arXiv:hep-th/0606171 v1 19 Jun 2006

CERN-PH-TH/2006-113 DFTT/10-2006 DISTA-2006 hep-th/0606171

Pure Spinors, Free Differential Algebras, and the Supermembrane^†

Pietro Fré^1 and Pietro Antonio Grassi^2

1 Dipartimento di Fisica Teorica, Università di Torino, & INFN - Sezione di Torino via P. Giuria 1, I-10125 Torino, Italy

2 Centro Studi e Ricerche E. Fermi, Compendio Viminale, I-00184, Roma, Italy, DISTA, Università del Piemonte Orientale, Via Bellini 25/G, Alessandria, 15100, Italy & INFN - Sezione di Torino CERN, Theory Unit, CH-1211 Geneve, 23, Switzerland

Abstract

The lagrangian formalism for the supermembrane in any 11d supergravity background is constructed in the pure spinor framework. Our gauge-fixed action is manifestly BRST, supersymmetric, and 3d Lorentz invariant. The relation between the Free Differential Algebras (FDA) underlying 11d supergravity and the BRST symmetry of the membrane action is exploited. The ”gauge-fixing” has a natural interpretation as the variation of the Chevalley cohomology class needed for the extension of 11d super- Poincaré superalgebra to M-theory FDA. We study the solution of the pure spinor constraints in full detail.

† This work is supported in part by the European Union RTN contract MRTN-CT-2004-005104 and by the Italian Ministry of University (MIUR) under contracts PRIN 2005-024045 and PRIN 2005-023102

1 Introduction

The strong regime of string theory is usually denoted M-theory. However, up to now, the underlying fundamental theory and the degrees of freedom are still unknown. Some indications coming from the low-energy effective action, accurately described by 11-dimensional supergravity, from the presence of extended objects in string theory such as the supermembrane and the M5-brane (from which all D-branes can be obtained by dimensional reduction), and from the superalgebra in 11 dimensions, pointed out that a plausible candidate for the fundamental theory is the theory of the supermembrane. This theory has been discovered in [1] and, since then, several studies have been performed to understand if it really has all the necessary features to describe M-theory. We do not present here a review and we refer to [3] for a complete account on the subject. Anyway, we need to remind the reader of some basic facts about the supermembrane.

The supermembrane is a theory of maps from a (2+1)-worldvolume to a (10+1)-dimensional target space. When the membrane moves in a flat superspace, the fundamental mathematical quantities are the supersymmetric line elements Π^a_i = e^μ_i (ξ) ( ∂_μX^a + i θ̄Γ^a∂_μθ ) and ψ^α_i = e^μ_i (ξ) (∂_μθ^α ) where i = 1, 2, 3 are the worldvolume flat indices, (e^μ_i (ξ) is the inverse dreibein) a = 0, . . . , 10 are the flat target space indices and α = 1, . . . , 32 are the indices for the spinorial representation of SO(1, 10). The coordinates X^a and θ^α define a local basis in the superspace of the target space. The theory written in terms of the basic supersymmetric quantities is manifestly Lorentz and supersymmetric invariant. In addition, it is invariant under local diffeomorphism on the worldvolume and under an infinite reducible gauge symmetry known as κ-symmetry (see [1, 2] and references therein for details). These gauge symmetries remove the correct number of bosonic and fermionic degrees of freedom to have a manifestly supersymmetric spectrum [8] and they are crucial in the quantization procedure.

The symmetries (rigid and local), the action and the supersymmetry of the supermembrane theory are very similar to those of the superstring in the Green-Schwarz (GS) formalism and therefore we can use it as an example. The GS superstring is characterized by a set of fermionic constraints d_α of the first and second class type. These constraints are entangled together in a single quantity d_α ≡ p_α − ∂L_{GS} ∂_0θ^α

= 0 (1.1)

where L_{GS} is the Green-Schwarz action and it is impossible to separate them locally without breaking Lorentz invariance and supersymmetry.

To follow the conventional quantization strategy, one has to use the BRST quantization technique for the first class constraints and to replace the Poisson brackets by the Dirac bracket to take into account the second class constraints. Instead, following Berkovits [4], one defines a BRST-like charge by Q = ∫ ξ_0=t

d^{d−1}ξ (λ^αd_α) (ξ) , (1.2)

where λ^α are commuting spinors and ξ^μ are the worldvolume coordinates. The integration is extended over the spatial coordinates. Here we make no distinction between first and second class constraints and the Poisson brackets are used to compute the commutation relations.

This implies that for a nilpotent BRST symmetry, some constraints on the ghost fields λ^α(ξ) are necessary and the latter are now known in the literature as pure spinor constraints.

During the last six years, the quantization of superstring according to [4] has been studied and several results have been already achieved. Still, the formalism is not yet complete and several issues need to be understood and clarified. One of these issues is the geometric structure underneath: even if the formalism seems to give consistent results, it is rather important to spell out its geometrical structure in particular to study M2-branes in a generic 11d supergravity background. As an example, the geometrical formulation of superstrings and supermembranes using κ-symmetry like in ref. [1] permits useful expressions for any worldvolume and target space background.

The pure spinor formalism for the superstrings has been adapted to supermembranes in [5]. There it is shown that starting from the original action of [1], one can derive the fermionic constraints d_A(ξ) from which the BRST charge Q can be constructed. The ghost fields λ^A(ξ) carry an index in Spin(32), they are commuting scalars and they satisfy to pure spinor conditions λ̄Γ^aλ = 0 , λ̄Γ^{ab}λη_{ab}Π^b_I = 0 , λ̄∂_I λ = 0 , (1.3)

where the index I only runs over the spatial directions of the worldvolume.

In [5] the supermembrane is studied using the Hamiltonian approach [6] and therefore it is not manifestly covariant on the worldvolume. Nevertheless, it is shown that by freezing the transverse degrees of freedom of the membrane, the action reduces to a superparticle action whose spectrum is identified with 11d supergravity (and the equations of motion are given at the linearized level). Therefore, the pure spinor supermembrane action has all symmetries gauge-fixed and it provides the starting point for a complete analysis at the quantum level.

Unfortunately, even in this new framework the gauge fixed action is interacting and it cannot be further simplified. Therefore, besides the first massless level, the full spectrum of the membrane is still unknown (see [7] and [8] for a review on the spectrum of the supermembrane in the semiclassical regime and on the light-cone gauge). It is however useful to note that some computations can be indeed performed explicitly. By analyzing the low-energy spectrum, one can discover that the states are organized in such a way that some tree level and one-loop amplitudes can be constructed (almost algebraically by zero mode saturation rules [13]) and computed in the approximation of zero transverse fluctuations ([9] and [10]).

In [5] (following [11]), the pure spinor action is obtained by a BRST-like approach where the classical action is replaced by the gauge fixed action by adding a BRST-exact term S_{classical} → S_{Classical} + S ∫ d^dξ Φ_{gauge}(ξ) (1.4) where the gauge fermion Φ_{gauge}(ξ) is a local functional of the fields of the theory and we denote by S the functional differential BRST operator. In the conventional BRST approach the quantum action is invariant under the BRST symmetry since the classical action is invariant under the gauge symmetry and the BRST operator is nilpotent. In the pure spinor string/membrane theory, each single term is not invariant, but only the sum is such. This is possible because of the non-invariance of the classical action and of the non-nilpotency of the BRST charge (this point will be elucidated in the text).

The form of the BRST charge is obtained by using the Hamiltonian formalism, and therefore the action of the charge on each field is determined by the Poisson brackets of the charge with the corresponding fields.

In the present work, we rather start from a Lagrangian approach. In that case the action of the BRST charge on the conjugate momenta is not fixed a priori, but it should be determined from the consistency of the formalism. Therefore the starting point is rather different and, as we are going to emphasize leads to a full fledged geometrical interpretation of the action, of the BRST transformations and also of the pure spinor constraints.

In order to introduce the reader to our viewpoint we have to recall some fundamental developments in the general geometrical understanding of supersymmetric field theories which are by now quite old, but they are quite essential to our present arguing. The first is the geometrical decoding of local supersymmetry itself.

1.1 Geometry of Supersymmetry

In every supergravity theory for any number of permitted space–time dimensions (2 ≤ D ≤ 11) and for any number of permitted supersymmetry charges N_{SU SY} a supersymmetry transformation is nothing else but a Lie derivative L−→ϵ along a tangent vector −→ϵ of fermionic type. The crucial and fascinating point is however that the superfields describing the geometry of superspace on which such Lie derivatives act – namely the supervielbein and the super-connection appropriate to the considered case – are not free, rather they have to satisfy a unique set of constraints similar to Cauchy–Riemann conditions. These are named the rheonomic conditions [20] and encode all the symmetries together with the classical dynamics of any supergravity. In short, they are the very definition of the theory. Mathematically the rheonomic conditions (i.e. rheonomic principle) are expressed by the requirement that the components of all superspace curvature components along fermionic directions should be expressed as linear combinations of the curvature components along bosonic directions. Obviously this must be done in a way compatible with the fulfillment of Bianchi identities and it turns out that the solution to such a problem is always unique. It determines the explicit form of the supersymmetry transformations on all fields of the theory and at the same time it also determines the dynamics. Indeed, the rheonomic conditions imply some constraints on the bosonic curvature components that are interpreted as the field equations (Einstein equation, Rarita-Schwinger equations and so on). Therefore, supergravity theories are completely determined by the choice of the superalgebra plus the construction of the unique rheonomic parametrization of its curvatures. In the case of higher dimensional supergravity superalgebras are replaced by the larger category of Free Differential Algebras (See appendix A for a short review of the concept.)

The second fundamental advance relevant to our present discussion is the geometrical interpretation of κ-symmetry in p-brane theories. Indeed it was realized that this is no new exotic symmetry which has to be invented case by case rather it is nothing else, but the same supersymmetry which is already determined by the unique rheonomic parametrization of the supergravity curvatures describing the ambient superspace geometry in which the p–brane evolves. The only novelty is a restriction on the fermionic tangent vector −→ϵ along which one can calculate the Lie derivative L−→ϵ . This restriction is actually encoded in a projection operator P_q, which applied to −→ϵ enforces the operation L_{Pq} −→ϵ to be parallel to the world volume evolution. This viewpoint on κ-symmetry is very fruitful. It originated from work done in [19] and was extended and fully merged with rheonomy in [21, 27]. In this latter paper, in particular, it was observed that the explicit form of κ-symmetry, namely the projector P_q can be easily derived from a first-order action coupled to a generic supergravity background and the general rules were established how to write κ-symmetric p-brane actions in first order rheonomic formalism. The case of the M2–brane was spelled out explicitly [21] and it was shown to lead to the anti de Sitter supersingleton in case the background is chosen to be AdS_4 × S^7.

The third advance in geometrical understanding concerns the geometrical decoding of the BRST quantization of supergravity theories. The first step due to [34] consists of constructing a double elliptic complex in which the exterior derivative operator d in superspace and the BRST charge Q = S are merged into a new nilpotent operator d = d+S, while all the super p-forms are extended to super p ghost-forms, the extra components of which are the ghostfields. In order to obtain explicit BRST-transformations, however, one has to implement suitable conditions on the curvatures of the ghost-forms, similar to the rheonomic conditions imposed on classical super curvatures in order to define supergravity. In [33] it was discovered that the right answer encompassing the correct BRST algebra for any supergravity theory is provided by a very simple and general principle which states the following The rheonomic parametrization of the ghost-form supercurvatures is formally identical, mutatis mutandis, to the rheonomic parametrization of the classical supercurvatures. In other words it suffices to keep the same form for all the curvature components and simply substitute the extended ghost-form where the corresponding classical form appeared.

1.2 Outlook

In the present paper, relying on the above results as starting point we take a leap forward and we show where the pure spinor constraints come from. They emerge from a constrained BRST algebra which is obtained from the ordinary BRST algebra of D = 11 supergravity by imposing that the diffeomorphism ghosts and the gauge ghosts of the three-form A^{[3]} should be zero, namely by unfreezing the target space diffeomorphisms and the three-form gauge transformations. The logical steps are the following ones:

1. The superPoincaré algebra in D = 11, uniquely defines its own extension to a Free Differential Algebra FDA_{11} via its cohomology (see appendix A).

2. The FDA_{11} via its unique rheonomic parametrization defines classical D=11 supergravity and, in conjunction with the classical supermembrane action, defines the κsymmetry transformations of the latter.

3. The rheonomic parametrization of the FDA_{11} curvatures, uniquely extended to ghostforms define the unconstrained BRST-algebra of D = 11 supergravity. Under these BRST-transformation the κ-symmetric classical supermembrane action is not invariant.

4. The constraint that the diffeomorphisms ghosts should be zero, inserted in the ordinary BRST algebra uniquely determines, from consistency, a set of constraints on the superghosts that are identified as the primary pure spinor constraints. The supermembrane action can be made invariant against this constrained BRST algebra by adding to the classical action a new uniquely determined gauge fixing part of the form S ∫ d^dξ Φ_{gauge}(ξ) which is actually related to the very same cohomology class which originated the FDA extension and all the rest.

So, we start from the target space BRST-algebra and we set to zero both the translation and the gauge symmetry ghosts of the three-form and we require that the algebra still closes. Explicitly this implies that the supersymmetry ghost λ should satisfy the following constraints:

λ̄Γ^aλ = 0 , λ̄Γ^{ab}λη_{aa′} η_{bb′} Π^{a′}_{[i} Π^{b′}_{j]} = 0 . (1.5)

It is easy to compare these constraints with those found using the Hamiltonian formalism: these are weaker, but the first constraint is just the usual 11d pure spinor constraint for the superparticle.

¿From supersymmetry, we can easily deduce the BRST transformation rules for the fields X^a, θ^α, . . . and we can compute the BRST variation of the action. This variation turns out to be proportional to the gravitino form Ψ and as we already stated it should be cancelled by a suitable gauge fixing term. The gauge fixing term is guessed of the form S (something) and, therefore, its variation comes only from the nilpotency of the charge itself. We show that it is indeed possible to find a suitable gauge fixing and a BRST variation of the antighost field to have an invariant action.

As a second step, we have to check the nilpotency and the consistency condition for the BRST transformation rules. We found that under a stronger form of the constraints derived from the supersymmetry algebra the BRST algebra closes and we have a consistent framework. It is important to note that the constraint we found are completely covariant on the worldvolume and a complete solution is given in order to show that they are not empty (in the previous publications [5] and [12] only a partial analysis was performed). Finally, we show that, quite remarkably, as we already anticipated, this term is unique and related to the basic cohomological class of the D = 11 superPoincaré algebra. The application of geometrical techniques to the quantization of superstrings were already performed in series of works [14] culminating with a reformulation of the pure spinor formalism in terms of WZW model where the coset is gauged by means of the pure spinor BRST charge. A similar analysis was done for the D-branes in [15].

The paper is organized as follows: in section 2, we review some basic facts about the classical action, the κ-symmetry, the first-order formalism and the so named double first order formalism [27], which is obligatory in order to include world-volume gauge fields so as to obtain κ-symmetric actions of the Born-Infeld type and is based on the extension of the SO(1, d) Lorentz symmetry to a local GL(d, R) symmetry. This point will be relevant in the extension of our pure spinor geometrical quantization from the case of the M2–brane to the case of Dp-branes. In section 3, we discuss the BRST quantization of 11d supergravity, the rheonomic parametrization of its curvatures, and the ensuing BRST symmetry with the pure spinor constraints. In section 4, the gauge fixing and the complete BRST is constructed. The nilpotency is discussed and the pure spinor constraints are solved in a well-adapted basis. In section 5, the membrane action constructed on a generic background is exemplified on two instances of specific backgrounds. Section 6 is devoted to the conclusions and to new developments. In Appendix A we recall some definitions of the Free Differential Algebras.

2 The classical supermembrane

In the context of superstrings and of other p–brane classical theories the important issue is to write world–volume actions that possess both reparametrization invariance and κ–symmetry [2]. The former is needed to remove the unphysical degrees of freedom of the bosonic sector, while the latter removes the unphysical fermions. In this way we end up with an equal number of physical bosons and physical fermions as it is required by supersymmetry. As widely discussed in the literature [19, 20, 21, 22] the appropriate κ–symmetry transformation rules are nothing else but the supersymmetry transformation rules of the bulk supergravity background fields with a special supersymmetry parameter ϵ that is projected onto the brane. For those κ-supersymmetric branes where the gauge field strength F_{μν} is not required (for example the string itself or the supermembrane) such a projection is realized by imposing that the spinor ϵ satisfies the following condition:

ϵ =^1_2 ( 1 + (i)^{d 1}_{d!} Γ_{a1...ad} V^{a1}_{i1} . . . V^{ad}_{id} ϵ^{i1...id} ) ϵ (2.1)

where Γ_a are the gamma matrices in D–dimensions and V^a_m are the component of the bulk vielbein V^a onto a basis of world-volume vielbein e^m. Explicitly we write

V^b_m e^m = φ^∗ [ V^b ] (2.2)

where φ^∗ [ V^b ] denotes the pull–back of the bulk vielbein on the worldvolume,

φ : W_d → M_D (2.3)

being the injection map of the worldvolume W_d into the target space M_D.

It was shown in [20] and explicitly applied to the case of the supermembrane in [21] that by using a first order formalism on the worldvolume the implementation of κ–symmetry is reduced to an almost trivial matter once the rheonomic parametrizations, consistent with superspace Bianchi identities, are given for all the the curvatures of the bulk background fields.

2.1 The first order form of the kinetic term for a p-brane

The first order formulation of the Nambu–Goto action[23] is the Polyakov action [24] for p–branes: L^{P olyakov} p−brane = 1 2(d − 1) ∫ d^dξ √ − det h_{μν} { h^{ρσ} ∂_ρX^μ ∂_σX^ν g_{μν} + (d − 2) } (2.4)

where the auxiliary field h_{ρσ} denotes the world–volume metric. Varying the action (2.4) with respect to δh_{ρσ} we obtain the equation:

h_{ρσ} = G_{ρσ} ≡ ∂_ρX^μ ∂_σ X^ν g_{μν} (2.5) and substituting (2.5) back into (2.4) we retrieve the second order Nambu Goto action.

The Polyakov action (2.4) is not yet in a suitable form for a simple geometric implementation of κ–symmetry, but can be easily converted to such a form. The required steps are:

1. replacing the world–volume metric h_{μν} (ξ) with a world–volume vielbein e^i = e^i_ρ dξ^ρ ,

2. using a first order formalism also for the derivatives of target space coordinates X^μ with respect to the worldvolume coordinates ξ^ρ,

3. writing everything only in terms of flat components both on the worldvolume and in the target space.

This program is achieved by introducing an auxiliary 0–form field Π^a_i (ξ) with an index a running in the vector representation of SO(1, D − 1) and a second index i running in the vector representation of SO(1, d − 1) and writing the action: A^{kin}[d] = ∫ w_d [ Π^a_j V^b η_{ab} ∧ η^{ji1} e^{i2} ∧ . . . ∧ e^{id} ϵ_{i1...id} − 1 2d ( Π^a_i Π^b_j η^{ij} η_{ab} + d − 2 ) e^{i1} ∧ . . . ∧ e^{id} ϵ_{i1...id} ] (2.6)

The variation of (2.6) with respect to δΠ^a_j yields an equation that admits the unique algebraic solution:

V^a|_{wd} = Π^a_i e^i (2.7)

Hence the 0-form Π^a_i is identified with the intrinsic components along the world–volume vielbein e^i of the the bulk vielbein V^a pulled-back onto the world volume. In other words the field Π^a_i is identified by its own field equation with the field V^a_i defined in eq. (2.2). On the other hand with the chosen numerical coefficients the variation of (2.6) with respect to the world–volume vielbein δe^i yields another equation with the unique algebraic solution:

Π^a_i Π^b_j η_{ab} = η_{ij} (2.8)

which is the flat index transcription of eq.(2.5) identifying the world–volume metric with the pull-back of the bulk metric. Hence eliminating all the auxiliary fields via their own equation of motion the first order action (2.6) becomes proportional to the second order Nambu–Goto action. The first order form (2.6) of the kinetic action is the best suited one to discuss κ–symmetry. We consider the case of the supermembrane

2.2 κ–symmetry

In the case of the supermembrane in eleven dimensions the world–volume is three dimensional and the complete action is simply given by the kinetic action (2.6) with d = 3 plus the Wess- Zumino term, namely the integral of the 3–form gauge field A^{[3]}. Explicitly we have:

A_{M 2} = A^{kin}[d = 3] − q ∫ w_3

A^{[3]} (2.9) where q = ±1 is the charge of the supermembrane. As explained in [21], the background fields, namely the bulk elfbein V^a an the bulk three–form A^{[3]} are superspace differential forms which are assumed to satisfy the Bianchi consistent rheonomic parametrizations of D = 11 supergravity as originally given in [25, 26]. Hence, although implicitly, the action functional (2.9) depends both on 11 bosonic fields, namely the X^μ(ξ) coordinates of bulk space–time, and on 32 fermionic fields θ^α(ξ), forming an 11–dimensional Majorana spinor. A supersymmetry variation of the background fields is determined by the rheonomic parametrization of the curvatures and has the following explicit form:

δ V^a = iϵ̄ Γ^a Ψ, δ Ψ = Dϵ − i 3 ( Γ^{b1b2 b3} F_{ab1b2 b3} − 1 8 Γ_{ab1...b4} F^{b1 ...b4} ) ϵ V^a, (2.10)

δ A^{[3]} = −ϵ̄ Γ^{ab}Ψ ∧ V_a ∧ V_b (2.11)

where Ψ is the gravitino 1–form, F_{a1,...,a4} are the intrinsic components of the A^{[3]} curvature and ϵ is a 32–component spinor parameter. Essentially a supersymmetry transformation is a translation of the fermionic coordinates θ → θ+ϵ. With such an information the κ–symmetry invariance of the action (2.9) can be established through a two–line computation, using the so called 1.5–order formalism. Technically this consists of the following: in the action (2.9) we vary only the background fields V^a and A^{[3]} with respect to the supersymmetry transformations (2.11) and, after variation, we use the first order field equations (2.7) and (2.8). The action is supersymmetric if all terms that are proportional to the gravitino 1–form Ψ cancel against each other. This does not happen for a generic 32–component spinor ϵ, but it does if the latter is of the form: ϵ = 1 2 ( 1 + iq^Γ ) κ, ^Γ ≡ ϵ^{ijk} 3! Γ_{ijk} = ϵ^{ijk} 3! Π_i^aΠ_j^bΠ_k^cΓ_{abc}, (2.12)

for a generic spinor κ. Eq.(2.12) corresponds to projection (2.1) which halves the spinor components. It follows that of the 32 fermionic degrees of freedom 16 can be gauged away by κ–symmetry. The remaining 16 are further reduced to 8 by their field equations. As one sees, once the supermembrane action is cast into the first order form (2.9), κ–symmetry invariance can be implemented in an extremely simple and elegant way that requires only a couple of algebraic manipulations with gamma matrices.

2.3 Extension to GL(3, R) invariance

The classical action (2.9) possesses the following invariances:

1. 3d - diffeomorphism invariance since it is written in terms of differential forms and exterior products.

2. Local SO(1, 2) Lorentz invariance.

3. κ–symmetry invariance as described above.

It was noted in paper [27] that the SO(1, d − 1) invariance of the classical p-brane actions can be promoted to a larger GL(d, R) invariance by introducing an additional auxiliary symmetric field h_{ij} In this way one retrieves a supermembrane lagrangian in a set-up where the κ–symmetry is easily derived in an arbitrary supergravity background, avoiding all of its complicacies inherent to the second order formalism.

The GL(3, R)-covariant classical action which replaces eq.(2.9) can be written as follows: A_{class} = A_{kin} + A_{W Z} A_{kin} = ∫ { Π^a_i V^b h^{ij} η_{ab} ∧ e^j ∧ e^k ϵ_{ijk} −^1_6 [ Π^ℓ_a Π^m_b η^{ab} h_{ℓm} + (det h ) ] e^i ∧ e^j ∧ e^k ϵ_{ijk} } A_{W Z} = −q ∫ A^{[3]} ; q = ±1

(2.13)

where the choice of the charge sign q = ±1 corresponds to the brane/antibrane respectively.

In equation (2.13) the world-volume flat indices i, j, k are raised and lowered with the flat metric η_{ij} = diag(+, −, −) while the Lorentz target space indices, spanning the vector representation of SO(1, 10) are raised and lowered with η_{ab} = diag (+, −, . . . , −).

The GL(3, R) symmetry is realized as follows. ∀ K ∈ GL(3, R), namely for all nondegenerate 3 × 3 matrix K^i_j , the following transformations: e^i → K^i_j e^j Π^a_i → Π^a_ℓ (K^{−1})^ℓ_i h^{ij} → K^i_ℓ K^j_m h^{ℓm} (detK)^{−1}

(2.14)

leave the action (2.13) invariant. The transition to the second order formalism is achieved through the implementation of the field equations for the first order fields, namely Π^a_j , h_{ij} and the dreibein e^i. Let us discuss these equations one by one.

δ Π^a_ℓ – eq.) Setting to zero this variation of the action (2.13) we obtain: h^{ℓi} ( V^a ∧ e^j ∧ e^k ϵ_{ijk} −^1_3 Π^a_i Vol(3) ) = 0 (2.15)

where, by definition, Vol(3) = ϵ_{ℓ1ℓ2 ℓ3} e^{ℓ1} ∧ e^{ℓ2} ∧ e^{ℓ3} . Eq. (2.15) immediately implies:

V^a = Π^a_i e^i (2.16)

so that the auxiliary fields Π^a_i are interpreted, once on shell, as the components of the pull-back of the bulk supergravity vielbein V^a onto the worldvolume of the M2-brane.

δh^{ij} – eq.) Let us define the following 3 × 3 matrix:

γ_{ij} ≡ ( ^γ )_{ij} ≡ Π^a_i Π^b_j η_{ab} (2.17)

In terms of this matrix the considered variation yields the following matrix equation: ^γ = ^h^{−1} ( det ^h ) (2.18) where we have used the standard convention: h_{ij} ≡ ( ^h^{−1} ) ij ; h^{ij} ≡ ( ^h )_{ij} ⇒ h_{iℓ} h^{ℓj} = δ^j_i (2.19)

Eq.(2.18) admits the unique solution:

^h = ^γ^{−1} (det ^γ)^{1/2} (2.20)

The interpretation of these equations is quite obvious. On shell the matrix ^γ is the pull-back of the bulk metric onto the M2 worldvolume, written in flat components with respect to a fiducial dreibein e^i. The auxiliary field h^{ij} is just the inverse of this metric, rescaled by the square root of its determinant.

δe^k – eq.) The variation of the classical action (2.13) with respect to the dreibein δe^k yields the following 2-form equation:

2 h^{iℓ} Π^a_ℓ V^a ∧ e^j ϵ_{ijk} −^1_2 [ Tr ( ^γ ^h ) + ( det ^h )] e^i ∧ e^j ϵ_{ijk} = 0 (2.21)

which is immediately translated into the following matrix equation: − 2 ^γ ^h + 1 [ Tr(^h ^γ) − ( det ^h )] = 0 (2.22)

If we insert the solution (2.20) for ^h in terms of ^γ into eq.(2.22) we find that it is identically satisfied. This means that in this formulation the dreibein equation imposes no new constraints once those for Π and h have been implemented. Such a feature was already stressed in the original paper [27].

The GL(3, R) invariance of the classical action can now be used to impose suitable gauges. For instance we always have enough GL(3, R) parameters to impose:

^h = η ⇔ ^γ = η (2.23)

In the gauge (2.23) eq.(2.16) reduces to eq.(2.7) and we retrieve the first order formulation of the classical action without GL(3, R) invariance. The second order action is in any case the same, irrespectively whether we start from the old or from the new first order formalism.

It is now our program to perform a BRST quantization of the above classical supermembrane action in presence of constrained ghost fields (pure spinors). This involves three steps. First we ought to discuss the relevant BRST algebra, secondly we have to introduce a suitable gauge fixing term, thirdly we have to verify the BRST invariance of the complete quantum action and to check the nilpotency of the BRST operator. In the next section we turn to consideration of the first of these three steps.

3 BRST Quantization of D = 11 supergravity

The starting point for the covariant quantization of the supermembrane with pure spinors is the BRST-quantization of supergravity itself. Indeed the general strategy of the Berkovits approach consists of constraining some of the ghost fields in order to relax some of the gauge degrees of freedom. Hence as a preliminary step we have to write the complete BRST algebra of supergravity theory which includes the ghosts for all the relevant symmetries, namely:

1. D = 11 diffeomorphisms

2. SO(1, 10) Lorentz rotations

3. 32–component local supersymmetries

4. gauge transformations of the A^{[3]} form.

Successively we look for a consistent set of constraints on the ghost fields which includes the complete relaxation of diffeomorphisms. This set of constraints leads to pure spinor constraints on the local supersymmetry parameters.

So let us start with the first step by deriving the BRST algebra of D = 11 supergravity. We follow a general procedure which was developed in [33] by extending ideas originally introduced in [34].

3.1 Rheonomy, ghost-forms and 11d supergravity

The main idea of [33] was the extension of super differential forms to generalized ghost-form (these are the generalized forms obtained from a n-form by adding a set of ghost-forms with ghost number p and form degree n − p where p = 1, . . . , n:

Ω^{[n]} → n∑ p=0 Ω^{[n−p,p]} , Ω^{[n]} ≡ Ω^{[n,0]}, (3.1)

the original n-form has ghost number zero) starting from the unique rheonomic parametrization of superspace curvatures which defines classical supergravity theory as reviewed in the introduction. We can condensate the approach of [33] into the principle:

Principle 3.1 The correct BRST algebra is provided by replacing, in the rheonomic parametrization, of the classical supergravity curvatures each differential form with its extended ghost-form counterpart while keeping the curvature components untouched. Thus one obtains the rheonomic parametrization of the ghost–extended curvatures, whose formal definition is identical with that of the classical curvatures upon the replacements: d → d + S Ω^{[n]} → ∑_n p=0 Ω^{[n−p,p]} (3.2)

In 11d supergravity, the supersymmetry transformations (2.10) which we used to define the κ–symmetry of the action (2.9) are just the consequence of the rheonomic parametrizations of the curvatures for the underlying algebraic structure of D = 11 supergravity. This latter is not an ordinary Lie superalgebra rather it is a Free Differential Algebra (see Appendix A for further informations). This means that the list of generators of the algebra includes, besides a set of 1–forms, spanning the dual of an ordinary Lie superalgebra G , also some higher degree forms. In the specific case of D = 11 supergravity G is just the D = 11 Poincaré superalgebra spanned by the following 1–forms:

1. the vielbein V^a 2. the spin connection ω^{ab} 3. the gravitino Ψ In its minimal formulation suitable to describe the M2 brane, the relevant FDA includes just one higher degree generator namely:

• the bosonic 3–form A^{[3]} The complete set of curvatures describing the FDA structure is given below ([25, 26]): T^a = DV^a − i^1_2 Ψ ∧ Γ^a Ψ R^{ab} = dω^{ab} − ω^{ac} ∧ ω^{cb} ρ = DΨ ≡ dΨ −^1_4 ω^{ab} ∧ Γ_{ab} Ψ F^{[4]} = dA^{[3]} −^1_2 Ψ ∧ Γ_{ab} Ψ ∧ V^a ∧ V^b (3.3) ¿From their very definition, by taking a further exterior derivative one obtains the Bianchi identities, which for brevity we do not explicitly write (see [26]). The dynamical theory is defined, according to a general constructive scheme of supersymmetric theories, by the principle of rheonomy (see [20] ) implemented into Bianchi identities. Indeed there is a unique rheonomic parametrization of the curvatures (3.3) which solves the Bianchi identities and it is the following one:

T^a = 0 F^{[4]} = F_{a1...a4} V^{a1} ∧ . . . ∧ V^{a4} ρ = ρ_{a1a2} V^{a1} ∧ V^{a2} − i^1_2 ( Γ^{a1 a2a3} Ψ ∧ V^{a4} +^1_8 Γ^{a1...a4m} Ψ ∧ V^m ) F^{a1...a4} R^{ab} = R^{ab}_{cd} V^c ∧ V^d + i ρ_{mn}

(_1 2 Γ^{abmn} −^2_9 Γ^{mn[a} δ^{b]c} + 2 Γ^{ab[m} δ^{n]c} ) Ψ ∧ V^c +Ψ ∧ Γ^{mn} Ψ F^{mnab} +^1_{24} Ψ ∧ Γ^{abc1 ...c4} Ψ F^{c1 ...c4} (3.4) The expressions (3.4) satisfy the Bianchi identities provided the space–time components of the curvatures satisfy the following constraints 0 = D_mF^{mc1c2 c3} +^1_{96} ϵ^{c1 c2c3 a1a8} F_{a1...a4} F_{a5...a8} 0 = Γ^{abc} ρ_{bc} R^{am}_{cm} = 6 F^{ac1c2 c3} F^{bc1c2 c3} −^1_2 δ^a_b F^{c1...c4} F^{c1...c4} (3.5) which are the space–time field equations.

At this stage the extension to ghost-forms becomes very easy. To the (0, 1)–component of each element of the cotangent basis we give a specific name which will be useful for its later interpretation in the covariant quantization of the supermembrane. Explicitly we set V^a ⇒ V^a + ξ^a Ψ ⇒ Ψ + λ ω^{ab} ⇒ ω^{ab} + ϵ^{ab} A^{[3]} ⇒ A^{[3]} +

∑_3 i=1 c^{[3−i,i]} (3.6) where c^{[3−i,i]} are 3 − i–forms of ghost number i.

By implementing principle 3.1 and using both the definition (3.3) and the classical rheonomic parametrization of the FDA curvatures (3.4) we obtain the BRST algebra, namely the BRST transformations of all the ghost and physical fields. Explicitly, in the highest ghost number sector we find:

s ξ^a − ϵ^{ab} ξ_b =^i_2 λ Γ^a λ

s ϵ^{ab} − ϵ^{ac} ϵ^{cb} = R^{ab}_{mn} ξ^m ξ^n + i ρ̄_{mn} (_1 2 Γ^{abmn} −^2_9 Γ^{mn[a} δ^{b]c} + 2 Γ^{ab[m} δ^{n]c} ) λ ξ^c + λ Γ^{mn} λ F^{mnab} +^1_{24} λ Γ^{abc1 ...c4} λ F^{c1...c4} s λ −^1_4 ϵ^{ab} Γ_{ab} λ = ρ_{a1a2} ξ^{a1} ξ^{a2} −i^1_2 ( Γ^{a1 a2a3} λ ξ^{a4} +^1_8 Γ^{a1 ...a4m} λ ξ^m ) F^{a1...a4} sc^{[0,3]} =^1_2 λ Γ_{ab} λ ξ^a ξ^b + F_{a1...a4} ξ^{a1} . . . ξ^{a4}

sc^{[1,2]} + dc^{[0,3]} = λ Γ_{ab} Ψ ξ^a ξ^b + λ Γ_{ab} λ ξ^a V^b 4 F_{a1...a4} ξ^{a1} . . . V^{a4}

sc^{[2,1]} + dc^{[1,2]} = λ Γ_{ab} λ V^a ∧ V^b + Ψ ∧ Γ_{ab} Ψ ξ^a ξ^b + 2 Ψ ∧ Γ_{ab} λ ξ^a V^b + 6 F_{a1 ...a4} ξ^{a1} . . . V^{a3} ∧ V^{a4}

(3.7)

The next bit of information to be extracted from the quantum rheonomic parametrizations are the the BRST transformations of the physical fields, yet prior to that it is convenient to introduce a Lorentz covariant formalism by splitting the ghost extended Lorentz covariant derivative in the following way: ^D = ^d + ^ω^{ab} J_{ab} = d + s + ω^{ab} J_{ab} + ϵ^{ab} J_{ab} = D + S where D = d + ω^{ab} J_{ab} Lorentz covariant external derivative S = s + ϵ^{ab} J_{ab} Lorentz covariant BRST variation (3.8)

where J_{ab} denotes the standard generators of the SO(1, 10) Lie algebra.

The quantum rheonomic parametrization of the curvatures implies that the above operators satisfy the following algebra:

S^2 = [R^{ab}_{mn} ξ^m ξ^n + i ρ̄_{mn} (_1 2 Γ^{abmn} −^2_9 Γ^{mn[a} δ^{b]c} + 2 Γ^{ab[m} δ^{n]c} ) λ ξ^c + λ Γ^{mn} λ F^{mnab} +^1_{24} λ Γ^{abc1 ...c4} λ F^{c1...c4} ] J_{ab}

D^2 = [R^{ab}_{mn} V^m ∧ V^n + i ρ̄_{mn} (_1 2 Γ^{abmn} −^2_9 Γ^{mn[a} δ^{b]c} + 2 Γ^{ab[m} δ^{n]c} ) Ψ ∧ V^c + Ψ ∧ Γ^{mn} Ψ F^{mnab} +^1_{24} Ψ ∧ Γ^{abc1 ...c4} Ψ F^{c1 ...c4} ] J_{ab}

S D + D S = [2 R^{ab}_{mn} V^m ξ^n + i ρ̄_{mn} (_1 2 Γ^{abmn} −^2_9 Γ^{mn[a} δ^{b]c} + 2 Γ^{ab[m} δ^{n]c} ) λ ∧ V^c + i ρ̄_{mn} (_1 2 Γ^{abmn} −^2_9 Γ^{mn[a} δ^{b]c} + 2 Γ^{ab[m} δ^{n]c} ) Ψ ∧ ξ^c + 2 λ Γ^{mn} Ψ F^{mnab} +^1_{12} λ Γ^{abc1 ...c4} Ψ F^{c1...c4} ] J_{ab}

(3.9)

Utilizing these Lorentz covariant operators we can now write the BRST transformation of the physical supergravity fields as they follow from the quantum rheonomic parametrizations of the ghost-extended curvatures. We find:

S V^a = − D ξ^a + i Ψ Γ^a λ S Ψ = − D λ + 2 ρ_{a1 a2} V^{a1} ∧ ξ^{a2} −i^1_2 ( Γ^{a1a2a3} λ V^{a4} +^1_8 Γ^{a1 ...a4m} λ V^m ) F^{a1...a4} −i^1_2 ( Γ^{a1a2a3} Ψ ξ^{a4} +^1_8 Γ^{a1 ...a4m} Ψ ξ^m ) F^{a1...a4} Sω^{ab} = − Dϵ^{ab} + 2 R^{ab}_{mn} V^m ξ^n + i ρ̄_{mn} (_1 2 Γ^{abmn} −^2_9 Γ^{mn[a} δ^{b]c} + 2 Γ^{ab[m} δ^{n]c} ) λ V^c + i ρ̄_{mn} (_1 2 Γ^{abmn} −^2_9 Γ^{mn[a} δ^{b]c} + 2 Γ^{ab[m} δ^{n]c} ) Ψ ξ^c + 2 λ Γ^{mn} Ψ F^{mnab} +^1_{12} λ Γ^{abc1 ...c4} Ψ F^{c1...c4} SA^{[3]} = − dc^{[2,1]} + Ψ ∧ Γ_{ab} λ ∧ V^a ∧ V^b + Ψ ∧ Γ_{ab} Ψ ∧ V^a ∧ ξ^b + 4 F_{a1...a4} V^{a1} . . . ξ^{a4}

(3.10)

This concludes our presentation of the unconstrained BRST algebra of D = 11 supergravity. In the next section we discuss its constrained version.

3.2 Constrained BRST algebra

In agreement with the general philosophy of the pure spinor approach we reconsider the BRST algebra presented in the previous section setting to zero the parameters of diffeomorphisms, namely:

ξ^a ≃ 0 (3.11) If we set such a constraint, the BRST transformation algebra on the ghosts is easily read off from eq.s (3.7) that become:

0 = λ Γ^a λ Sϵ^{ab} = λ Γ^{mn} λ F^{mnab} +^1_{24} λ Γ^{abc1 ...c4} λ F^{c1...c4} Sλ = 0 Sc^{[2,1]} = λ Γ^{mn} λ V_m ∧ V_n (3.12)

At the same time when ξ^a ≃ 0 the BRST transformations of the physical fields (3.10) become:

SV^a = i Ψ Γ^a λ Sω^{ab} = − Dϵ^{ab} + i ρ̄_{mn} (_1 2 Γ^{abmn} −^2_9 Γ^{mn[a} δ^{b]c} + 2 Γ^{ab[m} δ^{n]c} ) λ V^c + 2 λ Γ^{mn} Ψ F^{mnab} +^1_{12} λ Γ^{abc1 ...c4} Ψ F^{c1...c4} S Ψ = − D λ − i^1_2 ( Γ^{a1 a2a3} λ V^{a4} +^1_8 Γ^{a1...a4m} λ V^m ) F^{a1...a4} ≡ −∇ λ S A^{[3]} = − dc^{[2,1]} + Ψ ∧ Γ_{ab} λ ∧ V^a ∧ V^b (3.13)

a) The first equation in (3.12) is the pure spinor constraint of the 11-dimensional superparticle.

b) From the second of eq.s (3.12) we deduce that for flat space there are no further constraints by removing also the Lorentz ghosts

c) The last equation in (3.12) shows that if one removes also the c^{[2,1]} ghost, namely that associated with the three form gauge transformation, one more constraint on the spinor lambda pops up. Such a constraint was already seen in the literature [5]. Indeed if we want to reinstall the gauge invariance of the three form we have to set c^{[2,1]} ≈ 0 and closure of the BRST operator implies:

λ Γ_{ab} λ V^a ∧ V^b = 0 (3.14)

Let us now consider the pull-back of the constraint (3.14) on the worldvolume of the M2- brane. Using the gauge (2.23) we immediately see that eq.(3.14) is just equivalent to writing:

λ Γ_{ab} λ Π^a_{[i} Π^b_{j]} = 0 (3.15)

where we have reinstalled the underlined notation a, b, c, . . . for the SO(1, 10) vector indices, which, in the discussion of bulk supergravity, we had suppressed since no other type of indices was needed. Here, coming back to the brane we have to distinguish target space from worldvolume indices.

It is obvious that the constraint (3.15) is certainly satisfied if we enforce the stronger one:

λ Γ_{ab} λ Π^b_j = 0 (3.16) found by Berkovits [5] in his hamiltonian formulation of the quantum M2 brane á la pure spinors in a flat superspace background.

In the next section we show that the first of eq.s (3.12) and (3.16) are sufficient to write a Lagrangian for the supermembrane which is BRST invariant on an arbitrary D = 11 supergravity background.

4 The gauge fixing and its cohomological meaning

4.1 Gauge fixing and Dirac equation

Our next task is constructing an appropriate gauge fixing term to be added in the usual way to the classical action, namely by writing: A_{class} → A_{quantum} ≡ A_{class} + A_{GF} A_{GF} = S ∫ Φ_{gauge} (4.1)

where S denotes the BRST operator discussed in section 3.2 and the gauge fermion has the standard structure:

Φ_{gauge} = antighost × gauge fixing

Assuming, as it usual, that:

S (antighost) = Lagrange multiplier

the variation in the Lagrange multiplier will implement the gauge fixing condition as a field equation of the BRST invariant quantum action. What is the the local symmetry to be gauge fixed? At first sight it might seem that this is κ–symmetry, under which the classical action is invariant. Unfortunately, despite several attempts no clear and definitive answers came from [16, 17, 18].

In the present case, the classical action A_{class} is not invariant under BRST symmetry (indeed the κ–symmetry parameter is replaced by a pure spinor λ), but the action A_{quantum} is invariant since the variation of the the first term is compensated by the variation of the second term S ∫ Φ_{gauge}. This is possible only if the BRST operator is not nilpotent. This seems strange since it is exactly the requirement of the nilpotency of the BRST operator that has led to pure spinor constraints. Nevertheless, we have to recall that the pure spinor constraints are first class constraints and they generate a gauge symmetry on the conjugated fields, namely the antighosts. Therefore, the BRST operator is nilpotent modulo the gauge symmetries on the antighosts. Those symmetries are crucial for the construction of the action.

Hence we look for a gauge fixing term with the following properties:

1. It should be GL(3, R) invariant.

2. It should not depend neither on the dreibein e^k nor on the auxiliary fields Π^a_i , and h_{ij} , so that it will not perturb the field equations of those fields and their elimination leading to the second order action.

3. It should yield a propagation equation for the fermionic coordinates θ of target superspace which we can recognize as a standard Dirac equation for spinors on the worldvolume. Notice that the equations obtained from the A_{class} are the equations of motion only for half of the θ’s.

4. Imposing BRST invariance of the action with such a gauge fermion should be consistent with the nilpotency of the BRST operator up to gauge transformations, namely:

S^2 field = gauge transformation of that field (4.2)

5. The available gauge transformations, apart from Lorentz symmetry, must be those generated by the two constraints:

0 ≈ λ Γ^a λ (4.3) 0 ≈ λ Γ_{ab} λ Π^b_j (4.4)

It is quite remarkable and suggestive that the answer to the above list of requirements is provided by an essentially unique gauge-fixing endowed with a profound cohomological meaning. Before entering its description and for the reader convenience we have listed in table 1 all the fields which enter our construction, specifying also their grading and representation assignments under the two local groups SO(1, 2) and SO(1, 10).

Let us then state that the appropriate gauge fixing is given by the following 3–form equation:

Γ_{ab} Ψ ∧ V^a ∧ V^b = 0 (4.5) which should hold true upon pull-back on the worldvolume.

As we anticipated the choice (4.5) has a deep cohomological meaning, since the corresponding gauge fixing term added to the Lagrangian is related to the basic cohomology 4-cycle of the super-Poincaré algebra responsible for the extension of the latter to the FDA of M-theory (see eq.(3.3)) and, ultimately, to the very existence of supermembranes.

According to table 1 and eq.(2.7)^1 equation (4.5) becomes:

Γ_{ij} ψ_k ϵ^{ijk} = 0 (4.6)

where we have introduced the following convenient notation:

Γ_{i1...in} = Γ_{a1...an} Π^{a1}_{i1} . . . Π^{an}_{in} ; n ≤ 3 (4.7)

If we recall that the gravitino 1–form Ψ always begins with the differential of the fermionic superspace coordinate:

Ψ = dθ + more (4.8) it is evident that the constraint (4.6) is a sort of Dirac equation for worldvolume spinors.

1Implementing the GL(3, R) gauge (2.23), or the equation of motion of the dreibein, if we prefer the formulation without h^{ij} and without GL(3, R) invariance.

Field Form ghost SO(1, 2) SO(1, 10) Phys. name degree number repr. repr. Role V^a 1 0 1 11 Target space Vielbein Ψ 1 0 1 32 Target space gravitino e^i 1 0 3 1 worldvolume dreibein Π^a_i 0 0 3 11 Auxiliary field h_{ij} 0 0 3 ⊗ 3 symm 1 Auxiliary field λ 0 1 1 32 susy ghost: pure spinor w 0 -1 1 32 antighost Δ 0 0 1 32 Lagrange multiplier ψ_i 0 0 3 32 name of the gravitino components along the dreibein

Table 1: List of all the fields, of their gradings and of their representation assignments. All the fields

listed above the last line of the table are true fields appearing in the lagrangian and respect to which we are supposed to vary the action. Below the line we have listed an object ψ_i which is not a true field, rather it is the name given to the components of the pull back of the gravitino Ψ when it is expanded along the dreibein. In some sense ψ_i is the fermionic counterpart of the auxiliary field Π^a_i but differently from this latter it does not appear in the action since the fermionic action is anyhow already of the first order and geometrical.

4.2 Gauge fixing and FDA

The relation with cohomology and with the structure of the Free Differential Algebra is provided by the following considerations.

Let us recall the basic Fierz identity responsible for the existence of the 4-cycle which extends the D = 11 super-Poincaré Lie algebra to the FDA (3.3). It is: Ψ ∧ Γ_{ab} Ψ ∧ Ψ ∧ Γ^a Ψ ∧ V^b = 0 (4.9) As it is extensively discussed in the literature [25, 26], eq.(4.9) implies that the 4–form: Ω^{[4]} ≡ Ψ ∧ Γ_{ab} Ψ ∧ V^a ∧ V^b (4.10) is closed modulo superPoincaré curvatures:

dΩ^{[4]} = 0 at T^a = R^{ab} = ρ = 0 (4.11) and this gives origin to the 3–form A^{[3]} which extends the super-Poincaré algebra to an FDA and provides the missing degrees of freedom of the D = 11 supergravity multiplet.

Furthermore, since it naturally couples to the worldvolume of a two-dimensional object, A^{[3]} allows for the existence of the M2 brane.

One can immediately note that the proposed gauge fixing (4.5) is simply the variation in δΨ of the 4–cycle Ω^{[4]}.

Extending the differential form algebra to the algebra of differential ghost–forms:

Ψ → Ψ ≡ Ψ + λ V^a → V^a = V^a at ξ^a ≈ 0

d → d ≡ d + S (4.12)

the 4–cycle (4.10) of d-cohomology is immediately promoted to a 4–cycle of the d-operator by writing:

^Ω^{[4]} = Ψ ∧ Γ_{ab} Ψ ∧ V^a ∧ V^b ; d ^Ω^{[4]} = 0 modulo curvatures (4.13)

Expanding in ghost-number, from eq.(4.13) we obtain: ^Ω^{[4]} = Ω^{[4,0]} + Ω^{[3,1]} + Ω^{[2,2]} Ω^{[4,0]} ≡ Ψ ∧ Γ_{ab} Ψ ∧ V^a ∧ V^b Ω^{[3,1]} ≡ 2 λ Γ_{ab} Ψ ∧ V^a ∧ V^b Ω^{[2,2]} ≡ λ Γ_{ab} λ V^a ∧ V^b (4.14)

and the descent equations:

S Ω^{[p,q−1]} + d Ω^{[p−1,q]} = Ξ^{[p,q]} (4.15)

where ^Ξ^{[5]} is the 5–form expressing the deviation from zero of d^Ω^{[4]} in presence of curvatures. Explicitly, since the torsion T^a is always kept zero (see (3.4) ) we have: ^Ξ^{[5]} = −2 Ψ Γ_{ab} ^ρ ∧ V^a ∧ V^b (4.16)

where, in force of the rheonomic parametrizations (3.4), we have: ^ρ = ρ^{[2,0]} + ρ^{[1,1]} ρ^{[2,0]} = ρ_{ab} V^a ∧ V^b ρ^{[1,1]} = − i^1_2 ( Γ^{a1 a2a3} λ V^{a4} +^1_8 Γ^{a1...a4m} λ V^m ) F^{a1...a4} (4.17) Crucial for the gauge symmetries of the quantum action with the gauge fixing (4.5) is the case p = 3 , q = 2 of the descent equation (4.15), which explicitly reads: S ( 2 λ Γ_{ab} Ψ ∧ V^a ∧ V^b ) + d ( λ Γ_{ab} λ V^a ∧ V^b ) = −2 λ Γ_{ab} ρ^{[1,1]} ∧ V^a ∧ V^b (4.18)

Recalling the definition (3.13) of the supercovariant derivative ∇ and comparing with (4.17), eq.(4.18) can be rewritten as: S ( 2 λ Γ_{ab} Ψ ∧ V^a ∧ V^b ) = −∇ ( λ Γ_{ab} λ V^a ∧ V^b ) (4.19)

The relevance of the above equation in relation with the gauge symmetries of the quantum action that we are going to consider is easily explained. As we have already noted, the gaugefixing condition we want to implement is the variation with respect to δΨ of the 4–cycle Ω^{[4]}. Naming w the antighost which, due to its negative ghost number, can be interpreted as a contraction, a useful formal way of writing the gauge fermion (4.2) is the following: Φ_{(gauge)} =^1_2 i_w Ω^{[4]} = w Γ_{ab} Ψ ∧ V^a ∧ V^b (4.20) Then equation (4.19) guarantees that the transformation: w → w + a λ (4.21) with a an arbitrary parameter of ghost number −2 is a symmetry of the quantum action (4.1), the lagrangian varying by the total derivative of a term which is also zero on the constrained surface of pure spinors.

As we are going to see in the following, the BRST invariance of the quantum action can be achieved if the antighost field w besides (4.21), possesses a gauge symmetry which is just a slight modification of the same transformation, namely: w → w + a P_q λ (4.22) where P_{(q)} ≡ 1 2 ( 1 + iq^Γ ) (4.23) is the κ supersymmetry projector defined in eq.(2.12). This symmetry could be established via the same chain of arguments we have just pursued if the following two statements were true:

A ] The Fierz identity (4.9) can be successfully modified to the following one: Ψ P_{(q)} ∧ Γ_{ab} Ψ ∧ Ψ ∧ Γ^a Ψ ∧ V^b = 0 (4.24) B ] The κ–symmetry projector is BRST invariant: S P_{(q)} = 0 (4.25)

Indeed, since the operator ^Γ is actually proportional to the volume form of the supermembrane, it is certainly true that dP_{(q)} = 0 and condition B] suffices to state that: d P_{(q)} = 0 (4.26) then, in case condition A] is also true we obtain a new ghost-form 4 cycle:

^Ω^{[4]}_q = Ψ P_{(q)} ∧ Γ_{ab} Ψ ∧ V^a ∧ V^b ; d ^Ω^{[4]}_q = 0 modulo curvatures (4.27) and a new analogous chain of descent equations (4.15): S Ω^{[p,q−1]} q + d Ω^{[p−1,q]}_q = Ξ^{[p,q]}_q (4.28) leading in particular to the modified version of eq.(4.19): S ( 2 λ P_{(q)} Γ_{ab} Ψ ∧ V^a ∧ V^b ) = −∇ ( λ P_{(q)} Γ_{ab} λ V^a ∧ V^b ) (4.29)

which guarantees the invariance of the quantum action (4.1) under the transformation (4.22).

It turns out that on the constrained surface of pure spinors and upon pull-back onto the membrane worldvolume, conditions A] and B] are indeed true. To prove it, we rely on the use of a well-adapted basis of gamma matrices where we are able to solve the pure spinor constraints explicitly and henceforth to derive a series of identities which, at the end of the calculation, we can recast in a fully D = 11 covariant form and by this token obtain the desired verification of the statements we just made. Such a derivation is discussed in the next section.

4.3 Pure spinors in a well adapted gamma basis and proof of the relevant identities

The implications of the pure spinor constraints (4.3-4.4) are quite easily discussed and solved if we refer to a gamma matrix basis which is well adapted to the splitting of the eleven dimensions in 3⊕8, the first 3 being the dimensions occupied by the M2-brane worldvolume, the remaining 8 being those transverse to the brane. According to this we write

Γ_a = { Γ_i = γ_i ⊗ T_9 ; i = 0, 1, 2 Γ_{2+A} = 1 ⊗ T_A ; A = 1, 2, . . . , 8

(4.30)

where γ_i are 2 × 2 gamma matrices for the SO(1, 2) Clifford algebra, namely:

{γ_i , γ_j } = 2 η_{ij} = diag {+, −, −} (4.31)

while T_A are 16 × 16 gamma matrices for the SO(8) Clifford algebra with negative metric:

{T_A , T_B} = − 2 δ_{AB} (4.32)

As an explicit representation of the d = 3 gamma matrices in presence of a mostly minus metric we can take the following ones in terms of Pauli matrices:

γ_0 = σ_3 = ( 1 0 0 −1 ) ; γ_1 = i σ_1 = ( 0 i i 0 ) ; γ_2 = i σ_2 = ( 0 1 −1 0 )

(4.33) On the other hand the SO(8) Clifford algebra with negative metric admits a representation in terms of completely real and antisymmetric matrices. We adopt the following one:

T_A = { T_α = σ_1 ⊗ τ_α ; α = 1, 2, . . . , 7 T_8 = i σ_2 ⊗ 1_{8×8} ;

(4.34)

where τ_α denotes the 8×8 completely antisymmetric realization of the SO(7) Clifford algebra with negative metric:

{τ_α , τ_β } = − 2 δ_{αβ} ; τ_α = − (τ_α)^T (4.35) given by:

τ_1 =

0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 −1 0 0 0 0 0 0 0

; τ_2 =

0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 −1 0 0 0 0 0 0 0 0 −1 0 0 0 0 −1 0 0 0 0 0 0

τ_3 =

0 1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0 0 0 0 −1 0 0 0 0 0

; τ_4 =

0 0 0 0 0 0 −1 0 0 0 0 0 0 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0

τ_5 =

0 0 0 0 0 1 0 0 0 0 0 0 0 0 −1 0 0 0 0 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 −1 0 0 0

; τ_6 =

0 0 0 0 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 −1 0 0 −1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 −1 0 0

τ_7 =

0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0

(4.36)

This realization of the τ matrices admits the following interpretation:

(τ_α)_{βγ} = a_{αβγ} ; (τ_α)_{β8} = − (τ_α)_{8β} = δ_{αβ} (4.37)

where the completely antisymmetric tensor a_{αβγ} encodes the structure constants of the octionon algebra or, equivalently corresponds to the components of the unique G_2 invariant 3–form.

Finally the 16 × 16 matrix T_9 which anticommutes with all the T_A has, in this basis, the following structure:

T_9 = −σ_3 ⊗ 1_{8×8} (4.38)

The charge conjugation matrix, with respect to which we have:

C Γ_a C^{−1} = −Γ^T_a (4.39)

is given by:

C = ε ⊗ 1_{16×16} ; (ε ≡ i σ_2 ) (4.40)

Within this setup we can now address the problem of solving the pure spinor constraints (4.3-4.4). To this end we begin by parametrizing a complex 32–component spinor λ as the following tensor product:

λ = ϕ_+ ⊗ ζ_+ + ϕ_− ⊗ ζ_− (4.41) where T_9ζ_± = ±ζ_± are SO(8) spinors of opposite chiralities and ϕ^± are 2-component SO(1, 2) spinors. Calculating the one-gamma current we obtain:

λ Γ_a λ ≡ λ^T C Γ_a λ = { ( ϕ^T_+ γ_i ϕ_+ ) ζ^T_+ ζ_+ − ( ϕ^T_− γ_i ϕ_− ) ζ^T_− ζ_− ; i = 0, 1, 2 2 ( ϕ^T_+ ε ϕ_− ) ζ^T_+ T_Aζ_− ; A = 1, . . . 8

(4.42)

Hence the first of the two constraints (4.3) can be easily solved by means of the following two equations:

ϕ_+ = ϕ_− = ϕ ζ^T_+ ζ_+ = ζ^T_− ζ_− (4.43)

which lead to a pure spinor having 23 independent components. The argument to count 23 is the following one. By means of eq.(4.43) we have explicitly constructed a parametric solution of the pure spinor constraint equation in terms of an object which has 32 in general non-zero complex components. We have to see how many relations are imposed on these 32 components by the parametric solution. This is easily done. Let us enumerate, according to the adopted tensor product structure the components of the spinor (4.41) in the following way:

λ^I = ϕ^1_+ ζ^I_− ; λ^{I+8} = ϕ^1_− ζ^I_+ λ^{I+16} = ϕ^2_+ ζ^I_− ; λ^{I+24} = ϕ^2_− ζ^I_+

(4.44)

It is evident that the first of the two equations (4.43) imposes exactly 8 equations on the spinor components, namely: λ^I λ^{I+16} = λ^{I+8} λ^{I+24}

; I = 1, . . . 8 (4.45)

Hence after the first of (4.43) has been imposed, we have 24 independent components. The second of (4.43) imposes just one more condition: 16∑ I=1 [( λ^I )_2 − ( λ^{I+16}

)_2] = 0 (4.46)

which reduces the spinor to 23 independent components as it is well known in the literature [5].

Let us now consider the second constraint (4.4). In the following we will consider the second constraint as a primary constraints and therefore we solve it in the same spirit as (4.3). In the well-adapted gamma matrix basis this reduces to:

0 = ϕ^T ε γ_{ij} ϕ ( ζ^T_+ ζ_+ + ζ^T_− ζ_− ) 0 = ϕ^T ε γ_iϕ ( ζ^T_+ T_A ζ_− ) (4.47) which can be easily and uniquely solved by choosing either one of the following four positions:

ζ_− = ( 0 0 ) ; ζ_+ = ( 0 ω ) ; ω^T ω = 0 or ζ_+ = ( 0 0 ) ; ζ_− = ( ω 0 ) ; ω^T ω = 0 or ζ_+ = ( 0 ω ) ; ζ_− = ( ω 0 ) ; ω^T ω = 0 or ζ_+ = ( 0 ω ) ; ζ_− = ( −ω 0 ) ; ω^T ω = 0

(4.48)

where in all four cases ω is an 8–component complex object with vanishing norm. The manifold of pure spinors has therefore four disjoint branches given by the four options in eq.(4.48). In any case the pure spinor satisfying all the constraints has 15 independent components.

In the well adapted basis the world-volume components ψ_i of the gravitino field which appear in the gauge-fixing (4.6) can be parametrized as follows: ψ_i = μ^+_i ⊗ χ_+ + μ^−_i ⊗ χ_− (4.49) where μ^±_i are 3 × 2-component vector-spinors of SO(1, 2) and χ^± are 16-component spinors of SO(8). In this parametrization the gauge-fixing equation (4.6) reduces to: ( γ_{ij} μ^+_k ⊗ χ_+ − γ_{ij} μ^−_k ⊗ χ_− ) ϵ^{ijk} = 0 (4.50) which implies:

γ_i μ^±_j η^{ij} = 0 (4.51) Relaying on eq.(4.51) we can now prove a Fierz identity which will be crucial in demonstrating the nilpotency of the BRST operator. The identity is the following. Define the object: Υ ≡ Γ_{abc} λ λ Γ^a ψ_i Π^b_j Π^c_k ϵ^{ijk} (4.52) where λ is the pure spinor ghost field and the other items entering the definition have already been defined above. We want to show, that independently of the choice of the branch (4.48) the structure Υ vanishes modulo the fermionic field equations, namely upon enforcement of eq.s (4.51). To this effect it suffices to split the sum on the index a into the sum over the first three indices m and over the last eight indices A. So we write: Υ = Υ_{[3]} + Υ_{[8]} Υ_{[3]} = Γ_{pjk} λ λ Γ^p ψ_i ϵ^{ijk} Υ_{[8]} = Γ_{Ajk} λ λ Γ^A ψ_i ϵ^{ijk} (4.53) and in the well adapted basis we find:

Υ_{[3]} = γ_{pjk} ϕ ϕ γ^p μ^+_i ϵ^{ijk} ⊗ T_9 ζ ζ^T T_9 χ_+ + γ_{pjk} ϕ ϕ γ^p μ^−_i ϵ^{ijk} ⊗ T_9 ζ ζ^T T_9 χ_− = −2 i ( ϕ ϕ γ^i μ^+_i ⊗ T_9 ζ ζ^T T_9 χ_+ + ϕ ϕ γ^i μ^−_i ⊗ T_9 ζ ζ^T T_9 χ_− ) ≈ 0 modulo field eq.s (4.54)

which is a consequence of γ_{ijk} = − i 1_{2×2}ϵ_{ijk}.

On the other hand for the second structure we have:

Υ_{[8]} = γ_{ij} ϕ ϕ μ^+_k ϵ^{ijk} ⊗ T_A ζ ζ^T T_A χ_+ + γ_{ij} ϕ ϕ μ^−_k ϵ^{ijk} ⊗ T_A ζ ζ^T T_Aχ_− (4.55)

Starting from eq (4.55) we can show that also Υ_{[8]} vanishes using the following identity:

T_Aζ ζ^T T_A = ω^T ω^1_2 (1 − T_9) = 0 (4.56)

which is true for all four cases of spinors ζ listed in eq.(4.48). In this way, independently from the choice of the branch (4.48) in the solution of the pure spinor constraints (4.3) and (4.4) we have shown that Υ = 0 modulo field equations.

It is interesting to rewrite in a D = 11 fully covariant way the result for off-shell Υ. To this end it suffices to compare the result obtained in equation (4.54) with the structure of the κ–symmetry projector (2.12) in the well-adapted basis. Using (4.30) we obtain:

P_{(q)} ≡ 1 2 ( 1 + iq^Γ ) = 1_{2×2} ⊗^1_2 (1_{16×16} + T_9) (4.57)

On the other hand the second line in eq.(4.54) can be rewritten as:

Υ_{[3]} = −2 i 1_{2×2} ⊗ T_9 λ λ Γ^i ψ_i (4.58)

and in view of (4.57) and of the off-shell vanishing of Υ_{[8]} we can conclude that Υ as defined in eq.(4.52) is also equal to the following expression:

Υ = 2 ^Γ λ λ Γ^i ψ_i (4.59)

Our next point is to show that in off-shell second order formalism, namely upon implementation of the algebraic field equation for the auxiliary fields Π^a_i and e^i, without imposing any constraint on the physical fields, the κ supersymmetry projector operator is BRST invariant, namely that eq.(4.25) is true off-shell. Since the pure spinor ghost is anyhow BRST invariant Sλ = 0, eq.(4.25) is completely equivalent to the equation below: S [ P_{(q)} λ ] = 0 (off-shell) (4.60)

which is what we can prove by using the identity (4.59). To this effect let us anticipate a result which we derive in the next section while discussing the BRST invariance of the action. This latter requires the BRST variation of the world-volume dreibein to be of the following form:

S e^i = η^{im} N_{im} e^m (4.61) with the condition on N to be symmetric N_{ij} = N_{ji}. Using the equations of motion for the auxiliary fields Π^a_i and e^i, namely using the second-order formalism, we are able to determine N_{ij} explicitly. Combining eq.(2.16) (i.e. the field equation of Π^a_i ) with eq.(3.13) (the BRST variation of the bulk vielbein), and also eq.(4.61), we obtain:

S Π^a_ℓ = i λ Γ^a ψ_ℓ − Π^a_f η^{f m} N_{mℓ} (4.62)

Considering next eq.(2.8), which is just the field equation of the dreibein in the formulation without h^{ij 2}, we get:

0 = S η_{ij} = S Π^a_i Π^b_j η_{ab} + S Π^a_j Π^b_i η_{ab} (4.63) ¿From (4.63) and (4.62) we immediately obtain:

N_{ij} = i λΓ_{(i} ψ_{j)} (4.64)

Equipped with these intermediate results we can calculate: S [ P_{(q)} λ ] =^3_2 q Υ +^3_2 i q Γ_{abc} λ Π^a_f Π^b_f Π^c_r η^{f m} N_{mp} ϵ^{pqr} =^3_2 q Υ + 3 i q ^Γ λ (N_{pq} η^{pq} ) = − 3 i q ^Γ λ (N_{pq} η^{pq}) + 3 i q ^Γ λ (N_{pq} η^{pq}) = 0 (4.65)

which proves eq. (4.60) and hence also eq.(4.25) The first condition, namely the Fierz identity (4.24) can be proved in the same well adapted basis by explicit evaluation for instance on a computer. It is just an algebraic identity and it is indeed true.

4.4 Gauge fixing term and BRST invariance

Relying on the identities shown in the previous sections we can now prove that the quantum action defined by eq.(4.1), with the gauge fermion provided by eq.(4.20) is indeed BRST invariant.

According to table 1 we recall that the antighost w is just a target space spinor and we set the following BRST transformation rules:

S w = Δ ; S Δ = ϑ (4.66)

where ϑ is an object to be determined in such a way that the final action be BRST invariant. The gauge fermion being that in eq.(4.20) the explicit form of the gauge fixing action is easily evaluated: A_{GF} = S ∫ w Γ_{ab} ψ ∧ V^a ∧ V^b = ∫ { Δ Γ_{ab} ψ ∧ V^a ∧ V^b − w Γ_{ab} ∇λ ∧ V^a ∧ V^b

+ 2 iw Γ_{ab} Ψ ∧ λ Γ^a Ψ ∧ V^b } (4.67)

2Or can be alternatively imposed as a gauge fixing condition in the formulation with GL(3, R) symmetry

If we calculate the BRST transformation of this part of the quantum action we simply obtain: S A_{GF} = ∫ S^2w Γ_{ab} Ψ ∧ V^a ∧ V^b = ∫ Ψ Γ_{ab} ϑ ∧ V^a ∧ V^b = ∫ Ψ Γ_{ij} ϑ ∧ e^i ∧ e^j = −^1_6 ∫ ψ_k Γ_{ij} ϑ ϵ^{kij} Vol(3) (4.68)

where we have used the notation Vol(3) = ϵ_{ℓ1ℓ2 ℓ3} e^{ℓ1} ∧ e^{ℓ2} ∧ e^{ℓ3} already introduced before. The question is whether there exists a ϑ appropriate to cancel the BRST variation of the classical action. The idea behind this procedure is that the nilpotency of the BRST operator is preserved if eq.(4.2) is true on all fields. Hence, in view of our previous discussions, ϑ should be one of the gauge symmetries of the antighost w, namely, either ϑ should be proportional to λ or to P_q λ. We will explicitly demonstrate that the second is the right choice. In both cases the results obtained in the previous sections already guarantee that:

S^3w = S ϑ = 0 (4.69)

as it should be for consistency.

So let us now calculate the BRST variation of the classical action. Here we use the 1.5 order formalism, namely we vary the first order action (2.13), but we consider only the variation of the physical fields, ignoring that of the auxiliary fields. Then after variation we implement, for the auxiliary fields their value set by their own field equation. So, for the classical action we find: S A_{class} = ∫ { i Π^i_aΨ Γ^a λ ∧ e^j ∧ e^k ϵ_{ijk} − q Ψ Γ_{ab} λ ∧ V^a ∧ V^b }

= ∫ { i Ψ Γ^i λ ∧ e^j ∧ e^k ϵ_{ijk} − q Ψ Γ_{ij} λ ∧ e^i ∧ e^j }

= ∫ i^2_3 λ Γ_i P_q ψ_j η^{ij} Vol(3) (4.70)

where we have used the identity:

i^2_3 η^{ij} λΓ_i P_q ψ_j = i^1_3 λΓ_i ψ_j − q^1_6 λ Γ_{ij} ψ_m ϵ^{ijm} = −i^2_3 η^{ij} ψ_iΓ_j P_q λ (4.71)

which follows from standard gamma matrix manipulations. Similarly one can prove the other identity:_1 3 ψ_k Γ_{ij} P_q λ = iq η^{ij} ψ_iΓ_j P_q λ (4.72) Combining these results we conclude that it suffices to set:

ϑ = 4 P_q λ (4.73)

which is consistent with our previous statements. Indeed it corresponds to a shift symmetry of the antighost and satisfies the closure condition (4.69)

4.5 Primary, Secondary and Pure Spinor Constraints

Before closing this section, we have to spend some words concerning the constraint structure of the theory and for that we use the Dirac procedure.

In contrast to [5], we adopt two types of constraints from the beginning: (4.3) and (4.4) since they are implied by the supersymmetry algebra. So, we consider them as primary constraints. Those two constraints are first class constraints since they commute (using the Poisson brackets) {λ̄Γ^aλ, λ̄Γ^bλ} = 0 , {λ̄Γ^aλ, λ̄Γ^{bc}λΠ_{ci}} = 0 , {λ̄Γ^{ad}Π_{dj} λ, λ̄Γ^{bc}λΠ_{ci}} = 0 , (4.74) where we have assumed that {Π^a_i , Π^b_j} = 0 (since Π^b_i is the conjugate momentum to x^a). In addition, using the Fierz identities one can prove that they are BRST invariant. Nevertheless, the action A_{quantum} is non-linear and therefore the primary constraints yield secondary constraints by computing the commutator between the Hamiltonian and the primary constraints. However, since we want to stick to Lagrangian formalism, we can check whether the action is invariant under the gauge symmetries generated by the primary constraints. We found that there are secondary constraints which are differential constraints and automatically implemented by imposing the field equations. Furthermore, as we have already seen in previous sections, the only gauge symmetries which do not impose any further constraints are those which are needed to close the BRST algebra (4.69).

We have to enumerate some differences with the previous approach using the Hamiltonian formalism [5]. We have seen that the naive covariantization of the field equations for θ^α

∂_0θ^α + ϵ^{IJ} Γ^{aα}_β Π_{aI} ∂_J θ^β = 0 −→ γ^{ij} ∂_j θ^α + ϵ^{ijk}Γ^{aα}_β Π_{aj} ∂_kθ^β = 0 (4.75)

is not consistent. The reason is that the new equation imposes too strong constraints on the fields θ’s which has only constant solution. Therefore, we decided to use the Dirac equation for the second half of the θ’s (those which would have been projected away by the κ-symmetry) and we get a more complicate action. The way to see that the number of conjugate fields w_α is correct is to check that the wave operator is a quadratic matrix in spinor representation.

It is interesting to compare the supermembrane action with the superstring action quantized with the pure spinors [4]. In particular, we compare the “gauge fixing part” S ∫ Φ_{gauge} in Hamiltonian and Lagrangian formalism (in the Hamiltonian formalism the BRST differential operator S is replaced by the BRST charge Q). We recall that the gauge fixing term for the superstring (we consider here type IIA to compare with the supermembrane action) in the worldsheet light-cone coordinates reads as follows A_{gauge} = Q ∫ d^2z ( w_{αLz} ¯∂θ^α_L + w^α_{Rz̄}∂θ_{α,R} ) . (4.76)

This part action admits two different interpretations. On one hand, we can see (4.76) as a gauge-fixed version of the following action A_{gauge} = S ∫ dσdτ ( w^i_L(η_{ij} + ϵ_{ij} )dθ_L ∧ e^j + w^i_R(η_{ij} − ϵ_{ij} )dθ_R ∧ e^j ) . (4.77) where the second components for w_{αLz} and for w^α_{Rz̄} have been introduced. The two projectors (η_{ij} ± ϵ_{ij} ) imply that the action (4.77) is invariant under δw^i_{L/R} = (η_{ij} ∓ ϵ_{ij} )φ_j . On the other hand, we obtain the action (4.76) by dimensional reduction from the supermembrane action A_{gauge} = S ∫ d^3x ( w ϵ^{ijk}Π^b_i Π^a_j Γ_{ab}∂_kθ ) . (4.78)

First, we split the 11d indices a into 10d indices (a, 11) and then, we integrate over the third worldvolume coordinate. This eliminates the contribution coming from Γ_{ab} and we use the usual gamma matrix identifications Γ_{11} = γ_3 ⊗ T_9 and γ_i = γ_3ϵ_{ij} γ^j . Thus, we are left with the 2-forms terms A_{gauge} = S ∫ dσdτ ( w_Lγ_adθ_L − w_Rγ_adθ_R ) ∧ V^a , (4.79)

where we have redefined the antighost fields w → (w_L, w_R) in a suitable way. It is obvious to compare this action with the string action with the pure spinors. In this way, we see that the antighosts of superstrings can also be represented by a spinor rather than by a vector spinor w^i_{L/R} as it is mandatory in the supermembrane. The formulation in term of a single spinor antighost is natural from the viewpoint of FDA. Furthermore, one can also see that the pure spinor constraints (4.3)-(4.4) used in the present framework are directly related to the pure spinor constraints of superstring type IIA. We plan to discuss this point further in a future work.

5 Examples: the quantum action of the supermembrane on specific backgrounds

The construction that we have described in the previous sections provides explicit formulae for the supermembrane quantum action in terms of target space supercoordinates any time we have at our disposal an explicit parametrization of the D = 11 superspace geometry. All what we need are just three geometrical data:

1. The supervielbein one–form V^a

2. The gravitino one-form Ψ

3. The three–form A^{[3]}

As an illustration of the ultimate content of our result we consider two explicit cases, namely flat D=11 superspace and the AdS_4 × S^7 solution.

We remind the reader that the pure spinor superstring on arbitrary background has been studied in [28] where it is shown that the pure spinor conditions and the holomorphicity conditions imply the supergravity constraints for heterotic and type IIA/B superstrings. The background formulation of pure spinor supermembrane is analyzed in [5] in Hamiltonian formalism. On the other hand, the arbitrary background formulation of κ-symmetric pbranes has been initiated in [21, 30] for M2 and the superparticle and then extended to any p-brane including also worldvolume gauge fields in [27, 29].

5.1 D = 11 flat superspace

In this case the representation of the needed supergeometrical data is very simple. Naming X^a the eleven bosonic coordinates and θ the 32–component Majorana spinor, the structural equations (3.3) with zero curvatures are immediately solved by setting:

V^a = dX^a + i θ Γ^adθ Ψ = dθ A^{[3]} =^1_2 θ Γ_{ab} dθ ∧ dX^a ∧ dX^b + i^1_4 θ Γ_{ab} dθ ∧ θ Γ^adθ ∧ dX^b −^1_{12} θ Γ_{ab} dθ ∧ θ Γ^adθ ∧ θ Γ^bdθ (5.1)

In proving that the last line of eq.(5.1) does indeed satisfy the required relation:

dA^{[3]} =^1_2 Ψ ∧ Γ_{ab}Ψ ∧ V^a ∧ V^b (5.2)

one has just to rely on the following Fierz identity: θ Γ_{ab} dθ ∧ dθ ∧ Γ^adθ = −dθ ∧ Γ_{ab} dθ ∧ θ Γ^adθ (5.3) Substituting the above formulae into the supermembrane action it becomes fully explicit in terms of all the fields.

5.2 The supermembrane on AdS_4 × S^7

Another interesting case of backgrounds on which the quantum action of the supermembrane can be considered is provided by the Freund-Rubin solutions of D = 11 supergravity of type^3

M_{11} = AdS_4 × G H (5.4)

where AdS_4 denotes 4–dimensional anti de Sitter space and G/H is a 7–dimensional coset manifold equipped with an invariant Einstein metric and admitting N Killing spinors η_A. Naming y the coordinates of such a 7-manifold its vielbein and spin-connection one–forms are respectively denoted B^α(y), B^{αβ}(y) and, in order to solve the D=11 field equations, they satisfy the following structural equations:

dB^α + B^{αβ} ∧ B^γ η_{βγ} = 0 dB^{αβ} + B^{αγ} ∧ B^{δβ} η_{βγ} = R^{αβ}_{γδ} B^γ ∧ B^δ R^{αβ}_{γδ} = 12 e^2δ^α_β (5.5)

where e is named the Freund-Rubin parameter and it is the only scale parameter of the entire solution. In terms of these objects the Killing spinors are eight component spinors of the tangent group SO(7) that are required to satisfy the following equation:

dη_a +^1_4 B^{αβ} τ_{αβ} η_A = e B^α τ_α η_A ; (A = 1, . . . , N ) (5.6)

3For a review of Kaluza-Klein compactifications of M–theory we refer the reader to [20]

In eq.(5.6), by τ_α we have denoted the seven dimensional 8 × 8 gamma matrices already introduced in section 4.3 which satisfy the standard Clifford algebra with negative metric η_{αβ} = −δ_{αβ}. The complete symmetry of the solution (5.4) is given by the supergroup:

SG = Osp(N |4) × N_G (SO(N )) (5.7)

where N_G (SO(N )) denotes the normalizer of the R-symmetry group SO(N ) within the full isometry group G of the internal seven manifold. In the book [20] it was shown how to construct the full D = 11 superspace geometry corresponding to this class of solutions in terms of the geometrical data specified above and in terms of the super geometry of the super coset manifold: SM = Osp(N |4) SO(1, 3) × SO(N )

(5.8)

Consider the Maurer-Cartan equations of the supergroup Osp(N |4) which can be written as follows:

dω^{ab} + ω^{ac} ∧ ω_c^b + 16e^2E^a ∧ E^b = −i 2e Ψ_A ∧ γ^{ab}γ^5ψ_A, dE^a + ω^a_c ∧ E^c = i^1_2 ψ_A ∧ γ^aψ_A, (5.9) dψ_A − 1 4 ω^{ab} ∧ γ_{ab}ψ_A + eA_{AB} ∧ ψ_B = 2e E^a ∧ γ_aγ_5ψ_A, dA_{AB} + eA_{AC} ∧ A_{CB} = 4 iψ_A ∧ γ_5ψ_B, (5.10)

where ω^{ab}, the spin–connection, is dual to the generators J_{ab} of SO(1, 3), E^a, the vielbein is dual to the translation generators P_a of SO(2, 3), A_{AB} , the R-symmetry connection is dual to the generators T_{AB} of SO(N ) and finally ψ_A, the gravitino, is dual to the N supersymmetry charges Q_A. Suppose that you have constructed a solution of these Maurer-Cartan equations on the coset (5.8) using some parametrization of the latter in terms of four bosonic coordinates x^a and 4 × N fermionic coordinates θ_A. Then the general recipe to construct the D = 11 vielbein V^a and the D = 11 gravitino Ψ is the following [20]

V^a = { V^a = E^a V^α = B^α +^1_8 ∑ A,B η_A τ^α η_B A_{AB} Ψ = ∑ A η_A ⊗ ψ_A (5.11)

The only other item which is necessary in order to write the explicit form of the supermembrane action is an explicit parametrization of the three-form A^{[3]}. As it was noted in [20], while the curvature F^{[4]} can be written intrinsically in terms of the above geometrical data for any background of the considered type, the corresponding gauge potential A^{[3]} can be explicitly solved only within an explicit parametrization of the supercoset (5.8). In [21] the solution of this problem was explicitly found for the case of the seven sphere by using the so named supersolvable parametrization of the coset. We refer the reader to [21] for all the details and we just quote the result. The bosonic coordinates of AdS_4 are named (ρ, t, w, x) and the AdS metric is written as follows:

ds^2 = ρ^2 ( −dt^2 + dx^2 + dw^2 ) + R^2 4 1 ρ^2 dρ^2 (5.12)

The parametrizations of the vielbeins in terms of these bosonic coordinates and of the eight four–dimensional fermionic ones (θ^A_α ) is the following E^0 = −ρdt − 2eρθ^Aγ^0dθ^A, E^1 = ρdw − 2eρθ^Aγ^1dθ^A, E^2 = ρdx − 2 e ρθ^Aγ^3dθ^A, E^3 = R 2 1 ρ dρ, (5.13)

and for the gravitino we have:

ψ^A = √ 2e ρ 0 0 dθ^A_1 dθ^A_2 , (5.14)

where θ^A =

1 − γ^5γ^2 2 θ^A and θ^A = θ^Aγ^0. It can also be found that the SO(8) connection A, in this parametrization, is identically zero:

A_{AB} = 0. (5.15)

and in this parametrization the three-form can be written as follows:

A^{[3]} =^1_6 E^i ∧ E^j ∧ E^k ϵ_{kji} − 1 2e ∑ A,B B^α ∧ η_Aτ_αη_B ψ_A ∧ ψ_B. (5.16)

where the index i = 0, 1, 2.

Using these data inside the general formulae presented in this article the quantum action of the supermembrane on the background AdS_4 × S^7, becomes fully explicit.

6 Conclusions

We have shown that the pure spinor supermembrane has a nice geometrical structure and we have shown how to use it in order to consider the theory on any background. The geometrical structure uncovered by our analysis is deeply rooted in the structure of the Free Differential Algebra of M-theory and eventually in the cohomology structure of the D = 11 super Poincaré algebra from which the FDA streams.

However, this is only a starting point towards a more complete analysis. There are several problems that can be tackled using the action presented here. Just to mention some of them:

1. One loop computations of the supermembrane instanton contributions to the 11d superpotential (see [35]),

2. Compactifications on manifolds of G_2 holonomy or of weak G_2-holonomy,

3. Amplitudes and spectrum.

4. Extension of our methods to other p-branes, in particular the D3-brane and the M5- brane

We hope to report on some of them soon.

A A Note on Free Differential Algebras

The algebraic structure that goes under the name of Free Differential Algebra was independently discovered at the beginning of the eighties in Mathematics by Sullivan [31] and in Physics by one of the present authors (P.F.) in collaboration with R. D’Auria [25]. Free Differential Algebras (FDA) are a categorical extension of the notion of Lie algebra and constitute the natural mathematical environment for the description of the algebraic structure of higher dimensional supergravity theory, hence also of string theory. The reason is the ubiquitous presence in the spectrum of string/supergravity theory of antisymmetric gauge fields (p–forms) of rank greater than one. The very existence of FDA.s is a consequence of Chevalley cohomology of ordinary Lie algebras and Sullivan has provided us with a very elegant classification scheme of these algebras based on two structural theorems rooted in the set up of such an elliptic complex. As it was already noted about two decades ago in [26], FDA.s have the additional fascinating property that, differently from ordinary Lie algebras they already encompass their own gauging. Indeed the first of Sullivan’s structural theorems, which is in some sense analogous to Levi’s theorem for Lie algebras, states that the most general FDA is a semi-direct sum of a so called minimal algebra M with a contractible one C . The generators of the minimal algebra are physically interpreted as the connections or potentials, while the contractible generators are physically interpreted as the curvatures. The real hard–core of the FDA is the minimal algebra and it is obtained by setting the contractible generators (the curvatures) to zero. The structure of the minimal algebra M , on its turn, is beautifully determined by Chevalley cohomology of G . This happens to be the content of Sullivan’s second structural theorem. A recent review of FDAs also in relation with compactifications is contained in [32]. Other recent work on the topic is contained in [36] and in [37].

References

[1] E. Bergshoeff, E. Sezgin and P. K. Townsend, Supermembranes And Eleven-Dimensional Supergravity, Phys. Lett. B 189 (1987) 75; E. Bergshoeff, E. Sezgin and P. K. Townsend, Properties Of The Eleven-Dimensional Super Membrane Theory, Annals Phys. 185 (1988) 330.

[2] Green, M.B. and Schwarz, J.H. Supersymmetrical dual string theory, Nucl. Phys. Lett.

B181, (1981) 502. Green, M.B. and Schwarz, J.H. Supersymmetrical dual string theory(II) Phys. Lett. 109B, (1982) 444.

[3] M. J. Duff, Supermembranes: The First Fifteen Weeks, Class. Quant. Grav. 5 (1988) 189. P. K. Townsend, Three Lectures On Supermembranes, PRINT-88-0732 (CAM- BRIDGE); M. J. Duff and J. X. Lu, Black and super p-branes in diverse dimensions Nucl. Phys. B 416 (1994) 301 [arXiv:hep-th/9306052]; M. J. Duff, Supermembranes, arXiv:hep-th/9611203. J. Plefka, Vertex operators for the supermembrane and background field matrix theory Int. J. Mod. Phys. A 16 (2001) 660 [arXiv:hep-th/0009193].

[4] N. Berkovits, Super-Poincaré covariant quantization of the superstring JHEP 0004 (2000) 018 [arXiv:hep-th/0001035].

[5] N. Berkovits, Covariant quantization of the supermembrane, JHEP 0209 (2002) 051 [arXiv:hep-th/0201151].

[6] E. Bergshoeff, E. Sezgin and Y. Tanii, Hamiltonian Formulation Of The Supermembrane, Nucl. Phys. B 298 (1988) 187.

[7] M. J. Duff, T. Inami, C. N. Pope, E. Sezgin and K. S. Stelle, Semiclassical Quantization Of The Supermembrane, Nucl. Phys. B 297 (1988) 515.

[8] I. Bars, C. N. Pope and E. Sezgin, Massless Spectrum And Critical Dimension Of The Supermembrane, Phys. Lett. B 198 (1987) 455; I. Bars, First Massive Level And Anomalies In The Supermembrane Nucl. Phys. B 308 (1988) 462; B. de Wit, J. Hoppe and H. Nicolai, On The Quantum Mechanics Of Supermembranes Nucl. Phys. B 305 (1988) 545.

[9] L. Anguelova, P. A. Grassi and P. Vanhove, Covariant one-loop amplitudes in D = 11 Nucl. Phys. B 702 (2004) 269 [arXiv:hep-th/0408171].

[10] C. R. Mafra, Four-point one-loop amplitude computation in the pure spinor formalism, JHEP 0601, 075 (2006) [arXiv:hep-th/0512052].

[11] I. Oda and M. Tonin, On the Berkovits covariant quantization of GS superstring, Phys.

Lett. B 520 (2001) 398 [arXiv:hep-th/0109051].

[12] Y. Aisaka and Y. Kazama, Towards pure spinor type covariant description of supermembrane: An approach from the double spinor formalism, arXiv:hep-th/0603004.

[13] N. Berkovits, Multiloop amplitudes and vanishing theorems using the pure spinor formalism for the superstring, JHEP 0409, 047 (2004) [arXiv:hep-th/0406055].

[14] P. A. Grassi, G. Policastro, M. Porrati and P. van Nieuwenhuizen, Covariant quantization of superstrings without pure spinor constraints, JHEP 0210 (2002) 054 [arXiv:hep-th/0112162]; P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, The massless spectrum of covariant superstrings JHEP 0211 (2002) 001 [arXiv:hep-th/0202123]; P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, The quantum superstring as a WZNW model, Nucl. Phys. B 676 (2004) 43 [arXiv:hep-th/0307056]; P. A. Grassi and P. van Nieuwenhuizen, Gauging cosets, Nucl. Phys. B 702 (2004) 189 [arXiv:hep-th/0403209].

[15] L. Anguelova and P. A. Grassi, Super D-branes from BRST symmetry JHEP 0311 (2003) 010 [arXiv:hep-th/0307260].

[16] M. Matone, L. Mazzucato, I. Oda, D. Sorokin and M. Tonin, The superembedding origin of the Berkovits pure spinor covariant quantization of superstrings, Nucl. Phys. B 639 (2002) 182 [arXiv:hep-th/0206104].

[17] P. A. Grassi, G. Policastro and P. van Nieuwenhuizen, The covariant quantum superstring and superparticle from their classical actions, Phys. Lett. B 553, 96 (2003) [arXiv:hep-th/0209026].

[18] Y. Aisaka and Y. Kazama, Origin of pure spinor superstring, JHEP 0505, 046 (2005) [arXiv:hep-th/0502208].

[19] M. Tonin, Consistency condition for kappa anomalies and superspace constraints in quantum heterotic superstrings, Int.J.Mod.Phys. A4 (1989) 1983;

[20] L. Castellani, R. D’Auria and P. Fré, Supergravity and Superstring theory: a geometric perspective, World Scientific, Singapore (1990).

[21] G. Dall’Agata, D. Fabbri, C. Fraser, P. Fre, P. Termonia and M. Trigiante, The Osp(8|4) singleton action from the supermembrane Nucl. Phys. B 542 (1999) 157.

[22] L. Castellani and I. Pesando, The complete superspace action of chiral N=2 D=10 supergravity, Nucl. Phys. B226 (1983) 269; I. Pesando, A kappa fixed type IIB superstring action on AdS_5 × S^5, JHEP 11 (1998) 002.

[23] Nambu, Y. (1970), Lectures at Copenhagen Symposium. Goto, T. (1971) Relativistic quantum mechanics of one-dimensional mechanical continuum and subsidiary condition of dual resonance model, Prog. Theor. Phys. 46, 1560.

[24] A.M. Polyakov Quantum geometry of bosonic strings, Phys. Lett. B103, 207-211 (1981).

[25] R. D’Auria and P. Fré Geometric D=11 supergravity and its hidden supergroup Nucl.

Phys. B201 (1982) 101

[26] P. Fré, Comments on the 6–index photon in D=11 supergravity and the gauging of free differential algebras, Class. Quant. Grav. 1 (1984) L81.

[27] P. Fré and L. Modesto, A new first order formalism for kappa-supersymmetric Born Infeld actions: The D3-brane example Class. Quant. Grav. 19 (2002) 5591.

[28] N. Berkovits and P. S. Howe, Ten-dimensional supergravity constraints from the pure spinor formalism for the superstring, Nucl. Phys. B 635 (2002) 75 [arXiv:hep-th/0112160].

[29] P. Fre and L. Modesto, An SL(2,R)-covariant, first order, kappa-supersymmetric action for the D5-brane, Fortsch. Phys. 53 (2005) 260 [arXiv:hep-th/0212287].

[30] M. Billo, S. Cacciatori, F. Denef, P. Fre, A. Van Proeyen and D. Zanon, The 0-brane action in a general D = 4 supergravity background, Class. Quant. Grav. 16, 2335 (1999) [arXiv:hep-th/9902100].

[31] D. Sullivan, Infinitesimal computations in topology Bull. de l’Institut des Hautes Etudes Scientifiques, Publ. Math. 47 (1977)

[32] P. Fré, M-theory FDA, Twisted Tori and Chevalley Cohomology to appear on Nucl.

Phys. [hep-th/0510068]

[33] D. Anselmi and P. Fre, Twisted N=2 supergravity as topological gravity in fourdimensions, Nucl. Phys. B 392 (1993) 401 [arXiv:hep-th/9208029].

[34] L. Baulieu, M. P. Bellon and R. Grimm, Brs Symmetry Of Supergravity In Superspace And Its Projection To Component Formalism, Nucl. Phys. B 294 (1987) 279.

[35] J. A. Harvey and G. W. Moore, Superpotentials and membrane instantons, arXiv:hep-th/9907026.

[36] I. A. Bandos, J. A. de Azcarraga, M. Picon and O. Varela, Generalized curvature and the equations of D = 11 supergravity Phys. Lett. B 615 (2005) 127 [arXiv:hep-th/0501007]; I. A. Bandos, J. A. de Azcarraga, M. Picon and O. Varela, On the formulation of D = 11 supergravity and the composite nature of its three-form field, Annals Phys. 317 (2005) 238 [arXiv:hep-th/0409100].

[37] M. Hatsuda, K. Kamimura and M. Sakaguchi, Nondegenerate super-anti-de Sitter algebra and a superstring action Phys. Rev. D 62 (2000) 105024 [arXiv:hep-th/0007009].