superspace’ can be defined [11, 13]. Of course, BC play an important role in string theory; that was, in fact, where the consistency of BC was first studied [11]. Also in the AdS-CFT program of string theory, BC as one approaches the boundary play a crucial role [18]. However, as far as I know, their consistency with local susy has not been studied, and this might be an interesting subject to work out.

As a a second topic we shall discuss the contribution of boundary terms to the mass and central charges of monopoles. For several years three of us (A.R., R.W. and P.v.N.) have studied solitons at the quantum level. We began with kinks, where a new anomaly (in the conformal currents) was found to contribute to the (non-conformal) central charge (= magnetic charge) of a monopole. Only with this anomaly did BPS saturation hold. Then we turned to vortices; since they are in 2 space dimensions, there cannot be anomalies, but we found a quantum effect in the winding which previous authors had missed, and again, only with this quantum winding did BPS saturation hold. Finally, we turned to monopoles. For the N = 2 case, the same anomaly as for the kink was needed for BPS saturation. However, in the N = 4 case, two new effects were discovered: surface terms in the mass, and composite operator renormalization of the currents. Looking back at our previous models we noted that these new effects were absent because either these models had no massless fields (kink and vortex), or there occurred ’miraculous’ cancellations (N = 2 monopoles).

2 Simple supergravity made simpler

Consider simple (N = 1) supergravity. The action is the sum of the Hilbert-Einstein action for pure gravity (but in the form of Weyl with vielbeins e_μ^m and a spin connection instead of the normal vector connection) and the Rarita-Schwinger action for the real massless spin 3/2 gravitino, L = L_{EH} + L_{RS} , where L_{EH} = − 1 2κ^2 e e_m^ν e_n^μR_{μν}^{mn}(ω) (2) L_{RS} = − 1 2 e ψ̄_μγ^{μρσ}D_ρ(ω)ψ_σ (3) with

R_{μν}^{mn}(ω) = ∂_μω_ν^{mn} + ω_μ^m_k ω_ν^{kn} − μ ↔ ν (4)

D_ρψ_σ = ∂_ρψ_σ + 1 4 ω_ρ^{mn}γ_{mn}ψ_σ (5) We used e = det e_μ^m, γ_{mn} =^1_2 (γ_mγ_n − γ_nγ_m) with strength one, and γ^{μρσ} = e_m^μe_r^ρe_s^σγ^{mrs} with γ^{mrs} antisymmetric in m, r, s, also with strength one. The Dirac matrices γ^m are constant. For the time being we leave ω_μ^{mn} unspecified.

This action is invariant under the following local susy transformations

δ_{susy}e_μ^m = κ 2 ϵ̄ γ^mψ_μ (6) δ_{susy}ψ_μ = 1 κ D_μ(ω)ϵ (7)

δ_{susy}ω_μ^{mn} = ? (8)

where δ_{susy}ω_μ^{mn} is to be determined once ω_μ^{mn} has been specified. The proof of invariance proceeds in two steps.

Step 1: the variation of ψ_σ and ψ̄_μ in L_{RS} cancels the variation of e e_m^μe_n^ν in L_{EH} . Any variation of the vielbeins in L_{EH} is proportional to the Einstein tensor R_μ^n −^1_2 e_μ^nR where R_μ^n ≡ R_{μν}^{mn}(ω)e_m^ν . On the other hand, the commutators [D_ρ, D_σ]ϵ and (after partial integration) [D_μ, D_ρ]ψ_σ in the variation of L_{RS} yield two terms with curvatures which combine into an anticommutator − e 16κ R_{ρσ}^{mn}ψ̄_μ{γ^{μρσ}, γ_{mn}}ϵ (9) To arrive at this expression one needs to use the identity ϵ̄γ_{m1} ...γ_{mn} ψ_σ = (−)^nψ̄_σγ_{mn} ...γ_{m1} ϵ, which is valid for Majorana spinors ψ_σ and ϵ. Each of the products γ^{μρσ}γ_{mn} and γ_{mn}γ^{μρσ} is a sum of totally antisymmetrized terms with 5, 3 and 1 gamma matrices, but in the anticommutator in (9) the 3-gamma terms cancel, and the 5-gamma and 1-gamma terms add up. Moreover, the terms with 5 gamma matrices totally antisymmetrized in their vector indices vanish in four dimensions (because there are always at least two indices equal). One is then left in (9) with terms of the form ϵ̄γψ times again the Einstein tensor. Requiring that the sum of the two coefficients of the Einstein tensor vanishes, one derives the variation of e_μ^m in (6) in this way. Crucial for our purposes is the boundary term one obtains by partially integrating δψ̄_μ =^1_κ D_μϵ̄; it clearly reads ∂_μ [ − e 2κ ϵ̄γ^{μρσ}D_ρ(ω)ψ_σ ] (10)

Step 2: One is left with the following four variations

(i) the variation of ω in L_{EH}

(ii) the variation of ω in L_{RS}

(iii) the variation of the vielbein in L_{RS}

(iv) the terms with D_μe_ν^m which are obtained if one partially integrates D_μϵ̄

To simplify the evaluation of (iii) and (iv), we use two other ways to write the action L_{EH} = − 1 8κ^2 ϵ^{μνρσ} ϵ_{mnrs}R_{μν}^{mn}(ω)e_ρ^re_σ^s (11) L_{RS} = − i 2 ϵ^{μνρσ}ψ̄_μγ_5γ_ν D_ρψ_σ (12)

In (11), the product of the two ϵ-tensors gives a product of vielbeins, namely ϵ^{μνρσ} ϵ_{mnrs}e_ρ^re_σ^s = −2 e (e_m^μe_n^ν − e_n^μe_m^ν ), and yields back (2). Further, we used in (12) that the product γ^{mrs} is equal to iϵ^{mrst}γ_5γ_t.^1 The technical advantage of (12) is that it contains only one vielbein field (since ϵ^{μνρσ} is a density, there is no factor e). It is straightforward to evaluate these four variations, and they factorize (!) δ(remaining)L = ϵ^{μνρσ} ϵ_{mnrs} 1 2κ^2

(δ_{susy}ω_μ^{mn}e_ν^r + κ 6 ϵ̄γ^{mnr}D_μψ_ν )(D_ρe_σ^s − κ^2 4 ψ̄_ργ^sψ_σ) (13)

1We define γ5 = γ^1γ^2 γ^3iγ^0 with (γ5 )^2 = (γ^k )^2 = I but (γ^0 )^2 = −I. Note that (γ^k )^† = γ^k and (γ5)^† = γ5 but (γ^0)^† = −γ^0. Also, ψ̄μ = ψ^†_μiγ^0 = ψ^T_μ C where CγmC^{−1} = −γ^T_m. We use the convention ϵ^{0123} = 1 = −ϵ0123.

One now easily understands the two versions of supergravity:

(A) The second-order formalism according to which

D_{[ρ}e_{σ]}^s = κ^2 4 ψ̄_{[ρ}γ^sψ_{σ]} (14)

One can solve this equation for ω_μ^{mn} and finds then

ω_μ^{mn} = ω_μ^{mn}(e) + κ^2 4 (ψ̄_μγ^mψ^n − ψ̄_μγ^nψ^m + ψ̄^mγ_μψ^n) (15)

where ω_μ^{mn}(e) is the usual textbook spin connection, a composite field depending on e^m_μ ω_{μmn}(e) = [ 1 2 e_m^ν (∂_μe_{nν} − ∂_ν e_{nμ}) − m ↔ n] − 1 2 e_m^ρe_n^σ(∂_ρe_σ^c − ∂_σe_ρ^c)e_{cμ} (16)

and the ψ̄γψ terms are torsion. This is the solution of Freedman et al. in [1].

(B) The first-order formalism in which ω_μ^{mn} is an independent field, whose variation is given by requiring the first factor in (13) to vanish. One can solve for δ_{susy}ω_μ^{mn} the same way as one solves for ω_μ^{mn} and finds then

δ_{susy}ω_{μmn} = − 1 2 ϵ̄ γ_5γ_μψ̃_{mn} + 1 4 ϵ̄ γ_5(γ^λψ̃_{λn}e_{mμ} − m ↔ n) (17)

where ψ̃_{mn} =^1_2 ϵ_{mn}^{rs}ψ_{rs} and ψ_{μν} = D_μ(ω)ψ_ν − D_ν (ω)ψ_μ. This is the solution of Deser and Zumino in [1].

The factorization in (13) shows that there are only two formulations of supergravity in xspace. In superspace one uses second-order formalism, but then one needs to impose by hand constraints on some of the supertorsions (or supercurvatures) which are not field equations. One of the constraints on the components of the supertorsion tensor in superspace is D_{[ρ}e_{σ]}^s −^{κ2}_4 ψ̄_{[ρ}γ^sψ_{σ]} = 0 ; thus vanishing supertorsion in superspace implies non-vanishing torsion in x-space. The expression for ω_μ^{mn} in terms of e_μ^m and ψ_μ as given in (15) is the Euler-Lagrange field equation. Thus we may neglect any variation of ω in the bulk action (but not on the boundary, see below). The expression in (15) is supercovariant: its susy variation contains no terms with ∂_μϵ. In 10 and 11 dimensions one can repeat this analysis, but there one finds that the supercovariant spin connection differs from the solution of its field equation by terms involving ψ̄_μγ^{μαβγν}ψ_ν .

By far the simplest way to deal with supergravity models is to combine the virtues of (A) and (B) into what has been called the 1.5 order formalism: use ω = ω(e, ψ) in (15) but never expand ω(e, ψ). Variations of ω_μ^{mn}(e, ψ) in the action are complicated, but they are always multiplied by the ω field equation, which vanishes. If one solves for ω_μ^{mn}, and inserts the resulting ω_μ^{mn}(e, ψ) into the first-order transformation laws, one finds that the difference of the first-order and secondorder transformation laws is a separate local symmetry, proportional to the ω_μ^{mn} and ψ_μ field equations (a so-called equation of motion symmetry).

The 1.5 order formalism is nothing else than the Palatini trick of general relativity extended to supergravity. The transformation laws in (6) and (7) can also be obtained by ’gauging’ the super Poincare algebra. The first who gauged it were Volkov and Soroka [19] who used the formalism of E. Cartan of one-forms, and proposed an action for supergravity. They were studying the Higgs effect for Goldstone particles with spin 1/2. However, because in the super Poincare algebra one has {Q, Q} ∼ P_μ and not {Q, Q} ∼ P_μ + M_{μν} (where M_{μν} are the Lorentz generators), they found δ_{susy} ω_μ^{mn} = 0, and not (17). As a result there is no upper bound N ≤ 8 on the number of possible supergravities in their approach. Later Volkov explained his idea more fully in a CERN publication [20]. The first clear statement about the 1.5 order formalism in supergravity appeared in articles by Chamseddine and West and Townsend and van Nieuwenhuizen [21, 22]. The factorization in (13) was found by P.K. Townsend in his 1982 Kyoto lectures (unpublished).

3 The spin 3/2 stress tensor

One issue that might be confusing is how to calculate the gravitational stress tensor for spin 3/2 fields using the 1.5 order formalism. The 1.5 order formalism shows that one need not vary the vielbeins in the spin connection of both L_{EH} and L_{RS} because the sum of all these variations anyhow cancels. Thus the spin 2 field equation is simply obtained by varying only the explicit vielbeins in the action, and reads e κ^2 (R_ν^τ − 1 2 δ_ν^τ R) = i 2 ψ̄_μγ_5γ_ν D_ρψ_σϵ^{μτ ρσ} ≡ θ_ν^τ (18)

The spin 3/2 field equation can be obtained, using again the 1.5 order formalism, by only varying the explicit gravitino fields in L_{EH} + L_{RS} , and reads

ϵ^{μνρσ} (γ_5γ_ν D_ρψ_σ + 1 2 γ_5γ_nψ_σD_ρe_ν^n) = 0 (19)

The last term actually vanishes since D_{[ρ}e_{ν]}^n =^{κ2}_4 ψ̄_{[ρ}γ^nψ_{ν]} and (γ_nψ_σ)(ψ̄_ργ^nψ_ν )ϵ^{μνρσ} = 0. So, the complete spin 3/2 field equation in 1.5 order formalism is simply

R^μ ≡ ϵ^{μνρσ} γ_5γ_ν D_ρ(ω)ψ_σ = 0 (20)

where ω = ω(e, ψ). The consistency condition D_μR^μ = 0 is satisfied (see the second paper in [1]). To prove this it is easiest to use (12), (14) and (18) and the torsion equation ϵ^{μνρσ} R_{μνρs} = κ^2ψ̄_μγ_sD_ν ψ_ρϵ^{μνρσ} (21) (always with ω = ω(e, ψ)). Tracing the spin 2 field equation produces the spin 3/2 field equation on the right-hand side, so on-shell the scalar curvature vanishes

R = 0 (22)

To obtain the classical gravitational spin 3/2 stress tensor, one may begin by writing the action as follows L_{EH} (e, ω(e, ψ)) + L_{RS} (e, ψ, ω(e, ψ)) = L_{EH} (e, ω(e)) + L_{RS} (e, ψ, ω(e)) + L_{to} (23) where the torsion terms are given by (see the review in [1]) L_{to} = e 2κ^2 [ τ_{μνρ}τ^{ρνμ} − (τ^λ_{λμ})^2 ] (24)

with τ_{μνρ} = ω_{μνρ}(e, ψ) − ω_{μνρ} (e) the torsion terms in (15). The variation of the last two terms in (23) with respect to the vielbein field gives then the spin 3/2 stress tensor. It contains, in addition to θ_ν^τ , total derivative terms with two gravitinos due to varying ω(e), and four-gravitino terms from L_{to}.

Note that θ_ν^τ is not proportional to the stress tensor T_ν^τ because the terms due to varying the vielbeins in the spin connection of L_{RS} and in L_{to} are missing. The stress tensor of an Einsteinand locally Lorentz-invariant matter action should be symmetric and covariantly conserved on the spin 3/2 mass shell, as follows from δS = ∫ δe_μ^mT_m^μd^4x = ∫ D_μζ^m T_m^μd^4x = − ∫ ζ^mD_μT_m^μd^4x = 0 (25)

This implies D_μ(ω(e))T_m^μ = 0 (26)

where ζ^m = ζ^μe_μ^m. (The variation δe_μ^m = D_μ(ω(e))ζ^m is a sum of an Einstein transformation δe_μ^m = (∂_μζ^ν e_ν^m) + ζ^ν ∂_ν e_μ^m and a local Lorentz transformation δe_μ^m = (ζ^ν ω_ν^m_n)e_μ^n, namely

δe_μ^m = ∂_μζ^m − ζ^ν (∂_μe_ν^m − ∂_ν e_μ^m) + ζ^ν ω_ν^m_ne_μ^n = D_μ(ω(e))ζ^m + ζ^ν (−∂_μe_ν^m + ∂_ν e_μ^m + ω_ν^m_ne_μ^n − ω_μ^m_ne_ν^n) = D_μζ^m (27)

because D_μe_ν^m −D_ν e_μ^m = 0 if we take ω = ω(e) in (16)). Applying this to the spin 3/2 field shows that D_μ(ω(e))T_m^μ = 0 if (20) holds.

It is actually possible to write down a simple expression for T_m^μ, namely

T_m^μ = θ_m^μ − e κ^2 (G_m^μ(e, ω(e, ψ)) − G_m^μ(e, ω(e))) (28) The difference of the two Einstein tensors contains the total derivative terms (from D_μτ_ν − D_ν τ_μ) and the torsion terms (from τ_μτ_ν − τ_ν τ_μ) which we mentioned earlier. Because all terms in the action with gravitinos are Einstein and locally Lorentz invariant, T_{μν} is symmetric on the spin 3/2 mass shell. On-shell, using (18), this reduces to T_m^μ =^e_{κ2} G_m^μ(e, ω(e)), which is, of course, the usual Einstein equation. Clearly, (26) is satisfied. (I thank M. Roček for a discussion.)

4 Boundary terms in supergravity

We now return to the issue of boundary terms. The following is work by two of us (D.V. and P.v.N.). In addition to (10), there is a boundary term coming from the variation of ω in L_{EH} ∂_μ [ − e κ^2 e e_m^μe_n^ν δ_{susy}ω_ν^{mn} ] (29)

For the field equations there are also boundary terms from varying ω and from varying ψ ∂_μ [ − e 2κ^2 e e_m^μe_n^ν δω_ν^{mn} ] and ∂_ρ [ − e 2 ψ̄_μγ^{μρσ}δψ_σ ] (30)

In 1.5 order formalism, δω_ν^{mn} contains terms with δe_ρ^μ and terms with δψ_ρ by the chain rule. The question in now how to cancel the sum of (10) and (29), as well as the terms in (30) by BC and boundary actions which are consistent. This problem was studied in detail in [17] and we refer the reader to this article. Here we only give the main points.

For fermions one introduces projection operators

P_± = 1 2 (1 ± γ^n) γ^n = γ_me_μ^mn^μ (31)

where n^μ is the normal to the boundary. It satisfies ψ^†(γ^n)^†iγ^0 = −ψ̄γ^n whether n^μ is spacelike, timelike or null. The local parameter is then restricted by P_−ϵ = 0 (or P_+ϵ = 0), so half of local susy is lost at the boundary.

Let us first consider the spin 0, 1/2 system. For the spin 0 fields S one finds the boundary variation −S ∂_nS = 0, so either the Dirichlet condition S|_{∂M} = 0 or the Neumann condition ∂_nS|_{∂M} = 0 must hold. Under susy S varies into a spinor λ, and for λ the Euler-Lagrange boundary term is −^1_2 λγ^nδλ, where γ^n = γ_μn^μ. The susy variations involve also a pseudoscalar P , and if P_−ϵ = 0 the two sets of BC begin with

S|_{∂M} = 0, ∂^nP |_{∂M} = 0, P_−λ|_{∂M} = 0 (32) or P |_{∂M} = 0, ∂^nS|_{∂M} = 0, P_+λ|_{∂M} = 0 (33)

Susy variations of these conditions produce again BC with extra ∂_n derivatives, but now these BC are conditions for off-shell fields in the action. For example, consistency of the BC in (32) leads to the further set ∂^{2m}_n S|_{∂M} = 0, ∂^{2m−1}_n P |_{∂M} = 0, P_−∂^{2m}_n λ|_{∂M} = 0 and P_+∂^{2m+1}_n λ|_{∂M} = 0 for m = 1, 2, 3 . . . One can then study all free spin 0, 1/2, 1, 3/2 and 2 systems which are rigidly susy. Again one finds two classes of consistent BC. For example, the first class contains P_+ψ_j = 0 and Dirichlet conditions for A_n and Neumann conditions for A_j , and the other class has P_−ψ_j = 0 and the opposite for A_μ. These BC are then generalized to the case of local susy. Einstein invariance implies (as always) that the diffeomorphism parameters ζ^μ satisfies ζ^n|_{∂M} = 0. The Gibbons- Hawking condition δg_{ij} = 0 implies for Einstein transformations that ζ_i is a Killing vector in the boundary, which in general implies also ζ_i|_{∂M} = 0. The boundary condition on the gravitino which belongs to the same set as δg_{ij} = 0 is P_−ψ_n = 0. A susy variation requires then for consistency that also P_−∂_nϵ = 0. But then one has both Dirichlet and Neumann BC for P_−ϵ. This excludes local susy transformations on the boundary. (In a BRST approach the local parameters become ghosts, and for them these BC are too strong.) The other solution, K^{ij} |_{∂M} = 0, seems consistent.

5 Boundary terms in the quantum mass of solitons

We now present some recent results on monopoles. First we quote from [23] a summary of our previous work on solitons.

” The existence of supersymmetric (susy) monopoles [24, 25] which saturate the Bogomolnyi bound [26] also at the quantum level [27] plays an important role in the successes of nonperturbative studies of super Yang-Mills theories through dualities [28, 29, 30, 31].

On the other hand, a direct calculation of quantum corrections to the mass and central charge of susy solitons has proved to be fraught with difficulties and surprises. While in the earliest literature it was assumed that supersymmetry would lead to a complete cancellation of quantum corrections to both [24, 25, 32], it was quickly realized that the bosonic and fermionic quantum fluctuations do not only not cancel, but have to match the infinities in standard coupling and field renormalizations [33, 34, 35, 36, 37, 38]. However, even in the simplest case of the 1+1 dimensional minimally supersymmetric kink, there was until the end of the 1990’s an unresolved discrepancy in the literature as to the precise value of one-loop contributions once the renormalization scheme has duly been fixed. As pointed out in [39], most workers had used regularization methods which, when used naively, give inconsistent results already for the exactly solvable sine-Gordon kink. In the susy case, there is moreover an extra complication in that the traditionally employed periodic boundary conditions lead to a contamination of the results by energy located at the boundary of the quantization volume, and the issue of the correct quantum mass of the susy kink was finally settled in Ref. [40] by the use of topological boundary conditions, which avoid this contamination.^2 This singled out as correct the earlier result of Ref. [33, 43] and refuted the null results of Refs. [34, 35, 36, 37]. However it led to a new problem because it seemed that the central charge did not appear to receive corresponding quantum corrections [38], which would imply a violation of the Bogomolnyi bound. In Ref. [40] it was conjectured that a new kind of anomaly was responsible, and in Ref. [44] Shifman, Vainstein, and Voloshin subsequently demonstrated that supersymmetry

2Ref. [40] used “derivative regularization” to make this work. In mode regularization it turns out that one has to average over sets of boundary conditions to cancel both localized boundary energy and delocalized momentum [41, 42].

requires an anomalous contribution to the central charge current.^3 The latter appears in the same multiplet as the trace and conformal-susy anomalies, and ensures BPS saturation even in the N = 1 susy kink, where initially standard multiplet shortening arguments seemed not to be applicable.^4 In Ref. [49] we have developed a version of dimensional regularization which can be used for solitons (and instantons). The soliton is embedded in a higher-dimensional space by adding extra trivial dimensions [50, 51] and choosing a model which is supersymmetric in the bigger space and which reproduces the original model by dimensional reduction. This is thus a combination of standard ’t Hooft-Veltman dimensional regularization [52] which goes up in dimensions, and susypreserving dimensional reduction [53, 54], which goes down. In Ref. [47] we demonstrated how the anomalous contribution to the central charge of the susy kink can be obtained as a remnant of parity violation in the odd-dimensional model used for embedding the susy kink, and recently we showed that the same kind of anomalous contribution arises in the more prominent case of the 3+1- dimensional monopole of N = 2 super-Yang-Mills theory in the Higgs^5 phase [62]. This previously overlooked [63, 64] finite contribution turns out to be in fact essential for consistency of these direct calculations with the N = 2 low-energy effective action of Seiberg and Witten [28, 29, 30]. (We have also found previously overlooked finite contributions to both mass and central charge of the N = 2 vortex in 2+1 dimensions [65, 66], which are however not associated with conformal anomalies but are rather standard renormalization effects.) ”

We now discuss the boundary terms in the 1-loop corrections to the mass of a monopole in N = 2 [67] and N = 4 [23] super Yang-Mills. We define the stress tensor by T_{μν} = −2^δ_{δgμν} S. The basic idea is that the gravitational stress tensor for bosons is of the form ∂ϕ ∂ϕ, but the sum over zero point energies comes from terms of the form −ϕ ∂∂ϕ. Clearly, the mass consists of a sum over zero point energies (which is what one usually assumes) and surface terms ϕ ∂_nϕ, and the latter contribute if there are massless fields in the theory. There are no surface terms for fermions.

For N = 4 super Yang-Mills theory with a gravitationally background-covariant gauge-fixing term L_{fix} = − 1 2 1 √ −g (D_μ(A) √ −gg^{μν} a_ν )^2 (34)

where A_μ is a background field and a_μ the quantum field, the one-loop surface terms in T_{00} which are quadratic in quantum fields read

M^{(1)surf} = ∫ d^3x T^{(2)tot.deriv.} 00 = ∫ d^3x [ 1 4 ∂^2_j ⟨a^2_0 + a^2_S + 2bc⟩ − 1 2 ∂_j ∂_k⟨a_j a_k ⟩ + 2∂_j ⟨a_j ∂_0a_0⟩ ] (35)

where a_j , a_0, a_μ are spin 1 fields and a_5, ... , a_{10} spin 0 fields with j, k = 1, 2, 3 and b, c are the antighosts and ghosts. The difference between N = 2 and N = 4 is only the range of the index S : S = 1, 2, 3, 5, 6 for N = 2, and S = 1, 2, 3, 5, . . ., 10 for N = 4. We shall show that the sum of all surface contributions cancels for the N = 2 monopole, but for N = 4 the extra four (pseudo-)scalars yield a new type of divergence which we will have to dispose of.

3Refs. [45, 46], who had obtained the correct value for the quantum mass also claimed a nontrivial quantum correction to the central charge apparently without the need of the anomalous term proposed in Ref. [44]. However, as shown in Ref. [47], this was achieved by formal arguments handling ill-defined since unregularized quantities.

4That multiplet shortening also occurs in the N = 1 susy kink was eventually clarified in Ref. [48]. 5Anomalous contributions to the central charge appear also in the newly discovered “confined monopoles” pertaining to the Coulomb phase [55, 56, 57, 58, 59, 60], which turn out to be related to central charge anomalies of 1+1-dimensional N = 2 sigma models with twisted mass [61].

The exact propagators in a monopole background are very complicated, but fortunately we only need their form at r → ∞. Then one finds that for the N = 2 model the surface terms cancel

M^{(1)surf,N=2} = lim_{r→∞} 1 4 4πr^2 ∂ ∂r ⟨a^2_0 + a^2_j + s^2 + p^2 + 2bc − 2s^2⟩

= (−1 + 3 + 1 + 1 − 2 − 2) lim_{r→∞} πr^2 ∂ ∂r ⟨s^2⟩ = 0 (36)

where s and p are the two scalar fields of pure N = 2 susy Yang-Mills theory. On the other hand, in the N = 4 case there are 4 extra spin zero fields, and their contribution to the surface terms is not only nonvanishing, but even divergent (!)

M^{(1)surf,N=4} = 4 × 1 4 lim_{r→∞} 4πr^2 ∂ ∂r ⟨s^2⟩ (37) ⟨s^2⟩ = G^{aa}(y, x)|_{y=x} ≃ 2 ⟨y| −i −□ + m^2 −^{2m}_r

|x⟩|_{y=x} + const. (38)

The factor 2 comes from a trace over δ^{ab} − x̂^ax̂^b. Inserting momentum eigenstates yields ⟨s^2⟩ ≃ 2 ∫ d^{4+ϵ}k (2π)^{4+ϵ} −i (k^2 + m^2) + 2ik^μ∂_μ − ∂^2_μ −^{2m}_r ≃ 2 2m r ∫ d^{4+ϵ}k (2π)^{4+ϵ} −i (k^2 + m^2)^2 = 4 m r I (39)

Fortunately, there is another divergence not yet used: an overall Z factor for the stress tensor [68] (in addition to the usual wave function and coupling renormalization factors, which appear because we use a non-supersymmetric gauge-fixing term). It now turns out that the Z factor for the renormalization of the composite operators (the currents) cancels the surface corrections in the N = 4 model.

This Z factor was obtained by considering a simple matrix element in the spontaneously broken but topologically trivial sector of the (ordinary, non-conformal) current for the magnetic monopole at vanishing incoming momentum, and constructing a counterterm which subtracts both the divergent and finite contributions. This matrix element had as external fields a massless vector and scalar background field, and the counterterm turned out to be part of a conformal multiplet of improvement currents. So the non-conformal currents can be split into conformal currents minus improvement terms, and only the latter renormalize, and they renormalize multiplicatively. A well-known theorem says that conserved currents do not renormalize (by an overall Z factor), but this only applies to internal symmetries and not to stress tensors and other currents of spacetime symmetries.

A subtle point, however, remains. One could have started with the improved stress tensor [69]. This time there is no overall Z factor for the currents. The classical value of the monopole mass is then 2/3 of the previous (conventional, unimproved) value. Which stress tensor should one use to obtain the mass of a monopole? The N = 4 model is conformal, and in the AdS-CFT program one uses conformal currents. On the other hand, dimensional reduction from 10 to 4 dimensions yields non-conformal currents. In flat space both stress tensors, and in fact both current multiplets, are consistent. Can one decide whether to use the ordinary (unimproved) or the improved (conformal) stress tensor to obtain the monopole mass by consistency arguments involving gravity? Hopefully, by the next Puri meeting we will know.

Acknowledgements: I thank G. Daté for inviting me for a stay at Chennai (Madras) before this conference, and R. Kaul, D. Indumathi, M.V.N. Murthy and G. Rajasekaran for very useful discussions at Chennai and Puri.

References

[1] D. Z. Freedman, P. van Nieuwenhuizen and S. Ferrara, Phys. Rev. D 13 (1976) 3214;

S. Deser and B. Zumino, Phys. Lett. B 62 (1976) 335;

D. Z. Freedman and P. van Nieuwenhuizen, Phys. Rev. D 14 (1976) 912. For a review see P. van Nieuwenhuizen, Phys. Rept. 68 (1981) 189.

[2] H. Luckock and I. Moss, Class. Quant. Grav. 6 (1989) 1993.

[3] P. D. D’Eath, Phys. Rev. D 29 (1984) 2199 [Erratum-ibid. D 32 (1985) 1593].

[4] P. D. D’Eath, Supersymmetric quantum cosmology, (Cambridge Univ. Press, Cambridge, 1996).

[5] G. Esposito, Phys. Lett. B 389 (1996) 510, [hep-th/9608076];

G. Esposito and A. Y. Kamenshchik, Phys. Rev. D 54 (1996) 3869, [hep-th/9604182];

G. Esposito and A. Y. Kamenshchik, Boundary effects in one-loop supergravity, in the Concise Encyclopedia of Supersymmetry. Edited by J. Bagger, S. Duplij, and W. Siegel. Dordrecht, Netherlands, Kluwer Academic Publishers, 2003. pp. 65-67, [hep-th/0010288].

[6] H. Luckock, J. Math. Phys. 32 (1991) 1755.

[7] T. P. Branson, P. B. Gilkey, K. Kirsten and D. V. Vassilevich, Nucl. Phys. B 563 (1999) 603, [hep-th/9906144].

[8] P. D. D’Eath and G. Esposito, Phys. Rev. D 44 (1991) 1713, [gr-qc/9507005].

[9] G. Esposito, A. Y. Kamenshchik and G. Pollifrone, Euclidean quantum gravity on manifolds with boundary (Kluwer, Dordrecht, 1997).

[10] M. Henneaux and C. Teitelboim, Commun. Math. Phys. 98 (1985) 391.

M. Henneaux, Boundary terms in the AdS/CFT correspondence for spinor fields, [hep-th/0211266];

G. E. Arutyunov and S. A. Frolov, Nucl. Phys. B 544 (1999) 576, [hep-th/9806216]

[11] U. Lindström, M. Roček and P. van Nieuwenhuizen, Nucl. Phys. B 662 (2003) 147, [hep-th/0211266].

[12] M. Bordag, A. S. Goldhaber, P. van Nieuwenhuizen and D. Vassilevich, Phys. Rev. D 66 (2002) 125014 [hep-th/0203066].

[13] D.V. Belyaev, JHEP 0601 (2006) 046, [hep-th/0509171] and JHEP 0601 (2006) 047 [hep-th/0509172].

[14] I. Moss, Nucl. Phys. B 729 (2005) 179, [hep-th/0403106].

[15] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15 (1977) 2752.

[16] J. W. York, Phys. Rev. Lett. 28 (1972) 1082.

[17] P. van Nieuwenhuizen, D.V. Vassilevich, Consistent boundary conditions for supergravity, Class.Quant.Grav.22 (2005) 5029 [hep-th/0507172].

[18] P. Breitenlohner, D.Z. Freedman, Annals Phys. 144 (1982) 249;

S.W. Hawking, Phys. Lett. B 126 (1983) 175. [19] D.V. Volkov, V.A. Soroka, JETP Letters 18 (1973) 312.

[20] D.V. Volkov, On The Higgs Effect And Supergravity, CERN-TH-2288 (1977). [21] A.H. Chamseddine, P.C. West, Nucl. Phys. B129 (1977) 39. [22] P.K. Townsend, P. van Nieuwenhuizen, Phys. Lett. 67 B (1977) 439. [23] A. Rebhan, P. van Nieuwenhuizen, R. Wimmer, Quantum mass and central charge of supersymmetric monopoles: Anomalies, current renormalization, and surface terms [hep-th/0601029].

[24] A. D’Adda and P. Di Vecchia, Supersymmetry and instantons, Phys. Lett. B73 (1978) 162.

[25] A. D’Adda, R. Horsley, and P. Di Vecchia, Supersymmetric magnetic monopoles and dyons, Phys. Lett. B76 (1978) 298.

[26] E. B. Bogomolnyi, Stability of classical solutions, Sov. J. Nucl. Phys. 24 (1976) 449. [27] E. Witten and D. Olive, Supersymmetry algebras that include topological charges, Phys. Lett. B78 (1978) 97.

[28] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation, and confinement in N=2 supersymmetric Yang-Mills theory, Nucl. Phys. B426 (1994) 19–52, [hep-th/9407087].

[29] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N=2 supersymmetric QCD, Nucl. Phys. B431 (1994) 484–550, [hep-th/9408099].

[30] L. Alvarez-Gaumé and S. F. Hassan, Introduction to S-duality in N = 2 supersymmetric gauge theories: A pedagogical review of the work of Seiberg and Witten, Fortsch. Phys. 45 (1997) 159–236, [hep-th/9701069].

[31] D. Tong, TASI lectures on solitons (2005), [hep-th/0509216]. [32] S. Rouhani, Do the quantum corrections to the soliton mass vanish?, Nucl. Phys.

B182 (1981) 462.

[33] J. F. Schonfeld, Soliton masses in supersymmetric theories, Nucl. Phys. B161 (1979) 125.

[34] R. K. Kaul and R. Rajaraman, Soliton energies in supersymmetric theories, Phys.

Lett. B131 (1983) 357.

[35] A. Chatterjee and P. Majumdar, Supersymmetric kinks and the Witten-Olive bound, Phys. Rev. D30 (1984) 844.

[36] H. Yamagishi, Soliton mass distributions in (1+1)-dimensional supersymmetric theories, Phys. Lett. B147 (1984) 425–429.

[37] A. Uchiyama, Cancellation of quantum correction for supersymmetric solitons in (1+1) dimensions, Nucl. Phys. B244 (1984) 57.

[38] C. Imbimbo and S. Mukhi, Index theorems and supersymmetry in the soliton sector, Nucl. Phys. B247 (1984) 471.

[39] A. Rebhan and P. van Nieuwenhuizen, No saturation of the quantum Bogomolnyi bound by two-dimensional N = 1 supersymmetric solitons, Nucl. Phys. B508 (1997) 449–467, [hep-th/9707163].

[40] H. Nastase, M. Stephanov, P. van Nieuwenhuizen, and A. Rebhan, Topological boundary conditions, the BPS bound, and elimination of ambiguities in the quantum mass of solitons, Nucl. Phys. B542 (1999) 471–514, [hep-th/9802074].

[41] A. S. Goldhaber, A. Litvintsev, and P. van Nieuwenhuizen, Mode regularization of the susy sphaleron and kink: Zero modes and discrete gauge symmetry, Phys. Rev. D64 (2001) 045013, [hep-th/0011258].

[42] A. S. Goldhaber, A. Rebhan, P. van Nieuwenhuizen, and R. Wimmer, Clash of discrete symmetries for the supersymmetric kink on a circle, Phys. Rev. D66 (2002) 085010, [hep-th/0206229].

[43] J. Casahorrán, Nonzero quantum contribution to the soliton mass in the SUSY sine-Gordon model, J. Phys. A22 (1989) L413–L417.

[44] M. A. Shifman, A. I. Vainshtein, and M. B. Voloshin, Anomaly and quantum corrections to solitons in two-dimensional theories with minimal supersymmetry, Phys. Rev. D59 (1999) 045016, [hep-th/9810068].

[45] N. Graham and R. L. Jaffe, Energy, central charge, and the BPS bound for 1+1 dimensional supersymmetric solitons, Nucl. Phys. B544 (1999) 432–447, [hep-th/9808140].

[46] J. Casahorrán, Supersymmetric Bogomolny bounds at finite temperature, J. Phys.

A22 (1989) L1167–L1171.

[47] A. Rebhan, P. van Nieuwenhuizen, and R. Wimmer, The anomaly in the central charge of the supersymmetric kink from dimensional regularization and reduction, Nucl. Phys. B648 (2003) 174–188, [hep-th/0207051].

[48] A. Losev, M. A. Shifman, and A. I. Vainshtein, Single state supermultiplet in 1+1 dimensions, New J. Phys. 4 (2002) 21, [hep-th/0011027].

[49] A. Rebhan, P. van Nieuwenhuizen, and R. Wimmer, One-loop surface tensions of (supersymmetric) kink domain walls from dimensional regularization, New J. Phys. 4 (2002) 31, [hep-th/0203137].

[50] M. Lüscher, Dimensional regularization in the presence of large background fields, Ann. Phys. 142 (1982) 359.

[51] A. Parnachev and L. G. Yaffe, One-loop quantum energy densities of domain wall field configurations, Phys. Rev. D62 (2000) 105034, [hep-th/0005269].

[52] G. ’t Hooft and M. Veltman, Regularization and renormalization of gauge fields, Nucl. Phys. B44 (1972) 189–213.

[53] W. Siegel, Supersymmetric dimensional regularization via dimensional reduction, Phys. Lett. B84 (1979) 193.

[54] D. M. Capper, D. R. T. Jones, and P. van Nieuwenhuizen, Regularization by dimensional reduction of supersymmetric and nonsupersymmetric gauge theories, Nucl. Phys. B167 (1980) 479.

[55] R. Auzzi, S. Bolognesi, J. Evslin, K. Konishi and A. Yung, Nonabelian superconductors: Vortices and confinement in N = 2 SQCD, Nucl. Phys. B 673 (2003) 187 [hep-th/0307287].

[56] D. Tong, Monopoles in the Higgs phase, Phys. Rev. D 69 (2004) 065003 [hep-th/0307302].

[57] M. Shifman and A. Yung, Localization of non-abelian gauge fields on domain walls at weak coupling (d-brane prototypes ii), Phys. Rev. D70 (2004) 025013, [hep-th/0312257].

[58] M. Shifman and A. Yung, Non-abelian string junctions as confined monopoles, Phys.

Rev. D70 (2004) 045004, [hep-th/0403149].

[59] A. Hanany and D. Tong, Vortex strings and four-dimensional gauge dynamics, JHEP 0404 (2004) 066 [hep-th/0403158].

[60] M. Eto, Y. Isozumi, M. Nitta, K. Ohashi and N. Sakai, Solitons in the Higgs phase:

The moduli matrix approach, J. Phys. A 39 (2006) R315 [hep-th/0602170].

[61] M. Shifman, A. Vainshtein, and R. Zwicky, Central charge anomalies in 2d sigma models with twisted mass (2006), [hep-th/0602004].

[62] A. Rebhan, P. van Nieuwenhuizen, and R. Wimmer, A new anomalous contribution to the central charge of the N = 2 monopole, Phys. Lett. B594 (2004) 234–240, [hep-th/0401116].

[63] R. K. Kaul, Monopole mass in supersymmetric gauge theories, Phys. Lett. B143 (1984) 427.

[64] C. Imbimbo and S. Mukhi, Index theorems and supersymmetry in the soliton sector.

2. Magnetic monopoles in (3+1)-dimensions, Nucl. Phys. B249 (1985) 143.

[65] D. V. Vassilevich, Quantum corrections to the mass of the supersymmetric vortex, Phys. Rev. D68 (2003) 045005, [hep-th/0304267].

[66] A. Rebhan, P. van Nieuwenhuizen, and R. Wimmer, Nonvanishing quantum corrections to the mass and central charge of the N = 2 vortex and BPS saturation, Nucl. Phys. B679 (2004) 382–394, [hep-th/0307282].

[67] A. Rebhan, P. van Nieuwenhuizen, R. Wimmer, Phys. Lett. B 594 (2004) 234, [hep-th/0401116].

[68] A. Rebhan, R. Schöfbeck, P. van Nieuwenhuizen, and R. Wimmer, BPS saturation of the N = 4 monopole by infinite composite-operator renormalization, Phys. Lett. B632 (2006) 145–150, [hep-th/0502221].

[69] C. G. Callan, Jr., S. Coleman, and R. Jackiw, A new improved energy-momentum tensor, Ann. Phys. 59 (1970) 42–73.