arXiv:hep-th/0606088 v1 9 Jun 2006

hep-th/0606088 TIFR/TH/06-14

Counting 1/8-BPS Dual-Giants

Gautam Mandal^1 and Nemani V. Suryanarayana^2

1 Department of Theoretical Physics, TIFR, Homi Bhabha Road, Mumbai, 400005, India.

E-mail: mandal@theory.tifr.res.in 2 Perimeter Institute for Theoretical Physics, 31 Caroline Street North, Waterloo, ON, N2L 2Y5, Canada E-mail: vnemani@perimeterinstitute.ca

June 9, 2006

Abstract

We count 1/8-BPS states in type IIB string theory on AdS_5 × S^5 background which carry three independent angular momenta on S^5. These states can be counted by considering configurations of multiple dual-giant gravitons up to N in number which share at least four supersymmetries. We map this counting problem to that of counting the energy eigenstates of a system of N bosons in a 3-dimensional harmonic oscillator. We also count 1/8-BPS states with two independent non-zero spins in AdS_5 and one non-zero angular momentum on S^5 by considering configurations of arbitrary number of giant gravitons that share at least four supersymmetries.

Contents

1 Introduction 2

2 1/8-BPS dual-giant configurations 3 2.1 The dual-giant solutions . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 2.2 Kappa projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 2.3 Necessity of the conditions (11) . . . . . . . . . . . . . . . . . . . . . . . 7 2.4 Reduced phase space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.5 Hamiltonian and charges . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.6 Interpretation of the solutions as maximal circles . . . . . . . . . . . . . 10

3 Counting BPS states with (J_1, J_2, J_3) 10 3.1^1_8 -BPS states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2^1_4 -BPS states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.3 Comparison with gauge theory answers . . . . . . . . . . . . . . . . . . . 12

4 1/8-BPS states with (S_1, S_2, J_1) 13 4.1 Supersymmetries of spinning giants . . . . . . . . . . . . . . . . . . . . . 14 4.2 Quantization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

5 Conclusions 16

1 Introduction

In the context of AdS/CFT correspondence [1] it is of interest to count the number of BPS states for fixed charges and supersymmetries in both N = 4 U(N) SYM and in type IIB string theory on AdS_5 × S^5 background with applications to black holes in mind. The most interesting outstanding problem in this context is to count the microstates of the supersymmetric black holes in AdS_5. These black holes were first found by Gutowski and Reall [2] (and were further generalized in [3, 4]) and when lifted to 10 dimensions preserve just 2 supersymmetries [5]. This program of counting BPS states on both sides of the AdS/CFT correspondence has only been achieved so far for the simplest case of half-BPS states that carry one U(1) R-charge. A generic state in string theory on AdS_5 × S^5 can be specified by giving the quantum numbers (E, S_1, S_2, J_1, J_2, J_3) where E is the energy in global AdS_5, S_1 and S_2 are the two independent angular momenta in AdS_5 and (J_1, J_2, J_3) are the three independent R-charges corresponding angular momenta in S^5.

In the case of half-BPS states from the string theory point of view one can count either the multi-giant graviton states or multi-dual-giant graviton states [6]. A giant graviton is a half-BPS classical D3-brane configurations wrapping an S^3 ⊂ S^5 and rotating along one of the transverse directions to it within S^5 [7]. A dual-giant graviton is another half-BPS D3-brane configuration that wraps an S^3 ⊂ AdS_5 and rotating along a maximal circle of S^5 [8, 9]. From the point of view of giants the stringy exclusion principle manifests itself in the fact that the maximum angular momentum that a single giant graviton can carry is N. The same stringy exclusion principle from the point of view of dual-giant gravitons is that there is an upper limit on the number of dual-giants which is again given by N. From the perspective of supergravity and probe branes this upper limit on the number of dual-giants has to do with the way the 5-form RR-flux decreases inside each dual-giant by one unit (see for instance [10, 6]). To count the half-BPS states one can consider an arbitrary number of half-BPS giants, treated as bosons, in an N-level equally spaced spectrum. The same half-BPS state counting can be done by counting configurations of multiple dual-giant gravitons, treated as bosons, in an infinite equally spaced spectrum with an upper limit on the dual-giants given by N. Progress in counting BPS states with lower supersymmetry in the SYM has been made difficult by the fact that the number of these states is known to jump from zero YM coupling to non-zero coupling. In this note we aim to count a subclass of 1/8-BPS states in type IIB string theory on AdS_5 × S^5 geometry that carry three independent U(1) R-charges J_1, J_2 and J_3 and have the energy (conjugate to the global AdS_5 time) E = J_1 + J_2 + J_3. This subclass of 1/8-BPS states preserve the SO(4) invariance of the S^3 ⊂ AdS_5. We will do the counting of 1/8-BPS states by considering all possible multiple dual-giant graviton configurations which preserve a common set of at least 4 supersymmetries. Since we are interested in putting together half-BPS dual-giants to obtain the 1/8-BPS states the argument that there should be an upper limit on the number of dual-giants given by N continues to be valid.

In [11] Mikhailov described the most general 1/8-BPS giant gravitons as the intersections of holomorphic complex surfaces in C^3 with S^5. So for counting the 1/8-BPS states one may try to quantize these giant graviton configurations and count them. We have been informed that this has been recently achieved by Biswas, Gaiotto, Lahiri and Minwalla [12]. Our results agree with theirs. The agreement for 1/8-BPS states suggests that both Mikhailov’s giants and our dual-giants present dual descriptions of the same set of states like in the half-BPS case.

We also consider 1/8-BPS states which carry non-zero (S_1, S_2, J_1) and have E = S_1 + S_2 + J_1. This time we consider multiple giant-graviton configurations which have angular momenta in AdS_5 part as well that share at least 4 supersymmetries.

The rest of this note is organized as follows. In section 2 we construct a class of dual-giant solutions which share at least 4 supersymmetries. We show that this class of solutions is the full set of 1/2-BPS dual-giants that share a given 4 supersymmetries with the rest in their class. We find the solution space and a sympletic form on this space and quantize it. In section 3 we give the partition function of the 1/8-BPS states with (J_1, J_2, J_3) charges. In section 4 we consider the problem of counting 1/8-BPS states with (S_1, S_2, J_1) charges. In section 5 we conclude with a summary and some remarks.

2 1/8-BPS dual-giant configurations

In this section we will find the most general dual-giant configurations which preserve a given 4 supersymmetries in AdS_5 × S^5. As mentioned in the introduction we put half-BPS dual-giants together to make the lower supersymmetric configurations. A given half-BPS dual-giant has momentum along one of the maximal circles of S^5. A general dual-giant configuration contains dual-giants rotating along different maximal circles. There is no a priori guarantee that such a generic configuration preserves any supersymmetries. Below we will look for a class of single dual-giant solutions which shares at least 4 supersymmetries with the first one.

2.1 The dual-giant solutions

We regard S^5 as a submanifold in C^3 with coordinates

(z_1 = lμ_1 e^{i ξ1} , z_2 = lμ_2 e^{i ξ2} , z_3 = l μ_3 e^{i ξ3} ) (1)

as z_iz̄_i = l^2 and (μ_1, μ_2, μ_3) = (sin α, cos α sin β, cos α cos β):

ds^2|_S5 = l^2 ( dα^2 + cos^2 αβ^2 + μ^2_i dξ^2_i ) = dz_idz̄_i (2)

The vielbeins are

e^0 = V^{1/2}(r) dt, e^1 = V^{−1/2}(r) dr, e^2 = r dθ, e^3 = r ν_1 dϕ_1, e^4 = r ν_2 dϕ_2, e^5 = l dα, e^6 = l cos α dβ, e^7 = l μ_1 dξ_1, e^8 = l μ_2 dξ_2, e^9 = l μ_3 dξ_3. (3)

where ν_1 = cos θ, ν_2 = sin θ, V (r) = 1 + r^2/l^2. The five form RR field strength is

F^{(5)} = − 4 l [ e^0 ∧ e^1 ∧ e^2 ∧ e^3 ∧ e^4 + e^5 ∧ e^6 ∧ e^7 ∧ e^8 ∧ e^9 ] . (4)

The 4-form potential can be written as

C^{(4)} = r^4 cos θ sin θ d(t/l)∧dθ ∧dϕ_1 ∧dϕ_2 +l^4 cos^4 α sin β cos β dβ ∧dξ_1 ∧dξ_2 ∧dξ_3. (5)

The general embedding of a D3-brane wrapped on the S^3 ∈ AdS_5 is given by

t = σ_0 = τ, r = r(τ), θ = σ_1, ϕ_1 = σ_2, ϕ_2 = σ_3, α = α(τ), β = β(τ), ξ_1 = ξ_1(τ), ξ_2 = ξ_2(τ), ξ_3 = ξ_3(τ). (6)

The pull-back of C^{(4)} onto the world-volume is C^{(4)}_{σ0σ1 σ2σ3} = l^{−1}r^4 cos θ sin θ. The DBI and WZ lagrangian density is L = − N 2 π^2 l^4 r^3 cos σ_1 sin σ_1 [ Δ^{1/2} − r l ] (7) where Δ = V (r) − ṙ^2 V (r) − l^2(α̇^2 + cos^2 α β̇^2 + μ^2_1 ξ̇^2_1 + μ^2 ξ̇^2 + μ^2_3 ξ̇^2_3). (8)

We can integrate over the angles σ_i to get Action = ∫ dt L where the effective pointparticle Lagrangian L is L = ∫ dσ_1 dσ_2 dσ_3 L = − N l^4 r^3 [ Δ^{1/2} − r l ] (9) The conjugate variables of the classical mechanics model are

P_r =

N r^3 ṙ l^4 V (r) Δ^{1/2}

, P_α =

N r^3 α̇ l^2 Δ^{1/2}

, P_β =

N r^3 cos^2 α β̇ l^2 Δ^{1/2} , P_{ξ1} =

N r^3 μ^2_1 ξ̇_1

l^2Δ^{1/2}

, P_{ξ2} =

N r^3 μ^2 ξ̇_2 l^2Δ^{1/2}

, P_{ξ3} =

N r^3 μ^2_3 ξ̇_3

l^2Δ^{1/2}

(10)

By looking at the equations of motion of the lagrangian in (9) it is easy to see that setting ṙ = α̇ = β̇ = 0, |ξ̇_1| = |ξ̇_2| = |ξ̇_3| = 1/l (11) solves them.

2.2 Kappa projections

In this subsection we will show that the solutions in (11) are all supersymmetric. We will see that depending on the signs of ξ̇_i there are 8 disjoint sets of these supersymmetric dual-giant solutions which do not share any common supersymmetries. Different dualgiant solutions corresponding to different values of r, α, β and ξ_i(τ = 0) but with fixed signs for ξ̇_i preserve at least 4 common supersymmetries of the background AdS_5 × S^5 geometry.

To write down the kappa projection equation for the probe D3-brane we need the world-volume gamma matrices, which are

γ_τ = V^{1/2}(r) Γ_0 + ṙ V^{1/2}(r)

Γ_1 + l (α̇ Γ_5 + cos α β̇ Γ_6 + 3∑ i=1 ξ̇_i μ_i Γ_{6+i})

γ_{σ1} = r Γ_2, γ_{σ2} = r cos σ_1 Γ_3, γ_{σ3} = r sin σ_1 Γ_4 (12) where Γ_a are the 10-dimensional tangent space gamma matrices satisfying {Γ_a, Γ_b} = 2 η_{ab}. The world-volume gamma matrices of (12) satisfy {γ_m, γ_n} = 2 g_{mn}. The kappa projection matrix is: Γ = 1 4! √ − det g_{mn} ϵ^{mnpq} γ_{mnpq} = Δ^{−1/2} [ V^{1/2}(r) Γ_0 + ṙ V^{1/2}(r)

Γ_1 + l (α̇Γ_5 + cos α β̇ Γ_6 + 3∑ i=1 ξ̇_i μ_i Γ_{6+i}) ] Γ_{234}

(13) where Δ is defined as before. With this the kappa projection on the Killing spinor ϵ of the background AdS_5 × S^5 geometry is Γ ϵ = i ϵ. (14) The chirality convention for ϵ is Γ_0 · · · Γ_9ϵ = −ϵ. (15) The Killing spinor equations of AdS_5 × S^5 are: D_μϵ + i 1920

F^{(5)}_{ν1 ν2ν3 ν4ν5} Γ^{ν1 ν2 ν3ν4 ν5} Γ_μ ϵ = 0 (16)

The solution of these equations can be written as:

ϵ = e^{i2 α Γ5 γ̃} e^{i2 β Γ6γ̃} e^{12 ξ1Γ57} e^{12 ξ2Γ68} e^{i2 ξ3Γ9 γ̃} ×e^{i2 sinh−1( rl ) Γ1 γ} e^{i2l t Γ0 γ} e^{12 θ Γ12} e^{12 ϕ1Γ13} e^{12 ϕ2Γ24} ϵ_0 ≡ M ϵ_0. (17) where γ = Γ^{01234} and γ̃ = Γ^{56789}. The full kappa projection equation is then reads [ V^{1/2}(r) Γ_0 − i Δ^{1/2} Γ_{234} + ṙ V^{1/2}(r)

Γ_1 + l (α̇ Γ_5 + cos α β̇ Γ_6 + 3∑ i=1 ξ̇_i μ_i Γ_{6+i}) ] Mϵ_0 = 0 (18)

We now show that the solutions in (11) are supersymmetric. Let us first choose the signs of ξ_i’s to be the same and positive. On the solution the kappa projection equation becomes [ V^{1/2}(r_0) Γ_0 − i r_0 l Γ_{234} + μ_1 Γ_7 + μ_2 Γ_8 + μ_3 Γ_9 ] Mϵ_0 = 0 (19)

where r_0 is the value of r in the solutions. Some useful intermediate steps in this calculation in simplifying this equation are:

Γ_0M = M [ V^{1/2}Γ_0 − i r_0 l e^{−i t}l^{Γ0 γ} ( cos θ e^{−ϕ1 Γ13} Γ_1 + sin θ e^{−ϕ2 Γ24} Γ_2 ) Γ_0 γ ] , Γ_2M = M [ V^{1/2}e^{−i tl Γ0γ} ( cos θ e^{−ϕ2Γ24} Γ_2 − sin θ e^{−ϕ1 Γ13} Γ_1 ) − i r l e^{−ϕ1 Γ13−ϕ2 Γ24} Γ_{12}γ ] , Γ_3M = M [ V^{1/2} e^{−ϕ1 Γ13} e^{−i tl Γ0 γ} Γ_3 − i r_0 l ( cos θ Γ_1 + sin θ e^{−(ϕ1 Γ13+ϕ2 Γ24)}Γ_2 ) Γ_3γ ] , Γ_4M = M [ V^{1/2} e^{−ϕ2 Γ24} e^{−i tl Γ0 γ} Γ_4 − i r_0 l ( cos θ e^{−(ϕ1Γ13 +ϕ2 Γ24)}Γ_1 + sin θ Γ_2 ) Γ_4γ ] , Γ_7M = M [ cos α cos β e^{−ξ1Γ57} e^{−iξ3 Γ9γ̃} Γ_7 − i cos α sin β e^{−ξ1 Γ57} e^{−ξ2 Γ68} Γ_{67}γ̃ − i sin α Γ_{57}γ̃ ] , Γ_8M = M [ cos α cos β e^{−iξ3Γ9γ̃} e^{−ξ2Γ68} Γ_8 − i cos α sin β Γ_{68}γ̃ − i sin α e^{−ξ2 Γ68} e^{−ξ1 Γ57} Γ_{58}γ̃ ] , Γ_9M = M [ cos α cos β Γ_9 − i cos α sin β e^{−iξ3Γ9γ̃} e^{−ξ2Γ68} Γ_{69}γ̃ − i sin α e^{−iξ3 Γ9γ̃} e^{−ξ1 Γ57} Γ_{59}γ̃ ] . Let us also register the following identity:

Γ_{234}M = M [ V^{1/2}e^{−i tl Γ0 γ} ( cos θ e^{−ϕ1 Γ13} Γ_{234} − sin θe^{−ϕ2 Γ24} Γ_{134} ) − i r l Γ_{1234}γ ] = −M [ V^{1/2}e^{−i tl Γ0γ} ( cos θ e^{−ϕ1 Γ13} Γ_1 + sin θe^{−ϕ2 Γ24} Γ_2 ) Γ_0γ + i r l Γ_0 ] (20)

so that we have [ V^{1/2}Γ_0 − i r l Γ_{234} ] ϵ = MΓ_0ϵ_0. (21)

Using these identities eq.(19) can be rewritten as M [ Γ_0 − iμ_1 μ_2 e^{−ξ1Γ57 −ξ2Γ68}γ̃(Γ_{67} + Γ_{58}) + μ_1 μ_3 e^{−ξ1Γ57} e^{−iξ3Γ9γ̃} (Γ_7 − iΓ_{59}γ̃)

+μ_2 μ_3 e^{−iξ3 Γ9γ̃} e^{−ξ2 Γ68} (Γ_8 − i Γ_{69} γ̃) − iγ̃ (μ^2_1 Γ_{57} + μ^2 Γ_{68}) + μ^2_3 Γ_9 ] ϵ_0 = 0. (22)

This equation can be solved by imposing the following projections on ϵ_0

(Γ_{67} + Γ_{58})ϵ_0 = 0, (Γ_7 − i Γ_{59} γ̃)ϵ_0 = 0, (Γ_8 − i Γ_{69} γ̃)ϵ_0 = 0, (Γ_0 − iΓ_{57}γ̃)ϵ_0 = 0, (Γ_9 + i Γ_{57} γ̃)ϵ_0 = 0. (23)

It is easy to see that out of these the independent projections are (as the second and the fourth projections are equivalent and so are third and fifth)

(Γ_0 − iΓ_{57}γ̃)ϵ_0 = 0, (Γ_0 − iΓ_{68}γ̃)ϵ_0 = 0, (Γ_0 + Γ_9)ϵ_0 = 0. (24)

By considering the special cases of setting two of ξ̇_i to zero and finding the kappa projections one recognizes these three projection conditions as the ones for half-BPS dual-giants which rotate in z_1, z_2, z_3 planes respectively. One can further see that different signs for ξ̇_i result in similar equations with different relative signs in eqs.(24) corresponding to reversing the direction of motion of some of the three half-BPS dual giants in their respective planes. That is, for the solution with

(l ξ̇_1, l ξ̇_2, l ξ̇_3) = (λ_1, λ_2, λ_3), λ_i = ±1 (25)

we have

(Γ_0 − i λ_1 Γ_{57}γ̃)ϵ_0 = 0, (Γ_0 − i λ_2 Γ_{68}γ̃)ϵ_0 = 0, (Γ_0 + λ_3 Γ_9)ϵ_0 = 0. (26)

Thus we have seen that the solutions in (11) with all signs of ξ̇_i being positive preserve at least 4 supersymmetries consistent with the projections in (24) for any arbitrary values of α, β and r. However one should note that for fixed values of α, β and r the projection equation (22) can give 16 supersymmetries. This can be seen by redefining the tangent space Γ-matrices appropriately.

In the next subsection we will prove the converse, namely that these are all the dual-giant solutions which preserve at least these 4 given supersymmetries.

2.3 Necessity of the conditions (11)

In this subsection, unlike the previous one, we will not assume the solutions (11) to begin with. We will rather show that these solutions (with signs (25)) follow uniquely if we demand the kappa projections (14),(13) on the 1/8-th supersymmetric subspace of spinors ϵ defined by (17),(26). This will therefore show that those solutions are the full set of solutions consistent with the specified set of 4 supersymmetries.

To begin, we rewrite the supersymmetry projections (24) (we will assume all λ_i’s to be +1, the generalization to arbitrary signs being straightforward)

(Γ_0 − iΓ_{57}γ̃) ϵ_0 = 0, (Γ_0 − iΓ_{68}γ̃) ϵ_0 = 0, (Γ_0 + Γ_9) ϵ_0 = 0. (27)

We can use these to simplify the full expression (17) of the Killing spinor on AdS_5 × S^5 to ϵ = ×e^{i2 sinh−1( rl ) Γ1 γ} e^{i2 ( tl +ξ1+ξ2+ξ3 ) Γ0 γ} e^{12 θ Γ12} e^{12 ϕ1 Γ13} e^{12 ϕ2Γ24} e^{i2 α Γ5 γ̃} e^{i2 β Γ6γ̃} ϵ_0 ≡ M̂ ϵ_0. (28)

To simplify the kappa projection equations (18) we will need

Γ_1 M̂ = M̂ e^{−i t}l^{Γ0γ} [cos θ e^{−ϕ1 Γ13} Γ_1 + sin θ e^{−ϕ2 Γ24} Γ_2], Γ_5 M̂ = M̂ [cos β Γ_5 + i sin β Γ_{56} γ̃] Γ_6 M̂ = M̂ [cos α Γ_6 − i sin α cos β Γ_{56}γ̃ + sin α sin β Γ_5], Γ_7 M̂ = M̂ [μ_3 Γ_7 − i μ_2 Γ_{67} γ̃ − i μ_1 Γ_{57} γ̃] Γ_8 M̂ = M̂ [μ_3 Γ_8 − i μ_2 Γ_{68} γ̃ − i μ_1 Γ_{58} γ̃] Γ_9 M̂ = M̂ [μ_3 Γ_9 − i μ_2 Γ_{69} γ̃ − i μ_1 Γ_{59} γ̃] (29)

along with Γ_0 M and Γ_{234} M relations from the earlier section. Since we want to demand the projections in (27) to be valid at every point of the world-volume of the D3-brane and so for convenience we can set τ = 0 and σ_1 = σ_2 = 0. Then the first three terms in Eq.(18) can be simplified to

[V^{1/2}Γ_0 + ṙ V^{1/2}

Γ_1 − iΔ^{1/2}Γ_{234}]M̂ = M̂[(V − r l Δ^{1/2})Γ_0 + ṙ V^{1/2}

+ iΓ_{01}γV^{1/2}( r l − Δ^{1/2})] (30)

The last five terms in eq.(18) can be simplified to

[α̇ Γ_5 + cos α β̇ Γ_6 + 3∑ i=1 μ_i ξ̇_i Γ_{6+i}] M̂ = M̂ [(cos β α̇ + sin α cos α sin β β̇) Γ_5

+Γ_6 cos^2 α β̇ + i Γ_{56} γ̃ (sin β α̇ − sin α cos α cos β β̇) + i Γ_{59} γ̃ μ_1 μ_2 (ξ̇_1 − ξ̇_3) −i Γ_{58} γ̃ μ_1μ_2 (ξ̇_2 − ξ̇_1) − i Γ_{69} γ̃ (ξ̇_2 − ξ̇_3) − i μ^2_1 ξ̇_1 Γ_{57}γ̃ − i μ^2 ξ̇_2 Γ_{68} γ̃ + μ^2_3 ξ̇_3 Γ_9](31)

Thus the full kappa projection equation (18) is a linear combination of various products of 10-dimensional γ-matrices for the tangent space acting on a constant spinor ϵ_0 which is arbitrary but for the projection equations (27). Recall that a linearly independent basis of these 32 × 32 matrices is given by Γ_{m n ···}’s. Since ϵ_0 is arbitrary only upto the projections in eq.(27) we have to use them to eliminate operators which kill ϵ_0 and then put the coefficients of the remaining independent Γ_{m n ···} to zero. Doing this we see that β̇ = 0 as the coefficient of Γ_6 (which does not appear anywhere else), which then implies α̇ = 0. Next notice that Γ_{58}, Γ_{59} and Γ_{69} would not occur anywhere else and so we have to set ξ̇_1 = ξ̇_2 = ξ̇_3 ≡ ω/l. Note that these are not absolute values - unlike in the analysis of equations of motion. Since ṙ appears with Γ_1 and Γ_1 does not occur anywhere else ṙ = 0. The coefficient of Γ_{01}γ has to be set to zero too and this implies ω = ±1. Finally using the projection equations (27) we can convert Γ_{57}γ̃, Γ_{68} γ̃ and Γ_9 into Γ_0. Using the relations so far and then setting the coefficient of Γ_0 to zero requires ω = 1. That completes the proof that the set of solutions we found is complete.

2.4 Reduced phase space

The supersymmetry constraints (27) translate to the following in terms of the canonical momenta (see (10))

P_r = 0, P_α = 0, P_β = 0, P_{ξ1} − N l^2 r^2 μ^2_1 = 0, P_{ξ2} − N l^2 r^2 μ^2 = 0, P_{ξ3} − N l^2 r^2 μ^2_3 = 0 (32)

Thus, the original 12-dimensional phase space is reduced to a six-dimensional one. We will see below that the reduced phase space can be described entirely by the coordinates r, α, β, ξ_1, ξ_2, ξ_3 or by the complex coordinates (34). The symplectic structure on the reduced phase space can be derived by the following Dirac brackets: {q_i, q_j }_{DB} = {q_i, q_j }_{P B} − {q_i, f_a}_{P B} M^{−1}_{ab} {f_b, q_j }_{P B} M_{ab} = {f_a, f_b}_{P B} (33)

where q_i refers to one of the six coordinates r, α, β, ξ_1, ξ_2, ξ_3 and f_a refers to one of the six constraints (32).

The calculation of the Dirac brackets on the supersymmetric subspace is a straightforward generalization of the half-BPS giant [13] and dual-giant [14] gravitons. To proceed with the calculations, let us define the complex coordinates

ζ_i = r_ie^{iξi} , (r_1, r_2, r_3) ≡ r(sin α, cos α sin β, cos α cos β) = r(μ_1, μ_2, μ_3), (34)

In terms of the coordinates r_i, ξ_i and their conjugate momenta, the constraints become f_i ≡ P_{ri} = 0, f_{3+i} ≡ P_{ξi} − N l^2 r^2_i = 0, i = 1, 2, 3 (35)

The non-zero elements of the matrix M_{ab} are given by

{f_i, f_{3+j} }_{P B} = { P_{ri} , − N l^2 r^2_j } P B = 2N l^2 r_j δ_{ij} Thus, for example,

{ξ_1, r_1}_{DB} = − {ξ_1, f_4}_{P B} l^2 2Nr_1 {f_1, r_1}_{P B} = l^2 2Nr_1 (36)

The Dirac brackets are summarized by

{ξ_i, r^2_j }_{DB} = l^2 N δ_{ij} =⇒ { ζ_i, ζ̄_j } DB = −i l^2 N δ_{ij} (37)

Symplectic structure: The conclusion of this subsection is that the reduced phase space is simply C^3 with the symplectic form ω = i N l^2 dζ_i ∧ dζ̄_i (38)

2.5 Hamiltonian and charges

Since translations along ξ_i are symmetries of the D3-brane action the momenta P_{ξi} are conserved charges. The canonical hamiltonian, with P_α = P_β = P_r = 0, becomes

H = 1 l 3∑ i=1 P^2_{ξi} μ^2_i + Nr^4 l^4 2 + r^2 l^2 3∑ i=1 P^2_{ξi} μ^2_i − Nr^2 l^2 2 − Nr^4 l^5

(39)

After putting the remaining three constraints from (32) it reduces to H = Nr^2 l^3 = N l^3 ζ_iζ̄_i = 1 l (P_{ξ1} + P_{ξ2} + P_{ξ3} ) (40)

which is simply the Hamiltonian of a 3-dimensional simple harmonic oscillator.

As expected, the BPS constraint equations automatically satisfy the equations of motion. The solutions to (32) and (40) are

r(t) = r_0, z_k(t) = l μ^{(0)}_k e^{i(ξ(0)k + tl )} (41)

for k = 1, 2 and 3. The motion is obviously periodic with period Δt = 2πl. Thus we have a 6-dimensional space of solutions parametrized by: (μ^{(0)}_k , ξ^{(0)}_k , r_0). It is wellknown that the space of solutions of a dynamical system (modulo time-evolution) can be identified with its phase space. Folowing Section 2.4, this six-dimensional space of solutions, viewed as a symplectic space, is C^3. We will show in the next subsection that the motion in S^5 (second line of (41)) are all in maximal circles in S^5 which are related to the one in z_1-plane by U(3) rotations.

2.6 Interpretation of the solutions as maximal circles

Let us now try to understand the full solution set of dual-giants which preserve at least 4 common supersymmetries. A maximal circle on S^5 can be parametrized by 8 parameters. To see this note that every maximal circle can be obtained by intersecting S^5 with an R^2 passing through the origin in R^6 in which S^5 is embedded. The space of these planes has a dimension of^{SO(6)}_{SO(4)×SO(2)} which is 8. Let us consider a subspace of maximal circles parametrized as ⃗z(θ) = (z_1(θ), z_2(θ), z_3(θ)) = e^{i θ}⃗z, θ ∈ (0, 2π] where z_i are complex coordinates in C^3 in which we embed the S^5 by |z_1|^2 + |z_2|^2 + |z_3|^2 = l^2. Any such circle can be obtained by a U(3) rotation (defined upto a U(2)) on a reference circle, for example, ⃗z(θ) ≡ Ue^{iθ}(1, 0, 0), (42) where we can take U to be U = e^{iξ1} sin α −e^{iξ1} cos α 0 e^{iξ2} cos α sin β e^{iξ2} sin α sin β −e^{iξ2} cos β e^{iξ3} cos α cos β e^{iξ3} sin α cos β −e^{iξ3} sin β V. (43)

Here V ∈ U(2) is an arbitrary matrix that leaves the column vector (1, 0, 0) invariant. Therefore the space of these circles can be identified with^{U (3)}_{U (2)}. This space has five real dimensions and gives the parameterization (1) of the unit vector ⃗z. We can choose the representation (1) for z_i. The time-dependence of a half-BPS dual-giant on the circle (42) is given by putting θ = t/l. Hence after the U(3)-rotation (43), the motion on the generic maximal circle coincides with the generic S^5-motion of 1/8-BPS dual-giants (see second line of (41)). We conclude that every dual-giant (of a given size r_0) in the full set of 1/8-BPS dual-giant solutions is simply related to every other by a U(3) rotation.

3 Counting BPS states with (J_1, J_2, J_3)

3.1^1_8 -BPS states

We found in Section 2.4 that classically the reduced single-particle phase space is simply C^3, with the symplectic form (38) and a 3-dimensional simple harmonic oscillator Hamiltonian, (40).

Since the semiclassical quantization of a simple harmonic oscillator is exact, quantum mechanically the single-particle Hilbert space is given by 3-dimensional simple harmonic oscillator eigenstates, viz.

|n_1, n_2, n_3⟩ = ∏ i=1,2,3 (a^†_i )^{ni} √ n_i!

|0⟩ (44)

The hamiltonian and the charges are given by

P_{ξi} ≡ J_i = n_i, i = 1, 2, 3 lH = n_1 + n_2 + n_3 (45)

Here the classical phase space variables ζ_i, ζ̄_j are quantized as (l/ √ N) ζ_i → a_i, (l/ √ N) ζ̄_j → a^†_j . The operator ordering of the charges has been obtained by generalizing from the half-BPS case [15]; in the Hamiltonian we have dropped the zero point energy which is not important for our purposes. We note that the conserved momenta (P_{ξ1} , P_{ξ2} , P_{ξ3} ) by construction correspond to the three angular momenta (J_1, J_2, J_3) of SO(6). In what follows we will use the notation J_i in stead of P_{ξi} .

As we have argued earlier, putting any number of particles in this reduced Hilbert space is consistent with 1/8 supersymmetry. Since they are BPS objects (with respect to each other) the total energy is given by the sum of the individual energies (like in the case of half-BPS states). Further we can have more than one dual-giants with exactly the same quantum number and so they can be treated as bosonic objects. Since each dual giant being an S^3 inside AdS_5 acts as a domain wall and therefore considerations of [10, 6] apply. This restricts the maximum number of dual-giants to N. The total angular momenta should also be given by the sum of those for the individual dual-giants:

J_i = N∑ k=1 J^{(k)}_i for i = 1, 2, 3. (46)

From (45) it is easy to see that the partition function for the dual-giant graviton system, consistent with 1/8 supersymmetries, is given by that for N bosons in a 3-dimensional simple harmonic oscillator. Here we can identify these bosons with dual-giant gravitons. By including the J_i = 0 state we may simply count all states with a total of N bosons with some of them sitting at the zero energy state. This takes care of the configurations with less than N dual-giants. The grand canonical partition function is, therefore,

Z(ζ, q_1, q_2, q_3) ≡ T r exp[−μN − β_iJ_i] = ∞∏ n_1 =0 ∞∏ n_2 =0 ∞∏ n_3=0

(1 − ζq^{n1}_1 q^{n2}_2 q^{n3}_3 )^{−1} (47)

The chemical potentials q_i ≡ e^{−βi} are conjugate to the charges J_i and the ‘fugacity’ ζ = e^{−μ} is conjugate to number N of dual-giants:

Z(ζ, q_1, q_2, q_3) = ∞∑ N =0

ζ^N Z_N (q_1, q_2, q_3) (48)

with

Z_N (q_1, q_2, q_3) = ∞∑ J_1 ,J_2,J_3 =0

Ω_N (J_1, J_2, J_3)q^{J1}_1 q^{J2}_2 q^{J3}_3 . (49)

Some special configurations however have enhanced supersymmetries to either 1/4 or half-BPS states and so we may choose to subtract them out. For this a useful way to think about this counting is the following. A generic state can be specified by N identical bosonic particles sitting on the 3-dimensional lattice with each lattice point coordinates n_1, n_2, n_3 which take integer values.The half-BPS states again are the configurations of points on this 3-dimensional lattice where all N points fall on a single line going through the origin. The 1/4-BPS states are those for which all N points fall on a single 2-plane going through the origin again. We will discuss counting of 1/4-BPS states separately in the next subsection.

3.2^1_4 -BPS states

As stated above, dual-giant configurations for which all N dual-giants have the same specific α and β preserve 1/4 of the supersymmetries (eight supersymmetries). In terms of the bosons on a 3-dimensional lattice these are the configurations for which all bosons lie on the same 2-plane passing through the origin. The choice of which eight supersymmetries we want to preserve fixes the values of α and β (and therefore fixes a plane in the 3-d lattice). For the purpose of counting, we may choose this plane to be the μ_3 = 0 plane (β = π/2), which in turn fixes P_{ξ3} = 0. Classically,

P_{ξ1} = Nr^2 l^2 sin^2 α, P_{ξ2} = Nr^2 l^2 cos^2 α. (50)

Repeating the same steps as in Section 2.4, we can now find a four-dimensional phase space with the symplectic structure of C^2, expressed by the following Dirac brackets { ξ_1, r^2 sin^2 α } DB = l^2 2N , { ξ_2, r^2 cos^2 α } DB = l^2 2N . (51)

As before, for a fixed α they preserve 16 supersymmetries. But if we put together dualgiants with various values of α that configuration preserves only 8 supersymmetries.

Quantization proceeds in a manner similar to the 1/8-BPS case. The conserved momenta (P_{ξ1} , P_{ξ2} ) are identified as the quantized angular momenta (J_1, J_2). Counting the 1/4-BPS states goes as follows. To make a 1/4-BPS state we need to have at least two dual-giants in that configuration with different values of α. The specific values of α should be such that we get integer values for J_1 and J_2. The other constraint is that one can have a total of no more than N dual-giant gravitons.

So the 1/4-BPS states can be counted by considering the number of ways, Ω_N (J_1, J_2), in which one can distribute N identical bosons on a 2-dimensional lattice of integers (n_1, n_2), such that the sum of their individual n_1’s is J_1 and the sum of the individual n_2’s is J_2. A partition function which generates this number is

Z(ζ, q_1, q_2) = ∞∏ n_1 ,n_2=1

(1 − ζ q^{n1}_1 q^{n2}_2 )^{−1} = ∞∑ N =0

Z_N (q_1, q_2)ζ^N (52)

The above counting includes states which preserve at least 1/4 of the supersymetries. To exclude the special states which preserve 1/2 of the supersymmetries one needs to exclude configurations in which all particles lie on a straight line passing through the origin. Each line passing through the origin in a 2-dimensional lattice can be uniquely specified by a pair of relatively prime integers, say (n_1, n_2) = (r, s). This line (r, s) corresponds to the points (n_1, n_2) = k (r, s), k = 1, ..., ∞. Combining the contribution of all such lines, the part of (52) which corresponds to 1/2-BPS states, is given by

Z^{(N )}_{1/2−BPS}(q_1, q_2) = ∏ r,s≥0 gcd(r,s)=1 (r,s)≠(0,0)

N∏ k=1 1 1 − (q^r_1q^s_2)^k

(53)

So to eliminate the contribution from the states with enhanced supersymmetries one should simply subtract (53) from Z_N (q_1, q_2) defined in (52).

3.3 Comparison with gauge theory answers

Single trace 1/4-BPS operators of N = 4 SYM with SU(N) gauge group have been constructed in the literature [16, 17, 18]. These states belong to the [p, q, p] representation of SU(4) which has (J_1, J_2) = (p + q, p). More generally, an index for N = 4

Yang-Mills theories has recently been calculated [19] (see also [20]) which counts 1/8-, 1/4- and 1/2-BPS states of the kind we discussed above. Our results (47) and (52) agree with their result. In case of the 1/8-BPS states, the dual-giant graviton states we constructed above are to be identified with gauge-invariant operators which do not involve the fermionic fields.

4 1/8-BPS states with (S_1, S_2, J_1)

In this section we consider a different problem, namely that of configurations of multiple giant gravitons which carry non-zero (S_1, S_2, J_1) charges and preserve at least 4 supersymmetries. Similar configurations have been considered in the literature before in [21, 22]. We work in the coordinates that we used in the earlier sections and consider configurations of D3-branes of the type:

t = τ, , r = r(τ), θ = θ(τ), ϕ_1 = ϕ_1(τ), ϕ_2 = ϕ_2(τ), α = α(τ), β = σ_1, ξ_1 = ξ_1(τ), ξ_2 = σ_2, ξ_3 = σ_3 (54)

The pull-back of the RR 4-form is C^{(4)}_{τ σ1σ2σ3} = −l^4 cos^4 α sin σ_1 cos σ_2. Then the D3- brane Lagrangian becomes L = − N cos^3 α l [ Δ^{1/2} − l cos α ξ̇_1 ] (55)

where

Δ = V (r) − ṙ^2 V (r) − r^2 (θ̇^2 + cos^2 θ ϕ̇^2_1 + sin^2 θ ϕ̇^2) − l^2(α̇^2 + sin^2 α ξ̇^2_1) (56)

Notice the change of sign for the Chern-Simons term. The reason for this is we have chosen here an anti-D3-brane rather than a D3-brane so as to find a solution with positive sign of ξ̇_1. It is easy to see that the following configurations satisfy the equations of motion α̇ = ṙ = θ̇ = 0, |ϕ̇_1| = |ϕ̇_2| = ξ̇_1 = 1/l (57)

In fact these configurations saturate a Bogomolny bound and the Hamiltonian reads (for positive values of l ϕ̇_1, l ϕ̇_2) H = 1 l (P_{ϕ1} + P_{ϕ2} + P_{ξ1} ) (58)

where P_{ξ1} = N cos^2 α, P_{ϕ1} = (r^2/l^2) P_{ξ1} cos^2 θ, P_{ϕ2} = (r^2/l^2) P_{ξ1} sin^2 θ. (59)

We will show in the next subsection that the configurations (57) share at least 4 supersymmetries for arbitrary values of r, θ and α. In terms of the canonical variables, the supersymmetry conditions (57) imply the following constraints

P_r = 0, P_θ = 0, P_α = 0, P_{ϕ1} − r^2 l^2

N cos^2 α cos^2 θ = 0, P_{ϕ2} − r^2 l^2

N cos^2 α sin^2 θ = 0, P_{ξ1} − N cos^2 α = 0. (60)

As for the case of the dual giant gravitons earlier, we can define

(r_1, r_2, r_3) = (r cos α cos θ, r cos α sin θ, l cos α) and ζ_1 = r cos α cos θ e^{iϕ1} , ζ_2 = r cos α sin θ e^{iϕ2} , ζ_3 = l cos α e^{i ξ1} Because of the six constraints (60) the 12-dimensional phase space of the ζ_i, ζ̄_i and their conjugate momenta gets reduced to a six-dimensional phase space. The problem of finding the Dirac brackets in the reduced phase space is similar to the previous case and we get { ζ_i, ζ̄_j } DB = −i l^2 N δ_{ij} (61)

which gives the same symplectic form, Eq. (38), as before.

The main difference of this solution space from the earlier one is that |ζ_3| ≤ l. So the phase space is really C^2 × D with the symplectic form (38) inherited from C^3. Note that the boundary is a null curve of the symplectic form which is as it should be.

In terms of the new variables, (59) reads

P_{ϕ1} = N l^2

|ζ_1|^2, P_{ϕ2} = N l^2

|ζ_2|^2, P_{ξ1} = N l^2

|ζ_3|^2 (62)

and the Hamiltonian written in these coordinates becomes l H = N l^2 3∑ i=1 ζ_iζ̄_i (63)

Eqs. (63), (61) imply that the system is again a 3-dimensional simple harmonic oscillator (the implication of bounded |ζ_3| for quantization will be discussed shortly).

4.1 Supersymmetries of spinning giants

The world-volume gamma matrices are

γ_τ = V^{1/2} Γ_0 + ṙ V^{1/2}

Γ_1 + r θ̇ Γ_2 + r (ϕ̇_1 Γ_3 cos θ + ϕ̇_2 Γ_4 sin θ) + l (α̇ Γ_5 + sin α ξ̇_1 Γ_7), γ_{σ1} = l cos α Γ_6, γ_{σ2} = l μ_2 ξ̇_2 Γ_8, γ_{σ3} = l μ_3 ξ̇_3 Γ_9. (64)

The kappa projection equations for an anti-D3-brane are

[V^{1/2} Γ_0 + ṙ V^{1/2}

Γ_1 + r θ̇ Γ_2 + r (ϕ̇_1 Γ_3 cos θ + ϕ̇_2 Γ_4 sin θ) + l (α̇ Γ_5 + sin α ξ̇_1 Γ_7) − i Δ^{1/2} Γ_{689}]ϵ = 0 (65)

On the solutions ṙ = 0, θ̇ = 0, α̇ = 0, ϕ̇_1 = ϕ̇_2 = ξ̇_1 = 1/l this reduces to

[V^{1/2} Γ_0 + r l (Γ_3 cos θ + Γ_4 sin θ) + Γ_7 sin α − iΓ_{689} cos α] ϵ = 0. (66)

To simplify this equation we use the following identity

(sin α Γ_7 − i cos α Γ_{689})M = −i M Γ_{57}γ̃ (67)

Then the killing spinor equation can be rewritten as

M[V Γ_0 + r l V^{1/2} cos θ e^{−ϕ1 Γ13 −i tl Γ0 γ} (Γ_3 + i Γ_{01} γ) + r l V^{1/2} sin θ e^{−ϕ1 Γ24 −i tl Γ0 γ} (Γ_4 + i Γ_{02} γ) − i r^2 l^2

(cos^2 θ Γ_{13} + sin^2 θ Γ_{24})γ −i r^2 l^2 cos θ sin θ (Γ_{23} + Γ_{14}) γ e^{−ϕ1 Γ13−ϕ2 Γ24} − i Γ_{57} γ̃] ϵ_0 = 0. (68)

Since we are interested in having configurations of multiple giant gravitons with generically different values of (r, θ, α) we may impose the projections

(Γ_0 − i Γ_{13}γ) ϵ_0 = 0, (Γ_0 − i Γ_{24}γ) ϵ_0 = 0, (Γ_0 − i Γ_{57} γ̃) ϵ_0 = 0. (69)

with which the killing spinor equation is satisfied. So the solutions we have found share at least 4 supersymmetries.

Using methods similar to the ones used in section (2.3) one may show that the full set of solutions given the projections in (69) is the one considered above.

Further one can interpret the solutions as all those obtained by U(1, 2) rotations acting on the homomorphic coordinates (Φ_0, Φ_1, Φ_2) of C^{1,2} (in which AdS_5 is embedded as −|Φ_0|^2 + |Φ_1|^2 + |Φ_2|^2 = −l^2) on the original half-BPS giant graviton.

4.2 Quantization

The phase space is C^2 × D where D represents the Disc |ζ_3| ≤ 1.

The D part of the phase space (with the symplectic form and the Hamiltonian) is identical to that of the half-BPS giant gravitons [15]. The semiclassical quantization corresponds to a fuzzy disc and the exact single-particle quantum mechanics is described by H_{1,N} which is an N-dimensional Hilbert space consisting of the first N levels of an simple harmonic oscillator [15]. H^{1,N} = Span{|n⟩, n = 1, 2, ..., N} (70) We have omitted the n = 0 state from the spectrum of giant gravitons since the minimum angular momentum of a half-BPS giant graviton is unity. The single-particle quantum mechanics corresponding to C^2 is given by the states of a 2D simple harmonic oscillator of arbitrarily high quantum numbers: H^′ = Span{|l, m⟩, l, m = 0, 1, ..., ∞} (71) The full single-particle Hilbert space of the giant gravitons is given by H_1 = H^{1,N} × H^′.

The three angular momenta (59) are identified now as the three charges (S_1, S_2, J_1) where the first two correspond to angular momenta in AdS_5 and J_1 correspond to angular momentum in S^5.

Z(q_1, q_2, q_3) = ∞∏ l,m=0 N∏ n=1 1 1 − q^l_1 q^m_2 q^n_3 = ∞∑ S_1 ,S_2 ,J_1=0

Ω_N (S_1, S_2, J_1) q^{S1}_1 q^{S2}_2 q^{J1}_3 (72)

Similar to the situation in the 1/8-BPS states with (J_1, J_2, J_3) one has configurations in this partition function which have more than 4 supersymmetries. For example whenever there is just one giant-graviton making up a state, since it can be obtained by an isometry of AdS_5 acting on the standard half-BPS giant graviton it is expected to preserve 16 supercharges [22] (see also [21]). Further whenever all the giants in a given state have the same value of r that state is expected to preserve 8 supercharges. Again if one wishes one can systematically exclude the contribution of these states from (72) to get the degeneracies of exactly 1/8 or 1/4 supersymmetric states.

5 Conclusions

In this paper we considered the counting problem of quantum states in the type IIB string theory on AdS_5 ×S^5 background that preserve at least 4 supercharges (1/8-BPS). Two types of states have been considered:

• those with non-zero (J_1, J_2, J_3) with E = J_1 +J_2 +J_3 where E is their energy conjugate to the time coordinate in global coordinates and J_i are the three independent angular momenta on S^5,

• those with non-zero (S_1, S_2, J_1) with E = S_1 + S_2 + J_1 where S_i are the two independent angular momenta on S^3 ⊂ AdS_5.

For the first set we considered N-particle states of dual-giant gravitons rotating along arbitrary maximal circles of S^5 that share at-least four supersymmetries. The result can be expressed quite simply in terms of the degeneracy of states of an N-boson system in a three-dimensional harmonic oscillator potential.

For the second set of 1/8-BPS states we considered configurations containing an arbitrary numbers of giant gravitons having angular momenta in the AdS_5 directions which share at least 4 supersymmetries. The result for the counting problem for this set of states can again be mapped onto that of a 3-dimensional harmonic oscillator, but this time with an arbitrary number of bosons representing the giant gravitons and with one of the three quantum numbers of the 3-dimensional harmonic oscillator bounded above by N.

The first type of 1/8-BPS states can also be given by the classification of giant gravitons of [11]. Recently [12] have counted these 1/8-th BPS giant graviton configurations by quantizing Mikhailov’s solutions. The counting problem in terms of giant gravitons appears to be significantly more complicated since the giant gravitons wrap different 3-surfaces within the S^5 which can have complicated intersections and quantization involves quantizing the space of these 3-surfaces. The dual giant gravitons, however, have a much simpler description since their world-volume, at any given time, is a three-sphere of a given size inside AdS_5 and their motion is that of point particles on the S^5. Remarkably, both these descriptions give the same counting of 1/8-th BPS states. This points to some duality between the giant graviton and the dual giant graviton descriptions.

It is pertinent to recall at this point [6, 15] that in case of half-BPS states there is an explicit duality between giant graviton states and dual giant graviton states. If we specify a multi-giant graviton state by (r_1, r_2, · · · , r_N ) where r_i denotes the number of giant gravitons with angular momentum J_1 = i and a multi-dual-giant graviton state by (s_1, s_2, · · · , s_N ) where s_i is the angular momentum of the i^{th} (counting from the dual-giant with largest J_1) then the duality map is given by

s_i = ∑ k=i r_k (73)

Thus, the number of dual-giants becomes the number of single-particle energy levels for giants. Also, the occupied energy levels (s_i) of dual-giants get related (73) to occupation numbers (r_k) of individual levels in the giant graviton system. It will be very interesting to explore if this type of a duality exists for the 1/8-BPS states with (J_1, J_2, J_3) quantum numbers considered here and in [11, 12]. Further in the half-BPS sector the duality between giants and dual-giants follows form a unified description of the system [23, 24] in terms of N fermions in a harmonic oscillator potential. It will be interesting to see if such a unified picture can be given for lower supersymmetric cases too. It is possible that such a description arises in the solution of matrix models proposed in [25] to capture the physics of 1/8-BPS states.

Similar to the description of giant gravitons in [11] one can describe a dual-giant graviton as a three surface obtained by intersection of Φ_0 = φ^{(0)}_0 and Z_1 = ζ^{(0)}_1 , Z_2 = Z_3 = 0 with C^{1,2} × C^3 and −|Φ_0|^2 + |Φ_1|^2 + |Φ_2|^2 = −l^2 and

∑_3 i=1 |Z_i|^2 = l^2 evolving in time as Φ_0 → Φ_0 e^{i t}l and Z_1 → Z_1 e^{i t}l where (Φ_0, Φ_1, Φ_2) are holomorphic coordinates on C^{1,2} and (Z_1, Z_2, Z_3) are holomorphic coordinates on C^3 and φ^{(0)}_0 , ζ^{(0)}_1 are arbitrary complex numbers. This can be generalized to ‘wobbling dual-giants’ [26]

g(Φ_0, Φ_1, Φ_2) = 0, Z_1 = ζ^{(0)}_1 , Z_2 = Z_3 = 0 (74)

with the time evolution Φ_i → Φ_i e^{i t}l and Z_1 → Z_1 e^{i t}l . These states carry non-zero (S_1, S_2, J_1) generically and can be shown to preserve at least 1/8 of the supersymmetries of the background [26]. One should be able to quantize the space of these ‘wobbling dualgiants’ and count the 1/8-BPS states using the methods of [12]. It will be interesting to see if there exists a duality between our giant-graviton configurations and these wobbling dual-giants our counting results gives a prediction for the dual-giant counting.

In both types of 1/8-BPS states we considered here they preserve SO(4) symmetry (coming from isometries of S^3 ⊂ AdS_5 for the states with (J_1, J_2, J_3) charges and from S^3 ⊂ S^5 for those with (S_1, S_2, J_1) charges). So different giants in a given state form concentric three-spheres and never intersect (and whenever they do they actually coincide). Usually D-branes which intersect are expected to split and rejoin and therefore the degeneracies of such states can change. But in our case since they do not intersect we suggest that their degeneracies should not receive any quantum corrections. It will be interesting to see if one can give a description of the full set of 1/8-BPS states with given charges in our language by turning on some bosonic or fermionic zero modes on the world-volume of the probe branes that break the SO(4) invariance but not supersymmetry.

It is of interest to find an exact orthonormal basis of states in the dual N = 4 U(N) SYM for the 1/8-BPS states considered here. For half-BPS states an orthonormal basis of operators in SYM was provided in [27]. See [22] for some comments on the dual operators for the states with non-zero (S_1, S_2, J_1).

Acknowledgements

We would like to thank Shiraz Minwalla and Rob Myers for helpful discussions. We thank Shiraz Minwalla for sharing with us the results in [12] prior to publication. NVS would like to thank TIFR, Mumbai for hospitality during the final stages of this work.

References

[1] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity,” Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1999)] [arXiv:hep-th/9711200].

[2] J. B. Gutowski and H. S. Reall, “Supersymmetric AdS(5) black holes,” JHEP 0402, 006 (2004) [arXiv:hep-th/0401042], J. B. Gutowski and H. S. Reall, “General supersymmetric AdS(5) black holes,” JHEP 0404, 048 (2004) [arXiv:hep-th/0401129].

[3] Z. W. Chong, M. Cvetic, H. Lu and C. N. Pope, “General non-extremal rotating black holes in minimal five-dimensional gauged supergravity,” Phys. Rev. Lett. 95, 161301 (2005) [arXiv:hep-th/0506029].

[4] H. K. Kunduri, J. Lucietti and H. S. Reall, “Supersymmetric multi-charge AdS(5) black holes,” JHEP 0604, 036 (2006) [arXiv:hep-th/0601156].

[5] J. P. Gauntlett, J. B. Gutowski and N. V. Suryanarayana, “A deformation of AdS_5× S^5,” Class. Quant. Grav. 21, 5021 (2004) [arXiv:hep-th/0406188].

[6] N. V. Suryanarayana, “Half-BPS giants, free fermions and microstates of superstars,” JHEP 0601, 082 (2006) [arXiv:hep-th/0411145].

[7] J. McGreevy, L. Susskind and N. Toumbas, “Invasion of the giant gravitons from anti-de Sitter space,” JHEP 0006, 008 (2000) [arXiv:hep-th/0003075].

[8] M. T. Grisaru, R. C. Myers and O. Tafjord, “SUSY and Goliath,” JHEP 0008, 040 (2000) [arXiv:hep-th/0008015].

[9] A. Hashimoto, S. Hirano and N. Itzhaki, “Large branes in AdS and their field theory dual,” JHEP 0008, 051 (2000) [arXiv:hep-th/0008016].

[10] I. Bena and D. J. Smith, “Towards the solution to the giant graviton puzzle,” Phys.

Rev. D 71, 025005 (2005) [arXiv:hep-th/0401173].

[11] A. Mikhailov, “Giant gravitons from holomorphic surfaces,” JHEP 0011, 027 (2000) [arXiv:hep-th/0010206].

[12] I. Biswas, D. Gaiotto, S. Lahiri and S. Minwalla, “Supersymmetric States of N = 4 Yang-Mills from Giant Gravitons”, to appear.

[13] S. R. Das, A. Jevicki and S. D. Mathur, “Giant gravitons, BPS bounds and noncommutativity,” Phys. Rev. D 63, 044001 (2001) [arXiv:hep-th/0008088].

[14] G. Mandal, “Fermions from half-BPS supergravity,” JHEP 0508, 052 (2005) [arXiv:hep-th/0502104].

[15] A. Dhar, G. Mandal and N. V. Suryanarayana, “Exact operator bosonization of finite number of fermions in one space dimension,” JHEP 0601, 118 (2006) [arXiv:hep-th/0509164].

[16] A. V. Ryzhov, “Quarter BPS operators in N = 4 SYM,” JHEP 0111, 046 (2001) [arXiv:hep-th/0109064].

[17] E. D’Hoker, P. Heslop, P. Howe and A. V. Ryzhov, “Systematics of quarter BPS operators in N = 4 SYM,” JHEP 0304, 038 (2003) [arXiv:hep-th/0301104].

[18] N. Beisert, C. Kristjansen and M. Staudacher, “The dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 664, 131 (2003) [arXiv:hep-th/0303060].

[19] J. Kinney, J. M. Maldacena, S. Minwalla and S. Raju, “An index for 4 dimensional super conformal theories,” arXiv:hep-th/0510251.

[20] C. Romelsberger, “An index to count chiral primaries in N = 1 d = 4 superconformal field theories,” arXiv:hep-th/0510060.

[21] S. Arapoglu, N. S. Deger, A. Kaya, E. Sezgin and P. Sundell, “Multi-spin giants,” Phys. Rev. D 69, 106006 (2004) [arXiv:hep-th/0312191].

[22] M. M. Caldarelli and P. J. Silva, “Multi giant graviton systems, SUSY breaking and CFT,” JHEP 0402, 052 (2004) [arXiv:hep-th/0401213].

[23] D. Berenstein, “A toy model for the AdS/CFT correspondence,” JHEP 0407, 018 (2004) [arXiv:hep-th/0403110].

[24] H. Lin, O. Lunin and J. M. Maldacena, “Bubbling AdS space and 1/2 BPS geometries,” JHEP 0410, 025 (2004) [arXiv:hep-th/0409174].

[25] D. Berenstein, “Large N BPS states and emergent quantum gravity,” JHEP 0601, 125 (2006) [arXiv:hep-th/0507203].

[26] R. C. Myers and N. V. Suryanarayana “Wobbling dual-giants,” Unpublished.

[27] S. Corley, A. Jevicki and S. Ramgoolam, “Exact correlators of giant gravitons from dual N = 4 SYM theory,” Adv. Theor. Math. Phys. 5, 809 (2002) [arXiv:hep-th/0111222].