arXiv:hep-th/0606199 v2 17 Jul 2006

A description of 1/4 BPS configurations in minimal type IIB SUGRA

Aristomenis Donos Physics Department Brown University Providence, Rhode Island 02912, USA

July 17, 2006

Abstract

In this paper we present an effort to extend the LLM construction of 1/2 BPS states in minimal IIB supergravity to configurations that preserve 1/4 of the total number of supersymmetries. Following the same techniques we reduce the problem to that of a single scalar which satisfies a non-linear equation. In particular, the scalar is identified to be the Kahler potential with which a four dimensional base space is equipped.

1 Introduction

In supergravity, classical solutions that break some degree of supersymmetry have been studied extensively [1, 2, 3, 4, 5]. A particularly elegant study was given for type IIB 1/2 BPS in [5], where the phase space of non-relativistic fermions was shown to emerge. Not only the conserved charges, angular momentum and five form flux were shown to agree with energy and particle number but also the equivalence of the full dynamics was demonstrated in [6, 7]. The fermionic description of 1/2 BPS states in N = 4 SYM was obtained from matrix model reduction in [8, 9]. The reduced matrix model and free fermion picture gave a successful description of giant graviton configurations [10, 11, 12, 13, 14, 8, 15, 16, 17].

The next step in constructing the full map between IIB string theory with AdS_5 × S^5 asymptotics and N = 4 SYM theory is the consideration of the map between less supersymmetric states on both sides. On the field theory 1/4 BPS states have been constructed in [18, 19, 20], while even less supersymmetric brane configurations were considered in [21] and more recently in [22, 23]. By reducing the number of preserved of supersymmetries by a factor of 2 one is able to double the dimensionality of the phase space in which the states under consideration live.

Guided by the analysis of [5], where a two dimensional phase space was explicitly shown, we present an effort to enlarge the number of deegres of freedom by reducing the number of preserved supersymmetries to 8. Unfortunately the equation that we are called to solve in the end of our analysis is highly non-trivial and this is where we are forced to stop.

In the begining of the section 2 we present our ansatz for the metric and the self dual five-form which has anSO (4) × SO (2) symmetry. We then proceed to the dimensional reduction of the Killing spinor equation which leads to a differential equation and two projection equations for the Killing spinor. In the following subsection we study the constraints that the background geometry has to obey in order for the Killing spinor to exist. In the last section we argue that Einstein’s equations are guaranteed to be satisfied, after having checked the Bianchi identities for the five-form, as a consequence of the integrability of the Killing spinor equation. We have also included two appendices that the reader might find helpful where, among other things, we list the Fierz identities that we used in the main text.

2 Geometries preserving 1/4 of the supersymmetries

The method that we will follow for studying the constraints imposed on the geometry by supersymmetry was originally developed in [24, 2, 3, 4, 25]. Demanding the existence of a Killing spinor and constructing bilinear tensors from that spinor one can find first order equations that relate the fluxes to the metric and also impose constraints on the metric. Studying then the integrability conditions for the Killing spinor equation one can derive a set of field equations that the fluxes and the background geometry obey [26].

2.1 Reduction of the Killing spinor equation

Having in mind the extension of the LLM geometries [5] to include one more angular quantum number we make the following SO(4) × SO(2) symmetric ansatz for the metric and self-dual five-form field of minimal IIB SUGRA in ten dimensions

ds^2 = g_{μν} dx^μdx^ν + e^{H+G}dΩ̂^2_3 + e^{H−G}dψ^2 F = F̂_{μ1 μ2} dx^{μ1} ∧ dx^{μ2} ∧ dΩ̂_3 + F̃_{μ1···μ4} dx^{μ1} ∧ · · · ∧ dx^{μ4} ∧ dψ. (1) From the self-duality of the five form F = ⋆_{10}F and the Bianchi identity we obtain the relations

F̂ = 4! 2! e^{2G+H} ⋆_6 F̃ (2)

dF̃ = 0

dF̂ = 0

where the Hodge duality in (2) is meant to be taken with respect to the six dimensional metric g_{μν} that appears in (1).

Following [5], the first step in the procedure is to dimensionally reduce the ten dimensional Killing spinor equation

D_Mη = ∇_M η + ı 480 Γ^{M1 ...M5} F_{M1...M5} Γ_M η = 0. (3)

The product of this procedure will be a differential equation for the Killing spinor in six dimensions and two algebraic equations that come from the reductions on S^3 and S^1 respectively. We decompose the ten dimensional

Dirac matrices with Lorentz indices as

Γ_μ = γ_μ ⊗ σ̂_1 ⊗ I_2, μ = 1 . . .6 Γ_{μ̂} = I_8 ⊗ σ̂_2 ⊗ σ_{μ̂}, μ̂ = 7, 8, 9 Γ_{10} = γ_7 ⊗ σ̂_1 ⊗ I_2, γ_7 = γ_1 . . .γ_6

and the Weyl Killing spinor as η = ϵ ⊗ [ 1 0 ] ⊗ χ_α = ε ⊗ χ_α where ϵ is an 8 component spinor on which the six dimensional gamma matricesγ_μ act and χ_α is a Killing spinor on a sphere of unit radius and it satisfies ^∇_âχ_α = iα 2 σ_âχ_α, a = ±1. Under the above decomposition the ten dimensional Weyl condition reads

Γ_{11}η = Γ_1 . . .Γ_{10}η = I_8 ⊗ σ̂_3 ⊗ I_2η = η ⇒ σ̂_3η = η.

For the dependence on the coordinates we have ε ( x^μ, Ω̂_3, ψ ) = e^ı2^{nψ}ε ( x^μ, Ω̂_3 )

which gives ı∂_ψε = − n 2 ε. It is useful to rewrite the second term in (3) as M = ı 480 Γ^{M1 ...M5} F_{M1 ...M5} = ı 480 [ 10Γ^{M1M2}F̂_{M1 M2} e^{− 32 (G+H)}Γ^{âb̂ĉ}ε_{âb̂ĉ} − 5Γ^{M1 M2M3M4} Γ^ψ e^{− 12 (H−G)}F̃_{M1M2M3 M4} ]

= − 1 8 ̸F̂ σ̂_2 (1 − σ̂_3)

where we used the duality (2) and the duality (62) for the six dimensional gamma matrices. We note that the spin connection components that will be used in the reduction are given by ω_{μ̂mν̂} = − 1 2 e^{12 (H+G)}ê_{μ̂n̂}e^γ_m∂_γ (H + G) ω_{ψmψ} = − 1 2 e^{12 (H−G)}e^γ_m∂_γ (H − G) .

The covariant derivatives on S^3 and S^1 are then given by the expressions

∇_{μ̂} = ^∇_{μ̂} + 1 4 Γ_{μ̂}Γ^λ∂_λ (G + H)

∇_ψ = ∂_ψ + 1 4 Γ_ψ Γ^λ∂_λ (H − G) .

where ^∇ denotes the covariant derivative on the three sphere of unitary radius. Having collected all the necessary ingreedients for the reduction we obtain a differential equation and two projection conditions for the six dimensional spinor ε

D_μϵ = ∇_με − ıNγ_με = 0 (4)

D_S3 ϵ = [ ıα 2 e^{− 12 (H+G)} − i 4 γ^λ∂_λ (H + G) + N ] ε = 0 (5) D_ψϵ = [ ın 2 e^{− 12 (H−G)} + 1 4 γ_7γ^λ∂_λ (H − G) − ıγ_7N ] ε = 0 (6)

where N = − 1 4 ̸F̂ e^{− 3}2^{(G+H)}.

We observe that the form of our equations looks very similar to the ones that appear in [27] in the same context of reduction. It is convenient to linearly combine the two projectors (5) and (6) to obtain the equivalent ones

D_H ε = (D_S3 − ıγ_7D_ψ) ε = [ ıα 2 e^{− 1}2^{(H+G)} + n 2 e^{− 1}2^{(H−G)}γ_7 − i 2 γ^λ∂_λH ] ε (7) D_Gε = (D_S3 + ıγ_7D_ψ) ε = [ ıα 2 e^{− 12 (H+G)} − n 2 e^{− 12 (H−G)}γ_7 − i 2 γ^λ∂_λG + 2N ] ε. (8) As one can observe from (4), when computing the covariant derivative of any bilinear constructed from ε the result will contain the flux. We have, in many cases, found it usefull to use (8) in order to eliminate the appearance of the flux from the computation of exterior derivatives of the bilinears. Equation (7) gives us linear relations between bilinears of different ranks.

2.2 Geometry constraints implied by supersymmetry As pointed out earlier the study of equations (4)-(6) is made simpler and more transparent with the introduction of bilinear forms which we list below

f_1 = ε̄γ_7ε (9) f_2 = ıε̄ε (10) K_μ = ε̄γ_με (11) L_μ = ε̄γ_μγ_7ε (12) Y_{μλ} = ıε̄γ_{μν} γ_7ε (13) V_{μν} = ε̄γ_{μν} ε (14) Ω_{μνλ} = ıε̄γ_{μνλ}ε. (15) and as we expect, since we are dealing with a spinor in six dimensions we have the appearance of two 2-forms and a 3-form. An equivalent set of (complex) bilinears, and more convenient when considering Fierz identities, is given by

Z^+ = 1 2 (−f_1 − ıf_2) = ε̄_+ε_− (16)

Z^− = 1 2 (f_1 − ıf_2) = ε̄_−ε_+ (17)

l^+_μ = 1 2 (L_μ + K_μ) = ε̄_+γ_με_+ (18)

l^−_μ = 1 2 (−L_μ + K_μ) = ε̄_−γ_με_− (19)

U^+_{μν} = 1 2 (V_{μν} − ıY_{μν} ) = ε̄_+γ_{μν} ε_− (20)

U^−_{μν} = 1 2 (V_{μν} + ıY_{μν} ) = ε̄_−γ_{μν} ε_+ (21) q^±_{μνλ} = ıε̄_±γ_{μνλ}ε_± (22) where as usually

ε_± = 1 2 (I_8 ± γ_7) ε γ_7ε_± = ±ε_±.

Because of the duality relation (62) that the Dirac matrices satisfy, the three form q^+ is self-dual while the three form q^− is antiself-dual.

Using the differential equation (4) one can obtain the differential identities that govern the forms listed in (9)-(15)

∇_μf_1 = ı 4 ε̄ (γ_μγ_{κλ}γ_7 + γ_{κλ}γ_μγ_7) ε F^{κλ}e^{− 32 (G+H)} = ı 2 · 3! ε_{μκλρστ} ε̄ (γ^{ρστ} ) ε F^{κλ}e^{− 32 (G+H)} = 1 2 · 3! ε_{μκλρστ} Ω^{ρστ} F^{κλ}e^{− 32 (G+H)} = 1 2 ⋆ (F ∧ Ω)_μ e^{− 32 (G+H)}. (23) = − 1 3! F_{μρστ} Ω^{ρστ} e^{12 (G−H)} (24)

∇_μf_2 = 1 2 ε̄ (γ_λg_{μκ} − g_{μλ}γ_κ) ε F^{κλ}e^{− 32 (G+H)} = e^{− 32 (G+H)}F_{μλ}K^λ. (25)

∇_μK_ρ = − ı 4 F^{κλ}e^{− 32 (G+H)}ε̄ (γ_ργ_{κλ}γ_μ − γ_μγ_{κλ}γ_ρ) ε = e^{− 32 (G+H)}f_2F_{μρ} − e^{− 32 (G+H)} 1 4 F^{κλ}ε_{μρπτ κλ}Y^{πτ} (26) = e^{− 32 (G+H)}f_2F_{μρ} + 1 2 e^{12 (G−H)}F_{μρπτ} Y^{πτ} (27)

∇_μL_ρ = ı 4 F^{κλ}e^{− 32 (G+H)}ε̄ (γ_ργ_{κλ}γ_μ + γ_μγ_{κλ}γ_ρ) γ_7ε

= e^{− 32 (G+H)} [ F^λ_μ Y_{λρ} + F^λ_ρ Y_{λμ} + 1 2 g_{μρ}F^{κλ}Y_{κλ} ] (28)

∇_γ V_{δϵ} = −e^{− 32 (G+H)} [ g_{γ[ϵ} Ω_{δ]αβ}F^{αβ} − F^β_γ Ω_{βδϵ} + 2Ω_{αγ[δ} F^α_{ϵ]} ] . (29)

As one expects we have the appearance of higher rank tensors on the right hand sides of the differential equations for the bilinears when comparing to the analysis of [5]. We now take a derivative of (15) giving us ∇_κΩ_{μνλ} = −ε̄ (γ_{μνλ}Nγ_κ − γ_κNγ_{μνλ}) ε = 1 4 e^{− 32 (G+H)}F^{πρ}ε̄ (γ_{μνλ}γ_{πρ}γ_κ − γ_κγ_{πρ}γ_{μνλ}) ε. After antisymmetrization we have that

dΩ_{κλμν} = 4f_1e^{− 12 (H−G)}F̃_{κλμν} . (30)

The above equation, as we will see later after fixing the form of f_1, fixes the 4-form and it gives us the Bianchi equation for it. One can then use the duality (2) to determine the 2-form F_{μν} , which at this point is not obvious why it will satisfy the Bianchi identity. For the dual 3-form we have the equation ∇_κ (⋆Ω)_{μνλ} = −ε̄ (γ_{μνλ}γ_7Nγ_κ − γ_κNγ_{μνλ}γ_7) ε = − 1 4 e^{− 32 (G+H)}F^{πρ}ε̄ (γ_{μνλ}γ_{πρ}γ_κ + γ_κγ_{πρ}γ_{μνλ}) γ_7ε. Antisymmetrizing the last equation in κ, μ, ν, λ we obtain (d ⋆ Ω)_{κμνλ} = 2ε̄ (γ_{μνλκ}N + Nγ_{κμνλ}) γ_7ε (31) which as we see later constrains a 4-dimensional submanifold to a Kahler manifold.

The immidiate consequences of the vector bilinears that we formed is the proof of the existence of a Killing vector for the six dimensional metric in (1) and a closed form. The above can be seen by considering the symmetric part of (26) which gives ∇_{(μ} K_{ν)} = 0 and the antisymmetric part of (28) which leads to

∇_{[μ} L_{ν]} = 0 ⇒ dL = 0.

As we show in the Appendix the vectors l^± are null and as a consequence we have that

L^2 = −K^2 = 2 l^+ · l^− (32) K · L = 0. (33)

We now follow an argument presented in [3] applied to our chiral spinors. As we prove in the Appendix using Fierz identities we have the following relations

i_l+ q^+ = 0 i_l− q^− = 0

and the dualities of q^± imply that

l^± ∧ q^± = 0.

After the above observations we conclude that in a coordinate system where the metric takes the form ds^2 = e^+e^− + δ_{ab}e^ae^b, a, b = 1 . . .4 (34) where l^+ = e^+ l^− = e^− the two three forms can be written as q^+ = l^+ ∧ I (35) q^− = l^− ∧ J (36) where the two forms I = 1 2 I_{ab}e^a ∧ e^b (37) J = 1 2 J_{ab}e^a ∧ e^b. (38)

are anti-selfdual with respect to the metric ds^2 = δ_{ab}e^ae^b, a, b = 1 . . .4 (39) with orientation defined by ε^{+−abcd} = ε^{abcd}. From equations (69)-(72) one can also prove that I^a_bI^b_c = −δ^a_c (40) J^a_bJ^b_c = −δ^a_c .

These two equation imply that that the 2-forms I and J consist complex structures for the metric (39) which as we will later prove are in fact equal rendering the four dimensial manifold with metric δ_{ab}e^ae^b pre-Kahler. From the above considerations we see that q^{+πρσ} q^−_{πρσ} = 3 [( l^+ · l^− ) ( I^{ab}J_{ab} ) + 2l^{+m}l^{−n}I_{nk} J^k_m ]

= 3 ( l^+ · l^− ) ( I^{ab}J_{ab} ) (41)

which in combination with (66) can give us the product l^+ · l^−in terms of the functions Z^+ and Z^−, we will come back to this later.

We can combine equation (23) with (85) and (25) with (86) to relate f_1 and f_2 to G and H as ∂_μf_1 = 1 2 f_1∂_μ (H − G) ⇒ (42) f_1 = λe^{12 (H−G)} and ∂_μf_2 = 1 2 f_2∂_μ (H + G) ⇒ (43) f_2 = κe^{12 (H+G)}.

Combining (23) with (83) and (25) with (84) we obtain the relation ∂_μe^H = n κ L_μ (44) and the constrain α λ = − n κ . (45) Adding equations (90) and (94) we obtain Ω_{μνλ}∂^λH = 0 which in combination with (44) yields i_LΩ = 0 ⇒ (46) i_l+ q^− = i_l− q^+ (47) where we used (67) and (68). Equation (47) and the equation i_l± I = i_l± J = 0 helps us relate the two 2-forms as I = J. (48) which is one of the supersymmetry requirements following from the Killing spinor equation. After this observation we may write Ω = K ∧ I (49) ⋆Ω = L ∧ I (50) and from equations (40) and (41) we have that

q^{+πρσ} q^−_{πρσ} = 12 l^+ · l^−.

We now see from the Fierz identity(66) that we did a little more work to recover the familiar result from [5]

L^2 = −K^2 = f^2_1 + f^2_2 .

We now turn our attention to the algebraic relation (95) which we will use to express the complex structure I in terms of other bilinears. For this reason we contract equation (50) with the vector L^μ to obtain I = 1 f^2_1 + f^2_2 i_L ⋆ Ω. We may now use equations (75), (76), (77) and (78) to express i_LV = f_1K. Contracting equation equation (95) with L^μ yields a relation between the complex structure and the 2-form constructed from bilinears I = − 1 k e^{− 12 (H+G)}V + f_1e^{− 1}2^{(G+H)}

f^2_1 + f^2_2 L ∧ K. Having in mind the closure of the complex structure we are tempted to consider the external derivative of the above equation which in turn gives dI = 1 2k e^{− 1}2^{(G+H)}d (G + H)∧V − 1 k e^{− 1}2^{(G+H)}dV − f_1e^{− 1}2^{(G+H)} f^2_1 + f^2_2 L∧dK+L∧K∧d [ f_1e^{− 1}2^{(G+H)} f^2_1 + f^2_2 ] . (51) In order to evaluate dV we go back to (29) and we observe that dV_{κμν} = − 3ı 4 e^{− 32 (G+H)}F^{πρ}ε̄ ( γ_{[μν} γ_{πρ}γ_{κ]} − γ_{[κ} γ_{πρ}γ_{μν]} ) ε = − 3ı 12 e^{− 32 (G+H)}F^{πρ}ε̄ (γ_{κμν} γ_{πρ} − γ_{πρ}γ_{κμν} ) ε = ıε̄ (γ_{κμν} N − Nγ_{κμν} ) ε. As we described before we will exploit that the right hand of the previous equation take and we will use (8) to relate the derivative of V to fields that do not include the flux dV = − 1 2 V ∧ dG + n 2 e^{− 12 (H−G)}L ∧ I.

At this point we pause our analysis of (51) in order to fix our gauge. As in [5] we use the closed form L to identify a coordinate which we also call y with the analogous geometrical meaning of the product of the radii of S^3 and S^1that appear in our ansatz (1). We make the gauge choice

e^+ = X (dt + A_mdx^m) + Bdy e^− = −X (dt + A_mdx^m) + Bdy K = −Xdt − XA L = γdy and from equations (32) and (33) we draw the conclusion that

X = B^{−1} = h^{−2} = f^2_1 + f^2_2 .

At this point the ten dimensional metric has the form

ds^2 = − 1 h^2 (dt + A)^2+h^2dy^2+e^{−G−H} h_{mn}dx^mdx^n+ γn k ye^GdΩ̂^2_3+ γn k ye^{−G}dψ^2, m = 1, . . ., 4 where we used (44) to fix e^H = γn k y. For later convenience we have rescaled the vielbein (34) as

e^a_μ = e^{− 12 G− 12 H}ẽ^a_μ

and with this choice we have defined

h_{μν} = δ_{ab}ẽ^a_μẽ^b_ν . (52)

We also rescale the complex structure accordingly and define

J = e^{G+H} I (53)

which now satisfies J^m_pJ^p_n = −δ^m_n while raising of indices in the above formula is done using (52).

We now resume the analysis of (51) and express the derivative of K as dK = f^2_2 − f^2_1 f^2_2 + f^2_1 dG ∧ K + dH ∧ K − ( f^2_2 + f^2_1 ) dA.

After a little algebra equation (51) takes the form dI = − (dH + dG) ∧ I + f_1e^{− 12 (G+H)}L ∧ dA. (54) In terms of J equation (54) reads

dJ = f_1e^12^{(G+H)}L ∧ dA. (55)

It is instructive to split the operation of external differentiation as

d = d̃ + d_y + d_t

defned as d̃f = ∂_{xi} f ∧ dx^i, i = 1 . . .4 d_y f = ∂_y f ∧ dy d_tf = ∂_tf ∧ dt. After the above spliting we observe from (55) that d̃J = 0

∂_y J = γλn k yd̃A. (56) From the first equation we see that the four dimensional metric equiped with the metric (52) is Kahler for each y. We now consider (30) and using Ω = K ∧ I we have that the four form is given by F = e^12^{(H−G)} 4f_1 dΩ = e^12^{(H−G)} 4f_1 [dK ∧ I − K ∧ dI] = e^12^{(H−G)} 4f_1 [ f^2_2 − f^2_1 f^2_2 + f^2_1 dG ∧ K ∧ I + dH ∧ K ∧ I − ( f^2_2 + f^2_1 ) dA ∧ I ]

− e^12^{(H−G)} 4f_1 K ∧ [ − (dG + dH) ∧ I + f_1e^{− 12 (G+H)} K ∧ L ∧ dA ]

= e^12^{(H−G)} 4f_1 [ − 2f^2_1 f^2_1 + f^2_2 dG ∧ K ∧ I + f_1e^{− 12 (G+H)} L ∧ K ∧ dA − ( f^2_2 + f^2_1 ) dA ∧ I ] .

We now consider (23) and contract it with L^μ. This gives us

L^μ∂_μf^2_1 = − 1 4 dΩ_{μρστ} L^μK^ρI^{στ} γf^2_1 ∂_y (G + H) = 1 4 f_1e^{− 1}2^{(G+H)} ( f^2_1 + f^2_2 ) I^{ij}d̃A_{ij} . The last term in the second equation can be found using (56) and noting that J ∧ J = −2 √ h dz ∧ dz̄ ∧ dw ∧ dw̄ where √ h = | | ∂^z ∂^{z̄} K ∂^w ∂^{z̄} K ∂_z ∂_{w̄} K ∂_w ∂_{w̄}K | | . We also need to remember that the complex structure J is anti-selfdual which leads us to the conclusion −4∂_y √ h = −2 γλn k y √ he^{−G−H} I^{ij}d̃A_{ij} = −8 √ h λe^{−G}f_1∂_y (G + H) e^{− 1}2^{(G+H)} ( f^2_1 + f^2_2 ) which in the end gives us the equation that related the volume of the four dimensional base space to the scalar G

∂_y ln √ h = 2λ^2e^{−2G}∂_yG k^2 ( 1 +^{λ2}_{k2} e^{−2G} ) + 2λ^2e^{−2G}∂_y H k^2 ( 1 +^{λ2}_{k2} e^{−2G} )

∂_y ln √ h = −∂_y ln ( 1 + λ^2 k^2 e^{−2G} ) + (1 − z) ∂_yH (57)

where we have set z = 1 −^{λ2}_{k2} e^{−2G} 1 +^{λ2}_{k2} e^{−2G} . At this point we would like to see what the duality (2) has to give. We evaluate the component F_{tx} = e^{2G+H} 4! ϵ^{πρστ} tx F_{πρστ} = e^32^{(H+G)} 4! · 4f_1 ϵ^{πρστ} tx dΩ_{πρστ} = 1 8 e^32^{(G+H)}

f_1 ( f^2_1 + f^2_2

)_2

∂_y A_x1 I_x2_x3 ϵ^{x1x2x3}_x = − 1 4 e^32^{(G+H)}

f_1 ( f^2_1 + f^2_2

)_2

∂_y A_x1 I^{x1}_x .

Where we have used the anti-self duality of I. From (10) we have that F_{tx} = − 1 2 e^{32 (G+H)}f_2∂_xG.

Equating the right hand sides of the above two equations we have

I^{x1}_x ∂_y A_x1 =

2f_1f_2 ( f^2_1 + f^2_2 )_2 ∂xG ∂_y A_x1 = −

2f_1f_2 ( f^2_1 + f^2_2

)_2 I^{x1}_x ∂x1 G

where we used (40). We can rewrite the above expression in the form

∂_y A_x1 = −

2f_1f_2 ( f^2_1 + f^2_2

)_2 I^{x1}_x ∂x1 G = −2kλe^{−H} 1 (λ^2e^{−G} + k^2e^G)^2

I^{x1}_x ∂_x1 G = − e^{−H} 2kλ^3 I^{x1}_x ∂_x1 z.

The last equation together with (56) gives us all the non-trivial components of dA. Imposing the consistency condition d^2A = 0, the x^1x^2x^3 component of the equation gives us back the closure, whlie the y, x^1, x^2 component gives us another relation between the Kahler potential and the scalar G

2kλ^2e^H ∂_y ( e^{−H} ∂_y J ) + d (J · ∂z) = 0. (58)

The last equation may be viewed as the analog of the Laplace equation that appears in the LLM construction of 1/2 BPS states. At this point we have reached two equations (57), (58) for two scalars, the Kahler potential and G that is used to parameterize the radii of S^3 and S^1in our ansatz (1). From the definition of the complex structure we come to the conclusion that up to a harmonic function z = −2y∂_y ( 1 y ∂_y K ) . (59)

Using the above equation we can now integrate equation (57) and give an equation that governs the Kahler potential^1 | | ∂^z ∂^{z̄} K ∂^w∂^{z̄} K ∂_z ∂_{w̄}K ∂_w∂_{w̄} K | | = y e 2 y ∂_yK 2 ( −2y∂_y ( 1 y ∂_y K ) + 1 ) (60)

where we caution the reader that we have chosen to have a trivial “initial condition” for the differential equation (57).

It is important to check that the 2-form that one finds through (2) is closed. Here we list the components of the two form that we find by dualizing the 4-form F_{tx} = − 1 2 e^32^{(G+H)}f_2∂_xG F_{ty} = − 1 4 ∂_ye^{2(G+H)} F_{yx} = 1 4 A_x∂_y e^{2(G+H)} − 1 8 e^{G+H} ( e^G + e^{−G} ) J^{x1}_x ∂_x1 z

F_{x1 x2} = 1 2 J_{x1x2} − 1 4 y∂_yJ_{x1x2} − 1 4 ye^{2G}∂_y J_{x1x2} − 1 4 y^2∂_{[x1} e^{2G}A_{x2]}.

Checking then whether dF = 0 brings us in front of equations which we have already seen in previous considerations. During this check we don’t need to use the specific forms (59) or (60) but only the differential equations (57) and (58).

3 Einstein’s field equations

In order to check Einstein’s equation one considers the integrability conditions of the Killing spinor equation. In order to do this we could follow the analysis of [27] or [29] and do everything after the dimensional reduction. However, we will follow the discussion of [26] directly for the ten dimensional theory. We now present the argument here for completenes. The solutions

1A version of this equation was obtained by O. Lunin[28]

that we have tried to describe up to now come from the requirement of existence of a commuting Weyl spinor for which the supercovariant derivative vanishes D_M η = ∇_M η + ı 480 Γ^{M1 ...M5} F_{M1 ...M5} Γ_M η = 0. Since the above relation is true we conclude that the commutator of two supercovariant derivatives should also be zero when applied on the same Killing spinor R_{M N} η = [D_M , D_N ] η = 0.

The commutator of the supercovariant derivatives can be found in [30]. Contracting the commutator with the appropriate gamma matrices gives us the relation 1 2 Γ^{M N}_A [D_M , D_N ] = 1 2 E_{AM} Γ^M + ı 3! Γ^{M1 M2M3} ∇^BF_{AM1 M2M3B} (61)

where E_{M N} = R_{M N} − 1 2 g_{M N} R − 1 6 F_{M A1 A2 A3A4} F^{A1 A2 A3 A4} N . One can relate the Bianchi identity of the five form to its equation of motion through duality. Having this in mind and the fact that the geometries that we described demand a closed five form we can conclude from (61) that they satisfy Einstein’s field equations.

4 Conclusions and summary

In this paper we have derived the equation that governs 1/4 BPS states in minimal IIB supergravity. After making an SO (4) × SO (2) symmetric ansatz for our fields we used the powerful techniques that were developed in [24, 2, 3, 4, 25] to find the constraints imposed on the background geometry by the existence of a Killing spinor. During this process we showed that every field can be solved for in terms of a single scalar function which appears in our equations as the Kahler potential of a four dimensional base space which is Kahler.

A very relevant future topic which needs to be understood is the physical moduli space which parameterizes regular 1/4 BPS solutions. This involves study of regularity conditions which will lead to further reduction of the space. An equally important problem is the recovery of the same moduli space from SYM theory. It is clear that it is related to the dynamics of more than one complex matrices.

Acknowledgements

We would like to thank O. Lunin for the useful private discussions and his comments on this work. We would also like to thank A. Jevicki, R. McNees and R. de Mello Koch for many enlightening and useful discussions.

Note added: After the appearance of this paper we became aware of [31] where the author, among other properties, has shown an interesting six dimensional Kahler structure for the case of BPS states containing a factor of AdS_3 (or S^3) in type IIB supergravity.

A Fierz Identities

In this appendix we list various identities for the six dimensional Clifford algebra that we used in the main text of the paper. We start by giving the duality relation for the gamma matrices which we heavily use γ^{a1...an} = (−1)[^{n2} ]^{+1} (6 − n)! ε^{a1...anbb+1...b6−n} γ_{b1...b6−n} γ_7. (62) The Fierz identities that we will use among the bilinear forms can be derived by the basic formula

ψ̄_1ψ_2ψ̄_3ψ_4 = 1 8 [ ψ̄_1ψ_4ψ̄_3ψ_2 + ψ̄_1γ_7ψ_4ψ̄_3γ_7ψ_2 − 1 2 ψ̄_1γ_{μν} ψ_4ψ̄_3γ^{μν}ψ_2 − 1 2 ψ̄_1γ_μγ_7ψ_4ψ̄_3γ^{μν} γ_7ψ_2 ]

+ 1 8 [¯ ψ_1γ_μψ_4ψ̄_3γ^μψ_2 − ψ̄_1γ_μγ_7ψ_4ψ̄_3γ^μγ_7ψ_2 ] − 1 96 [ ψ̄_1γ_{μνλ}ψ_4ψ̄_3γ^{μνλ}ψ_2 − ψ̄_1γ_{μνλ}γ_7ψ_4ψ̄_3γ^{μνλ}γ_7ψ_2 ] . (63)

where we consider commuting spinors.

Using ψ̄_1 = ε̄_+γ_μ, ψ_2 = ε_+, ψ̄_3 = ε̄_+ and ψ_4 = γ_με_+ in (63) we obtain

l^+_μ l^{+μ} = 0 (64)

where we used the equations

γ_μγ_ν γ^μ = −4γ_ν γ_μγ_{μνλ}γ^μ = 0. In a similar manner one can obtain the relation

l^−_μ l^{−μ} = 0. (65)

Using ψ̄_1 = ε̄_+, ψ_2 = ε_−, ψ̄_3 = ε̄_− and ψ_4 = ε_+ we obtain

Z^+Z^− = 1 4 l^+_μ l^{−μ} + 1 48 q^{+πρσ} q^−_{πρσ} . (66) Choosing ψ̄_1 = ε̄_+γ^μ, ψ_2 = ε_+, ψ̄_3 = ıε̄_+ and ψ_4 = γ_{μνλ}ε_+we have

l^{+μ}q^+_{μνλ} = −l^{+μ}q^+_{μνλ} ⇒ i_l+ q^+ = 0. (67)

In a similar way one obtains l^{−μ}q^−_{μνλ} = −l^{−μ}q^−_{μνλ} ⇒ i_l− q^− = 0. (68)

Where we used the relations γ^μγ_ργ_{μνλ} = 4g_{λρ}γ_ν − 4g_{νρ}γ_λ − 2γ_{νλρ} γ^μγ_{ρστ} γ_{μνλ} = −12δ^{αβ}_{[στ} γ_{ρ]}g_{αλ}g_{βν} − 2γ_{λνρστ} . We consider (63) with ψ̄_1 = ε̄_±γ^{μν} γ^α, ψ_2 = ε_±, ψ̄_3 = ε̄_± and ψ_4 = γ_αγ^{γδ}ε_± which gives 4 ε̄_±γ^{μν} γ^αε_±ε̄_±γ_αγ^{γδ}ε_± = ε̄_±γ^{μν} γ^αγ_ργ_αγ^{γδ}ε_±ε̄_±γ^ρε_± − 1 12 ε̄_±γ^{μν}γ^αγ_{ρστ} γ_αγ^{γδ}ε_±ε̄_±γ^{ρστ} ε_± = −4ε̄_±γ^{μν} γ_ργ^{γδ}ε_±ε̄_±γ^ρε_±. (69) We also list the identities

γ_{μν} γ_α = g_{αν} γ_μ − g_{αμ}γ_ν + γ_{αμν} (70) γ_αγ_{γδ} = g_{αγ} γ_δ − g_{αδ}γ_γ + γ_{αγδ} (71) γ_{μν} γ_αγ_{γδ} = γ_{αγδμν} − 6g_{απ}g_{γρ}g_{δσ}δ^{[πρ}_{μν} γ^{σ]} + 4g_{απ}g_{μρ}g_{νσ} δ^{π[ρ}_{γδ} γ^{σ]} (72) + 6g_{απ}g_{γρ}g_{δσ}δ^{[π}_{[ν} γ^{ρσ]}_{μ]} + 2g_{α[γ} γ_{δ]μν} We now look at the Fierz identity involving ψ̄_1 = ε̄_+γ^{γδ}γ_μ, ψ_2 = ε_+, ψ̄_3 = ε̄_− and ψ_4 = γ_ν γ_{γδ}ε_− which gives after antisymmetrization in μ and ν 4 ε̄_+γ^{γδ}γ_{[μ} ε_+ ε̄_−γ_{ν]}γ_{γδ}ε_− = −12ε̄_+γ_{μν} ε_− ε̄_−ε_+ + 12ε̄_+ε_− ε̄_−γ_{μν} ε_+ − 2ε̄_+γ_{μνρσ} ε_− ε̄_−γ^{ρσ}ε_+, (73) considering now the Fierz identity for ψ̄_1 = ε̄_+γ_ν , ψ_2 = ε_+, ψ̄_3 = ε̄_− and ψ_4 = γ_με_−we have ε̄_+γ_{μνρσ} ε_− ε̄_−γ^{ρσ}ε_+, = 8ε̄_+γ_{[ν} ε_+ε̄_−γ_{μ]}ε_−+2ε̄_+γ_{μν} ε_− ε̄_−ε_+−2ε̄_+ε_− ε̄_−γ_{μν} ε_+. Finally (73) takes the form ε̄_+γ^{γδ}γ_{[μ} ε_+ ε̄_−γ_{ν]}γ_{γδ}ε_− = −4ε̄_+γ_{μν} ε_− ε̄_−ε_++4ε̄_+ε_− ε̄_−γ_{μν} ε_+−4ε̄_+γ_{[ν} ε_+ε̄_−γ_{μ]}ε_−. (74) Another useful identity is generated by using the choice ψ̄_1 = ε̄_+γ_μ, ψ_2 = ε_+, ψ̄_3 = ε̄_+ and ψ_4 = γμγ_ν ε_− which leads to ε̄_+γ_με_+ε̄_+γ^μγ_ν ε_− = 0 ⇒ ε̄_+γ^με_+ε̄_+γ_{μν} ε_− = −ε̄_+ε_−ε̄_+γ_με_+ l^{+μ}U^+_{μν} = −Z^+l^+_ν . (75)

In a similar way one may also prove that l^{−μ}U^−_{μν} = −Z^−l^−_ν . (76) Using (35),(36) and (48) in (74) and after contracting with ε̄_+γ_με_+ we can prove with the help of (75) that l^{+μ}U^−_{μν} = Z^−l^+_ν (77) and in a similar way l^{−μ}U^+_{μν} = Z^+l^−_ν . (78)

B Algebraic equations for the bilinears

Scalar Identities Multiplying (5) by ıε̄γ_7 and (6) by ε̄ we obtain the relations − α 2 e^{− 12 (H+G)}f_1 − 1 4 L^μ∂_μ (H + G) − 1 4 e^{− 32 (G+H)}Y^{μν} F_{μν} = 0 n 2 e^{− 12 (H−G)}f_2 − 1 4 L^μ∂_μ (H − G) + 1 4 e^{− 32 (G+H)}Y^{μν} F_{μν} = 0.

If we now multiply (5) by ε̄and (6) by ıε̄γ_7 and equate the real and imaginary parts of the corresponding equations to zero we the relations K^μ∂_μ (H + G) = 0 (79) 2αf_2 = e^{−(G+H)}V^{μν} F_{μν} (80) K^μ∂_μ (H − G) = 0 (81) −2f_1n = e^{−(H+2G)}V^{μν} F_{μν} . (82)

Vector Identities We now consider (5) and its conjugate again but this time we multiply by −ıε̄γ_μγ_7 and −iγ_μγ_7ε respectively and add them. The result of the operation reads

αL_μe^{− 12 (G+H)} + 1 2 f_1∂_μ (G + H) + 1 2 ⋆ (Ω ∧ F )_μ e^{− 32 (G+H)} = 0. (83)

Multiplying (6) and its conjugate by ıε̄γ_μγ_7 respectively ıγ_μγ_7ε and adding the resulting equations we obtain −ne^{− 12 (H−G)}L_μ + 1 2 f_2∂_μ (H − G) − 1 2 e^{− 32 (G+H)}F^λ_μ K_λ = 0. (84)

We now turn to (6) and we multiply it by ε̄γ_μgiving back

−f_1∂_μ (H − G) + ⋆ (F ∧ Ω)_μ e^{− 32 (G+H)} = 0. (85) Multiplying (5) by ε̄γ_μwe obtain

f_2∂_μ (H + G) − e^{− 32 (G+H)}F^λ_μ K_λ = 0 (86)

Rank two identities Multiplying (5) and (6) by ε̄γ_{μν} and ε̄γ_{μν} γ_7, considering the identities γ_{μν} γ_λ = 2g_{λ[ν} γ_{μ]} + γ_{μνλ} γ_λγ_{μν} = −2g_{λ[ν} γ_{μ]} + γ_{μνλ} γ_{μν} γ_{κλ} = −2g_{μ[κ} g_{λ]ν} + γ_{μνκλ} + 2γ_{κ[μ} g_{ν]λ} − 2γ_{λ[μ} g_{ν]κ} and taking separately the real and imaginary parts to zero we have α 2 e^{− 1}2^{(H+G)}Y_{μν} − 1 24 ϵ_{μνπρσλ} Ω^{πρσ} ∂^λ (H + G) + 1 2 f_1e^{− 3}2^{(G+H)}F_{μν} + 1 8 ϵ_{μνκλπρ} F^{κλ}V^{πρ} = 0 (87) L_{[μ} ∂_{ν]} (H + G) + e^{− 32 (G+H)}Y_{κ[μ} F^κ_{ν]} = 0 (88) α 2 V_{μν} e^{− 1}2^{(H+G)} − 1 4 K_{[μ} ∂_{ν]} (G + H) − 1 2 e^{− 3}2^{(G+H)}F_{μν} f_2 − 1 8 ϵ_{κλμνπρ} Y^{πρ}F^{κλ}e^{− 3}2^{(G+H)} = 0 (89) 1 4 Ω^λ_{μν} ∂_λ (G + H) − V_{κ[μ} F^κ_{ν]} e^{− 32 (G+H)} = 0 (90) n 2 e^{− 12 (H−G)}V_{μν} + 1 24 ϵ_{μνλπρσ} ∂^λ (H − G) Ω^{πρσ} − 1 2 F_{μν} e^{− 32 (G+H)}f_1 − 1 8 ϵ_{μνκλπρ} F^{κλ}V^{πρ}e^{− 32 (G+H)} = 0 (91) L_{[ν} ∂_{μ]} (H − G) + e^{− 32 (G+H)}Y_{κ[μ} F^κ_{ν]} = 0 (92) n 2 e^{− 12 (H−G)}Y_{μν} + 1 4 K_{[ν} ∂_{μ]} (H − G) − 1 2 F_{μν} f_2e^{− 32 (G+H)} − 1 8 ϵ_{μνκλπρ} Y^{πρ}F^{κλ}e^{− 32 (G+H)} = 0 (93) 1 4 Ω_{μνλ}∂^λ (H − G) + V_{κ[μ} F^κ_{ν]} e^{− 3}2^{(G+H)} = 0. (94)

Rank Three Identities We now multiply (7) by ε̄γ_{μνκ}and take the real and imaginary part separately

αe^{− 1}2^{(G+H)}Ω_{μνκ} + 1 2 ϵ_{μνκραβ} Y^{αβ}∂^ρH = 0 ne^{− 12 (H−G)} ⋆ Ω_{μνκ} + 3∂_{[κ} HV_{μν]} = 0. (95) Doing the same with (8) we obtain the equations

αe^{− 12 (G+H)}Ω_{μνκ} + 1 2 ϵ_{μνκραβ} Y^{αβ}∂^ρG + 6e^{− 32 (G+H)}K_{[κ} F_{μν]} + e^{− 32 (G+H)}ϵ_{κμνπρσ} F^{πρ}L^σ = 0 (96) ne^{− 12 (H−G)} ⋆ Ω_{μνκ} − 3∂_{[κ} GV_{μν]} − 2e^{− 32 (G+H)}F^ρ_{[ν} Ω_{κμ]ρ} = 0.

References

[1] O. Lunin, J. M. Maldacena, and L. Maoz, “Gravity solutions for the d1-d5 system with angular momentum,” hep-th/0212210.

[2] J. P. Gauntlett, J. B. Gutowski, C. M. Hull, S. Pakis, and H. S. Reall, “All supersymmetric solutions of minimal supergravity in five dimensions,” Class. Quant. Grav. 20 (2003) 4587–4634,

hep-th/0209114.

[3] J. B. Gutowski, D. Martelli, and H. S. Reall, “All supersymmetric solutions of minimal supergravity in six dimensions,” Class. Quant. Grav. 20 (2003) 5049–5078, hep-th/0306235.

[4] J. P. Gauntlett, D. Martelli, J. Sparks, and D. Waldram, “Supersymmetric ads(5) solutions of m-theory,” Class. Quant. Grav. 21 (2004) 4335–4366, hep-th/0402153.

[5] H. Lin, O. Lunin, and J. M. Maldacena, “Bubbling ads space and 1/2 bps geometries,” JHEP 10 (2004) 025, hep-th/0409174.

[6] L. Grant, L. Maoz, J. Marsano, K. Papadodimas, and V. S. Rychkov, “Minisuperspace quantization of ’bubbling ads’ and free fermion droplets,” JHEP 08 (2005) 025, hep-th/0505079.

[7] L. Maoz and V. S. Rychkov, “Geometry quantization from supergravity: The case of ’bubbling ads’,” JHEP 08 (2005) 096,

hep-th/0508059.

[8] S. Corley, A. Jevicki, and S. Ramgoolam, “Exact correlators of giant gravitons from dual n = 4 sym theory,” Adv. Theor. Math. Phys. 5 (2002) 809–839, hep-th/0111222.

[9] D. Berenstein, “A toy model for the ads/cft correspondence,” JHEP 07 (2004) 018, hep-th/0403110.

[10] J. McGreevy, L. Susskind, and N. Toumbas, “Invasion of the giant gravitons from anti-de sitter space,” JHEP 06 (2000) 008,

hep-th/0003075.

[11] M. T. Grisaru, R. C. Myers, and O. Tafjord, “Susy and goliath,” JHEP 08 (2000) 040, hep-th/0008015.

[12] A. Hashimoto, S. Hirano, and N. Itzhaki, “Large branes in ads and their field theory dual,” JHEP 08 (2000) 051, hep-th/0008016.

[13] I. Bena and D. J. Smith, “Towards the solution to the giant graviton puzzle,” Phys. Rev. D71 (2005) 025005, hep-th/0401173.

[14] V. Balasubramanian, M. Berkooz, A. Naqvi, and M. J. Strassler, “Giant gravitons in conformal field theory,” JHEP 04 (2002) 034,

hep-th/0107119.

[15] S. R. Das, A. Jevicki, and S. D. Mathur, “Vibration modes of giant gravitons,” Phys. Rev. D63 (2001) 024013, hep-th/0009019.

[16] S. R. Das, A. Jevicki, and S. D. Mathur, “Giant gravitons, bps bounds and noncommutativity,” Phys. Rev. D63 (2001) 044001,

hep-th/0008088.

[17] R. de Mello Koch and R. Gwyn, “Giant graviton correlators from dual su(n) super yang-mills theory,” JHEP 11 (2004) 081,

hep-th/0410236.

[18] A. V. Ryzhov, “Quarter bps operators in n = 4 sym,” JHEP 11 (2001) 046, hep-th/0109064.

[19] E. D’Hoker and A. V. Ryzhov, “Three-point functions of quarter bps operators in n = 4 sym,” JHEP 02 (2002) 047, hep-th/0109065.

[20] E. D’Hoker, P. Heslop, P. Howe, and A. V. Ryzhov, “Systematics of quarter bps operators in n = 4 sym,” JHEP 04 (2003) 038,

hep-th/0301104.

[21] A. Mikhailov, “Giant gravitons from holomorphic surfaces,” JHEP 11 (2000) 027, hep-th/0010206.

[22] I. Biswas, D. Gaiotto, S. Lahiri, and S. Minwalla, “Supersymmetric states of n = 4 yang-mills from giant gravitons,” hep-th/0606087.

[23] G. Mandal and N. V. Suryanarayana, “Counting 1/8-bps dual-giants,”

hep-th/0606088.

[24] J. P. Gauntlett, D. Martelli, S. Pakis, and D. Waldram, “G-structures and wrapped ns5-branes,” Commun. Math. Phys. 247 (2004) 421–445, hep-th/0205050.

[25] J. P. Gauntlett, D. Martelli, J. Sparks, and D. Waldram, “Sasaki-einstein metrics on s(2) x s(3),” Adv. Theor. Math. Phys. 8 (2004) 711–734, hep-th/0403002.

[26] U. Gran, J. Gutowski, G. Papadopoulos, and D. Roest, “Systematics of iib spinorial geometry,” Class. Quant. Grav. 23 (2006) 1617–1678,

hep-th/0507087.

[27] J. T. Liu, D. Vaman, and W. Y. Wen, “Bubbling 1/4 bps solutions in type iib and supergravity reductions on s**n x s**n,” Nucl. Phys. B739 (2006) 285–310, hep-th/0412043.

[28] O. Lunin, “Informal seminar, brown university,”.

[29] J. T. Liu and D. Vaman, “Bubbling 1/2 bps solutions of minimal six-dimensional supergravity,” hep-th/0412242.

[30] G. Papadopoulos and D. Tsimpis, “The holonomy of iib supercovariant connection,” Class. Quant. Grav. 20 (2003) L253,

hep-th/0307127.

[31] N. Kim, “Ads(3) solutions of iib supergravity from d3-branes,” JHEP 01 (2006) 094, hep-th/0511029.