arXiv:hep-th/0606268 v1 28 Jun 2006

Perturbative Gravity and Twistor Space

N. E. J. Bjerrum-Bohr^{a b}, David C. Dunbar^a and Harald Ita^a SWAT-06/464

aDepartment of Physics, University of Wales Swansea

bPresented by N. E. J. Bjerrum-Bohr at Loop and Legs 2006

1. Introduction

Tree amplitudes in gravity theories can be computed from those of gauge theory using the KLT relations [1]. Inspired by this observation, investigations [2,3,4,5] have been carried out in the hope of discovering a deeper connection at the perturbative level between N = 8 supergravity [6] and N = 4 super Yang-Mills. A link between these theories, beyond structural similarities like the non-abelian gauge symmetry and maximal supersymmetry, is not obvious and could have surprising implications on the UV behaviour of N = 8 supergravity. After all, N = 4 super Yang-Mills can be proven to be a finite theory, to all orders in perturbation theory [7]. Explicit computations seem to be the way forward in order to derive concrete statements about N = 8 supergravity.

The “weak-weak” duality, between N = 4 super Yang-Mills and a topological string theory propagating in twistor space [8] implies the existence of a single perturbative S-matrix for these two theories. Within the S-matrix of gauge theory the duality lead to the discovery of surprising structures as the MHV-vertex construction [9,10] and the BCFW recursion relations [11]. Although the duality applies more readily to N = 4 SYM [12] the ideas motived by the twistor space duality have been applied successfully to a much wider range of theories and in particular to gravity. Among other applications are theories both with less supersymmetry [13], massive particles [14,15] and computations of QCD one-loop amplitudes [16].

In this talk we discuss how the ideas inspired by the “weak-weak” duality can be applied to calculate one-loop N = 8 supergravity amplitudes.

We interprete the result to give evidence for the the ”no-triangle” hypothesis, which states that N = 8 supergravity contains neither triangle nor bubble scalar integral functions. The absence of these integral functions implies the de-facto power counting to be similar to that of N = 4 SYM and thus stronger than needed for finiteness at one-loop. Such simplifications require, if they extend beyond one-loop, a rethinking of the ultra-violet structure of maximal supergravity.

2. Tree Amplitudes in Gravity Theories

Tree amplitudes in gravity theories are linked to those of gauge theory [1] via the heuristic relation in string theory, ( closed string ) ∼ ( open string ) Left × ( open string ) Right

(2.1)

The concrete realisation of the relationship up to six points at α^′ = 0 is,

M^{tree}_{[1,2,3]} = −i A^{tree}_{[1,2,3]} ×A^{tree}_{[1,2,3]} ,

M^{tree}_{[1,2,3,4]} = −i s_{12} A^{tree}_{[1,2,3,4]}×A^{tree}_{[1,2,4,3]} ,

M^{tree}_{[1,2,3,4,5]} = i s_{12}s_{34} A^{tree}_{[1,2,3,4,5]}×A^{tree}_{[2,1,4,3,5]}

+ is_{13}s_{24} A^{tree}_{[1,3,2,4,5]}×A^{tree}_{[3,1,4,2,5]} ,

M^{tree}_{[1,2,3,4,5,6]} =−is_{12}s_{45} A^{tree}_{[1,2,3,4,5,6]}× [ s_{35}A^{tree}_{[2,1,5,3,4,6]}

+ (s_{34} + s_{35}) A^{tree}_{[2,1,5,4,3,6]} ] + P(2, 3, 4) ,

(2.2)

where s_{ij} = (k_i + k_j)^2, P(2, 3, 4) represents the sum over permutations of legs 2, 3, 4 and the A^{tree}_n are tree-level colour-ordered gauge theory partial amplitudes. These relations are the Kawai, Lewellen and Tye (KLT) relations [1]. Even in low energy effective field theories for gravity [17,18] the KLT-relations can be seen to be valid. 1

For Yang-Mills amplitudes, the twistor space duality has motivated the development of a MHVvertex reformulation for tree amplitudes. In this the Parke-Taylor expressions for MHV amplitudes [19], A^{tree}_{[1}+_{,...,j}−_{,...,k}−_{,...,n}+_] = i ⟨j k⟩^4 ⟨1 2⟩ ⟨2 3⟩ · · · ⟨n 1⟩ , (2.3)

are promoted to vertices for a diagrammatic expansion [9]. The twistor variables for the intermediate momentum between vertices are calculated through the relation λ_a(q) = q_{aȧ}η^ȧ with η being a reference spinor. Since the Parke-Taylor expression only involves holomorphic variables λ_a and not anti-holomorphic variables λ̄_ȧ this is sufficient to define the expansion. Gravity MHV amplitudes [20] involve both λ_a and λ̄_ȧ and it has proven difficult to find the correct continuation of λ̄_ȧ [21]. Despite this in ref. [4], it was demonstrated that gravity amplitudes satisfy the same type of localisation properties in twistor space as Yang-Mill amplitudes. More recently it was shown in ref. [22] that a MHV construction was possible provided that one carries out special shifts [23] in the anti-holomorphic variables λ̄_ȧ.

Gravity amplitudes are also amenable to a BCFW-like shift as demonstrated in refs. [24].

Thus, although more complicated, the new techniques may be applied to amplitudes of theories with gravity.

3. One-Loop in N = 8 Supergravity

At one-loop level, string theory would suggest that the KLT relations extends within the loop momentum integrals. After integration, however, such relations would not be expected to persist in the amplitude. To illustrate this we examine the one-loop amplitudes in maximal supergravity/Yang-Mills. In evaluating loop amplitudes one performs integrals over the loop momenta, ℓ^μ, with polynomial numerator P (ℓ^μ). In a Yang-Mills theory, the loop momentum polynomial will generically be of degree ≤ n for a npoint loop. N = 4 one-loop amplitudes exhibits considerable simplification and the loop momentum integral will be of degree n − 4 [25,26]. Consequently, the amplitudes can be expressed as a sum of scalar box integrals with rational coefficients, as follows from a Passarino-Veltman reduction [27],

A^{1−loop} = ∑ a c_aI^4_a . (3.1)

Considerable progress has recently been made in determining such coefficients, c_a, using a variety of methods based on unitarity [26,28,12].

For maximal N = 8 supergravity [6] the equivalent power counting arguments [29] give a loop momentum polynomial of degree

2(n − 4) , (3.2)

which is consistent with eq. (2.1). Reduction for n > 4 leads to a sum of tensor box integrals with integrands of degree n − 4 which would then reduce to scalar boxes and triangle, bubble and rational functions,

M^{1−loop} = ∑ a c_aI^a_4 + ∑ a d_aI^a_3 + ∑ a e_aI^a_2 + R

(3.3) where the I_3 are present for n ≥ 5, I_2 for n ≥ 6 and the rational terms for n ≥ 7.

The first calculation of an one-loop N = 4 amplitude was of the four point [30],

A^{1−loop} [1,2,3,4] = st × A tree [1,2,3,4] × I4 (s,t) . (3.4) Here I_{4,(s,t)} denotes the scalar box integral with attached legs in the order 1234 and s, t and u are the usual Mandelstam variables. The N = 8 amplitude was also given,

M^{1−loop} [1,2,3,4] = stuM tree [1,2,3,4] [ I_{4 (s,t)}+I_{4 (s,u)}+I_{4 (t,u)} ] , (3.5) so that, like the N = 4 Yang-Mills amplitude, the N = 8 amplitude can be expressed in terms of scalar box-functions. For n = 4 this similarity between N = 4 and N = 8 is consistent with the previous power counting arguments.

4. The no-triangle hypothesis

Despite the power counting argument, there is evidence [4] that one-loop amplitudes of N = 8 can be expressed simply as a sum over scalar box integrals analogous to the N = 4 amplitudes (3.1). We label this as the “no-triangle hypothesis.” We emphasis that this is a hypothesis: we will present evidence in its favour but not a proof.

Firstly, in the few definite computations at oneloop level, triangle or bubble functions do not appear. In ref. [3] the five and six point “Maximally Helicity Violating” amplitudes were computed and contrary to expectations, consisted entirely of scalar box-functions.

Secondly, factorisation properties of the physical amplitudes do not seem to demand the presence of these functions. Since the four and five point amplitudes are triangle-free then in any soft, collinear, or multi-particle pole limit of a higher point function the triangles would by necessity drop out or be absent in the first place. For further support we refer to ref. [3], where an ansatz for the n-point MHV amplitude was constructed, entirely of box functions consistent in all soft limits. The simplification is peculiar to N = 8 and does not apply for N < 8 supergravities [29,31].

Thirdly, one can calculate the box-coefficients for the amplitude using unitarity and examine whether the amplitude has the correct soft behaviour. At one-loop, the expected soft divergence in a n graviton amplitude is [32],

M^{one−loop} [1,2,...,n] = icΓκ 2 [∑_{i<j} s_{ij} ln[−s_{ij}] 2ϵ ] ×M^{tree}_{[1,2,...,n]}. (4.1) In the expansion of the one-loop amplitude (3.3) both box and triangle integral functions contain divergences of the form ln(−P^2)/ϵ and the bubble integrals contains 1/ϵ divergences. Thus if the boxes contain all the correct IR divergences we can conclude that the remaining parts cannot contribute any IR divergences. The triangle integrals can be organised according to the number of “massive” legs. The one and two mass triangles are not all independent but choosing an appropriate subset as a basis we can immediately deduce that these must be absent from the amplitude when the boxes correctly contain the IR singularities. (A caveat is that the three-mass triangle contains no IR singularity and so cannot be excluded by an IR argument.) In ref. [5] the box coefficients were explicitly computed for the sixpoint NMHV amplitudes. The result consisted of a sum of one-and two-adjacent-mass boxes:

M^{1−loop} [a,b,c,d,e,f] = cΓ (∑ (abcdef)∈P^{′′}_6 ĉ^{(abc)def} I^{(abc)def} 4 + ∑ (abcdef)∈P^′_6 ĉ^{a(bc)(de)f} I^{a(bc)(de)f} 4 ) . (4.2)

The six-point amplitude thus calculated gives exactly the entire expected IR structure of the oneloop amplitude confirming the absence of triangles (with at least one massless leg).

The “no-triangle” hypothesis applies to oneloop amplitudes. However, by factorisation it conceivably extends beyond one-loop. We wish to comment that the hypothesis, if true, implies a significantly softer UV behaviour of gravity than expected from power counting.

5. Multi-loop amplitudes

The two-loop four-point amplitudes are [33],

A^2-^{loop}

4 = g^6st A^{tree}_4 [ s I^2-^{loop,P} 4 (t,s) +s I 2-loop,P 4 (t,s) ] (5.1)

and [2],

M^2-^{loop} 4 = ( κ 2 )_6 stu M^{tree}_4 × [ s^2 I^2-^{loop,P} 4 (s,t) + s 2 I^2-^{loop,NP}

4 (s,t) +perms ] , (5.2)

where P and N P indicate the planar and nonplanar two-loop scalar box functions. The amplitudes are both UV finite for D ≤ 6. A thorough discussion of the power counting of amplitudes with L > 2 for D ≥ 4 was presented in ref. [2]. By examining the cuts of higher point functions the leading UV behaviour of N = 4 SYM is expected to be, ∫ (d^Dp)^L (p^2)^{(L−2)} (p^2)^{3L+1}

, (5.3)

implying amplitudes to be finite when D < 6 L + 4 .

The expectation for three-loop Yang-Mills has recently been confirmed in [34]. For D = 4 this is restating the known finiteness of N = 4 SYM [7].

For supergravity, the expectation is that the integrands will be the square of Yang-Mills integrands and thus the divergence will go as, ∫ (d^Dp)^L (p^2)^{2(L−2)} (p^2)^{3L+1}

, (5.4)

implying finiteness when D < 10 L + 2 .

This suggest that N = 8 supergravity is infinite at five loops in D = 4. Explicitly, this behaviour was checked for parts of the amplitude which are “two-particle cut-constructible”. Although we do not have a candidate mechanism for the no-triangle hypothesis, it does suggest a cancellation between diagrams. Such cancellations, if they persist beyond one-loop would suggest the above power counting is too conservative.

6. Conclusions

The recent progress in computing gauge theory amplitudes can be extended, in many cases, to theories incorporating gravity. This has improved our understanding of the perturbative expansion of, in particular, maximal N = 8 supergravity.

The current status on the perturbative expansion is that N = 8 is two loop finite, but expected to diverge from power counting arguments at five loops [35,2]. However it is surprising that in concrete calculations [2,3,4,5] the large momentum structure in N = 8 supergravity appears to be much simpler than power counting suggests. These simplifications are completely unexpected from the currently known symmetries of N = 8 supergravity. One might suspect, this implies the existence of further symmetries and additional constraints on the scattering amplitudes. It seems promising, although challenging, to utilise the simplification as well as new techniques to determine the ultra-violet behaviour of higher loop scattering amplitudes in N = 8 supergravity.

REFERENCES

1. H. Kawai, D. C. Lewellen and S. H. H. Tye, Nucl. Phys. B 269, 1 (1986).

2. Z. Bern, L.J. Dixon, D.C. Dunbar, M. Perelstein and J.S. Rozowsky, Nucl. Phys. B 530, 401 (1998) [hep-th/9802162]; Class. and Quant. Grav. 17, 979 (2000) [hepth/9911194].

3. Z. Bern, L. J. Dixon, M. Perelstein and J. S. Rozowsky, Nucl. Phys. B 546, 423 (1999) [hep-th/9811140].

4. Z. Bern, N. E. J. Bjerrum-Bohr and D. C. Dunbar, JHEP 0505 (2005) 056 [hep-th/0501137] 5. N. E. J. Bjerrum-Bohr, D. C. Dunbar and H. Ita, Phys. Lett. B 621 (2005) 183 [hep-th/0503102].

6. E. Cremmer, B. Julia and J. Scherk, Phys.

Lett. B 76, 409 (1978); E. Cremmer and B. Julia, Phys. Lett. B 80, 48 (1978).

7. S.Mandelstam, Nucl.Phys. B 213, 149 (1983). 8. E. Witten, Commun. Math. Phys. 252, 189 (2004) [hep-th/0312171].

9. F. Cachazo, P. Svrcek and E. Witten, JHEP 0409, 006 (2004) [hep-th/0403047].

10. A. Brandhuber, B. Spence and G. Travaglini, Nucl. Phys. B 706, 150 (2005) [hep-th/0407214]; C. Quigley and M. Rozali, JHEP 0501, 053 (2005) [hep-th/0410278]; J. Bedford, A. Brandhuber, B. Spence and G. Travaglini, Nucl. Phys. B 706, 100 (2005) [hep-th/0410280]; A. Brandhuber, B. Spence and G. Travaglini, JHEP 0601, 142 (2006) [hep-th/0510253].

11. R. Britto, F. Cachazo and B. Feng, hep-th/0412308; R. Britto, F. Cachazo, B. Feng and E. Witten, hep-th/0501052.

12. Z. Bern, V. Del Duca, L.J. Dixon and D. A. Kosower, Phys. Rev. D 71, 045006 (2005) [hep-th/0410224]. Z. Bern, L. J. Dixon and D. A. Kosower, hep-th/0412210. R. Britto, F. Cachazo and B. Feng, hep-th/0410179. R. Roiban, M. Spradlin and A. Volovich, hep-th/0412265. R. Britto, F. Cachazo and B. Feng, hep-th/0412103.

13. S. J. Bidder, N. E. J. Bjerrum-Bohr, L. J. Dixon and D. C. Dunbar, Phys. Lett. B

606, 189 (2005) [hep-th/0410296]. S. J. Bidder, N. E. J. Bjerrum-Bohr, D. C. Dunbar and W. B. Perkins, Phys. Lett. B 608 (2005) 151 [hep-th/0412023]; Phys. Lett. B 612 (2005) 75 [hep-th/0502028]; R. Britto, E. Buchbinder, F. Cachazo and B. Feng, Phys. Rev. D 72 (2005) 065012 [hep-ph/0503132].

14. G.Georgiou and V.V.Khoze, JHEP0405,070 (2004)[hep-th/0404072]; J.B.Wu and C.J.Zhu JHEP0409,063(2004)[hep-th/0406146]; X.Su and J.B.Wu,hep-th/0409228.

15. L. J. Dixon, E. W. N. Glover and V. V. Khoze, JHEP 0412, 015 (2004) [hep-th/0411092]; Z. Bern, D. Forde, D. A. Kosower and P. Mastrolia, hep-ph/0412167; S. D. Badger, E. W. N. Glover and V. V. Khoze, hep-th/0412275.

16. Z. Bern, L. J. Dixon and D. A. Kosower, Phys. Rev. D 73, 065013 (2006) [hep-ph/0507005]; Z. Bern, N. E. J. Bjerrum- Bohr, D. C. Dunbar and H. Ita, JHEP 0511, 027 (2005) [hep-ph/0507019]; N. E. J. Bjerrum-Bohr, D. C. Dunbar and H. Ita, hep-ph/0606290.

C. F. Berger, Z. Bern, L. J. Dixon, D. Forde and D. A. Kosower, hep-ph/0604195.

17. S. Weinberg, Physica A96, 327 (1979);

J. F. Donoghue, Phys. Rev. D 50 3874 (1994) [gr-qc/9405057]; N. E. J. Bjerrum- Bohr, J. F. Donoghue and B. R. Holstein, Phys. Rev. D 67, 084033 (2003) [hep-th/0211072]; Phys. Rev. D 68, 084005 (2003) [hep-th/0211071].

18. N. E. J. Bjerrum-Bohr, Phys. Lett. B 560, 98 (2003) [hep-th/0302131]; Nucl. Phys. B 673, 41 (2003) [hep-th/0305062]; N. E. J. Bjerrum- Bohr and K. Risager, Phys. Rev. D 70, 086011 (2004) [hep-th/0407085].

19. S. J. Parke and T. R. Taylor, Phys. Rev.

Lett. 56, 2459 (1986); F. A. Berends and W. T. Giele, Nucl. Phys. B 306, 759 (1988).

20. F. A. Berends, W. T. Giele and H. Kuijf, Phys. Lett. B 211, 91 (1988).

21. S. Giombi, R. Ricci, D. Robles-Llana and D. Trancanelli, JHEP 0407, 059 (2004) [hep-th/0405086]; J. B. Wu and C. J. Zhu, JHEP 0407, 032 (2004) [hep-th/0406085].

22. N. E. J. Bjerrum-Bohr, D. C. Dunbar, H. Ita, W. B. Perkins and K. Risager, JHEP 0601, 009 (2006) [hep-th/0509016].

23. K. Risager, JHEP 0512 (2005) 003 [hep-th/0508208].

24. J. Bedford, A. Brandhuber, B. Spence and G. Travaglini, hep-th/0502146; F. Cachazo and P. Svrcek, hep-th/0502160.

25. Z. Bern and D. A. Kosower, Phys. Rev. Lett.

66, 1669 (1991); Nucl. Phys. B 379, 451 (1992); Z. Bern and D. C. Dunbar, Nucl. Phys. B 379, 562 (1992).

26. Z. Bern, L.J. Dixon, D.C. Dunbar and D.A.

Kosower, Nucl. Phys. B 425, 217 (1994), [hep-ph/9403226].

27. G. Passarino and M. Veltman, Nucl. Phys. B 160, 151, (1979).

28. Z. Bern, L.J. Dixon, D.C. Dunbar and D.A.

Kosower, Nucl. Phys. B 435, 59 (1995), [hepph/9409265].

29. Z. Bern, D.C. Dunbar and T. Shimada, Phys.

Lett. B 312, 277, (1993) [hep-th/9307001]; D.C. Dunbar and P.S. Norridge, Nucl. Phys. B 433, 181 (1995) [hep-th/9408014].

30. M.B. Green, J.H. Schwarz and L. Brink, Nucl.

Phys. B198:472 (1982).

31. D. C. Dunbar, B. Julia, D. Seminara and M. Trigiante, JHEP 0001, 046 (2000) [hep-th/9911158]; D. C. Dunbar and N. W. P. Turner, Class. Quant. Grav. 20, 2293 (2003) [hep-th/0212160].

32. D.C. Dunbar and P.S. Norridge, Class. Quan.

Grav. 14,351(1997),[hep-th/9512084]. 33. Z. Bern, J. Rozowsky and B. Yan, hep-ph/9706392.

34. Z. Bern, L. J. Dixon and V. A. Smirnov, Phys. Rev. D 72, 085001 (2005) [hep-th/0505205]. Z. Bern, M. Czakon, D. A. Kosower, R. Roiban and V. A. Smirnov, hep-th/0604074.

35. P. S. Howe and K. S. Stelle, Phys. Lett. B 554, 190 (2003) [hep-th/0211279].