arXiv:hep-th/0607047 v2 20 Jul 2006

July, 2006 OCU-PHYS 250 hep-th/0607047

Gauged N = 2 Supergravity and Partial Breaking of Extended Supersymmetry

Kazunobu Maruyoshi^†

Department of Mathematics and Physics, Graduate School of Science Osaka City University 3-3-138, Sugimoto, Sumiyoshi-ku, Osaka, 558-8585, Japan

Abstract

We review the general gauged N = 2 supergravity coupled to an arbitrary number of vector multiplets and hypermultiplets. We consider two different models where N = 2 supersymmetry is broken to N = 1 spontaneously, one has a U(1) vector multiplet and the other has a U(N) vector multiplet. In both cases, partial breaking of N = 2 supersymmetry is accomplished by the Higgs and the super-Higgs mechanisms. The mass spectrum can be evaluated and we conclude that the resulting models have N = 1 supersymmetry. This is based on master thesis submitted to Graduate School of Science, Osaka City University, in March 2006.

†E-mail: maruchan@sci.osaka-cu.ac.jp

Contents

1 Introduction 3

2 Special and quaternionic Kähler manifolds 6 2.1 Hodge-Kähler manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Special Kähler manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2.1 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.2.2 The holomorphic prepotential . . . . . . . . . . . . . . . . . . . . . . 12 2.3 Quaternionic Kähler manifolds . . . . . . . . . . . . . . . . . . . . . . . . . 13

3 The gauging 16 3.1 The momentum map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.1.1 The Killing vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.1.2 The momentum map . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 3.1.3 The triholomorphic momentum map . . . . . . . . . . . . . . . . . . 22 3.2 Gauging of the composite connections . . . . . . . . . . . . . . . . . . . . . 25

4 The Lagrangian of gauged N = 2 supergravity 26 4.1 The Lagrangian of gauged N = 2 supergravity . . . . . . . . . . . . . . . . 26 4.2 The supersymmetry transformation laws . . . . . . . . . . . . . . . . . . . . 29

5 Partial supersymmetry breaking in the N = 2 U(1) gauged model 32 5.1 N = 2 U(1) gauged supergravity model . . . . . . . . . . . . . . . . . . . . 32 5.1.1 Vector multiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 5.1.2 Hypermultiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 5.2 Partial supersymmetry breaking . . . . . . . . . . . . . . . . . . . . . . . . 35 5.3 The mass spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 5.3.1 Fermion mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 5.3.2 Boson mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 5.4 Conclusion and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

6 Partial supersymmetry breaking in the N = 2 U(N) gauged model 41 6.1 N = 2 U(N) gauged supergravity model . . . . . . . . . . . . . . . . . . . . 41 6.1.1 U(N) vector multiplet . . . . . . . . . . . . . . . . . . . . . . . . . . 41 6.1.2 Hypermultiplet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 6.2 Partial supersymmetry breaking . . . . . . . . . . . . . . . . . . . . . . . . 44

6.2.1 The scalar potential . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 6.2.2 Vacuum conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47 6.2.3 Supersymmetry transformations of the fermions . . . . . . . . . . . . 49 6.3 The mass spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 6.3.1 Fermion mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50 6.3.2 Boson mass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51 6.4 N = 1 Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53 6.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

A Conventions and notations 57 A.1 Notations in quaternionic Kähler manifolds . . . . . . . . . . . . . . . . . . 57 A.2 Spinor conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

B The Bianchi identities and its solutions 60 B.1 Ungauged case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60 B.2 Gauged case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Chapter 1

Introduction

The standard model is a successful theory describing the high energy physics. The remarkable agreement of theory and experiment gives us confidence that it is the correct description of strong, weak and electric interactions of elementary particles. However there are several serious problems, such as the gauge hierarchy problem and the inability to include the general relativity. These facts suggest that the standard model is not final theory but rather an effective theory describing the electroweak energy scale region.

Supersymmetry has become the dominant framework of formulating physics beyond the standard model. Supersymmetric extension of the standard model can solve some problems. Since supersymmetry requires that each scalar field have fermionic partner of the same mass, the quadratic divergences of the scalar mass terms automatically vanish. Also three gauge coupling constants modify to meet accurately at very high energy. But supersymmetry is not observed in nature, so it must be broken at low energy scale. If a supersymmetry is broken spontaneously, a massless fermion called Nambu-Goldstone fermion appears. Thus, global supersymmetry should not be broken spontaneously. Though, in the local supersymmetry, the Nambu-Goldstone fermion is absorbed by gravitino through the super-Higgs mechanism. This motivates to study supergravity as a candidate beyond the standard model.

The fact that extended (N > 1) supersymmetric theories cannot have the chiral structure of the standard model make it difficult to deal with phenomenologically. But many theorists have been researched extended supersymmetric theories using their rich geometrical structures. In N = 2 supersymmetric Yang-Mills theory, by using its symplectic structure, Seiberg and Witten have showed that the prepotential function can be determined exactly including the non-perturbative effects [1, 2]. Similarly, N = 2 supergravity has symplectic structure. The most general form of Lagrangian coupled to an arbitrary number of vector multiplets and hypermultiplets in presence of a general gauging of the isometries of both vector and hypermultiplet scalar manifolds has been obtained by [3, 4]. This construction uses a coordinate independent and manifestly symplectic covariant formalism which in particular does not require the use of a prepotential function.

Partial supersymmetry breaking plays an important role of relating the extended supersymmetric field theories with the phenomenological models. It has been shown that, in U(1) gauged global N = 2 supersymmetric theory with electric and magnetic Fayet-Iliopoulos term, the N = 2 supersymmetry is broken to N = 1 [5, 6, 7]. It has been generalized to the case of U(N) gauged theory by [8, 9, 10]. In N = 2 supergravity, partial supersymmetry breaking have been accomplished by simultaneous realization of the Higgs and the super-Higgs mechanisms [11, 12, 13, 14, 15, 16, 17, 37]. But it is notable that these results have been obtained in the microscopic theories. Also, it is known that N = 2 supergravity relates to N = 2 global supersymmetric theory [13, 19]. In this thesis, we will see that in U(N) gauged N = 2 supergravity as low energy effective theory the half of supersymmetry is broken to N = 1 counterpart spontaneously [20].

The Organization of This Thesis

The first half of this thesis (chapter 2 ∼ chapter 4) is review of the general matter coupled N = 2 supergravity in four dimensions. On the other hand, in the latter half of this thesis (chapter 5 and chapter 6), we deal with the partial supersymmetry breaking.

In chapter 2, we define special Kähler manifolds and quaternionic Kähler manifolds. These manifolds describe scalar sector of vector multiplet and hypermultiplet respectively.

In chapter 3, we review the gauging procedure of special and quaternionic Kähler manifolds. Notion of momentum map which is introduced in section 3.1 plays an important role for the gauging.

Finally, the general matter coupled Lagrangian is given in chapter 4. It is consistent with the Bianchi identities which are obtained in appendix B. Also, the supersymmetry transformation laws of all the fields are introduced at the end of this chapter.

In chapter 5, we review the simplest N = 2 model where the N = 2 supersymmetry is broken to N = 1 [12]. This model has U(1) gauged vector multiplet and a hypermultiplet. If we choose symplectic section such as no prepotential exists, partial supersymmetry breaking occurs. It is accomplished by simultaneous realization of the Higgs and the super-Higgs mechanisms. We, also, see that the mass spectrum. In this model, the symplectic section has chosen to be the simplest function. Therefore, this model is microscopic theory such that higher order coupling terms of the scalar fields are not exist.

Chapter 6 is the main part of this thesis. We extend the model in the chapter 5 to U(N) gauged model. We give N = 2 supergravity model coupled to a U(N) gauged vector multiplet and a hypermultiplet. In particular, we do not choose the symplectic section as the simplest function. It leads to the effective theory which contains higher order coupling terms of the scalar fields. We observe that the N = 2 supersymmetry is broken to N = 1 spontaneously. Furthermore, by redefining the fluctuations of the scalar fields from the vacuum expectation value as new N = 1 scalar fields, we can write down N = 1 supergravity model in terms of the superpotentials.

Field Contents

Before going to the next chapter, we present, here, the field contents of N = 2 supergravity. The general matter coupled N = 2 supergravity contains a gravitational multiplet, m vector multiplets and k hypermultiplets. All the component fields of these multiplets are massless and describe as follows:

• a gravitational multiplet

This multiplet is described by the vierbein e^i_μ (i, μ = 0, 1, 2, 3), two gravitini ψ^A_μ

(A = 1, 2) and the graviphoton A^0_μ. (The upper and lower position of the index A represent left and right chirality, respectively.)

• m vector multiplets Each vector multiplet contain a gauge boson A^a_μ (a = 1, . . ., m), two gaugino λ^{aA} and a complex scalar z^a. (The chirality notation is opposite to that of gravitinos, that is, the upper and lower position denote right and left chirality, respectively.)

• k hypermultiplets Each multiplet contain two hyperini ζ^α (α = 1, . . ., 2k) and four real scalar b^u (u = 1, . . ., 4k). (The upper and lower position of the index α represent left and right chirality, respectively.)

The chirality notations are explained in detail in the appendix A.

Chapter 2

Special and quaternionic Kähler manifolds

The vector multiplets and the hypermultiplets contain the different kinds of the scalar fields and they are governed by the different kinds of geometries. The scalar field sector of vector multiplets is described by special Kähler manifold SM, while the scalar sector of hypermultiplets is described by quaternionic Kähler manifold HM. Special Kähler manifold is Hodge-Kähler manifold which has the particular bundle structure. Therefore, in section 2.1, we define a Hodge-Kähler manifold. The definition of the special Kähler manifold is given in section 2.2. This definition is independent of whether prepotential exists or not. We also give a different definition of the special Kähler manifold which depend on the existence of the prepotential. On the other hand, quaternionic Kähler geometry is defined in section 2.3.

There are many works on special and quaternionic Kähler geometries. Special Kähler geometry based on the special coordinates was introduced in [21, 22, 23]. The definition of the special Kähler geometry in terms of the symplectic bundles is in [25, 24, 3, 26, 4, 27, 28, 29, 30]. On the other hand, the geometric interpretation of the coupling of hypermultiplets was introduced in [31] and [32, 33, 3, 4]. Here we use the notations of [4].

2.1 Hodge-Kähler manifolds

Kähler manifolds

First of all, let us see the notations of Kähler manifold. A Kähler manifold is defined as follows. Consider a complex manifold M equipped hermitian metric g. A Kähler manifold M is a Hermitian manifold M whose Kähler 2-form K is closed: dK = 0. In this case, the metric g is called Kähler metric of M. The Kähler 2-form can be written in terms of the Kähler metric as, K = i 2π g_{ab}∗ dz^a ∧ dz̄^{b∗} , (2.1.1) where a = 1, . . ., n, and n is complex dimension of the Kähler manifold. The Kähler metric is locally given by g_{ab}∗ = ∂_a∂_b∗ K(z, z̄), (2.1.2) where K is real function and is called the Kähler potential. It is defined up to holomorphic function f(z), that is, the Kähler metric is invariant under the Kähler transformation: K → K + f(z) + f̄(z̄). (2.1.3) The only non-vanishing components of the Levi-Civita connection is Γ^a_{bc} and Γ^{a∗}_b∗_c∗ . With these components, for example, the covariant derivatives of vector V_a are ∇_aV_b = ∂_aV_b + Γ^c_{ab}V_c, ∇_a∗ V_b = ∂_a∗ V_b. (2.1.4) We require the metric compatibility which can be written, in components, as ∇_ag_{bc}∗ = 0, (2.1.5) which leads to the following relations: Γ^a_{bc} = −g^{ad∗} ∂_cg_{bd}∗ , Γ^{a∗}_b∗_c∗ = −g^{a∗d}∂_c∗ g_b∗_c. (2.1.6) Furthermore, the non-vanishing components of curvature 2-form are written as R^a_b = R^a_{bc}∗_ddz̄^{c∗} ∧ dz^d, R^a_{bc}∗_d = ∂_c∗ Γ^a_{bd}, R^{a∗}_b∗ = R^{a∗}_b∗_{cd}∗ dz^c ∧ dz̄^{d∗} , R^{a∗}_b∗_{cd}∗ = ∂_cΓ^{a∗}_b∗_d∗ . (2.1.7) Hodge-Kähler manifolds Let us consider a line bundle L^π−→ M over a Kähler manifold. This is the holomorphic vector bundle whose fibre is C^1 and its structure group is subgroup of GL(1, C). Thus, the Chern class is written as, c(L) = 1 + i 2π F, (2.1.8) where F is the field strength of the GL(1, C) connection. Since c_j = 0 for j > 1, the only available Chern class is c_1: c_1(L) = i 2π F = i 2π ¯∂θ = i 2π ¯∂(h^{−1}∂h) = i 2π ¯∂∂ log h, (2.1.9) where h(z, z̄) and θ are the hermitian metric and the canonical hermitian connection on L respectively. In (2.1.9), we have used the relation between h(z, z̄) and θ: θ = h^{−1}∂h = h^{−1}∂_ahdz^a, θ̄ = h^{−1} ¯∂h = h^{−1}∂_{a∗} hdz̄^{a∗} . (2.1.10) Let f(z) be a holomorphic section of L. The norm of f(z) is given as ||f(z)|| = h(z, z̄)f̄(z̄)f(z). Since under the action of the operator ¯∂∂ the term log(f̄(z̄)f(z)) yields a vanishing contribution, we can rewrite (2.1.9) as c_1(L) = i 2π ¯∂∂ log || f(z) ||^2. (2.1.11)

Definition 2.1. A Kähler manifold M is a Hodge-Kähler manifold M_{Hodge} if there exists a line bundle L^π−→ M whose first Chern class is equivalent to the cohomology class of the Kähler 2-form K, c_1(L) = [K]. (2.1.12)

Eq. (2.2.2) implies that there is a holomorphic section W (z) such that: K = i 2π g_{ab}∗ dz^a ∧ dz̄^{b∗} = i 2π ¯∂∂ log || W (z) ||^2 ≡ i 2π ∂_a∂_b∗ log || W (z) ||^2dz^a ∧ dz̄^{b∗} . (2.1.13)

It follows from (2.1.13) that if the manifold M is a Hodge-Kähler manifold, then the exponential of the Kähler potential can be interpreted as the metric on a line bundle L:

h(z, z̄) = exp(K(z, z̄)). (2.1.14) By substituting (2.1.14) into (2.1.10), we obtain θ = ∂K = ∂_aKdz^a, θ̄ = ¯∂K = ∂_{a∗} Kdz̄^{a∗} . (2.1.15)

In the N = 1 supergravity, c_1(K) = [K] and this restricts M to be a Hodge-Kähler manifold.

Principal U(1) bundle

It is known that there exists a correspondence between line bundles and principal U(1) bundles. Thus, the covariant derivatives with respect to the canonical connection of the line bundle are related to those of the U(1) bundle. We can express this correspondence, in terms of the canonical connection, as

Q = Im θ = − i 2 (θ − θ̄), (2.1.16)

where Q is the canonical connection on U(1) bundle U → M. If we apply the above formula to the case of the U(1) bundle U → M associated with Hodge-Kähler manifold, that is, the line bundle L whose first Chern class equals the Kähler 2-form, we get Q = − i 2 ( ∂_aKdz^a − ∂_a∗ Kdz̄^{a∗} ) . (2.1.17)

Let us consider a principal U(1)^p bundle. Let Φ(z, z̄) be a section of U^p. Its covariant derivative is ∇Φ = (d + ipQ)Φ, (2.1.18) or, in components,

∇_aΦ = (∂_a + 1 2 p∂_aK)Φ, ∇_a∗ Φ = (∂_a∗ − 1 2 p∂_a∗ K)Φ. (2.1.19)

A covariantly holomorphic section of U is defined by the equation: ∇_a∗ Φ = 0. We can easily map each section Φ(z, z̄) of U^p into a section Φ̃ of the line bundle L by setting, Φ̃ = e^{−pK/2}Φ (2.1.20)

Under the map covariantly holomorphic sections of U flow into holomorphic section of L and viceversa, that is, ∂_a∗Φ̃ = e^{−pK/2}∇_a∗ Φ (2.1.21)

2.2 Special Kähler manifolds The scalar field sector of vector multiplets in N = 2 supergravity is described by special Kähler geometry of local type. Suppose that there are m vector multiplets, so there exist m complex scalar fields z^a, a = 1, . . ., m. It is known that these scalar fields span a special Kähler manifold SM. The number of the complex scalar fields, m, corresponds to the complex dimension of the special Kähler manifold.

Here we only give definition of the special Kähler manifold. Thus, there is no guarantee that the vector multiplet scalar sector of N = 2 supergravity is described by the special Kähler geometry. However, in the appendix B, we will confirm that it is true.

2.2.1 Definitions

We consider, in addition to the line bundle L which has been introduced in the Hodge- Kähler manifold, the bundle SV as follows: SV → SM denotes a holomorphic flat vector bundle with structure group Sp(2m+2, R). Consider tensor bundle of the type H = SV ⊗L. A holomorphic section Ω of such a bundle will have the following structure,

Ω(z) = ( X^Λ(z) F_Σ(z) ) , Λ, Σ = 0, 1, . . ., m. (2.2.1)

Definition 2.2. A special Kähler manifold SM of the local type is an m-dimensional Hodge- Kähler manifold M_{Hodge} if there exists a bundle H with the following properties.

1. For some holomorphic section Ω, the Kähler 2-form is given by K = − i 2π ¯∂∂ log(i⟨Ω|Ω̄⟩). (2.2.2)

2. On overlaps of charts i and j, the symplectic section Ω are connected by transition functions of the following form

Ω_{(i)} = ( X^Λ F_Σ ) (i) = e^{fij (z)}M_{ij} ( X^Λ F_Σ ) (j) , (2.2.3)

with f_{ij} holomorphic and M_{ij} ∈ Sp(2m + 2, R) ,

3. The transition functions satisfy the following cocycle conditions on overlap regions of three charts: e^{fij fjk fki} = 1, M_{ij} M_{jk}M_{ki} = 1. (2.2.4)

Eq. (2.2.2) implies that we have a local expression for the Kähler potential in terms of the holomorphic section Ω:

K = − log(i⟨Ω|Ω̄⟩) = − log[i(X̄^ΛF_Λ − F̄_ΛX^Λ)]. (2.2.5)

We introduce a non-holomorphic section V of the bundle H according to, V = ( L^Λ M_Σ ) ≡ e^{K/2}Ω = e^{K/2} ( X^Λ F_Σ ) , (2.2.6)

so that (2.2.5) becomes 1 = i⟨V |V̄ ⟩ = i(L̄^ΛM_Λ − M̄_ΛL^Λ). (2.2.7) It can be seen as the section on the associated U(1) bundle (2.1.18). Therefore, by using (2.1.19), its covariant derivatives are written as, U_a ≡ ∇_aV = ( ∂_a + 1 2 ∂_aK ) V = ( f^Λ_a h_{Σ|a} ) , (2.2.8) U_a∗ ≡ ∇_a∗ V = ( ∂_a∗ − 1 2 ∂_a∗ K ) V = 0, (2.2.9) Ū_{a∗} ≡ ∇_{a∗}V̄ = ( ∂_a∗ + 1 2 ∂_a∗ K ) V̄ = (¯ f^Λ_a∗ h̄_{Σ|a∗} ) , (2.2.10)

where Ū_a∗ has been defined to be complex conjugate of U_a. At this stage, we can derive the following equations ⟨V |U_a⟩ = ⟨V |U_a∗ ⟩ = ⟨V |Ū_a∗ ⟩ = 0, (2.2.11) g_{ab}∗ = −i⟨U_a|Ū_b∗ ⟩, (2.2.12) ∇_{[a}U_{b]} = 0, (2.2.13)

where ∇_a denotes the covariant derivative containing both the canonical connection θ on the line bundle L and the Levi-Civita connection:

∇_aU_b = ∂_aU_b + 1 2 ∂_aKU_b + Γ^c_{ab}U_c. (2.2.14)

Defining C_{abc} = ⟨∇_aU_b|U_c⟩, (2.2.15) we can see that it is completely symmetric in its indices. With this, (2.2.14) can be written as, ∇_aU_b = iC_{abc}g^{cd∗}Ū_d∗ . (2.2.16)

Lemma 2.1. The completely symmetric tensor C_{abc} is covariantly holomorphic, namely, ∇_d∗ C_{abc} = 0. (2.2.17)

Proof. First of all, we have to observe that U_a satisfies the following condition: ⟨U_a|U_b⟩ = ∇_b⟨U_a|V ⟩ − ⟨∇_bU_a|V ⟩ = −iC_{abc}g^{cd∗} ⟨Ū_d∗ |V ⟩ = 0, (2.2.18) where we have used (2.2.11) and (2.2.16). We can also evaluate the covariant derivatives, ∇_a∇_b∗ U_c and ∇_b∗ ∇_aU_c, as follows:

∇_a∇_b∗ U_c = ∂_a(∇_b∗ U_c) + 1 2 ∂_aK(∇_b∗ U_c) + Γ^d_{ac}(∇_b∗ U_d) = ∂_a∂_b∗ U_c − 1 2 ∂_a(∂_b∗ KU_c) + 1 2 ∂_aK∇_b∗ U_c + Γ^d_{ac}∇_b∗ U_d, ∇_b∗ ∇_aU_c = ∂_b∗ (∇_aU_c) − 1 2 ∂_b∗ K(∇_aU_c) = ∂_a∂_b∗ U_c + 1 2 g_{ab}∗ U_c − 1 2 ∂_b∗ ∂_aU_c + 1 2 ∂_a∇_b∗ U_c + Γ^d_{ac}∇_b∗ U_d + (∂^∗_b Γ^d_{ac})U_d, which lead to [∇_a∇_b∗ − ∇_b∗ ∇_a]U_c = −g_{ab}∗ U_c − (∂^∗_b Γ^d_{ac})U_d. (2.2.19) Thus, using (2.2.18), we derive ∇_d∗ C_{abc} = ⟨∇_d∗ ∇_aU_b|U_c⟩ + ⟨∇_aU_b|∇_d∗ U_c⟩ = ⟨(∇_a∇_d∗ U_b|U_c⟩ + iC_{abe}g^{ef ∗} g_{cd}∗ ⟨Ū_f ∗ |V ⟩ = 0, (2.2.20) in the last equality, we have used ∇_a∇_d∗ U_b = ∇_a(g_{bd}∗ V ) = g_{bd}∗ U_a. Therefore, the lemma 2.1 has been proved.

We have to introduce one more important quantity, the generalized gauge coupling matrix N which will appear in the Lagrangian of the N = 2 supergravity^†. It is introduced by the following relations, M̄_Λ = N̄_{ΛΣ}L̄^Σ, h_{Λ|a} = N̄_{ΛΣ}f^Σ_a , (2.2.21) which can be solved constructing the two (N + 1) × (N + 1) matrices

f^Λ_I = ( f^Λ_a L̄Λ ) , h_{Λ|I} = ( h_{Λ|a} M̄_Λ ) , (2.2.22)

†We will see it in the chapter 4.

and setting:

N̄_{ΛΣ} = h_{Λ|I} ∘ (f^{−1})^I_Σ. (2.2.23)

From the previous formulae it is easy to derive a set of useful relations:

(Im N_{ΛΣ})L^ΛL̄^Σ = − 1 2 , (2.2.24)

U^{ΛΣ} ≡ f^Λ_a f̄^Σ_b∗ g^{ab∗} = − 1 2 (Im N )^{−1|ΛΣ} − L̄^ΛL^Σ, (2.2.25)

C_{abc} = f^Λ_a ∂_bN̄_{ΛΣ} f^Σ_c = (N − N̄ )_{ΛΣ}f^Λ_a ∂_bf^Σ_c , (2.2.26)

2.2.2 The holomorphic prepotential

So far we have not mentioned about the holomorphic prepotential F (X). Indeed, when the definition of special Kähler manifolds is given in intrinsic terms, as we did in the previous section, the holomorphic prepotential F can be dispense of. Actually, it appears that some physically interesting cases (for example, partial supersymmetry breaking) are precisely instances where F (X) does not exist.

However, we give the definition of special Kähler manifold, which depends on the existence of the prepotential here.

Definition 2.3. A special Kähler manifold is an m-dimensional Hodge-Kähler manifold with the following properties.

1. On every chart there exist complex projective coordinate functions X^Λ(z), where Λ = 0, . . ., m and a holomorphic function (prepotential) F (X^Λ) which is homogeneous of second degree, such that the Kähler potential is

K = − log i [ X̄^Λ ∂ ∂X^Λ F (X) − X^Λ ∂ ∂X̄^Λ

F̄ (X̄) ] , (2.2.27)

2. On overlaps of charts i and j, the symplectic vector Ω which is constructed from X and F in property 1 are connected by transition functions of the following form

Ω_{(i)} = ( X ∂F ) (i) = e^{fij (z)}M_{ij} ( X ∂F ) (j) , (2.2.28)

with f_{ij} holomorphic and M_{ij} ∈ Sp(2m + 2, R) ,

3. The transition functions satisfy the cocycle conditions (2.2.4) on overlap regions of three charts.

This definition of a special Kähler manifold clearly depends on the existence of the prepotential F (X). In reference of [27], it has been proved that these definitions are equivalent each other.

2.3 Quaternionic Kähler manifolds

Let us turn to the hypermultiplet sector. There are 4 real scalar fields for each hypermultiplet and, at least locally, they can be regarded as 4 components of a quaternion. These scalar fields span a quaternionic manifold HM. If we have k hypermultiplets, the manifold HM has dimension 4k.

Let us consider a 4k-dimensional real manifold with a metric h: ds^2 = h_{uv} (b)db^u ⊗ db^v ; u, v = 1, . . ., 4m, (2.3.1) and three complex structures J^x that satisfy the quaternionic algebra

J^xJ^y = −δ^{xy} I+ ϵ^{xyz} J^z , (2.3.2)

and respect to which the metric is hermitian: for any tangent vector X, Y on HM,

h(J^xX, J^yY ) = h(X, Y ). (2.3.3)

From (2.3.3), it follows that one can introduce a triplet of 2-forms K^x = K^x_{uv} db^u ∧ db^v, K^x_{uv} = h_{uw} (J^x)^w_v (2.3.4)

The triplet of 2-forms, K^x, is named the hyperKähler form. It provides the generalization of the Kähler form introduced in the complex case. It is an SU(2) Lie-algebra valued 2-form in the same way as the Kähler form is a U(1) Lie-algebra valued 2-form. In the complex case, the definition of Kähler manifold involves the statement that the Kähler 2-form is closed and, in Hodge-Kähler manifold, the Kähler 2-form can be identified with the curvature of a line bundle. Similar steps can be taken also here which lead to quaternionic manifolds.

Consider a principal SU(2) bundle SU → HM that play for hypermultiplets the same role played by the line bundle L → SM in the case of vector multiplets. Let ω^x denote a connection on such a bundle. To obtain a quaternionic manifold we must impose the condition that the hyperKähler 2-form is covariantly closed with respect to the connection ω^x ∇K^x ≡ dK^x + ϵ^{xyz} ω^y ∧ K^z = 0. (2.3.5)

Furthermore, we define the SU curvature by

Ω^x = dω^x + 1 2 ϵ^{xyz} ω^y ∧ ω^z . (2.3.6)

Definition 2.4. A quaternionic manifold HM is a 4m-dimensional manifold with the structure described above and such that the curvature of the SU bundle is proportional to the HyperKähler 2-form as Ω^x = λK^x. (2.3.7)

where λ is a non-vanishing real number.

Holonomy As a consequence of the above structure, the holonomy group of the manifold HM is a subgroup of Sp(2) × Sp(2k, R). If we introduce flat indices A, B = 1, 2; α, β = 1, . . ., 2k that run in the fundamental representations of SU(2) and Sp(2k, R) respectively, we can find vielbein 1-form U^{Aα} = U^{Aα}_u db^u, (2.3.8) such that h_{uv} = U^{Aα}_u U^{Bβ}_v C_{αβ} ϵ_{AB} , (2.3.9) where C_{αβ} = −C_{βα} and ϵ_{AB} = −ϵ_{BA} are, respectively, the flat Sp(2m) and Sp(2) ∼ SU(2) invariant metrics^†.

The vielbein U^{Aα} is covariantly closed with respect to the SU(2) connection w^x and to some Sp(2k, R) Lie algebra valued connection Δ^{αβ} = Δ^{βα}: ∇U^{Aα} ≡ dU^{Aα} + i 2 ω^x(ϵσ_xϵ^{−1})^A_B ∧ U^{Bα} + Δ^{αβ} ∧ U^{Aγ} C_{βγ} = 0, (2.3.10)

where (σ^x)^B_A are the standard Pauli matrices^{††} and Sp(2k, R) Lie algebra valued connection Δ^{αβ} satisfies:

Δ^β_α ≡ Δ^{γβ}C_{γα} , Δ^α_β ≡ C_{βγ} Δ^{αγ} . (2.3.11) Furthermore, U^{Aα} satisfies the reality condition: U_{Aα} ≡ (U^{Aα})^∗ = ϵ_{AB} C_{αβ} U^{Bβ}. (2.3.12) Eq.(2.3.12) defines the rule to lower the symplectic indices by means of the flat symplectic metrics ϵ_{AB} and C_{αβ} . More specifically we can write a stronger version of (2.3.9) [31]: (U^{Aα}_u U^{Bβ}_v + U^{Aα}_v U^{Bβ}_u )C_{αβ} = h_{uv} ϵ^{AB} , (2.3.13) (U^{Aα}_u U^{Bβ}_v + U^{Aα}_v U^{Bβ}_u )ϵ_{AB} = h_{uv} 1 m C^{αβ} . (2.3.14) We have also the inverse vierbein U^u_{Aα} defined by the following equation: U^u_{Aα}U^{Aα}_v = δ^u_v , (2.3.15) Flatting a pair of indices of the Riemann tensor R^{uv}_{ts} we obtain R^{uv}_{ts}U^{Aα}_u U^{Bβ}_v = − i 2 ϵ^{AC} R^B_{C|ts}C^{αβ} + R^{αβ}_{ts} ϵ^{AB} , (2.3.16) †Notations are fixed in the appendix A †† Also, see appendix A

where R^B_{A|uv} and R^{αβ}_{uv} are the curvature of the SU(2) connection and the Sp(2m) connection respectively: R^B_A = R^B_{A|uv}db^u ∧ db^v, ≡ Ω^x_{uv}(σ_x)^B_A , (2.3.17) R^{αβ} = R^{αβ}_{ts} db^t ∧ db^s ≡ dΔ^{αβ} + Δ^{αγ} ∧ Δ^{δβ} C_{γδ} . (2.3.18) Eq.(2.3.16) is the explicit statement that the Levi-Civita connection associated with the metric h has a holonomy group contained in SU(2) ⊗ Sp(2m).

Let us consider (2.3.2), (2.3.4) and (2.3.7), so we easily obtain the following relation: h^{st}K^x_{us}K^y_{tw} = −δ^{xy} h_{uw} + ϵ^{xyz} K^z_{uw}. (2.3.19) By using (2.3.7), (2.3.19) can be rewritten as follows: h^{st}Ω^x_{us}Ω^y_{tw} = −λ^2δ^{xy} h_{uw} + λϵ^{xyz} Ω^z_{uw}. (2.3.20)

Chapter 3

The gauging

In this chapter, we discuss the gauging procedure. The gauge group is identified with a subgroup of isometries of the product manifold SM × HM. The isometries are generated by Killing vectors. Also, the Killing vectors are written by the Killing potential which is, in geometrical point of view, identical with the momentum map providing the Poisson realization of Lie algebra on the manifold.

Firstly, we review about the Killing vectors and the Killing potential. We also see the notion of the momentum map. Furthermore, the construction of the momentum map on special Kähler manifolds or quaternionic Kähler manifolds is considered respectively. Finally, we gauge all the connections which have been given in the last chapter. These are based on the works of [33, 3, 4].

3.1 The momentum map

3.1.1 The Killing vectors

Consider a Kähler manifold M of complex dimension m. A vector field X is said a Killing vector field if an infinitesimal displacement ϵX generates an isometry, that is, under the displacement the Kähler metric is invariant:

(L_X g)_{μν} = 0, (3.1.1)

where L_X is the Lie derivative along the vector field X. Let k^a_Λ (a = 1 . . .m) be a component of holomorphic Killing vectors, that is,

X = a^Λk_Λ,

k_Λ = k^a_Λ ∂ ∂z^a + k^{a∗}_Λ ∂ ∂z^{a∗} , (3.1.2)

where k_Λ is a basis of the Killing vectors. The above statement can be rewritten such that, under the infinitesimal holomorphic coordinate transformations

δz^a = ϵ^Λk^a_Λ(z), (3.1.3)

the Kähler metric is invariant.

Eq.(3.1.1) implies the following Killing equations: ∇_ak_{bΛ} + ∇_bk_{aΛ} = 0, ∇_a∗ k_{bΛ} + ∇_bk_a∗_Λ = 0, (3.1.4) where we have defined as k_b = g_{ba}∗ k^{a∗} , k_a∗ = g_a∗_bk^b. Holomorphicity of the Killing vectors means the following differential constraints: ∂_b∗ k^a_Λ(z) = 0, ∂_bk^{a∗}_Λ (z) = 0. (3.1.5) Let us consider a compact Lie group G acting on M by means of Killing vector fields X. From (3.1.1), we obtain for the Kähler 2-form, 0 = L_X K = i_X dK + d(i_XK) = d(i_XK), (3.1.6) where i_X denotes the contraction with X. In the third equality, we have used the fact that the Kähler 2-form is closed. In general, if M is simply connected, first de Rham cohomology group is trivial^†. Thus, the closed one form is also exact. In this case, the one form i_X K is exact, then we can write − 1 2π dP_X = i_X K, (3.1.7) where a function P_X is defined up to a constant. If we expand X = a^Λk_Λ in a basis of Killing vectors k_Λ, we can also expand P_X as, P_X = a^ΛP_Λ. (3.1.8) Using this basis, we can rewrite (3.1.7) in components k^a_Λ = ig^{ab∗} ∂_b∗ P_Λ, k^{a∗}_Λ = −ig^{a∗b}∂_bP_Λ. (3.1.9) The function P_Λ is called Killing potential.

Indeed the Killing vectors which are written as (3.1.9) satisfy the Killing equations (3.1.4) The first equation of (3.1.4) is automatically satisfied, because ∇_ak_b = ∂_ak_b + Γ^c_{ab}k_c = (∂_ag_{bd}∗ + Γ^c_{ab}g_{cd}∗ + Γ^{c∗}_{ad}∗ g_{bc}∗ )k^{d∗} = (∇_ag_{bd}∗ )k^{d∗} = 0. (3.1.10) where we have used Γ^{c∗}_{ad}∗ = 0. Also, since (3.1.9) implies ∇_a∗ k_{bΛ} = −i∂_a∗ ∂_bP_Λ, ∇_bk_a∗_Λ = i∂_b∂_a∗ P_Λ, (3.1.11)

†see, for example, chapter 6 of [34]

thus the second equation of (3.1.4) is satisfied. In other words if we can find a function P_Λ such that the expression ig^{ab∗} ∂_b∗ P_Λ is holomorphic, then (3.1.9) defines a Killing vector.

If we substitute g_{ab}∗ = ∂_a∂_b∗ K into (3.1.9), we obtain an expression for the Killing potential in terms of the Kähler potential, iP_Λ = 1 2 (k^a_Λ∂_aK − k^{a∗}_Λ ∂_a∗ K) = k^a_Λ∂_aK = −k^{a∗}_Λ ∂_a∗ K. (3.1.12) Eq. (3.1.12) is true if the Kähler potential is exactly invariant under the transformations of the isometry group G and not only up to a Kähler transformation as defined in (2.1.3). In other words (3.1.12) is true if 0 = L_ΛK = k^a_Λ∂_aK + k^{a∗}_Λ ∂_a∗ K. (3.1.13) Note that not all the isometries of a general Kähler manifold have such a property. 3.1.2 The momentum map The construction of the Killing potential can be stated in a more precise geometrical formulation which involves the notion of momentum map. Let us review this construction which reveals another deep connection between supersymmetry and geometry.

Let us firstly prove the following relation: X(P_Y ) = P_{[X,Y ]}. (3.1.14) We refer to this as equivariance relation. Proof. Since the Kähler 2-form is closed, we get 0 = dK(X, Y, Z) = X(K(Y, Z)) − Y (K(X, Z)) + Z(K(X, Y )) = −K([X, Y ], Z) + K([X, Z], Y ) − K([Y, Z], X). (3.1.15) On the other hand, using (3.1.6), we obtain 0 = d(i_X K)(Y, Z) = Y (K(X, Z)) − Z(K(X, Y )) − K(X, [Y, Z]), (3.1.16) 0 = d(i_Y K)(X, Z) = X(K(Y, Z)) − Z(K(Y, X)) − K(Y, [X, Z]). (3.1.17) The above three equations imply Z(K(Y, X)) = K([X, Y ], Z), (3.1.18) which leads to:

d ∘ i_X ∘ i_Y (K) = i_{[X,Y ]}K, (3.1.19) where we have used that for any function f, X(f) = i_X (df). However, the left hand side of (3.1.19) can be rewritten as −2πd(i_X ∘ i_Y (K)) = d(i_X (dP_Y )) = d(X(P_Y )), (3.1.20) in the first equality we have used (3.1.7). Therefore, we have proved (3.1.14) up to constant.

Suppose that we expand X in a basis k_Λ such that [k_Λ, k_Σ] = f^Γ_{ΛΣ} k_Γ. (3.1.21) In the following we will use the shorthand notation L_Λ, i_Λ for the Lie derivative and the contraction along the chosen basis of Killing vectors k_Λ. The left hand side of the equivariance relation (3.1.14) can be represented in terms of the Killing vectors as follows, X(P_Y ) = a^Λk_Λ(a^ΣP_Σ) = ia^Λa^Σg_{ab}∗ (k^a_Λk^{b∗}_Σ − k^a_Σk^{b∗}_Λ ), (3.1.22) where we have used (3.1.9). On the other hand, the right hand side of (3.1.14) is written as P_{[X,Y ]} = a^Λa^Σf^Γ_{ΛΣ} P_Γ. (3.1.23) Therefore, the equivariance relation implies ig_{ab}∗ (k^a_Λk^{b∗}_Σ − k^a_Σk^{b∗}_Λ ) = f^Γ_{ΛΣ} P_Γ. (3.1.24)

Momentum map There is another way of stating the equivariance relation. It is based on the notion of the momentum map. A momentum map is constituted by P_X . This can be regarded as a map, P : M → R⊗ g^∗, (3.1.25) where g^∗ denotes the dual of the Lie algebra g of the Lie group G. Indeed let g ∈ g be the Lie algebra element corresponding to the Killing vector X; then, for a given p ∈ M, μ(m) : g → P_X (p) ∈ R (3.1.26) is a linear functional on R.

The momentum map is the Hamiltonian function providing the Poissonian realization of the Lie algebra on the Kähler manifold. Indeed the very existence of the closed Kähler 2-form K guarantees that every Kähler space is a symplectic manifold and that we can define a Poisson bracket.

Consider (3.1.9). To every generator of the abstract Lie algebra g we have associated a function P_Λ on M. The Poisson bracket of P_Λ with P_Σ is defined as follows, {P_Λ, P_Σ} ≡ 4πK(Λ, Σ), (3.1.27) where K(Λ, Σ) = K(⃗k_Λ,⃗k_Σ) is the value of K along the pair of Killing vectors. Lemma 3.1. The following identity is true, {P_Λ, P_Σ} = f^Γ_{ΛΣ} P_Γ + C_{ΛΣ}, (3.1.28) where C_{ΛΣ} is a constant tensor satisfying the cocycle condition f^Δ_{ΛΣ} C_{ΔΓ} + f^Δ_{ΣΓ} C_{ΔΛ} + f^Δ_{ΓΛ} C_{ΔΣ} = 0. (3.1.29)

Proof. Using (3.1.7), we have

4πK(Λ, Σ) = −4πK(Σ, Λ) = 2πi_Σi_ΛK = −2πi_Λi_ΣK = −i_ΣdP_Λ = i_ΛdP_Σ = 1 2 (i_ΛdP_Σ − i_ΣdP_Λ) = 1 2 (L_ΛP_Σ − L_ΣP_Λ). (3.1.30) Since the exterior derivative commutes with the Lie derivative, [d, L_Λ] = 0, we find 4πdK(Λ, Σ) = 1 2 (L_ΛdP_Σ − L_ΣdP_Λ) = −π(L_Λi_ΣK − L_Σi_ΛK) = −2πi_{[Λ,Σ]}K = f^Γ_{ΛΣ} dP_Γ, (3.1.31) in the third equality, we have used [i_Λ, L_Σ]K = i_{[Λ,Σ]}K and L_ΛK = 0. Using (3.1.27), we obtain d({P_Λ, P_Σ} − f^Γ_{ΛΣ} P_Γ) = 0, (3.1.32) which proves (3.1.28). The cocycle condition (3.1.29) follows from the Jacobi identities satisfied by (3.1.27).

If the Lie algebra g has a trivial second cohomology group H^2(g) = 0, then the cocycle C_{ΛΣ} is a coboundary, namely C_{ΛΣ} = f^Γ_{ΛΣ} C_Γ and C^Γ are suitable constants. Therefore, if we assume H^2(g) = 0, we can absorb C_Λ in the definition of P_Λ: P_Λ → P_Λ + C_Λ, (3.1.33) and we obtain the stronger equation {P_Λ, P_Σ} = f^Γ_{ΛΣ} P_Γ. (3.1.34) Note that H^2(g) = 0 is true for all semi-simple Lie algebras. Using (3.1.27), (3.1.34) can be rewritten in components as follows, i 2 g_{ab}∗ (k^a_Λk^{b∗}_Σ − k^a_Σk^{b∗}_Λ ) = 1 2 f^Γ_{ΛΣ}P_Γ. (3.1.35) This equation is identical with the equivariance relation (3.1.24).

The momentum map on special Kähler manifolds We consider the momentum map on special Kähler manifolds. In order to distinguish the holomorphic momentum map from the triholomorphic one P^x_Λ which is defined on quaternionic Kähler manifolds in next subsection, we adopt the notation P^0_Λ. The Lie derivative of the covariantly holomorphic section V defined in (2.2.7) is L_ΛV = k^a_Λ∂_aV + k^{a∗}_Λ ∂_a∗ V = T_ΛV + V f_Λ(z), (3.1.36) where T_Λ = ( a_Λ b_Λ c_Λ d_Λ ) ∈ Sp(2n + 2, R) (3.1.37)

is some element of the real symplectic Lie algebra and f_Λ(z) corresponds to an infinitesimal Kähler transformation.

As we see in the next chapter, the Lagrangian of gauged N = 2 supergravity is not necessarily invariant under the Kähler transformation (2.1.3). In order for the Lagrangian to be invariant, we should impose the following restriction: f_Λ(z) = 0. (3.1.38) Under the above restriction, recalling (2.2.5) and (2.2.6), for the sections V and Ω we have, L_ΛV = (k^a_Λ∂_aK + k^{a∗}_Λ ∂_a∗ K)V + e^{K/2}L_ΛΩ

= T_Λe^{K/2}Ω, L_ΛΩ = T_ΛΩ. (3.1.39) Thus, we obtain L_ΛK = k^a_Λ∂_aK + k^{a∗}_Λ ∂_a∗ K = 0 (3.1.40) that is identical with (3.1.13). Therefore, as discussed in the last subsection, the following equation is true iP^0_Λ = k^a_Λ∂_aK = −k^{a∗}_Λ ∂_a∗ K. (3.1.41) Utilizing the definition in (2.2.8) we easily obtain, k^a_ΛU_a = T_ΛV + iP^0_ΛV. (3.1.42) Taking the symplectic scalar product of (3.1.42) with V̄ and recalling (2.2.7) we finally get: P^0_Λ = ⟨V̄ |T_ΛV ⟩ = ⟨V |T_ΛV̄ ⟩

= e^K⟨Ω̄|T_ΛΩ⟩. (3.1.43) In the gauging procedure, we are interested in the symplectic image of whose generators is block-diagonal and coincides with adjoint representation in each block. Namely,

T_Λ = ( f^Σ_{ΛΔ} 0

0 −f^Σ_{ΛΔ} ) . (3.1.44)

Then (3.1.43) becomes P^0_Λ = e^K ( F_Δf^Δ_{ΛΣ}X̄^Σ + F̄_Δf^Δ_{ΛΣ}X^Σ ) . (3.1.45)

3.1.3 The triholomorphic momentum map

Let us turn to a discussion of isometries of the quaternionic manifold HM associated with hypermultiplets. The triholomorphicity of the momentum map P^x (x = 1, 2, 3) comes from the quaternionic algebra (2.3.2) of HM. We must assume that on HM we have an action by triholomorphic isometries of the same Lie group G that acts on the special Kähler manifold SM. This is means that on product manifold SM ⊗ HM we have Killing vectors

k̂_Λ = k^a_Λ ∂ ∂z^a + k^{a∗}_Λ ∂ ∂z^{a∗} + k^u_Λ ∂ ∂b^u (3.1.46)

which generate the transformation keeping invariant the metric,

ĝ = ( g_{ab}∗ 0 0 h_{uv} ) , (3.1.47)

and satisfy the same Lie algebra as the corresponding Killing vectors on special Kähler manifolds SM:

[k̂_Λ, k̂_Σ] = f^Γ_{ΛΣ} k̂_Γ. (3.1.48)

In the previous section, we have obtained the Kähler 2-form is invariant under the action of Lie derivative. Similarly, the Killing vector fields leave the hyperKähler form invariant. The only difference is the freedom to do the SU(2) rotations in the SU(2) bundle SU, that is, L_ΛK^x = ϵ^{xyz} K^y W^z_Λ,

L_Λω^x = ∇W^x_Λ , (3.1.49)

where W^x_Λ is an SU(2) compensator associated with the Killing vector k^u_Λ. This can be rewritten, by using the identification between hyperKähler forms and SU(2) curvatures (2.3.7), as L_ΛΩ^x = ϵ^{xyz} Ω^y W^z_Λ. (3.1.50)

The compensator W^x_Λ necessarily fulfills the cocycle condition:

L_ΛW^x_Σ − L_ΣW^x_Λ + ϵ^{xyz} W^y_ΛW^z_Σ = f^Γ_{ΛΣ}W^x_Γ . (3.1.51)

In full analogy with the case of Kähler manifolds, to each Killing vector we can associate a triplet P^x_Λ(b) of Killing potentials. Indeed,

∇W^x_Λ = L_Λω^x

= d(i_Λω^x) + i_Λ(dω^x)

= λ(i_ΛK^x) + ∇(i_Λω^x), (3.1.52)

where ∇ is defined such that, for SU(2) vector V^x, ∇V^x = dV^x + ϵ^{xyz} ω^y V^z . Therefore, if we set P^x_Λ ≡ λ^{−1}(i_Λω^x − W^x_Λ ), (3.1.53) we obtain i_ΛK^x = −∇P^x_Λ ≡ −(dP^x_Λ + ϵ^{xyz} ω^y P^z_Λ). (3.1.54) If we expand X = a^Λk̂_Λ on a basis of Killing vectors k_Λ satisfying the commutation relation (3.1.48), we can set P^x_X = a^ΛP^x_Λ. (3.1.55) With this basis, we can also rewrite (3.1.54) as, i_X K^x = −∇P^x_X . (3.1.56) This is a generalization of the relation (3.1.7).

Furthermore, we need a generalization of the equivariance relation obtained by (3.1.14). It should be written in terms of P^x_X as follows: X(P^x_Y ) = P^x_{[X,Y ]}, (3.1.57) where the left-hand side of (3.1.57) is interpreted as X(P^x_Y ) = i_X ∇P^x_Y = X^u∇_uP^x_Y . (3.1.58) The triholomorphic momentum map As in the Kähler manifold case, (3.1.54) defines a momentum map: P^x : M → R^3 ⊗ g^∗, (3.1.59) where g^∗ denotes the dual of the Lie algebra g of the group G. Indeed let g ∈ g be the Lie algebra element corresponding to the Killing vector X, then, for a given p ∈ M μ(p) : g → P^x_X (p) ∈ R^3 (3.1.60) is a linear functional on g.

Correspondingly, the triholomorphic Poisson bracket is defined as follows: {P_Λ, P_Σ}^x ≡ 2K^x(Λ, Σ) − λϵ^{xyz} P^y_ΛP^z_Σ (3.1.61)

Lemma 3.2. The following identity is true, {P_Λ, P_Σ}^x = f^Γ_{ΛΣ} P^x_Γ + C^x_{ΛΣ}, (3.1.62) where C^x_{ΛΣ} is covariantly constant, namely, ∇C^x_{ΛΣ} = 0 and fulfills the cocycle condition f^Δ_{ΛΣ} C^x_{ΔΓ} + f^Δ_{ΣΓ} C^x_{ΔΛ} + f^Δ_{ΓΛ} C^x_{ΔΣ} = 0. (3.1.63)

Proof. It is analogous to the proof of lemma 3.1. The difference is that we have to introduce covariant exterior derivative and covariant Lie derivative L̃_Λ instead of the ordinary ones. L̃_Λ is defined such as for any SU(2) vector V x, L̃_ΛV^x = L_ΛV^x + ϵ^{xyz} W^y V^z . (3.1.64) With this definition, (3.1.50) is rewritten as L̃_ΛΩ^x = 0. (3.1.65) Using (3.1.54), we have 2K^x(Λ, Σ) = i_Σi_ΛK^x = −i_Λi_ΣK^x = 1 2 (i_Λ∇P_Σ − i_Σ∇P_Λ) = 1 2 (L_ΛP^x_Σ − L_ΣP^x_Λ + ϵ^{xyz} (i_Λω)^yP^z_Σ − ϵ^{xyz} (i_Σω)^yP^z_Λ). (3.1.66) Thus, we obtain 2K^x(Λ, Σ) − λϵ^{xyz} P^y_ΛP^z_Σ = 1 2 (L̃_ΛP^x_Σ − L̃_ΣP^x_Λ). (3.1.67) Since the covariant exterior derivative commutes with the covariant Lie derivative for any SU(2) vector V^x, [∇, L̃_Λ]V^x = 0, we find ∇ ( 2K^x(Λ, Σ) − λϵ^{xyz} P^y_ΛP^z_Σ ) = 1 2 (L̃_Λ∇P^x_Σ − L̃_Σ∇P^x_Λ) = − 1 2 (L̃_Λi_ΣK^x − L̃_Σi_ΛK^x) = −i_{[Λ,Σ]}K^x = f^Γ_{ΛΣ} ∇P^x_Γ, (3.1.68) in the third equality, we have used the fact that [i_Λ, L̃_Σ]K^x = i_{[Λ,Σ]}K^x. Using (3.1.61), we get ∇({P_Λ, P_Σ}^x − f^Γ_{ΛΣ} P^x_Γ ) = 0. (3.1.69) Thus, the lemma 3.2 is proved.

If we assume that the second cohomology group is trivial, then we have C^x_{ΛΣ} = f^Γ_{ΛΣ} C^x_Γ, (3.1.70) and the constant C^x_Λ is absorbed by P^x_Λ. Therefore, we obtain the Poissonian realization of the Lie algebra {P_Λ, P_Σ}^x = f^Γ_{ΛΣ}P^x_Γ, (3.1.71) which, in components, leads to

K^x_{uv}k^u_Λk^v_Σ − λ 2 ϵ^{xyz} P^y_ΛP^z_Σ = 1 2 f^Γ_{ΛΣ}P^x_Γ . (3.1.72) Eq.(3.1.72), which is the most convenient way of expressing equivariance relation in a coordinate basis, plays a fundamental role in the construction of the supersymmetric action, supersymmetry transformation rules and of the superpotential for N = 2 supergravity on a general quaternionic manifold.

3.2 Gauging of the composite connections On the special and quaternionic manifold, we have introduced several connection 1-forms related with different bundles. Gauging the corresponding supergravity theory is done by gauging these composite connections of the underlying σ-model.

For the Levi-Civita connection the gauging is standard on Kähler manifold M. Let k^a_Λ(z) be the Killing vectors which defined in the last section. The ordinary differential dz^a is replaced by the covariant differential defined as dz^a → ∇z^a = dz^a + gA^Λk^a_Λ(z), (3.2.1) dz̄^{a∗} → ∇z̄^{a∗} = dz̄^{a∗} + gA^Λk^{a∗}_Λ (z̄), (3.2.2) where g is the gauge coupling constant and A^Λ is the gauge 1-form. The Levi-Civita connection Γ^a_b = Γ^a_{bc}dz^c is replaced by its gauged counterpart as Γ^a_b → Γ̂^a_b = Γ^a_{bc}∇z^c + gA^Λ∂_bk^a_Λ, (3.2.3) Γ^{a∗}_b∗ → Γ̂^{a∗}_b∗ = Γ^{a∗}_b∗_c∗ ∇z̄^{c∗} + gA^Λ∂_b∗ k^{a∗}_Λ . (3.2.4) The gauged curvature 2-form is R̂^a_b ≡ dΓ̂^a_b + Γ̂^a_c ∧ Γ̂^c_b

= R^a_{bc}∗_d∇z̄^{c∗} ∧ ∇z^d + gF^Λ∂_bk^a_Λ(z), (3.2.5) where F^Λ is the gauged field strength: F^Λ = dA^Λ + 1 2 gf^Λ_{ΣΓ} A^Σ ∧ A^Γ. (3.2.6) In an analogous way, the gauging of the Sp(2k) connection gives Δ^{αβ} → Δ̂^{αβ} = Δ^{αβ} + gA^Λ∂_uk^v_ΛU^{u|Aα}U^β_{A|v} , (3.2.7) and the associated gauged curvature R becomes R^{αβ} → R̂^{αβ} = R^{αβ}_{uv} db^u ∧ db^v + gF^Λ∂_uk^v_ΛU^{u|Aα}U^β_{A|v} . (3.2.8) The existence of the Killing potentials allow the following definitions for the U(1) connection and the SU(2) connection:

Q → Q̂ = Q + gA^ΛP^0_Λ, (3.2.9) ω^x → ω̂^x = ω^x + gA^ΛP^x_Λ. (3.2.10) By computing the associated gauged curvatures, one finds the gauge covariant expressions: K̂ = dQ̂ = ig_{ab}∗ ∇z^a ∧ ∇z̄^{b∗} + gF^ΛP^0_Λ, (3.2.11) Ω̂^x = dω̂^x + 1 2 ϵ^{xyz}ω̂^y ∧ ω̂^z = Ω^x_{uv} ∇b^u ∧ ∇b^v + gF^ΛP^x_Λ. (3.2.12)

Chapter 4

The Lagrangian of gauged N = 2 supergravity

In this chapter we introduce the gauged N = 2 supergravity Lagrangian and the supersymmetry transformation laws in terms of the geometric quantities which have been given in the last two chapters.

In [35, 31, 21, 22, 32, 23, 36], the Lagrangian of N = 2 supergravity was constructed. In particular, the Lagrangian of gauged N = 2 supergravity was introduced in [3, 37, 4].

4.1 The Lagrangian of gauged N = 2 supergravity

The complete Lagrangian can be found in [4]. It is constructed such that its equations of motion are consistent to the solutions of the Bianchi identities. We will discuss with the Bianchi identities and its solutions in the appendix B. The construction of the Lagrangian is very complicated and tedious. Here we do not see the derivation of the complete Lagrangian. The general derivation of the supergravity Lagrangian is given in [38]. Also, [24, 3] will help you deriving the complete Lagrangian.

The gauged N = 2 supergravity action is given by S = ∫ d^4x √ −g ( L_{kin} + L_{Pauli} + L^{non−inv}_{4Fermi} + L^{inv}_{4Fermi} + L_{Yukawa} − V (z, z̄, b) ) . (4.1.1)

L_{kin} consists of the kinetic terms of the component fields and is written as,

L_{kin} = R + g_{ab}∗ ∇_μz^a∇^μz̄^{b∗} + h_{uv} ∇_μb^u∇^μb^v + ϵ^{μνλσ} √ −g (ψ̄^A_μ γ_ν ∇_λψ_{Aσ} − ψ̄_{Aμ}γ_ν ∇_λψ^A_σ ) + 1 4 (Im N )_{ΛΣ}F^Λ_{μν} F^{Σμν} + 1 4 (Re N )_{ΛΣ}F^Λ_{μν} ~F^{Σμν} −ig_{ab}∗ ( λ̄^{aA}γ_μ∇^μλ^{b∗}_A + λ̄^{b∗}_A γ_μ∇^μλ^{aA} ) − 2i (¯ ζ^αγ_μ∇^μζ_α + ζ̄_αγ_μ∇^μζ^α ) +[g_{ab}∗ ∇_μz̄^{b∗}λ̄^{aA}γ^{μν} ψ_{Aν} − g_{ab}∗ ∇_μz̄^{b∗}ψ̄^μ_Aλ^{aA} +2U^{αA}_u ∇_μb^uζ̄_αγ^{μν}ψ_{Aν} − 2U^{αA}_u ∇_μb^uψ̄^μ_Aζ_α + h.c.]. (4.1.2) z^a and λ^{aA} are, respectively, scalar fields and SU(2) doublet gaugini of the vector multiplets. On the other hand, b^u and ζ^α are scalar fields and SU(2) doublet hyperini of the hypermultiplets. The SU(2) doublet gravitini are represented by ψ^A_μ . The field strengths F^Λ_{μν}^† of the gauge fields A^a_μ and the graviphoton field A^0_μ are

F^Λ_{μν} = ∂_μA^Λ_ν − ∂_ν A^Λ_μ + gf^Λ_{ΣΓ}A^Σ_μ A^Γ_ν , (4.1.3)

and F̃^Λ are their Hodge duals:

F̃^Λ_{μν} = 1 2 ϵ_{μνλσ} F^{Λλσ} . (4.1.4)

The normalization of the kinetic terms for the hypermultiplet scalar fields b^u depend on the constant λ of the quaternionic Kähler manifold. We have chosen that λ = 1 because of the positivity of the kinetic terms.

Although we need not the explicit forms of L_{Pauli}, L^{inv}_{4Fermi} and L^{non−inv}_{4Fermi} , we give them for completeness:

L_{Pauli} = F^{−Λ}_{μν} (Im N )_{ΛΣ}[2L^Σψ̄^{Aμ}ψ^{Bν}ϵ_{AB} − 2if̄^Σ_a∗λ̄^{a∗}_A γ^νψ^μ_Bϵ^{AB} + 1 4 ∇_af^Σ_b λ̄^{aA}γ^{μν} λ^{bB}ϵ_{AB} − 1 2 L^Σζ̄_αγ^{μν} ζ_βC^{αβ} ] + h.c., (4.1.5)

L^{inv}_{4fermi} = i 2 ( g_{ab}∗λ̄^{aA}γ_σλ^{b∗}_B − 2δ^A_Bζ̄^αγ_σζ_α ) ψ̄_{Aμ}γ_λψ^B_ν ϵ^{μνλσ}√ −g − 1 6 ( C_{abc}λ̄^{aA}γ^μψ^B_μ λ̄^{bC} λ^{cD}ϵ_{AC} ϵ_{BD} + h.c. )

−2ψ̄^A_μ ψ^B_ν ψ̄^μ_Aψ^ν_B + 2g_{ab}∗λ̄^{aA}γ_μψ^B_ν λ̄^{a∗}_A γ^μψ^ν_B + 1 4 ( R_{ab}∗_{cd}∗ + g_{ad}∗ g_{cb}∗ − 3 2 g_{ab}∗ g_{cd}∗ ) λ̄^{aA}λ^{cB}λ̄^{b∗}_A λ^{d∗}_B

+ 1 4 g_{ab}∗ζ̄^αγ_μζ_αλ̄^{aA}γ^μλ^{b∗}_A + 1 2 R^α_{βts}U^t_{Aγ} U^s_{Bδ}ϵ^{AB} C^{δη}ζ̄_αζ_ηζ̄^β ζ^γ − 1 12 ( i∇_aC_{bcd}λ̄^{bA}λ^{aB}λ̄^{cC} λ^{dD}ϵ_{AC} ϵ_{BD} + h.c. )

+g_{ab}∗ψ̄^A_μ λ^{b∗}_A ψ̄^μ_Bλ^{aB} + 2ψ̄^A_μ ζ^αψ̄^μ_Aζ_α + ( ϵ_{AB} C_{αβ} ψ̄^A_μ ζ^αψ̄^{Bμ}ζ^β + h.c. ) , (4.1.6)

L^{non−inv}

4Fermi = (Im N )ΛΣ[2L

ΛL^Σ(ψ̄^A_μ ψ^B_ν )^−(ψ̄^{Cμ}ψ^{Dν} )^−ϵ_{AB} ϵ_{CD}

−8iL^Λf̄^Σ_a∗ (ψ̄^A_μ ψ^B_ν )^−(λ̄^{a∗}_A γ^ν ψ^ν_B)^−

−2f̄^Λ_a∗f̄^Σ_b∗ (λ̄^{a∗}_A γ^ν ψ^μ_B)^−(λ̄^{b∗}_C γ_ν ψ_{Dμ})^−ϵ^{AB} ϵ^{CD} + i 2 L^Λf̄^Σ_d∗ g^{cd∗} C_{abc}(ψ̄^A_μ ψ^B_ν )^−λ̄^{aC} γ^{μν} λ^{bD}ϵ_{AB} ϵ_{CD} †We have redefined the field strengths F^Λ_{μν} in (B.2.4) in the appendix B as F^Λ_{μν} →^1_2 F^Λ_{μν} .

+f̄^Λ_e∗f̄^Σ_d∗ g^{cd∗} C_{abc}(λ̄^{e∗}_A γ_ν ψ_{Bμ})^−λ̄^{aA}γ^{μν} λ^{bB} −L^ΛL^Σ(ψ̄^A_μ ψ^B_ν )^−ζ̄_αγ^{μν} ζ_βϵ_{AB} C^{αβ} +iL^Λf̄^Σ_a∗ (λ̄^{a∗}_A γ^ν ψ^μ_B)^−ζ̄_αγ_{μν} ζ_β ϵ^{AB} C_{αβ} − 1 32 C_{abc}C_{def} g^{cg∗} g^{f h∗}f̄^Λ_g∗f̄^Σ_h∗λ̄^{aA}γ_{μν} λ^{bB}λ̄^{dC} γ^{μν} λ^{eD}ϵ_{AB} ϵ_{CD} − 1 8 L^Λ∇_af^Σ_b ζ̄_αγ_{μν} ζ_βλ̄^{aA}γ^{μν} λ^{bB}ϵ_{AB} C^{αβ} + 1 8 L^ΛL^Σζ̄_αγ_{μν} ζ_βζ̄_γ γ^{μν} ζ_δC^{αβ} C^{γδ} ] + h.c., (4.1.7)

where we have used, F^{±Λ}_{μν} =^1_2 (F^Λ_{μν} ±^i_2 ϵ^{μνλσ} F^Λ_{λσ} ). Also, (. . .)^− denotes the self dual part of the fermion bilinears.

Because of the gauging, we obtain the following Yukawa coupling terms which include the mass terms of the fermions and scalar potential terms: L_{Yukawa} = g[2S_{AB}ψ̄^A_μ γ^{μν} ψ^B_ν + ig_{ab}∗ W^{aAB}λ̄^{b∗}_A γ_μψ^μ_B + 2iN^A_α ζ̄^αγ_μψ^μ_A +M^{αβ}ζ̄_αζ_β + M^α_{aB}ζ̄_αλ^{aB} + M_{aA|bB}λ̄^{aA}λ^{bB}] + h.c., (4.1.8)

V (z, z̄, b) = g^2[g_{ab}∗ k^a_Λk^{b∗}_Σ L̄^ΛL^Σ + g^{ab∗} f^Λ_a f̄^Σ_b∗ P^x_ΛP^x_Σ +4 h_{uv} k^u_Λk^v_ΣL̄^ΛL^Σ − 3 L̄^ΛL^ΣP^x_ΛP^x_Σ]. (4.1.9) The coupling constant g in L_{Yukawa}, V is a symbolic notation to remind that these terms are produced by the gauging. Therefore, there is no Yukawa terms and the scalar potential term in the ungauged theory (g = 0).

L_{Yukawa} are written by the following matrices, S_{AB} = i 2 (σ_x)_{AB}P^x_ΛL^Λ, (4.1.10) W^{aAB} = ϵ^{AB} k^a_ΛL̄^Λ + i(σ_x)^{AB} P^x_Λg^{ab∗}f̄^Λ_b∗ , (4.1.11) N^A_α = 2 U^A_{αu}k^u_ΛL̄^Λ, (4.1.12) M^{αβ} = −U^{Aα}_u U^{Bβ}_v ϵ_{AB} ∇^{[u}k^{v]}_Λ L^Λ, (4.1.13) M^α_{bB} = −4 U^α_{Bu}k^u_Λf^Λ_b , (4.1.14) M_{aA|bB} = 1 2 ( ϵ_{AB} g_{ac}∗ k^{c∗}_Λ f^Λ_b + i(σ_x)_{AB}P^x_Λ∇_bf^Λ_a ) . (4.1.15)

In the subsequent chapter, it is convenient to divide W^{aAB} and M_{aA|bB} into two parts respectively such that W^{aAB}_1 = ϵ^{AB} k^a_ΛL̄^Λ, (4.1.16)

W^{aAB}_2 = i(σ_x)^{AB} P^x_Λg^{ab∗}f̄^Λ_b∗ , (4.1.17) M_{1;aA|bB} = 1 2 ϵ_{AB} g_{ac}∗ k^{c∗}_Λ f^Λ_b , (4.1.18) M_{2;aA|bB} = i 2 (σ_x)_{AB} P^x_Λ∇_bf^Λ_a . (4.1.19)

In the following, we refer to these matrices as mass matrices.

The covariant derivatives are defined as follows: ∇_μψ_{Aν} = ∂_μψ_{Aν} − 1 4 γ_{ij} ω^{ij}_μ ψ_{Aν} + i 2 Q̂_μψ_{Aν} + ω̂^B_{Aμ}ψ_{Bν}, (4.1.20a)

∇_μψ^A_ν = ∂_μψ^A_ν − 1 4 γ_{ij} ω^{ij}_μ ψ_{Aν} − i 2 Q̂_μψ^A_ν + ω̂^A_{Bμ}ψ^B_ν , (4.1.20b)

∇_μz^a = ∂_μz^a + gA^Λ_μ k^a_Λ, (4.1.20c) ∇_μλ^{aA} = ∂_μλ^{aA} − 1 4 γ_{ij} ω^{ij}_μ λ^{aA} − i 2 Q̂_μλ^{aA} + Γ̂^a_{bμ}λ^{bA} + ω̂^A_{Bμ}λ^{aB}, (4.1.20d) ∇_μλ^{a∗}_A = ∂_μλ^{a∗}_A − 1 4 γ_{ij} ω^{ij}_μ λ^{a∗}_A + i 2 Q̂_μλ^{a∗}_A + Γ̂^{a∗}_{b∗μ}λ^{b∗}_A + ω̂^B_{Aμ}λ^{a∗}_B , (4.1.20e)

∇_μb^u = ∂_μb^u + gA^Λ_μ k^u_Λ, (4.1.20f)

∇_μζ_α = ∂_μζ_α − 1 4 γ_{ij} ω^{ij}_μ ζ_α − i 2 Q̂_μζ_α + Δ̂^β_{αμ}ζ_β, (4.1.20g)

∇_μζ^α = ∂_μζ^α − 1 4 γ_{ij}ω^{ij}_μ ζ^α + i 2 Q̂_μζ^α + Δ̂^α_{βμ}ζ^β . (4.1.20h)

In the above equations, Q̂_μ, Γ̂^a_{bμ}, ω̂^B_{Aμ} and Δ̂^β_{αμ} are the space-time components of the gauged connections which have introduced at the end of the last chapter:

Q̂_μ = − i 2 (∂_aK∂_μz^a − ∂_a∗ K∂_μz̄^{a∗} ) + gA^Λ_μ P^0_Λ, (4.1.21a)

Γ̂^a_{bμ} = Γ^a_{bc}∂_μz^c + gA^Λ_μ ∂_bk^a_Λ, (4.1.21b)

ω̂^B_{Aμ} = i 2 ω̂^x(σ_x)^B_A = i 2 ( ω^x_u ∂_μb^u + gA^Λ_μ P^x_Λ ) (σ_x)^B_A , (4.1.21c)

Δ̂^β_{αμ} = Δ^β_{αu}∂_μb^u + gA^Λ_μ ∂_uk^v_ΛU^{u|Aα}U^β_{A|v} . (4.1.21d)

where ω^{ij}_μ is the spin-connection. Also, the coupling constant g in the covariant derivatives is a symbolic notation which comes from the gauging. If we consider the ungauged theory, these terms are vanish and all the gauged covariant derivatives reduce to ordinary ones.

4.2 The supersymmetry transformation laws In order to discuss whether supersymmetry are broken or not in the subsequent chapter, we need the supersymmetry transformation laws of all the fermions. Let ϵ^A be the infinitesimal parameter of the supersymmetry transformations. The supersymmetry transformation laws of the fermion fields are given by δψ_{Aμ} = D_μϵ_A − 1 4 ( ∂_aKλ̄^{aB}ϵ_B − ∂_a∗λ̄^{a∗}_B ϵ^B ) ψ_{Aμ} −ω^B_{Au}U^u_{Cα}(ϵ^{CD}C^{αβ} ζ̄_β ϵ_D + ζ̄^αϵ^C )ψ_{Bμ} +(A^{νB}_A η_{μν} + A^{′ νB}_A γ_{μν} )ϵ_B +ϵ_{AB} (T^−_{μν} + U^+_{μν} )γ^νϵ^B + igS_{AB}η_{μν} γ^ν ϵ^B (4.2.1) δλ^{aA} = 1 4 (∂_bKλ̄^{bB}ϵ_B − ∂_b∗ Kλ̄^{b∗}_B ϵ^B )λ^{aA} −ω^A_{Bu}U^u_{Cα}(ϵ^{CD}C^{αβ} ζ̄_β ϵ^D + ζ̄^αϵ^C )λ^{aB} −Γ^a_{bc}λ̄^{cB}ϵ_B λ^{bA} + i(∇_μz^a − λ̄^{aA}ψ_{Aμ})γ^μϵ^A +G^{−a}_{μν} γ^{μν} ϵ_B ϵ^{AB} + Y^{aAB}ϵ_B + gW^{aAB}ϵ_B (4.2.2) δζ_α = −Δ^β_{αu}U^u_{Aγ} ( ϵ^{AB} C^{γβ} ζ̄_β ϵ_B + ζ̄^γ ϵ^A ) ζ_β + 1 4 (∂_aKλ̄^{aB}ϵ_B − ∂_a∗ Kλ̄^{a∗}_B ϵ^B )ζ_α +i ( U^{Bβ}_u ∇_μb^u − ϵ^{BC} C^{βγ} ζ̄_γ ψ_C − ζ̄^β ψ^B ) γ^μϵ^Aϵ_{AB} C_{αβ} +gN^A_α ϵ_A. (4.2.3)

The supersymmetry transformation laws of the bosons are

δe^i_μ = −iψ̄_{Aμ}γ^iϵ^A − iψ̄^A_μ γ^iϵ_A, (4.2.4)

δA^Λ_μ = 2L̄^Λψ̄_{Aμ}ϵ_B ϵ^{AB} + 2L^Λψ̄^A_μ ϵ^Bϵ_{AB}

+i(f^Λ_a λ̄^{aA}γ_μϵ^Bϵ_{AB} + f̄^Λ_a∗λ̄^{a∗}_A γ_μϵ_B ϵ^{AB} ), (4.2.5) δz^a = λ̄^{aA}ϵ_A, (4.2.6) δb^u = U^u_{Aα}(ζ̄^αϵ^A + C^{αβ} ϵ^{AB}ζ̄_βϵ_B ), (4.2.7)

where A^{μB}_A = − i 4 g_a∗_b ( λ̄^{a∗}_A γ^μλ^{bB} − δ^B_A λ̄^{a∗}_C γ^μλ^{bC} ) , (4.2.8a) A^{′μB}_A = i 4 g_a∗_b ( λ̄^{a∗}_A γ^μλ^{bB} − 1 2 δ^B_A λ̄^{a∗}_C γ^μλ^{bC} ) − i 4 δ^B_A ζ̄_αγ^μζ^α, (4.2.8b)

T^−_{μν} = i(Im N )_{ΛΣ}L^Λ ( F̃^{Σ−}_{μν} + 1 4 ∇_af^Σ_b λ̄^{aA}γ_{μν} λ^{bB}ϵ_{AB} − 1 2 C^{αβ} ζ̄_αγ_{μν} ζ_β L^Σ ) , (4.2.9a)

T^+_{μν} = i(Im N )_{ΛΣ}L̄^Λ ( F̃^{Σ+}_{μν} + 1 4 ∇_a∗f̄^Σ_b∗λ̄^{a∗}_A γ_{μν} λ^{b∗}_B ϵ^{AB} − 1 2 C_{αβ} ζ̄^αγ_{μν} ζ^βL̄^Σ ) , (4.2.9b)

U^−_{μν} = − i 4 C^{αβ} ζ̄_αγ_{μν} ζ_β, (4.2.10a)

U^+_{μν} = − i 4 C_{αβ} ζ̄^αγ_{μν} ζ^β , (4.2.10b)

G^{a−}_{μν} = − 1 2 g^{ab∗}f̄^Σ_b∗ (Im N )_{ΣΛ} ( F̃^{Λ−}_{μν} + 1 4 ∇_af^Λ_b λ̄^{aA}γ_{μν} λ^{bB}ϵ_{AB} − 1 2 C^{αβ} ζ̄_αγ_{μν} ζ_β L^Λ ) , (4.2.11a) G^{a∗+}_{μν} = − 1 2 g^{a∗b}f^Σ_b (Im N )_{ΣΛ} ( F̃^{Λ+}_{μν} + 1 4 ∇_c∗f̄^Λ_d∗λ̄^{c∗}_A γ_{μν} λ^{d∗}_B ϵ^{AB} − 1 2 C_{αβ} ζ̄^αγ_{μν} ζ^βL̄^Λ ) , (4.2.11b) Y^{aAB} = i 2 g^{ab∗} C_b∗_c∗_d∗λ̄^{c∗}_C λ^{d∗}_D ϵ^{AC} ϵ^{BD}. (4.2.12) In the above equations, F̃^Λ_{μν} are the supercovariant field strengths defined by:

F̃^Λ_{μν} = F^Λ_{μν} + L̄^Λψ̄^A_μ ψ^B_ν ϵ_{AB} + L̄^Λψ̄_{Aμ}ψ_{Bν}ϵ^{AB}

−if^Λ_a λ̄^{aA}γ_{[ν} ψ^B_{μ]}ϵ_{AB} − if̄^Λ_a∗λ̄^{a∗}_A γ_{[ν} ψ_{Bμ]}ϵ^{AB} . (4.2.13)

Chapter 5

Partial supersymmetry breaking in the N = 2 U(1) gauged model

The simplest realization of the partial breaking of N = 2 local supersymmetry has been discussed in reference [12]. The model includes a U(1) vector multiplet and a hypermultiplet. In this chapter, we review this model and it will be generalized to U(N) gauged model in next chapter.

First of all, the parametrizations of the vector multiplet and the hypermultiplet are given in section 5.1. In section 5.2, we see that the N = 2 local supersymmetry is broken to N = 1. This is confirmed by the appearance of a Nambu-Goldstone fermion and the mass spectrum which is computed in section 5.3. Finally, in section 5.4, we summarize the results and discuss its applications.

5.1 N = 2 U(1) gauged supergravity model 5.1.1 Vector multiplet

The U(1)^† vector multiplet contains a complex scalar field z which spans the special Kähler manifold of complex dimension 1. We start from the case in which the holomorphic prepotential F (X^0, X^1) exists. Since the prepotential F (X) is a homogeneous of second degree of the coordinates X^Λ(z) (Λ = 0, 1), we can write F as follows,

F (X^0, X^1) = (X^0)^2F(X^1/X^0). (5.1.1)

We can evaluate F_Λ by taking the derivative of F with respect to X^Λ,

F_0 = 2X^0F(X^1/X^0) − X^1 ∂ ∂(X^1/X^0)

F(X^1/X^0),

F_1 = X^0 ∂ ∂(X^1/X^0)

F(X^1/X^0). (5.1.2)

It is natural to choose the coordinate X^Λ(z) linearly independent:

X^0(z) = 1 √ 2 , X^1(z) = 1 √ 2 z. (5.1.3)

†To be precise, the gauge symmetry is U(1) × U(1)graviphoton .

Substituting (5.1.3) into (5.1.2), we have

F_0(z) = 1 √ 2 ( 2F(z) − z ∂F(z) ∂z ) , F_1(z) = 1 √ 2 ∂F(z) ∂z . (5.1.4)

To specify the model, we have to choose a particular form of the holomorphic function F(z). Our choice, here, is F(z) = −iz. (5.1.5)

This is the simplest choice of the function F(z): it corresponds to consider the microscopic (or bare) theory. The holomorphic section Ω(z) can be written as,

Ω(z) = ( X^Λ F_Λ ) = 1 √ 2 1 z −iz −i . (5.1.6)

We can easily compute the Kähler potential (2.2.5) and its derivative:

K = − log(z + z̄), (5.1.7)

∂_z K = −(z + z̄)^{−1}. (5.1.8)

By using above equations, the Kähler metric and the Levi-Civita connection (2.1.6) are

g_{zz̄} = ∂_z ∂_{z̄} K = (z + z̄)^{−2}, (5.1.9)

Γ^z_z = −g^{zz∗} ∂_z g_{zz}∗ = 2(z + z̄)^{−1}, (5.1.10)

where we have used the shorthand notation: ∂_z = ∂/∂z and ∂_z∗ = ∂/∂z̄.

Now perform the symplectic transformation,

Ω → Ω̃ = SΩ =

1 0 0 0 0 0 0 −1 0 0 1 0 0 1 0 0 Ω = 1 √ 2 1 i −iz z , (5.1.11)

where S ∈ Sp(4, R). After this mapping, the transformed section Ω̃ can no longer be written in the standard form with the prepotential F̃ , because the last two components clearly can not be written as functions of the first two. Thus no prepotential F̃ (X̃^0, X̃^1) exists. We still have the same Kähler manifold (5.1.7)-(5.1.10)^{††}, but with different couplings of the scalar fields to the vectors and to the fermions.

In the following, we use the transformed section (5.1.11) and omit tilde~:

X^Λ = 1 √ 2 ( 1 i ) , F_Λ = 1 √ 2 ( −iz z ) . (5.1.12)

†† The Kähler potential K has been defined by the symplectic invariant way. Therefore, the Kähler metric and the Levi-Civita connection are same.

For future reference, let us evaluate f^Λ_z and h_{Λ|z} . Substituting (5.1.7)-(5.1.11) into (2.2.8), we obtain

f^Λ_z = e^{K/2}(∂_z + ∂_z K)X^Λ = − 1 √ 2 (z + z̄)^{−3/2} ( 1 i ) , (5.1.13)

h_{Λ|z} = e^{K/2}(∂_z + ∂_z K)F_Λ = 1 √ 2 z̄(z + z̄)^{−3/2} ( −i 1 ) . (5.1.14)

Furthermore, the covariant derivative of f^Λ_z can be obtained by substituting (5.1.7)-(5.1.11) into (2.2.14),

∇_z f^Λ_z = ∂_z f^Λ_z + 1 2 ∂_z Kf^Λ_z + Γ^z_z f^Λ_z

= 0. (5.1.15)

If we compare (5.1.15) with (2.2.16), we obtain

C_{zzz} = 0. (5.1.16)

This is because F has been chosen as the simplest function.

5.1.2 Hypermultiplet

Before going to details, we must explain why one hypermultiplet is needed to break half supersymmetry. This discussion is same for the U(N) gauged case in the next chapter. If N = 2 local supersymmetry is broken to N = 1 spontaneously, one gravitino remains massless but the other becomes massive by super-Higgs mechanism. So, it is important to note that in addition to super-Higgs mechanism Higgs mechanism must occur. Since N = 1 supersymmetry is manifest, the massive gravitino forms N = 1 massive multiplet of spin (3/2, 1, 1, 1/2). Thus two gauge bosons, that is U(1) gauge boson and graviphoton, must become massive by absorbing the scalar fields, in other words, Higgs mechanism must happen so as to keep N = 1 supersymmetry. Therefore we need at least one hypermultiplet and at least two U(1) translational isometries which provide Higgs mechanism.

In this chapter (and in the next chapter), we take the same parametrizations as those of [12, 13, 19, 20]. The SU(2) connection ω^x and the SU curvature (2.3.7) are parametrized as, ω^x_u = 1 b^0 δ^x_u , Ω^x_{0u} = − 1 2(b^0)^2 δ^x_u, Ω^x_{yz} = 1 2(b^0)^2 ϵ^{xyz} . (5.1.17)

Furthermore, by using (2.3.20), the metric h_{uv} of this manifold is given by h_{uv} = 1 2(b^0)^2 δ_{uv} . (5.1.18)

In order to write down the fermion mass matrices and the supersymmetry transformation laws, we also need the symplectic vielbein U^{αA}_u db^u (α, A = 1, 2). It leads:

U^{αA} = 1 2b^0 ϵ^{αβ}(db^0 − iσ^xdb^x)^A_β , (5.1.19)

where σ^x are the standard Pauli matrices^{∗∗}.

The metric (5.1.18) is invariant under arbitrary constant translations of the coordinates b^1, b^2, b^3 because it does not depend on b^1, b^2, b^3. As we have seen above, in order for the N = 2 supersymmetry to be broken partially, we have to gauge two of the isometries. Here we choose the following translational isometries of two coordinates b^2, b^3 as the gauged isometries:

b^2 → b^2 + ϵ^2(g_2 + g_3), (5.1.20)

b^3 → b^3 + ϵ^3g_1, (5.1.21)

where g_1, g_2, g_3, ∈ R. The Killing vectors k^u_Λ which generate these isometries can be written as follows:

k^u_0 = g_1δ^{u3} + g_2δ^{u2}, (5.1.22)

k^u_1 = g_3δ^{u2}, (5.1.23)

and the associated Killing potentials P^x_Λ for these vectors are

P^x_0 = 1 b^0

(g_1δ^{x3} + g_2δ^{x2}), (5.1.24)

P^x_1 = 1 b^0 g_3δ^{x2}. (5.1.25)

5.2 Partial supersymmetry breaking In this section, we see that the local N = 2 supersymmetry is broken to N = 1 in the simple model which has been given in the last section. This will be confirmed by the appearance of a Nambu-Goldstone fermion: the fermion whose supersymmetry transformation on the vacuum is non-zero. Since the supersymmetry transformation laws of the fermions are mainly written by the mass matrices, let us evaluate it here. By substituting the parametrizations in the last section into (4.1.10)-(4.1.19), we have S_{AB} = − ie^{K/2} 2 √ 2b^0 ( ig_2 + g_3 g_1

g_1 ig_2 + g_3 ) , (5.2.1)

W^{zAB}_1 = 0, (5.2.2)

W^{zAB}_2 = − e^{K/2} √ 2b^0

(z + z̄) ( g_2 + ig_3 ig_1 ig_1 g_2 + ig_3 ) , (5.2.3)

∗∗The notations are explained in appendix A.

N^A_α = ie^{K/2} √ 2b^0 ( g_1 −ig_2 + g_3 ig_2 − g_3 −g_1 ) , (5.2.4)

M^{αβ} = ie^{K/2} √ 2b^0 ( −ig_2 − g_3 g_1 g_1 −ig_2 − g_3 ) , (5.2.5)

M^α_{zB} = √ 2ie^{K/2} b^0

(z + z̄)^{−1} ( g_1 ig_2 + g_3 −ig_2 − g_3 −g_1 ) , (5.2.6)

M_{1;zA|zB} = 0, (5.2.7)

M_{2;zA|zB} = 0. (5.2.8)

where (5.2.8) comes from (5.1.15)

The scalar potential

The scalar potential V (z, z̄, b) is given by (4.1.9). If we substitute the parametrizations in the last section into V , we have

V (z, z̄, b) = g^{zz∗} P^x_ΛP^x_Σf^Λ_z f̄^Σ_{z̄} + 4h_{uv} k^u_Λk^v_ΣL̄^ΛL^Σ − 3P^x_ΛP^x_ΣL̄^ΛL^Σ

= 0, (5.2.9)

identically, for any value of g_1, g_2, g_3 and also of z and b^u. In the following, suppose that we choose one of the vacua, that is, we know the value of z at the vacuum and write the vacuum expectation value of . . . as ⟨. . .⟩. In this model, we cannot determine the vacuum expectation value of z. In the next chapter, the scalar potential takes the non-trivial form and we can determine the value of z at the vacuum.

Supersymmetry transformations of the fermions

Using (5.2.1)-(5.2.4), the vacuum expectation values of the supersymmetry transformation laws of the fermions (4.2.1)-(4.2.3) are ⟨δψ_{Aμ}⟩ = i⟨S_{AB}⟩γ_μϵ^B = ⟨ e^{K/2} 2 √ 2b^0 ⟩ ( ig_2 + g_3 g_1 g_1 ig_2 + g_3 ) γ_μ ( ϵ^1 ϵ^2 ) , (5.2.10) ⟨δλ^{zA}⟩ = W^{zAB} ϵ_B = −⟨ e^{K/2}(z + z̄) √ 2b^0 ⟩ ( g_2 + ig_3 ig_1 ig_1 g_2 + ig_3 ) ( ϵ_1 ϵ_2 ) , (5.2.11) ⟨δζ_α⟩ = N^A_α ϵ_A = ⟨ e^{iK/2} √ 2b^0 ⟩ ( g_1 −ig_2 + g_3 ig_2 − g_3 −g_1 ) ( ϵ_1 ϵ_2 ) . (5.2.12)

If each matrix has one zero-eigenvalue, the supersymmetry transformation corresponding to one direction is zero and that corresponding to another direction is non-zero, so we can see the N = 2 local supersymmetry is broken to N = 1. In order for each matrix to have one zero-eigenvalue, we have to impose the following conditions on the coupling constants:

g_2 = 0, g_1 = ±g_3. (5.2.13)

Notice that g_1, g_2, g_3 ∈ R. In other words, when the conditions (5.2.13) are satisfied, N = 2 local supersymmetry is broken to N = 1.

In the following, we choose the coupling constants as follows,

g_2 = 0, g_1 = g_3. (5.2.14)

Substituting (5.2.14) into (5.2.10)-(5.2.12), ⟨δψ_{Aμ}⟩ = ⟨ e^{K/2} 2 √ 2b^0 ⟩g_1 ( 1 1 1 1 ) γ_μ ( ϵ^1 ϵ^2 ) , (5.2.15)

⟨δλ^{zA}⟩ = −⟨ ie^{K/2}(z + z̄) √ 2b^0 ⟩g_1 ( 1 1 1 1 ) ( ϵ_1 ϵ_2 ) , (5.2.16)

⟨δζ_α⟩ = ⟨ ie^{K/2} √ 2b^0 ⟩g_1 ( 1 1 −1 −1 ) ( ϵ_1 ϵ_2 ) . (5.2.17)

If we define ϕ_± =^{1√}_2 (ϕ_1 ± ϕ_2) where ϕ ∈ ψ, ζ, λ (the left or right chirality are denoted by the upper or lower position of the index ±), their supersymmetry transformations on the vacuum are ⟨δψ_{+μ}⟩ = ⟨ e^{K/2} √ 2b^0

⟩g_1γ_μ(ϵ_1 + ϵ_2),

⟨δλ^{z+}⟩ = −⟨ √ 2ie^{K/2}(z + z̄) b^0

⟩g_1(ϵ_1 + ϵ_2), ⟨δζ_−⟩ = ⟨ √ 2ie^{K/2} b^0

⟩g_1(ϵ_1 + ϵ_2),

⟨δψ_{−μ}⟩ = ⟨λ^{z−}⟩ = ⟨ζ_+⟩ = 0. (5.2.18)

As we will see in the next section, the gravitino ψ^+_μ becomes massive by the super-Higgs mechanism, while ψ^−_μ remains massless. We define linear combinations of the fermions λ^{z+} and ζ_− such that

χ_• ≡ −⟨(z + z̄)^{−1}⟩λ^{z+} + 2ζ_−,

η_• ≡ ⟨(z + z̄)^{−1}⟩λ^{z+} + ζ_−, (5.2.19)

whose supersymmetry transformations on the vacuum are ⟨δχ_•⟩ = ⟨ 3 √ 2ie^{K/2} b^0

⟩g_1(ϵ_1 + ϵ_2),

⟨δη_•⟩ = 0, (5.2.20) where the upper or lower position of dot represents left or right chirality respectively. Note that we cannot make the expectation values of the supersymmetry transformations of all the ( spin-1/2 ) fermions zero and only the supersymmetry transformations of the fermion χ_• takes the non-zero value. Thus, χ_• is the Nambu-Goldstone fermion and the N = 2 supersymmetry is broken to N = 1.

5.3 The mass spectrum

5.3.1 Fermion mass

Let us discuss the occurrence of the super-Higgs mechanism. To see this, we have to evaluate the fermion mass terms of the Lagrangian L_{Yukawa} (4.1.8).

L_{Yukawa} = −⟨ √ 2ig_1e^{K/2} b^0 ⟩ ( ψ̄^+_μ γ^{μν} ψ^+_ν − iχ̄^•γ_μψ^μ_+ + 1 3 χ̄_•χ_• − 1 3 η̄_•η_• ) + . . . + h.c. (5.3.1)

We can, also, confirm χ_• is the Nambu-Goldstone fermion from the fact that it couples to the gravitino ψ^+_μ in the second term. Such a field can be gauged away by a suitable gauge transformation of the gravitino ψ^+_μ :

ψ^+_μ → ψ^+_μ + i 6 γ_μχ_•, (5.3.2)

which results in

L_{Yukawa} = −i⟨ √ 2g_1e^{K/2} b^0 ⟩ ( ψ̄^+_μ γ^{μν}ψ^+_ν − 1 3 η̄_•η_• ) + . . . + h.c. (5.3.3)

The super-Higgs mechanism has occurred, that is, by absorbing the Nambu-Goldstone fermion, the gravitino ψ^+_μ has acquired a mass.

The kinetic terms of the massive fermions in the L_{kin} (4.1.2) are

L_{kin} = ϵ^{μνλσ} √ −g ψ̄^A_μ γ_ν ∂_λψ_{Aσ} − i 3 η̄^•γ_μ∂^μη_• + . . . + h.c. (5.3.4)

It is easy to find the mass of the fermions by evaluating the equations of motion of them. As a result, the gravitino mass m is m = |⟨ √ 2g_1e^{K/2} b^0

⟩|. (5.3.5)

Notice that the mass of the physical fermion η_• is the same as the gravitino, that is, m. Therefore, we can anticipate that ψ^+_μ and η_• form a N = 1 massive multiplet of spin (3/2,1,1,1/2). On the other hand, λ^{z−}, together with the scalar fields, are expected to form N = 1 massless chiral multiplet. To make sure, we must consider the masses of the gauge bosons and the scalar fields.

5.3.2 Boson mass

Let us consider the masses of the gauge bosons. They appear in the kinetic term of the hypermultiplet scalar:

h_{uv} ∇_μb^u∇^μb^v = 1 2(b^0)^2 δ_{uv} (∂_μb^u + A^Λ_μ k^u_Λ)(∂^μb^v + A^{Λμ}k^v_Λ) = 1 2(b^0)^2 ( g^2_1A^0_μA^{0μ} + g^2_1A^1_μA^{1μ} + 2g_1(A^0_μ∂^μb^3 + A^1_μ∂^μb^2) ) + . . . ,(5.3.6)

Furthermore the massless scalar fields b^2, b^3 can be eliminated from (5.3.6) by employing the gauge transformations of A^0_μ, A^1_μ:

A^0_μ → A^0_μ − 1 g_1

∂_μb^3, A^1_μ → A^1_μ − 1 g_1

∂_μb^2. (5.3.7)

This is the ordinary Higgs mechanism and the scalar fields b^2, b^3 are the Nambu-Goldstone bosons.

The gauge kinetic terms are^1_4 (Im N )_{ΛΣ}F^Λ_{μν} F^{Σμν} , so we must compute the generalized coupling matrix N (2.2.23):

N̄_{ΛΣ} = h_{Λ|I} ∘ (f^{−1})^I_Σ, (5.3.8)

with

h_{Λ|I} = (¯ M_Λ h_{Λ|z} ) = e^{K/2}z̄ √ 2 ( i −^i_{z+z̄} 1^1_{z+z̄} ) , (5.3.9)

f^Λ_I = (¯ L^Λ f^Λ_z ) = e^{K/2} √ 2 ( 1 −^1_{z+z̄} −i −^i_{z+z̄} ) . (5.3.10)

Therefore, the matrix N_{ΛΣ} is

N_{ΛΣ} = −iz ( 1 0 0 1 ) . (5.3.11)

The kinetic terms of the gauge bosons are written as follows, 1 4 Im⟨N_{ΛΣ}⟩F^Λ_{μν} F^{Σμν} = − 1 4 ⟨e^{−K}⟩ 2 F^0_{μν} F^{0μν} − 1 4 ⟨e^{−K}⟩ 2 F^1_{μν} F^{1μν} . (5.3.12)

From (5.3.6) and (5.3.12), we can read off the masses of the gauge bosons. As a result, both of them agree with (5.3.5), that is, m = |⟨ √ 2g_1e^{K/2} b^0

⟩|. (5.3.13)

The U(1) gauge boson and the graviphoton have acquired the mass.

Since the scalar potential V is identically zero, there is no mass term of the vector multiplet scalar z. Thus, all the scalar fields are massless.

We summarize the mass spectrum of our model in the table 5.1:

N = 1 gravity multiplet contains the vierbein e^i_μ and the gravitino ψ^−_μ . On the other hand, the massive gravitino ψ^+_μ , the U(1) gauge boson A^1_μ, the graviphoton A^0_μ and the fermion η_• form a massive spin-3/2 multiplet. The gaugino λ^{z−} and the complex scalar field z form the massless chiral multiplet. The hyperino ζ_+ and the scalar b^0, b^1 form N = 1 chiral multiplet. Note that the U(1) × U(1)_{graviphoton} gauge symmetry is completely broken and the vacuum lie in the Higgs phase.

N = 1 multiplet field mass gravity multiplet e^i_μ, ψ^−_μ 0 spin-3/2 multiplet ψ^+_μ , A^0_μ, A^1, η_• m chiral multiplet λ^{z−}, z 0 chiral multiplet ζ_+, b^0, b^1 0

Table 5.1: the mass spectrum

5.4 Conclusion and discussion

We have seen that, in the N = 2 U(1) gauged supergravity model, the N = 2 supersymmetry has been broken to N = 1 counterpart. The super-Higgs and the Higgs mechanisms are observed: The Nambu-Goldstone fermion and the Nambu-Goldstone bosons are absorbed by the gravitino and the gauge bosons respectively. Also the gauge symmetry is broken by the Higgs mechanisms.

To make more realistic model, we have to consider non-Abelian gauge group. But, if N = 2 local supersymmetry is broken to N = 1, by the Higgs mechanisms, the gauge symmetry corresponding to the graviphoton and to one of the gauge bosons of the vector multiplet sector have to be broken. Thus, it is desirable that the gauge symmetry of the vector multiplet sector is U(1)× (non-Abelian). Indeed it has been showed that, in the case of the U(1)×(compact group), partial supersymmetry breaking has occurred [14].

The model which we have used in this section is the simplest one because we have chosen the holomorphic function F as the simple function. The resulting theory is the microscopic (or bare) theory. This leads to the following question; Does partial supersymmetry breaking occur in N = 2 effective theory ? We will answer the question in the next chapter: we will use U(N) gauged effective model by keeping F general holomorphic function.

Chapter 6

Partial supersymmetry breaking in the N = 2 U(N) gauged model

In this chapter, we will see that, in the N = 2 supergravity model which includes a U(N)^† vector multiplet and a hypermultiplet, the N = 2 supersymmetry is broken to N = 1 spontaneously with keeping the SU(N) gauge symmetry manifest [20]. This is a generalization of the model which we have reviewed in the last chapter. We do not set the section as the simplest function here. It leads to the effective theory which contains higher order coupling terms of the scalar fields. In this sense, it is not simple generalization.

The organization is parallel to that of the chapter 5. First of all, the parametrizations of the vector multiplet and hypermultiplet are given in section 6.1. In section 6.2, we observe that the N = 2 local supersymmetry is broken to N = 1 spontaneously. The mass spectrum is computed in section 6.3 and the resulting N = 1 Lagrangian is obtained in section 6.4. Finally, in section 6.5, we summarize the results.

6.1 N = 2 U(N) gauged supergravity model 6.1.1 U(N) vector multiplet

The vector multiplets contain the complex scalar fields z^a. The index a = 1, . . ., N^2 label the U(N) gauge group and N^2 refers to the overall U(1). For simplicity, we write N^2 = n below. We start from the case where the holomorphic prepotential F (X^0, X^a) exists. The prepotential F (X^0, X^a) can be written,

F (X^0, X^a) = (X^0)^2F(X^a/X^0). (6.1.1)

By taking the X^Λ (Λ = 0, 1 . . ., n) derivative of F , we obtain

F_0 = 2X^0F(X^b/X^0) − X^a ∂ ∂(X^a/X^0)

F(X^b/X^0),

F_a = X^0 ∂ ∂(X^a/X^0)

F(X^b/X^0). (6.1.2)

†To be precise, the gauge symmetry is U(N) × U(1). The U(1) gauge group comes from the graviphoton.

It is natural to choose the upper part of the holomorphic section, X^Λ(z), as

X^0(z) = 1 √ 2 , X^a(z) = 1 √ 2 z^a, (6.1.3)

which leads to

F_0(z) = 1 √ 2 ( 2F(z) − z^a ∂F(z) ∂z^a ) , F_a(z) = 1 √ 2 ∂F(z) ∂z^a . (6.1.4)

where we have defined ∂_a = ∂/∂z^a. We keep F(z) general function for a moment.

Let us perform the symplectic rotation which is similar to that in the last chapter. We rotate the overall U(1) part, that is, X^n → −F_n and F_n → X^n. As a result, the holomorphic sections are

X^0(z) = 1 √ 2 , F_0(z) = 1 √ 2 ( 2F(z) − z^a ∂F(z) ∂z^a ) , X^â(z) = 1 √ 2 z^â, F_â(z) = 1 √ 2 ∂F(z) ∂z^â , (6.1.5)

X^n(z) = 1 √ 2 ∂F(z) ∂z^n , F_n(z) = − 1 √ 2 z^n, where the index â = 1, . . ., n − 1, label the SU(N) subgroup. Our choice of sections is such that no holomorphic prepotential exists.

With this choice, Kähler potential and its derivatives are

K = − log K_0, (6.1.6)

K_0 = i ( F − F̄ − 1 2 (z^a − z̄^a)(F_a + F̄_a) ) (6.1.7) ∂_aK = − i 2K_0 ( F_a − F̄_a − (z^c − z̄^c)F_{ac} ) , (6.1.8)

where F_a = ∂F/∂z^a. The Kähler metric and the Levi-Civita connection are g_{ab}∗ = ∂_a∂_b∗ K = ∂_aK∂_b∗ K − i 2K_0

(F_{ab} − F̄_{ab}), (6.1.9) Γ^a_{bc} = −g^{ad∗} ∂_cg_{bd}∗ = −δ^a_b ∂_cK − δ^a_c ∂_bK + 1 K_0 g^{ad∗} (∂_b∂_cK_0∂_d∗ K + ∂_b∂_c∂_d∗ K_0). (6.1.10)

Furthermore, by using (2.2.16) and (6.1.10), ∇_af^0_b and ∇_af^n_b are evaluated as follows,

∇_af^0_b ≡ ie^{K/2} √ 2 C_{abc}g^{cd∗} ∂_d∗ K ≡ ∂_af^0_b + Γ^c_{ab}f^0_c + 1 2 ∂_aKf^0_b (6.1.11) = e^{K/2} √ 2 ( ∂_a∂_bK − ∂_aK∂_bK + 1 K_0 g^{cd∗} (∂_a∂_bK_0∂_d∗ K + ∂_a∂_b∂_d∗ K_0)∂_cK ) ,

∇_af^n_b ≡ ie^{K/2} √ 2 C_{abc}g^{cd∗} (F̄_{nd} + ∂_d∗ KF̄_n) ≡ ∂_af^n_b + Γ^c_{ab}f^n_c + 1 2 ∂_aKf^n_b = e^{K/2} √ 2 (F_{nab} − ∂_aK∂_bKF_n + ∂_a∂_bKF_n)

+ e^{K/2} √ 2K_0 g^{cd∗} (∂_a∂_bK_0∂_d∗ K + ∂_a∂_b∂_d∗ K_0) (F_{nc} + ∂_cKF_n). (6.1.12)

These equations will be used in the analysis of the scalar potential.

U(N) gauging In order to gauge the vector multiplets, we define the Killing vectors as follows,

k^c_a∂_c = f^c_{ab}z^b∂_c, k^{c∗}_a ¯∂_c∗ = f^c_{ab}z̄^{b∗} ¯∂_c∗ , (6.1.13)

where f^a_{bc} is the structure constant of the U(N) gauge group satisfying

[t_a, t_b] = if^c_{ab}t_c. (6.1.14)

In this way, for example, the covariant derivative of the scalar fields can take the standard form;

∇_μz^a = ∂_μz^a + A^Λ_μ k^a_Λ

= ∂_μz^a + f^a_{bc}A^b_μz^c. (6.1.15)

Note that these Killing vectors satisfy

0 = L_ΛK = k^b_Λ∂_bK + k^{b∗}_Λ ∂_b∗ K. (6.1.16)

6.1.2 Hypermultiplet We take the same parametrizations as those of the section 5.1.2. Since in order for N = 2 supersymmetry to be broken partially, as we have seen in the last chapter, two gauge boson have to be massive by the Higgs mechanism, let the overall U(1) gauge boson and the graviphoton be the gauge bosons which become massive. For this purpose, we generalize (5.1.22)-(5.1.25) as follows,

k^u_0 = g_1δ^{u3} + g_2δ^{u2}, k^u_â = 0, k^u_n = g_3δ^{u2},

P^x_0 = 1 b^0

(g_1δ^{x3} + g_2δ^{x2}), P^x_â = 0, P^x_n = 1 b^0 g_3δ^{x2}, (6.1.17)

6.2 Partial supersymmetry breaking

In order to write down the supersymmetry transformations of the fermions, let us evaluate the mass matrices here. Substituting (6.1.6)-(6.1.9), (6.1.13) and the hypermultiplet parametrizations into (4.1.10)-(4.1.19), we have S_{AB} = − ie^{K/2} 2 √ 2b^0 ( i(g_2 + g_3F_n) g_1 g_1 i(g_2 + g_3F_n) ) , (6.2.1a)

W^{aAB}_1 = −ie^{K/2}D^a ( 0 1 −1 0 ) , (6.2.1b)

W^{aAB}_2 = e^{K/2} √ 2b^0 g^{ab∗} (_{g2∂b∗ K+g3(F̄nb+∂b∗ KF̄n)} ig_1∂_b∗ K ig_1∂_b∗ K g2∂_b∗ K+g3(^¯F_{nb}+∂_b∗ K^¯Fn) ) , (6.2.1c)

N^A_α = ie^{K/2} √ 2b^0 ( g_1 −i(g_2 + g_3F̄_n) i(g_2 + g_3F̄_n) −g_1 ) , (6.2.1d)

M^{αβ} = ie^{K/2} √ 2b^0 ( −i(g_2 + g_3F_n) g_1 g_1 −i(g_2 + g_3F_n) ) , (6.2.1e)

M^α_{bB} = − √ 2ie^{K/2} b^0 ( g_1∂_aK i(g2∂aK+g3 (Fna+∂aKFn)) −i(g_2 ∂_aK+g_3 (F_{nb}+∂_aKF_n )) −g1∂aK ) , (6.2.1f)

M_{1;aA|bB} = − ie^{K/2} 2 g_{ac}∗ (∂_b + ∂_bK)D^c ( 0 1 −1 0 ) , (6.2.1g)

M_{2;aA|bB} = − 1 2b^0 (_{g2 ∇bf 0a +g3∇bf na} −ig_1∇_bf^0_a −ig_1∇_bf^0_a g2∇_bf^0_a +g3∇_bf^n_a ) (6.2.1h)

= ie^{K/2} 2 √ 2 C_{abc}g^{cd∗} (_{g2∂b∗ K+g3 (F̄nb+∂b∗ KF̄n )} −ig_1∂_b∗ K −ig_1∂_b∗ K g2∂_b∗ K+g3 (^¯F_{nb}+∂_b∗ K^¯Fn) ) , (6.2.1i)

where we have introduced,

D^a = i √ 2 f^a_{bc}z̄^{b∗} z^c. (6.2.2)

6.2.1 The scalar potential

By the gauging of hypermultiplet, the scalar potential V takes a nontrivial form: V (z, z̄, b) = e^Kg_{ab}∗ D^aD^b + e^K (b^0)^2 g^{ab∗} D^x_aD̄^x_b∗

− e^K 2(b^0)^2

(E^x + M^xF_n)(E^x + M^xF̄_n), (6.2.3)

with

D^x_a = 1 √ 2 (E^x∂_aK + M^x(F_{na} + ∂_aKF_n)) , (6.2.4)

E^x = (0, g_2, g_1),

M^x = (0, g_3, 0).

The first term comes from U(N) gauging of the vector multiplet, while the second and the last terms correspond to gauging of the hypermultiplet. Note that this potential is quite different from what we have seen in the last chapter. If we choose F as the simplest function of the holomorphic sections X^Λ, we obtain flat potential and cannot determine the expectation values of the scalar fields. On the other hand, in our model, we can obtain it by determining the minimum of the potential.

Let us find the conditions which minimize the potential. Firstly, let us consider the variation of V with respect to the scalar field z^a. The derivative of the second and the last terms of V is ∂_a ( e^K (b^0)^2 g^{ab∗} D^x_aD̄^x_b∗ − e^K 2(b^0)^2

(E^x + M^xF_n)(E^x + M^xF̄_n) )

= e^K (b^0)^2 ( (∂_aK)g^{bc∗} D^x_b D̄^x_c∗ + (∂_ag^{bc∗} )D^x_b D̄^x_c∗ + g^{bc∗} (∂_aD^x_b )D̄^x_c∗ )

= e^K (b^0)^2 g^{bc∗}D̄^x_c∗ ( ∂_aD^x_b − (∂_bK)D^x_a + 1 K_0 g^{ed∗} (∂_a∂_bK_0∂_d∗ K + ∂_a∂_b∂_d∗ K_0)D^x_e )

= ie^K (b^0)^2 C_{abc}g^{bd∗}D̄^x_d∗ g^{ce∗}D̄^x_e∗ , (6.2.5) where we have used (6.1.12) and (6.1.12) in the last equality. Thus, the condition which minimizes the potential is 0 = ⟨∂_cV ⟩ = ⟨∂_c ( e^Kg_{ab}∗ D^aD^b ) ⟩ + ⟨ e^K (b^0)^2 iC_{acd}g^{ab∗}D̄^x_{b∗}g^{de∗}D̄^x_{e∗}⟩, (6.2.6) Of course, we must consider the variation with respect to the hypermultiplet scalar fields b^u. Since V contains only b^0, it is straightforward to compute the derivative in terms of b^0. The condition which determines the vacuum is

0 = ⟨ ∂V ∂b^u ⟩ = − e^K (b^0)^3

⟨2g^{ab∗} D^x_aD̄^x_b∗ − (E^x + M^xF_n)(E^x + M^xF̄_n)⟩δ_{u0}. (6.2.7)

The holomorphic function F Since we would like to keep SU(N) gauge symmetry manifest, we will work on the condition ⟨z^a⟩ = δ^{an}λ. Then ⟨D^a⟩ = ⟨^{i√}_2 f^a_{bc}z̄^{b∗} z^c⟩ = 0 holds. Thus we have ⟨∂_c(e^Kg_{ab}∗ D^aD^b)⟩ = 0. Moreover, we assume a form of the gauge invariant function F(z), which parallels that of [9], as F(z) = − iC 2 (z^n)^2 + G(z), (6.2.8)

G(z) = k∑ l=0 C_l l! tr(z^at_a)^l, (6.2.9)

where C ∈ R is constant. We will see that C must be non-zero in order for the inverse of the Kähler metric to exist.

Let us compute the expectation values of some geometrical quantities. Firstly, the expectation value of the derivative of F is ⟨F_a⟩ = δ_{an}⟨F_n⟩, ⟨F_{na}⟩ = δ_{an}⟨F_{nn}⟩, ⟨F_{âb̂}⟩ = δ_{âb̂}⟨F_{nn} − iC⟩, ⟨F_{nab}⟩ = δ_{ab}⟨F_{nnn}⟩, (6.2.10) where the explicit forms of ⟨F_n⟩ and ⟨F_{nn}⟩ are ⟨F_n⟩ = ∑ l C_l (l − 1)! λ^{l−1} + iCλ,

⟨F_{nn}⟩ = ∑ l C_l (l − 2)!

λ^{l−2}. (6.2.11)

It is easy to compute the expectation value of ∂_aK by using (6.1.8): ⟨∂_aK⟩ = − i⟨e^K⟩ 2 ⟨F_a − F̄_a − (λ − λ̄)F_{an}⟩ = δ_{an}⟨∂_nK⟩. (6.2.12)

Furthermore, the vacuum expectation value of the Kähler metric g_{ab} (6.1.9) can be evaluated as follows:

⟨g_{ab}∗ ⟩ = ⟨g_{11}∗ ⟩ ⟨g_{11∗}⟩ 0 ... ... 0 ⟨g_{nn}⟩ , (6.2.13) with ⟨g_{11∗}⟩ = − i⟨e^K⟩ 2 ⟨F_{nn} − F̄_{nn} − 2iC⟩, ⟨g_{nn}⟩ = |⟨∂_nK⟩|^2 − i⟨e^K⟩ 2 ⟨F_{nn} − F̄_{nn}⟩. (6.2.14) Note that only the diagonal components are non-zero and these take the same value except for ⟨g_{nn}⟩. Finally, we have to compute ⟨D^x_a ⟩ and ⟨C_{abc}⟩ by using the above equations; ⟨D^x_a⟩ = δ_{an} 1 √ 2 ⟨E^x∂_aK + M^x(F_{na} + ∂_aKF_n)⟩, = δ_{an}⟨D^x_n⟩ ⟨C_{abc}⟩ = ⟨e^K⟩ 2 ⟨F_{abc}⟩. (6.2.15) 6.2.2 Vacuum conditions

Now we are ready to analyze (6.2.6) and (6.2.7). Substituting (6.2.10)-(6.2.15) into (6.2.6), we obtain 0 = ⟨ ie^{2K} 2(b^0)^2 F_{nnn}g^{nn∗}D̄^x_n∗ g^{nn∗}D̄^x_n∗ ⟩. (6.2.16) The points ⟨F_{nnn}⟩ = 0 are unstable vacua because ⟨∂_a∂_b∗ V ⟩ = 0. Also, the points which satisfy ⟨g^{nn∗} ⟩ = 0 and ⟨∂_nK⟩ = 0 are not stable. Thus, the vacuum condition reduces to

⟨D̄^x_n∗D̄^x_n∗ ⟩ = 0, (6.2.17)

which implies ⟨⟨ F_n + F_{nn} ∂_nK ⟩⟩ = − ( g_2 g_3 ± i g_1 g_3 ) . (6.2.18)

where we use ⟨⟨...⟩⟩ for those vacuum expectation value which are determined as the solutions to (6.2.17). We have also assumed g_3 ≠ 0. Note that if g_3 = 0, (6.2.17) leads to g_1 = g_2 = 0 and the supersymmetry is unbroken. We are not interested in such a case.

By using (6.2.18), the second condition (6.2.7) leads to 0 = ⟨⟨ (E^x + M^xF_n)(E^x + M^xF̄_n) − 2g^{ab∗} D^x_aD̄^x_b∗ ⟩⟩

= | |g_1 ∓ ig_3 ⟨⟨ F_{nn} ∂_nK ⟩⟩| |^2 + g^2_1 − ⟨⟨ g^{nn∗} |∂_nK|^2 ⟩⟩ 2g^2_1. (6.2.19)

It can be shown that this condition (6.2.19) leads to ⟨⟨F_{nn}⟩⟩ = 0: If ⟨⟨F_{nn}⟩⟩ = 0, (6.2.19) is automatically satisfied. Thus, let us consider the case ⟨⟨F_{nn}⟩⟩ ≠ 0 and prove that it conflicts with the assumption, g_3 ≠ 0. We write F_{nn} as

F_{nn} = F_1 + iF_2, (6.2.20) where F_1, F_2 ∈ R. From (6.2.12), (6.2.14) and (6.2.18), by using F_1 and F_2, we obtain ⟨⟨g_{nn}∗ ⟩⟩ = ⟨⟨ |∂_nK|^2 ⟩⟩ + F_2 ⟨⟨K_0⟩⟩ , (6.2.21) ⟨⟨∂_nK + ∂_n∗ K⟩⟩ = i ⟨⟨K_0⟩⟩ (⟨⟨ F_{nn} ∂_nK − F̄_{nn} ∂_n∗ K ⟩⟩ ± 2i g_1 g_3

+ (λ − λ̄)F_1 ) , (6.2.22) ⟨⟨∂_nK − ∂_n∗ K⟩⟩ = 1 ⟨⟨K_0⟩⟩ (λ − λ̄)F_2. (6.2.23)

Then the condition (6.2.19) can be written as

0 = 2g^2_1 − 2g^2_1 ⟨⟨ g^{nn∗} |∂_nK|^2 ⟩⟩ ∓ iY g_1g_3 + g^2_3 ⟨⟨ | F_{nn} ∂_nK |^2 ⟩⟩ , (6.2.24)

where we have defined Y as Y ≡ ⟨⟨ F_{nn} ∂_nK − F̄_{nn} ∂_n∗ K ⟩⟩

= 1 ⟨⟨|∂_nK|^2⟩⟩ [ F_1 ⟨⟨∂_nK − ∂_n∗ K⟩⟩ − F_2 ⟨⟨K_0⟩⟩ ( Y ± 2i g_1 g_3

+ (λ − λ̄)F_1 )] . (6.2.25)

In the second equality, we have used (6.2.22). Using (6.2.21), we can solve the above equation for Y : Y ⟨⟨g_{nn}∗ ⟩⟩ = ∓ F_2 ⟨⟨K_0⟩⟩ 2i g_1 g_3

. (6.2.26)

Substituting (6.2.26) into (6.2.24), we get

0 = 2g^2_1 − 2g^2_1 ⟨⟨ g^{nn∗} |∂_nK|^2 ⟩⟩ − 2g^2_1 ⟨⟨ g^{nn∗} F_2 ⟨⟨K_0⟩⟩ ⟩⟩ + g^2_3 ⟨⟨ | F_{nn} ∂_nK |^2 ⟩⟩

= g^2_3 ⟨⟨ | F_{nn} ∂_nK |^2 ⟩⟩ , (6.2.27)

where we have used (6.2.21). Therefore, we conclude that when ⟨⟨F_{nn}⟩⟩ ≠ 0, the vacuum condition leads to g_3 = 0. This conflicts with the assumption which is written in below (6.2.18). Thus, we can say that the second vacuum condition implies

⟨⟨F_{nn}⟩⟩ = 0. (6.2.28)

In the rigid theory [8, 9], the second vacuum condition is not needed, because there is no hypermultiplet in the model. In fact, we will see later that N = 2 local supersymmetry is not broken partially without the second vacuum condition.

In the following, we choose the vacuum condition as ⟨⟨F_n⟩⟩ = − ( g_2 g_3 + i g_1 g_3 ) . (6.2.29)

With this, we can evaluate the expectation value of ∂_aK and g_{ab}∗ such that ⟨⟨∂_aK⟩⟩ = −δ_{an} ⟨⟨ e^K ⟩⟩ g_1 g_3 , ⟨⟨g_{11}∗ ⟩⟩ = − ⟨⟨ e^K ⟩⟩ C, ⟨⟨g_{nn}∗ ⟩⟩ = | ⟨⟨∂_nK⟩⟩ |^2 = ⟨⟨ e^{2K} ⟩⟩ ( g_1 g_3

)_2

. (6.2.30)

Note that C = 0 is necessary for the Kähler metric to be invertible.

6.2.3 Supersymmetry transformations of the fermions

Let us compute the vacuum expectation values of the mass matrices. Substituting (6.2.29)- (6.2.30) into the mass matrices (6.2.1a)-(6.2.1i), ⟨⟨S_{AB} ⟩⟩ = − ⟨⟨ ie^{K/2} 2 √ 2b^0 g_1 ⟩⟩ ( 1 1 1 1 ) , (6.2.31) ⟨⟨ W^{aAB}_2 ⟩⟩ = δ^{an} ⟨⟨ ie^{K/2} √ 2b^0

(∂_nK)^{−1}g_1 ⟩⟩ ( 1 1 1 1 ) , (6.2.32) ⟨⟨ N^A_α ⟩⟩ = ⟨⟨ ie^{K/2} √ 2b^0 g_1 ⟩⟩ ( 1 1 −1 −1 ) , (6.2.33) ⟨⟨ M^{αβ} ⟩⟩ = ⟨⟨ ie^{K/2} √ 2b^0 g_1 ⟩⟩ ( −1 1 1 −1 ) , (6.2.34)

⟨⟨M^α_{aB}⟩⟩ = − ⟨⟨√ 2ie^{K/2} b^0 g_1∂_aK ⟩⟩ ( 1 1 −1 −1 ) , (6.2.35) ⟨⟨ M_{2;aA|bB} ⟩⟩ = ⟨⟨ e^{K/2} 2 √ 2b^0 g_1C_{abc}g^{cd∗} ∂_d∗ K ⟩⟩ ( −1 1 1 −1 ) . (6.2.36)

Notice that each matrix has a zero eigenvalue. The expectation values of the supersymmetry transformations of the fermions are ⟨⟨δψ_{+μ}⟩⟩ = ⟨⟨ ie^{K/2} 2b^0 g_1 ⟩⟩ γ_μ(ϵ_1 + ϵ_2), ⟨⟨ δλ^{a+} ⟩⟩ = δ^{an} ⟨⟨ ie^{K/2} b^0 g_1(∂_nK)^{−1} ⟩⟩ (ϵ_1 + ϵ_2),

⟨⟨δζ_−⟩⟩ = ⟨⟨ ie^{K/2} b^0 g_1 ⟩⟩ (ϵ_1 + ϵ_2), ⟨⟨δψ_{−μ}⟩⟩ = ⟨⟨ λ^{a−} ⟩⟩ = ⟨⟨ζ_+⟩⟩ = 0. (6.2.37)

Note that only the supersymmetry transformations of ψ^+_μ , λ^{n+} and ζ_− at the vacuum are non-zero. Furthermore, quite similar to the last chapter, we define linear combination of the fermions, λ^{n+} and ζ_− as χ_• = ⟨⟨∂_nK⟩⟩ λ^{n+} + 2ζ_−, η_• = − ⟨⟨∂_nK⟩⟩ λ^{n+} + ζ_−, (6.2.38)

whose supersymmetry transformations are ⟨⟨δχ_•⟩⟩ = ⟨⟨ 3ie^{K/2} b^0 g_1 ⟩⟩ (ϵ_1 + ϵ_2),

⟨⟨δη_•⟩⟩ = 0. (6.2.39)

Therefore, the fermion χ_• is the Nambu-Goldstone fermion.

6.3 The mass spectrum 6.3.1 Fermion mass

Let us consider the fermion mass spectrum. By substituting (6.2.31)-(6.2.36) into L_{Yukawa}, we obtain

L_{Yukawa} = −i ⟨⟨√ 2e^{K/2} b^0 g_1 ⟩⟩ ( ψ̄^+_μ γ^{μν} ψ^+_ν − iχ̄γ_μψ^μ_+ + 1 3 χ̄_•χ_• − 1 3 η̄_•η_• )

+ 1 2 √ 2 ⟨⟨ e^{K/2} b^0 g_3F_{aan} ⟩⟩ λ̄^{a−}λ^{a−} + . . . + h.c., (6.3.1)

The Nambu-Goldstone fermion χ_• couples to the gravitino ψ^+_μ in the second term and we can remove it from the action by redefining the gravitino such that,

ψ^+_μ → ψ^+_μ + i 6 γ_μχ_•, (6.3.2)

which results in

L_{Yukawa} = −i ⟨⟨√ 2e^{K/2} b^0 g_1 ⟩⟩ ( ψ̄^+_μ γ^{μν}ψ^+_ν − 1 3 η̄_•η_• ) + 1 2 √ 2 n∑ a=1 ⟨⟨ e^{K/2} b^0 g_3F_{aan} ⟩⟩ λ̄^{a−}λ^{a−} + . . . + h.c. . (6.3.3) The gravitino ψ_+ has acquired a mass by the super-Higgs mechanism.

The kinetic terms of the massive fermions are

L_{kin} = ϵ^{μνλσ} √ −g ψ̄^A_μ γ_ν ∂_λψ_{Aσ} − i 3 η̄^•γ_μ∂^μη_• − i n∑ a=1 ⟨⟨g_{aa}∗ ⟩⟩ λ̄^{a−}γ_μ∂^μλ^{a∗}_− + . . . + h.c. (6.3.4)

It is easy to find the mass of the fermions by evaluating the equations of motion. The gravitino mass m and the masses of the gauginos m_a are m = | | | ⟨⟨√ 2e^{K/2} b^0 g_1 ⟩⟩| | | ,

m_a = | | | ⟨⟨ e^{K/2} √ 2b^0 g_3F_{aan}g^{aa∗} ⟩⟩| | | . (6.3.5)

Notice that the mass of the physical fermion η_• is the same as the gravitino, that is, m. We can expect that ψ^+_μ and η_• form a N = 1 massive multiplet of spin (3/2,1,1,1/2). On the other hand, λ^{a−}, together with the scalar fields, form N = 1 massive chiral multiplet. To make sure, we must consider the masses of the gauge bosons and the scalar fields.

6.3.2 Boson mass

Let us compute the masses of the scalar fields. If we define the fluctuations from the expectation value of the scalar fields as the new scalar fields z̃^a, that is, z̃^a = z^a − ⟨⟨z^a⟩⟩. the scalar potential can be expanded as, V = ⟨⟨V ⟩⟩ + ⟨⟨∂_a∂_{b∗}V ⟩⟩ z̃^a ¯z̃^{b∗} + 1 2 ⟨⟨∂_a∂_bV ⟩⟩ z̃^az̃^b + 1 2 ⟨⟨∂_a∗ ∂_b∗ V ⟩⟩ ¯z̃^{a∗} ¯z̃^{b∗} + . . . . (6.3.6) where we use the fact that first derivative of V is zero by the vacuum condition. The second derivative can be easily evaluated, ⟨⟨∂_a∂_{b∗}V ⟩⟩ = ⟨⟨ 2ie^K (b^0)^2 C_{acd}g^{ce∗} (∂_b∗D̄^x_e∗ )g^{df ∗}D̄^x_f ∗ ⟩⟩

= δ_{ab} ⟨⟨ e^K 2(b^0)^2 |g_3F_{aan}|^2g^{aa∗} ⟩⟩ , ⟨⟨∂_a∂_bV ⟩⟩ = ⟨⟨∂_a∗ ∂_b∗ V ⟩⟩ = 0. (6.3.7) Thus, the kinetic terms and the mass terms of the scalar fields z̃^a are ∑ a ( ⟨⟨g_{aa}∗ ⟩⟩ ∂_μz̃^a∂^μ ¯z̃^{a∗} − ⟨⟨ e^K 2(b^0)^2 |g_3F_{aan}|^2g^{aa∗} ⟩⟩ z̃^a ¯z̃^{a∗} ) . (6.3.8)

We can see the mass of z̃^a is the same as (6.3.5), namely, the mass of gaugino λ^{a−}. Therefore, as we have anticipated, they form N^2 massive chiral multiplets.

The gauge boson masses appear in the kinetic terms of the hypermultiplet scalars:

h_{uv} ∇_μb^u∇^μb^v = 1 2(b^0)^2 δ_{uv} (∂_μb^u + A^Λ_μ k^u_Λ)(∂^μb^v + A^{Λμ}k^v_Λ) = 1 2(b^0)^2

(g^2_1A^0_μA^{0μ} + g^2_3 A^{′n}_μ A^{′nμ}) + . . . , (6.3.9) where we have defined the gauge boson A^{′n}_μ as

A^{′n}_μ = A^n_μ + ( g_2 g_3 ) A^0_μ. (6.3.10)

Since the kinetic terms of the gauge bosons are^1_4 (Im N )_{ΛΣ}F^Λ_{μν} F^{Σμν} , we must compute the generalized coupling matrix N (2.2.23) on the vacuum:

⟨⟨N_{ΛΣ} ⟩⟩ =

⟨⟨N_{00}⟩⟩ 0 · · · · · · 0 ⟨⟨N_{0n}⟩⟩ 0 ⟨⟨G_{11}⟩⟩ 0 · · · 0 0 . . 0 ⟨⟨G_{22}⟩⟩ . . . . . . . . ... 0 . . 0 0 · · · 0 ⟨⟨G_{n−1,n−1}⟩⟩ 0 ⟨⟨N_{n0}⟩⟩ 0 · · · · · · 0 ⟨⟨N_{nn}⟩⟩

, (6.3.11)

with

Im ⟨⟨N_{00}⟩⟩ = ⟨⟨ e^{−K} 2 ⟩⟩ g^2_1 + g^2_3 g^2_1 ,

Im ⟨⟨N_{0n}⟩⟩ = Im ⟨⟨N_{n0}⟩⟩ = ⟨⟨ e^{−K} 2 ⟩⟩ g_2g_3 g^2_1 ,

Im ⟨⟨N_{nn}⟩⟩ = ⟨⟨ e^{−K} 2 ⟩⟩ ( g_3 g_1

)_2

. (6.3.12)

Therefore the gauge boson kinetic terms are 1 4 Im ⟨⟨N_{ΛΣ}⟩⟩ F^Λ_{μν} F^{Σμν} = − ⟨⟨ e^{−K} 8 ⟩⟩ F^0_{μν} F^{0μν} − ⟨⟨ e^{−K} 8 ⟩⟩ ( g_3 g_1

)_2 F^{′n}_{μν} F^{′nμν} + 1 4 ∑ â Im ⟨⟨G_{ââ}⟩⟩ F^â_{μν} F^{âμν} , (6.3.13)

where we have defined F^′_{μν} = ∂_μA^′_ν − ∂_ν A^′_μ. We can read off the masses of gauge boson A^0_μ and A^{′n}_μ from (6.3.9) and (6.3.13). As a result, both of them agree with (6.3.5). Thus the U(N) × U(1)_{graviphoton} gauge symmetry is broken to SU(N) and the vacuum lies in the Higgs phase.

We summarize the mass spectrum of our model in the table 6.1:

N = 1 gravity multiplet contains the vierbein and the gravitino ψ^−_μ , and the massive gravitino ψ^+_μ , U(1) gauge boson A^{′n}_μ , the graviphoton A^0_μ and the fermion η_• form a massive spin-3/2 multiplet. The N = 2 vector multiplets have been divided into N = 1 vector multiplets and chiral multiplets. N = 1 vector multiplets described by massless gauge bosons A^â_μ and gauginos λ^{â+} which become to SU(N) vector multiplet. On the other hand, the gaugino λ^{â−} and the scalar field z^â form chiral multiplets which belong to the SU(N) adjoint representation. The gaugino λ^{n−} and the complex scalar z^n form a N = 1 massive chiral multiplet. Also the hyperino ζ_+ and the scalar b^0, b^1 form a chiral multiplet. Note that althouh this mass spectrum is analogous to the rigid counterpart [10], the phase of the theory is different: our vacuum lies in the Higgs phase, while the rigid one in the Coulomb phase.

N = 1 multiplet field mass gravity multiplet e^i_μ, ψ^−_μ 0 spin-3/2 multiplet ψ^+_μ , A^0_μ, A^{′n}_μ , η_• m SU(N) vector multiplet A^â_μ, λ^{â+} 0 SU(N) adjoint chiral multiplet λ^{â−}, z^â m^â chiral multiplet λ^{n−}, z^n m^n chiral multiplet ζ_+, b^0, b^1 0

Table 6.1: the mass spectrum

6.4 N = 1 Lagrangian In the last section, we have considered the lowest order terms with respect to the fermion fields and the shifted scalar fields z̃^a. Now, we would like to know all of the terms in L_{Yukawa} and V . This can be done exactly and, at the end of this section, we will see that N = 1 Lagrangian can be written by the superpotentials.

In terms of z̃^a, the holomorphic function F(z) is expanded as, F(z) = F(⟨⟨z⟩⟩ + z̃) (6.4.1) = ⟨⟨F⟩⟩ + F̃, where F̃ = ⟨⟨F_a⟩⟩ z̃^a + 1 2! ⟨⟨F_{ab}⟩⟩ z̃^az̃^b + 1 3! ⟨⟨F_{abc}⟩⟩ z̃^az̃^bz̃^c + . . . . (6.4.2) Similarly, F_a and F_{ab} are F_a = ⟨⟨F_a⟩⟩ + ⟨⟨F_{ab}⟩⟩ z̃^b + 1 2! ⟨⟨F_{abc}⟩⟩ z̃^bz̃^c + . . . . (6.4.3) = F̃_a, F_{ab} = ⟨⟨F_{ab}⟩⟩ + ⟨⟨F_{abc}⟩⟩ z̃^c + . . . . (6.4.4) = F̃_{ab}. We have redefined F̃_a and F̃_{ab} as the derivative of F̃ with respect to z̃^a. The Kähler potential, its derivative and the Kähler metric are, respectively,

K = − log i [⟨⟨ F − F̄ ⟩⟩ + F̃ − ¯F̃ − 1 2 (⟨⟨z^a − z̄^a⟩⟩ + z^a − z̄^a)(F̃_a + ¯F̃_a) ] , (6.4.5) ∂_aK = − i 2K_0

(F̃_a − ¯F̃_a − (⟨⟨z^a − z̄^a⟩⟩ + z^a − z̄^a)F̃_{ab}) (6.4.6) = ~∂_aK, g_{ab}∗ = ~∂_aK ~∂_b∗ K − i 2K_0 (F̃_{ab} − ¯F̃_{ab}) = g̃_{ab}∗ , (6.4.7) where ~∂_a = ∂/∂z̃^a. In this way, we can write down all the terms in the Lagrangian in terms of the new scalar field z̃^a. In the following, let us see several terms of the Lagrangian.

The Yukawa interaction terms

The Yukawa interaction terms L_{Yukawa} can be easily rewritten with these notations. First of all, we define the following quantities,

W(z̃, ¯z̃) ≡ e^{K/2}W (z̃) ≡ 2(S_{11} − S_{12}) = e^{K/2} √ 2b^0 g_3(F̃_n − ⟨⟨F_n⟩⟩), (6.4.8)

S(z̃, ¯z̃) ≡ e^{K/2}S(z̃) ≡ 2(S_{11} + S_{12}) = e^{K/2} √ 2b^0

(2g_2 + g_3(F̃_n + ⟨⟨F_n⟩⟩)), (6.4.9)

where S_{AB} is the gravitino mass matrix. Note that W and S are related as follows: W = S + i √ 2g_1e^{K/2} b^0

. (6.4.10)

Thus they are not independent. However, in the following, for convenience, we will write down the resulting Lagrangian, using both W, S.

The first term of L_{Yukawa} is rewritten in terms of W and S as

2S_{AB}ψ̄^A_μ γ^{μν} ψ^B_ν = Wψ̄^−_μ γ^{μν} ψ^−_ν + Sψ̄^+_μ γ^{μν} ψ^+_ν . (6.4.11)

Thus, we refer to W and S as superpotentials. Since the usual^† N = 1 supergravity models coupled to chiral multiplets contain one gravitino, there is only one superpotential. But, in this N = 1 model obtained through the partial supersymmetry breaking, there are two gravitini. Therefore there exist two superpotentials which are related by eq. (6.4.10).

The covariant derivatives of W and that of S are respectively ~∇_aW = e^{K/2}√ 2b^0 g_3(F̃_{na} + ~∂_aKF̃_n − ~∂_aK ⟨⟨F_n⟩⟩) = g_{ab}∗ (W̄^{b∗}_{2;11} − W̄^{b∗}_{2;12}), (6.4.12) ~∇_aS = e^{K/2}√ 2b^0

(2g_2 ~∂_aK + g_3(F̃_{na} + ~∂_aKF̃_n + ~∂_aK ⟨⟨F_n⟩⟩))

= g_{ab}∗ (W̄^{b∗}_{2;11} + W̄^{b∗}_{2;12}), (6.4.13)

and the second derivatives of them are evaluated as,

~∇_a ~∇_bW = √ 2(M_{2;a1|b1} − M_{2;a1|b2}), (6.4.14)

~∇_a ~∇_bS = √ 2(M_{2;a1|b1} + M_{2;a1|b2}), (6.4.15)

†For example, [39] or [40, 41].

where W̄^{b∗}_{AB} = (W^{bAB} )^∗. This can be used to rewrite the second term and the last term of L_{Yukawa}: ig_{ab}∗ W^{aAB}λ̄^{b∗}_A γ_μψ^μ_B = e^{K/2}g̃_{ab}∗ D^a(λ̄^{b∗}_− γ_μψ^μ_+ − λ̄^{b∗}_+ γ_μψ^μ_−) + i ¯~∇_a∗W̄λ̄^{b∗}_− γ_μψ^μ_− + i ¯~∇_a∗S̄λ̄^{b∗}_+ γ_μψ^μ_+, (6.4.16) M_{aA|bB}λ̄^{aA}λ^{bB} = M_{1;a1|b2}(λ̄^{a−}λ^{b+} − λ̄^{a+}λ^{b−}) + 1 √ 2 ~∇_a ~∇_bWλ̄^{a−}λ^{b−} + 1√ 2 ~∇_a ~∇_bSλ̄^{a+}λ^{b+}. (6.4.17)

In this way, we can evaluate all the terms of L_{Yukawa}. As a result, we obtain L_{Yukawa} = Wψ̄^−_μ γ^{μν} ψ^−_ν + i( ¯~∇_a∗W̄λ̄^{a∗}_− − 2W̄ζ̄^+)γ_μψ^μ_− − e^{K/2}g̃_{ab}∗ D^aλ̄^{b∗}_+ γ_μψ^μ_− +Sψ̄^+_μ γ^{μν} ψ^+_ν + i( ¯~∇_a∗S̄λ̄^{a∗}_+ + 2S̄ζ̄^−)γ_μψ^μ_+ + e^{K/2}g̃_{ab}∗ D^aλ̄^{b∗}_− γ_μψ^μ_+ +Wζ̄_+ζ_+ + Sζ̄_−ζ_− − 2 ~∇_aWζ̄_+λ^{a−} + 2 ~∇_aSζ̄_−λ^{a+} (6.4.18) +M_{1;a1|b2}(λ̄^{a−}λ^{b+} − λ̄^{a+}λ^{b−}) + 1 √ 2 ~∇_a ~∇_bWλ̄^{a−}λ^{b−} + 1√ 2 ~∇_a ~∇_bSλ̄^{a+}λ^{b+}.

Note that if we substitute z̃^a = 0 into L_{Yukawa}, it reduces to the fermion mass terms which have been obtained in the last section.

The scalar potential We turn to the scalar potential V . It is useful to rewrite it in terms of the mass matrices as V = −12S̄^{1A}S_{A1} + g̃_{ab}∗W̄^{b∗}_{1A}W^{a1A} + 2N̄^α_1 N^1_α. (6.4.19) which is also obtained from the supergravity Ward identities in reference [42]. Note that S̄AB = (S_{AB})∗ and N̄ α_A = (N A_α )∗.

Let us rewrite (6.4.19) in terms of the superpotentials. The first term is − 12S̄^{1A}S_{A1} = −6((S_{11} − S_{12})(S̄^{11} − S̄^{12}) + (S_{11} + S_{12})(S̄^{11} + S̄^{12})) = − 3 2 (|W|^2 + |S|^2), (6.4.20) and the second term is g̃_{ab}∗W̄^{b∗}_{1A}W^{a1A} = g̃_{ab}∗ ( W̄^{b∗}_{1;12}W^{a12}_1 + W̄^{b∗}_{2;11}W^{a11}_2 + W̄^{b∗}_{2;12}W^{a12}_2 )

= e^Kg̃_{ab}∗ D^aD^b + 1 2 g̃^{ab∗} ~∇_aW ¯~∇_aW̄ + 1 2 g̃^{ab∗} ~∇_aS ¯~∇_aS̄. (6.4.21) In the first equality, we have used (6.1.16). The last term is 2N̄^α_1 N^1_α = |W|^2 + |S|^2 = 1 2 h^{uv} ∇_uW∇_vW̄ + 1 2 h^{uv} ∇_uS∇_vS̄, (6.4.22) where u, v = 0, 1 and h_{uv} ≡ δ_{uv} /2(b^0)^2. Note that ∇_uW = ∂_uW. Substituting (6.4.20)- (6.4.22) into (6.4.19), we have V = e^{K/2}g_{ab}∗ D^aD^b + 1 2 g̃^{ab∗} ~∇_aW ¯~∇_aW̄ + 1 2 g̃^{ab∗} ~∇_aS ¯~∇_aS̄ − 3 2 |W|^2 − 3 2 |S|^2 + 1 2 h^{uv} ∇_uW∇_vW̄ + 1 2 h^{uv} ∇_uS∇_vS̄. (6.4.23)

This is the final form of the scalar potential. We can see that L_{Yukawa} and the scalar potential V takes essentially the same form as the usual N = 1 supergravity model (such as [39] or [40, 41]). Note that the superpotentials W and S are related by (6.4.10).

6.5 Conclusion

We have seen that, in the N = 2 U(N) gauged supergravity model, the N = 2 supersymmetry has been broken to N = 1 counterpart spontaneously. In particular, we have not chosen the symplectic section as the simplest function. This leads to the effective theory which contains higher order coupling terms of the scalar fields. As we have seen in the last section, the Nambu-Goldstone fermion and the Nambu-Goldstone bosons are absorbed by the gravitino and the gauge bosons respectively, through the super-Higgs and the Higgs mechanisms. All the masses of the fermions and the bosons have been evaluated. The gauge symmetry U(N) × U(1)_{graviphoton} is broken to SU(N) and the resulting model lies in the Higgs phase. Finally, we have considered the N = 1 Lagrangian. The N = 1 Yukawa interaction terms and the N = 1 scalar potential can be written in terms of the superpotentials.

As is pointed out in [13], if we force the gravity and the hypermultiplet to decouple, the gravitino mass (6.3.5) becomes zero. Thus, the gauge boson corresponding to the overall U(1) and the graviphoton become massless in this limit. The Higgs phase of U(1) × U(1)_{graviphoton} approaches the Coulomb phase.

Acknowledgement

The author would like to thank his supervisor Hiroshi Itoyama for helpful advices. The author thanks Kazuhito Fujiwara for useful discussions and thanks Hironobu Kihara, Yasunari Kurita, Makoto Sakaguchi and Yukinori Yasui for kindly helps. The author is grateful to the colleagues in our fundamental physics group for various stimulating discussions.

Appendix A

Conventions and notations

Minkowski metric is defined as η_{ij} ≡ (1, −1, −1, −1). The Riemann Tensor is

R^μ_ν = dΓ^μ_ν + Γ^μ_ρ ∧ Γ^ρ_ν ≡ − 1 2 R^μ_{νρσ} dx^ρ ∧ dx^σ. (A.0.1) Decomposition of tensors in self-dual and antiself-dual parts is

T^±_{μν} = 1 2 ( T_{μν} ± i 2 ϵ_{μνρσ} T^{ρσ} ) . (A.0.2)

A.1 Notations in quaternionic Kähler manifolds SU(2) and Sp(2k) metrics The flat SU(2) and Sp(2k) metrics satisfy:

ϵ^{AB} ϵ_{BC} = −δ^A_C , e^{AB} = −ϵ^{BA}, e^{12} = e_{12} = +1, (A.1.1) C^{αβ} C_{βγ} = −δ^α_γ C^{αβ} = −C^{βα} , C^{12} = C_{12} = +1. (A.1.2) For any SU(2) vector P_A we have:

ϵ_{AB} P^B = P_A, (A.1.3) ϵ^{AB} P_B = −P^A, (A.1.4) and for any Sp(2k) vectors P_α we have:

C_{αβ} P^β = P_α, (A.1.5) C^{αβ} P_β = −P^α. (A.1.6)

Pauli matrices The standard Pauli matrices (σ^x)^B_A (x = 1, 2, 3) are

(σ^1)^B_A = ( 0 1 1 0 ) , (σ^2)^B_A = ( 0 −i i 0 ) , (σ^3)^B_A = ( 1 0 0 −1 ) . (A.1.7)

The Pauli matrices with two lower indices are defined as follows:

(σ^x)_{AB} ≡ (σ^x)^C_A ϵ_{BC} , (A.1.8) (σ^x)^{AB} ≡ −(σ^x)^B_C ϵ^{AC} . (A.1.9)

The above equations can be written as

(σ^1)_{AB} = ( 1 0 0 −1 ) , (σ^2)_{AB} = ( −i 0 0 −i ) , (σ^3)_{AB} = ( 0 −1 −1 0 ) ,(A.1.10)

(σ^1)^{AB} = ( −1 0 0 1 ) , (σ^2)^{AB} = ( −i 0 0 −i ) , (σ^3)^{AB} = ( 0 1 1 0 ) . (A.1.11)

These imply the following equation:

(σ^x_{AB})^∗ = −σ^{xAB} . (A.1.12)

If we define (σ^x)^A_B as (σ^x)^A_B = −ϵ^{AC} (σ^x)_{CB}, (A.1.13) we obtain

(σ^1)^A_B = ( 0 1 1 0 ) , (σ^2)^A_B = ( 0 i −i 0 ) , (σ^3)^A_B = ( 1 0 0 −1 ) . (A.1.14)

A.2 Spinor conventions Clifford algebra The gamma matrices in 4-dimensions are given as follows: {γ_i, γ_j} = 2η_{ij} , [γ_i, γ_j] = 2γ_{ij} ,

γ_5 ≡ −iγ_0γ_1γ_2γ_3, γ^†_5 = γ_5, γ^2_5 = 1, {γ_5, γ_i} = 0, γ^†_0 = γ_0, ϵ_{ijkl}γ^{kl}2iγ_{ij}γ_5, ϵ^{ijkl}γ_{kl} = 2iγ^{ij}γ_5.

Chirality The upper or lower position of the indices of the spinors fix their chirality as follows:

γ_5 ψ_A λ^{aA} ζ_α χ_• η_• = ψ_A λ^{aA} ζ_α χ_• η_• : right handed, (A.2.2)

γ_5 ψ^A λ^a_A ζ^α χ^• η^• = − ψ^A λ^a_A ζ^α χ^• η^• : left handed. (A.2.3)

Majorana conditions For any fermion ϕ, the Majorana condition is ϕ̄ ≡ ϕ^†γ_0 = ϕ^T C, (A.2.4) where the charge conjugation matrix has the following properties: C^2 = −1, C^T = −C, (Cγ^i)^T = Cγ^i, (Cγ^{ij})^T = Cγ^{ij}, (Cγ_5)^T = −Cγ_5, (Cγ_5γ^i)^T = −Cγ_5γ^i, (Cγ_5γ^iγ^j)^T = −Cγ_5γ^jγ^i, (Cγ_5γ^{ij})^T = Cγ_5γ^{ij}. (A.2.5)

Hermiticity of currents For 0-form spinors:

(χ̄_•η_•)^† = η̄^•χ^• = χ̄^•η^•, (A.2.6) (χ̄_•γ^iη^•)^† = η̄_•γ^iχ^• = −χ̄^•γ^iη_•, (A.2.7) (χ̄_•γ^{ij}η_•)^† = −η̄^•γ^{ij}χ^• = χ̄^•γ^{ij}η^•. (A.2.8) For 1-form spinors (ψ̄_Aψ_B)^† = −ψ̄^Bψ^A = ψ̄^Aψ^B, (A.2.9) (ψ̄^Aγ^iψ_B)^† = −ψ̄^Bγ^iψ_A = −ψ̄_Aγ^iψ^B, (A.2.10) (ψ̄^Aγ^{ij} ψ^B)^† = ψ̄_Bγ^{ij}ψ_A = ψ̄_Aγ^{ij}ψ_B. (A.2.11)

Appendix B

The Bianchi identities and its solutions

B.1 Ungauged case Let us start from ungauged case. We introduce the basic fields of N = 2 supergravity and their associated curvatures as differential forms in superspace. We take the one-forms e^i and ψ_A, as a basis for N = 2 superspace, whose space-time components e^i_μ and ψ_{Aμ} are the ordinary vierbein and gravitino fields. The curvatures of N = 2 ungauged supergravity coupled to the vector multiplets and hypermultiplet are as follows:

The superspace curvatures in gravitational sector are defined as, T^i ≡ De^i − iψ̄_A ∧ γ^iψ^A, (B.1.1a) ρ_A ≡ ∇ψ_A ≡ dψ_A − 1 4 γ_{ij} ω^{ij} ∧ ψ_A + i 2 Q ∧ ψ_A + ω^B_A ∧ ψ_B, (B.1.1b) ρ^A ≡ ∇ψ^A ≡ dψ^A − 1 4 γ_{ij} ω^{ij} ∧ ψ^A − i 2 Q ∧ ψ^A + ω^A_B ∧ ψ^B, (B.1.1c) R^{ij} ≡ dω^{ij} − ω^i_k ∧ ω^{kj} , (B.1.1d) where T^i is the torsion 2-form, R^{ij} is the space-time Ricci 2-form, ω^{ij} is the spin-connection 1-form, Q is U(1) bundle connection which has been defined in (2.1.17), ω^B_A ≡^i_2 (σ_x)^B_A ω^x (ω^A_B = ϵ^{AC} ω^D_C ϵ_{DB} ) are SU(2) bundle connection which has been defined in the section 2.3.

The curvatures and covariant derivatives in the vector multiplet sector are ∇z^a = dz^a, (B.1.2a)

∇z̄^{a∗} = dz̄^{a∗} , (B.1.2b) ∇λ^{aA} ≡ dλ^{aA} − 1 4 γ_{ij}ω^{ij} λ^{aA} − i 2 Qλ^{aA} + Γ^a_bλ^{bA} + ω^A_Bλ^{aB}, (B.1.2c) ∇λ^{a∗}_A ≡ dλ^{a∗}_A − 1 4 γ_{ij} ω^{ij} λ^{a∗}_A + i 2 Qλ^{a∗}_A + Γ^a_bλ^{b∗}_A + ω^A_Bλ^{a∗}_B , (B.1.2d)

F^Λ ≡ dA^Λ + L̄^Λψ̄_A ∧ ψ_Bϵ^{AB} + L^Λψ̄^A ∧ ψ^Bϵ_{AB} , (B.1.2e) where A^Λ (Λ = 0, . . ., m) is the gauge connection 1-form: the value Λ = 0 corresponds to the graviphoton and Λ = 1, . . ., m corresponds to the gauge bosons of m vector multiplets. The quantities L^Λ and L̄^Λ are arbitrary functions of z^a and z̄^{a∗} on Kähler manifold, but, as we will see later, the Bianchi identities constrain in such a way that they coincide with the objects defined in (2.2.6). Note that we do not assume that the vector multiplet scalar sector is described by the special Kähler geometry rather we only assume it is described by Hodge-Kähler geometry.

The covariant derivatives in the hypermultiplet sector are ∇ζ_α ≡ dζ_α − 1 4 γ_{ij} ω^{ij} ζ_α − i 2 Qζ_α + Δ^β_α ζ_β , (B.1.3a) ∇ζ^α ≡ dζ^α − 1 4 γ_{ij} ω^{ij} ζ^α + i 2 Qζ^α + Δ^α_βζ^β , (B.1.3b)

where Δ^β_α is the gauged Levi-Civita connection on HM defined in the section 2.3, satisfying the conditions (2.3.11). It is convenient to convert the world index of the curvature db^u into a flat index A, α by means of the quaternionic vielbein such that, U^{Aα} ≡ U^{Aα}_u db^u. (B.1.4)

The Bianchi identities in the ungauged case

We can derive the following Bianchi identities: in the gravitational sector, DT^i + R^{ij} ∧ e_j − iψ̄^A ∧ γ^iρ_A + iρ̄^A ∧ γ^iψ_A = 0, (B.1.5a) ∇ρ_A + 1 4 γ_{ij} R^{ij} ∧ ψ_A − i 2 K ∧ ψ_A − R^B_A ∧ ψ_B = 0, (B.1.5b) ∇ρ^A + 1 4 γ_{ij} R^{ij} ∧ ψ^A + i 2 K ∧ ψ^A − R^A_B ∧ ψ^B = 0, (B.1.5c)

DR^{ij} = 0, (B.1.5d) where R^B_A is the SU(2) curvature defined in (2.3.17) and K is the Kähler 2-form, K = dQ. The covariant derivative D have defined as, for vector V^i and tensor V^{ij} , DV^i = dV^i − ω^i_j ∧ V^j , (B.1.6)

DV^{ij} = dV^{ij} − ω^i_k ∧ V^{kj} + ω^j_k ∧ V^{ik} . (B.1.7)

In the vector multiplet sector, we obtain

d^2z^a = d^2z̄^{a∗} = 0, (B.1.8a)

∇^2λ^{aA} + 1 4 γ_{ij}R^{ij} λ^{aA} + i 2 Kλ^{aA} + R^a_bλ^{bA} − i 2 R^A_Bλ^{aB} = 0, (B.1.8b)

∇^2λ^{a∗}_A + 1 4 γ_{ij}R^{ij} λ^{a∗}_A − i 2 Kλ^{a∗}_A + R^{a∗}_b∗ λ^{b∗}_A − i 2 R^B_Aλ^{a∗}_A = 0, (B.1.8c)

dF^Λ = ϵ_{AB} ∇L^Λ ∧ ψ̄^A ∧ ψ^B + 2ϵ_{AB} L^Λψ̄^A ∧ ρ^B

− ϵ^{AB} ∇L̄^Λ ∧ ψ̄_A ∧ ψ_B + 2ϵ^{AB}L̄^Λψ̄_A ∧ ρ_B = 0, (B.1.8d) where R^a_b is the Ricci 2-form of the Hodge-Kähler manifold.

In the hypermultiplet sector, we have ∇^2ζ_α + 1 4 γ_{ij}R^{ij} ζ_α + R^β_α ζ_β + i 2 Kζ_α = 0, (B.1.9a) ∇^2ζ^α + 1 4 γ_{ij}R^{ij} ζ^α + R^α_β ζ^β − i 2 Kζ^α = 0, (B.1.9b) ∇U^{Aα} = 0, (B.1.9c) where R^α_β is the Sp(2m) curvature which has been defined in (2.3.18).

The solutions of the Bianchi identities in the ungauged case The solutions of the Bianchi identities (B.1.5a)-(B.1.9c) in the ungauged case are written as follows:

T^i = 0, (B.1.10) ρ_A = ρ_{A|ij} e^i ∧ e^j + (A^B_{A|j} η^{ij} + A^{′B}_{A|j} γ^{ij})ψ_B ∧ e^i +ϵ_{AB} (T^−_{ij} + U^+_{ij} )γ^jψ^B ∧ e^i, (B.1.11) ρ^A = ρ^A_{ij} e^i ∧ e^j + (A^{A|j}_B η_{ij} + A^{′ A|j}_B γ_{ij} )ψ^B ∧ e^i +ϵ^{AB} (T^+_{ij} + U^−_{ij} )γ^jψ_B ∧ e^i, (B.1.12) R^{ij} = R^{ij}_{kl}e^k ∧ e^l − i(ψ̄_Aθ^{A|ij}_k + ψ̄^Aθ^{ij}_{A|k}) ∧ e^k +ϵ^{ijkl}ψ̄_A ∧ γ_kψ_B(A^{′B}_{A|k} − Ā^{′ B}_{A|k} ) +iϵ^{AB}ψ̄_A ∧ ψ_B(T^{+ij} + U^{−ij} ) − iϵ_{AB}ψ̄^A ∧ ψ^B(T^{−ij} + U^{+ij} ), (B.1.13)

dz^a = Z^a_i e^i + ψ̄_Aλ^{aA}, (B.1.14) dz̄^{a∗} = Z^{a∗}_i e^i + ψ̄^Aλ^{a∗}_A , (B.1.15) ∇λ^{aA} = ∇_iλ^{aA}e^i + iZ^a_i γ^iψ^A + G^{−a}_{ij} γ^{ij}ψ_Bϵ^{AB} + Y^{aAB} ψ_B, (B.1.16) ∇λ^{a∗}_A = ∇_iλ^{a∗}_A e^i + iZ̄^{a∗}_i γ^iψ_A + G^{+a∗}_{ij} γ^{ij}ψ^Bϵ_{AB} + Y^{a∗}_{AB} ψ^B, (B.1.17) F^Λ = F^Λ_{ij} e^i ∧ e^j + i(f^Λ_a λ̄^{aA}γ_iψ^Bϵ_{AB} + f̄^Λ_a∗λ̄^{a∗}_A γ_iψ_Bϵ^{AB} ) ∧ e^i, (B.1.18)

∇ζ_α = ∇_iζ_αe^i + iU^{Bβ}_i γ^iψ^Aϵ_{AB} C_{αβ} , (B.1.19) ∇ζ^α = ∇_iζ^αe^i + iU^{Aα}_i γ^iψ_A, (B.1.20) U^{Aα} = U^{Aα}_i e^i + ϵ^{AB} C^{αβ} ψ̄_Bζ_β + ψ̄^Aζ^α, (B.1.21) where A^{iB}_A = − i 4 g_a∗_b(λ̄^{a∗}_A γ^iλ^{bB} − δ^B_A λ̄^{a∗}_C γ^iλ^{bC} ), (B.1.22a) A^{′ iB}_A = i 4 g_a∗_b(λ̄^{a∗}_A γ^iλ^{bB} − 1 2 δ^B_A λ̄^{a∗}_C γ^iλ^{bC} ) + i 4 λδ^B_Aζ̄_αγ^iζ^α, (B.1.22b) θ^{ij;k}_A = 2γ^{[i}ρ^{j]k}_A + γ^kρ^{ij}_A, θ^{ij;k|A} = 2γ^{[i}ρ^{j]k|A} + γ^kρ^{ij|A}, (B.1.23)

T^−_{ij} = 2i(Im N )_{ΛΣ}L^Σ ( F^{−Λ}_{ij} + 1 8 ∇_af^Λ_b λ̄^{aA}γ_{ij}λ^{bB}ϵ_{AB} + λ 4 C^{αβ} ζ̄_αγ_{ij} ζ_βL^Λ ) , (B.1.24a)

T^+_{ij} = 2i(Im N )_{ΛΣ}L̄^Σ ( F^{−Λ}_{ij} + 1 8 ∇_a∗f̄^Λ_b∗λ̄^{a∗}_A γ_{ij} λ^{b∗}_B ϵ^{AB} + λ 4 C_{αβ} ζ̄^αγ_{ij}ζ^βL̄^Λ ) , (B.1.24b)

U^−_{ij} = i 4 λC^{αβ} ζ̄_αγ_{ij} ζ_β, (B.1.25a)

U^+_{ij} = i 4 λC_{αβ} ζ̄^αγ_{ij}ζ^β , (B.1.25b)

G^{a−}_{ij} = −g^{ab∗}f̄^Σ_b∗ (Im N )_{ΣΛ} ( F^{Λ−}_{ij} + 1 8 ∇_af^Λ_b λ̄^{aA}γ_{ij} λ^{bB}ϵ_{AB} + λ 4 C^{αβ} ζ̄_αγ_{ij}ζ_β L^Λ ) , (B.1.26a)

G^{a∗+}_{ij} = −g^{a∗b}f^Σ_b (Im N )_{ΣΛ} ( F^{Λ+}_{ij} + 1 8 ∇_a∗f̄^Λ_b∗λ̄^{a∗}_A γ_{ij}λ^{b∗}_B ϵ^{AB} + λ 4 C_{αβ} ζ̄^αγ_{ij} ζ^βL̄^Λ ) , (B.1.26b)

Y^{aAB} = i 2 g^{ab∗} C_b∗_c∗_d∗λ̄^{c∗}_C λ^{d∗}_D ϵ^{AC} ϵ^{BD}, (B.1.27a) Y^{a∗}_{AB} = − i 2 g^{a∗b}C_{bcd}λ̄^{cC} λ^{dD}ϵ_{AC} ϵ_{BD}. (B.1.27b) Furthermore, from the closure of the Bianchi identities, we obtain the constraints on L^Λ, L̄Λ, f Λ_a , f̄ Λ_{a∗} and C_{abc} which are the geometrical object of the Hodge-Kähler manifold. This constraints restrict the Hodge-Kähler manifold to be a special Kähler manifold. We will discuss this at the end of the next section.

B.2 Gauged case Let us consider the modifications to the previous results when the theory is gauged. The discussion in this section is parallel to that in the previous section. In this case, we have to redefine the curvature (B.1.1a)-(B.1.3b) according to the discussions in the section 3.2. In particular, for the scalar fields z^a, z̄^{a∗} and b^u, we replace as follows: dz^a → ∇z^a = dz^a + gA^Λk^a_Λ(z), (B.2.1a)

dz̄^{a∗} → ∇z̄^{a∗} = dz̄^{a∗} + gA^Λk^{a∗}_Λ (z̄), (B.2.1b)

db^u → ∇b^u = db^u + gA^Λk^u_Λ(b). (B.2.1c)

Eq.(B.2.1c) implies that the gauged quaternionic vielbein Û^{Aα} is given by Û^{Aα} = U^{Aα}_{uv} ∇b^u ∧ ∇b^v. (B.2.2) We also have to replace the curvatures of the connections with thier gauged expressions: R^a_b → R̂^a_b , (B.2.3a) K → K̂, (B.2.3b) R^{αβ} → R̂^{αβ}, (B.2.3c) R^B_A → R̂^B_A ≡ i 2 (σ_x)^B_A Ω̂^x. (B.2.3d) where R̂^a_b , K̂, R̂^{αβ} and R̂^B_A are given in (3.2.3), (3.2.11), (3.2.8) and (3.2.12). Furthermore, we have to replace dA^Λ in (B.1.2e) with the complete gauge curvature (3.2.6): dA^Λ → F^Λ ≡ dA^Λ + 1 2 gf^Λ_{ΣΓ} A^Σ ∧ A^Γ. (B.2.4) For completeness, let us collect the curvatures of all the sectors. The curvatures in gravitational sector are T^i ≡ De^i − iψ̄_A ∧ γ_iψ^A, (B.2.5a) ρ_A ≡ ∇ψ_A ≡ dψ_A − 1 4 γ_{ij} ω^{ij} ∧ ψ_A + i 2 Q̂ ∧ ψ_A + ω̂^B_A ∧ ψ_B, (B.2.5b) ρ^A ≡ ∇ψ^A ≡ dψ^A − 1 4 γ_{ij} ω^{ij} ∧ ψ^A − i 2 Q̂ ∧ ψ^A + ω̂^A_B ∧ ψ^B, (B.2.5c) R^{ij} ≡ dω^{ij} − ω^i_k ∧ ω^{kj} . (B.2.5d) The curvatures and covariant derivatives in the vector multiplet sector are ∇z^a = dz^a + gA^Λk^a_Λ(z), (B.2.6a) ∇z̄^{a∗} = dz̄^{a∗} + gA^Λk^{a∗}_Λ (z̄) (B.2.6b) ∇λ^{aA} ≡ dλ^{aA} − 1 4 γ_{ij}ω^{ij} λ^{aA} − i 2 Q̂λ^{aA} + Γ̂^a_bλ^{bA} + ω̂^A_Bλ^{aB}, (B.2.6c) ∇λ^{a∗}_A ≡ dλ^{a∗}_A − 1 4 γ_{ij} ω^{ij} λ^{a∗}_A − i 2 Q̂λ^{a∗}_A + Γ̂^a_bλ^{b∗}_A + ω̂^A_Bλ^{a∗}_B , (B.2.6d) F̂^Λ ≡ F^Λ + L̄^Λψ̄_A ∧ ψ_Bϵ^{AB} + L^Λψ̄^A ∧ ψ^Bϵ_{AB} . (B.2.6e) We have used the notation F̂^Λ in order to distinguish from F^Λ = dA^Λ +^1_2 gf^Λ_{ΣΓ} A^Σ ∧ A^Γ. In the hypermultiplet sector the covariant derivatives are U^{Aα} ≡ U^{Aα}_u ∇b^u ≡ U^{Aα}_u (db^u + gA^Λk^u_Λ(b)), (B.2.7a) ∇ζ_α ≡ dζ_α − 1 4 γ_{ij} ω^{ij} ζ_α − i 2 Q̂ζ_α + Δ̂^β_α ζ_β , (B.2.7b) ∇ζ^α ≡ dζ^α − 1 4 γ_{ij} ω^{ij} ζ^α + i 2 Q̂ζ^α + Δ̂^α_βζ^β . (B.2.7c)

The Bianchi identities in the gauge case

The Bianchi identities in the gauged case is the same as the ungauged case (B.1.5a)-(B.1.9c) except that the curvatures are replaced as (B.2.3a)-(B.2.3d). In the gravitational sector, we obtain the following Bianchi identities:

DT^i + R^{ij} ∧ e_j − iψ̄^A ∧ γ^iρ_A + iρ̄^A ∧ γ^iψ_A = 0, (B.2.8a) ∇ρ_A + 1 4 γ_{ij} R^{ij} ∧ ψ_A − i 2 K ∧ ψ_A − R̂^B_A ∧ ψ_B = 0, (B.2.8b) ∇ρ^A + 1 4 γ_{ij} R^{ij} ∧ ψ^A + i 2 K ∧ ψ^A − R̂^A_B ∧ ψ^B = 0, (B.2.8c)

DR^{ij} = 0. (B.2.8d)

In the vector multiplet sector, we get

∇^2z^a − g(F̂^Λ − L̄^Λψ̄_A ∧ ψ_Bϵ^{AB} − L^Λ ∧ ψ̄^A ∧ ψ^Bϵ_{AB} )k^a_Λ = 0, (B.2.9a)

∇^2z̄^{a∗} − g(F̂^Λ − L̄^Λψ̄_A ∧ ψ_Bϵ^{AB} − L^Λ ∧ ψ̄^A ∧ ψ^Bϵ_{AB} )k^{a∗}_Λ = 0, (B.2.9b)

∇^2λ^{aA} + 1 4 γ_{ij} R^{ij} λ^{aA} + i 2 K̂λ^{aA} + R̂^a_bλ^{bA} − i 2 R̂^A_B λ^{aB} = 0, (B.2.9c)

∇^2λ^{a∗}_A + 1 4 γ_{ij} R^{ij} λ^{a∗}_A − i 2 K̂λ^{a∗}_A + R̂^{a∗}_{b∗} λ^{b∗}_A − i 2 R̂^B_Aλ^{a∗}_A = 0, (B.2.9d)

∇F̂^Λ − ϵ_{AB} ∇L^Λ ∧ ψ̄^A ∧ ψ^B + 2ϵ_{AB} L^Λψ̄^A ∧ ρ̂^B

− ϵ^{AB} ∇L̄^Λ ∧ ψ̄_A ∧ ψ_B + 2ϵ^{AB}L̄^Λψ̄_A ∧ ρ̂_B = 0. (B.2.9e)

In the hypermultiplet sector, we derive

∇^2ζ_α + 1 4 γ_{ij} R^{ij} ζ_α + R̂^β_α ζ_β + i 2 K̂ζ_α = 0, (B.2.10a)

∇^2ζ^α + 1 4 γ_{ij} R^{ij} ζ^α + R̂^α_βζ^β − i 2 K̂ζ^α = 0, (B.2.10b)

∇U^{Aα} − g(F̂^Λ − L̄^Λψ̄_A ∧ ψ_Bϵ^{AB} − L^Λ ∧ ψ̄^A ∧ ψ^Bϵ_{AB} )k^u_Λ(b)U^{Aα}_u = 0. (B.2.10c)

The solutions of the Bianchi identities in the gauged case The solutions of the Bianchi identities (B.2.8a)-(B.2.10c) in the gauged case are written as follows:

T^i = 0, (B.2.11) ρ_A = ρ_{A|ij} e^i ∧ e^j + (A^B_{A|j} η^{ij} + A^{′B}_{A|j} γ^{ij} )ψ_B ∧ e^i +ϵ_{AB} (T^−_{ij} + U^+_{ij} )γ^jψ^B ∧ e^i + igS_{AB}η_{ij} ψ^B ∧ e^i, (B.2.12) ρ^A = ρ^A_{ij}e^i ∧ e^j + (A^{A|j}_B η_{ij} + A^{′A|j}_B γ_{ij})ψ^B ∧ e^i +ϵ^{AB} (T^+_{ij} + U^−_{ij} )γ^jψ_B ∧ e^i + igS̄^{AB}η_{ij} γ^jψ_B ∧ e^i, (B.2.13) R^{ij} = R^{ij}_{kl}e^k ∧ e^l − i(ψ̄_Aθ^{A|ij}_k + ψ̄^Aθ^{ij}_{A|k} ) ∧ ϵ^k +ϵ^{ijkl}ψ̄_A ∧ γ_kψ_B(A^{′B}_{A|k} − Ā^{′ B}_{A|k} ) +iϵ^{AB}ψ̄_A ∧ ψ_B(T^{+ij} + U^{−ij} ) − iϵ_{AB}ψ̄^A ∧ ψ^B(T^{−ij} + U^{+ij} ) −gS_{AB}ψ̄^A ∧ γ^{ij}ψ^B − gS̄^{AB}ψ̄_A ∧ γ^{ij}ψ_B, (B.2.14)

F̂^Λ = F^Λ_{ij} e^i ∧ e^j + i(f^Λ_a λ̄^{aA}γ_iψ^Bϵ_{AB} + f̄^Λ_{a∗}λ̄^{a∗}_A γ_iψ_Bϵ^{AB} ) ∧ e^i, (B.2.15) ∇λ^{aA} = ∇_iλ^{aA}e^i + iZ^a_i γ^iψ^A + G^{−a}_{ij} γ^{ij} ψ_Bϵ^{AB} + (Y^{aAB} + gW^{aAB})ψ_B, (B.2.16) ∇λ^{a∗}_A = ∇_iλ^{a∗}_A e^i + iZ̄^{a∗}_i γ^iψ_A + G^{+a∗}_{ij} γ^{ij} ψ^Bϵ_{AB} + (Y^{a∗}_{AB} + gW^{a∗}_{AB})ψ^B, (B.2.17) ∇z^a = Z^a_i e^i + ψ̄_Aλ^{aA}, (B.2.18) ∇z̄^{a∗} = Z^{a∗}_i e^i + ψ̄^Aλ^{a∗}_A , (B.2.19)

∇ζ_α = ∇_iζ_αe^i + iU^{Bβ}_i γ^iψ^Aϵ_{AB} C_{αβ} + gN^A_α ψ_A, (B.2.20) ∇ζ^α = ∇_iζ^αe^i + iU^{Aα}_i γ^iψ_A + gN^α_Aψ^A, (B.2.21) U^{Aα} = U^{Aα}_i e^i + ϵ^{AB} C^{αβ} ψ̄_Bζ_β + ψ̄^Aζ^α, (B.2.22) where A^{|iB}_A , A^{′|iB}_A , θ^{ij;k}_A , T_{ij}, U_{ij} , G^a_{ij} and Y^{aAB} are identical with the ungauged case (B.1.22a)-(B.1.27b). The constant g is just a symbolic notation to remind that these terms are produced by the gauging and the new terms S_{AB}, W^{aAB} and N^A_α are S_{AB} = i 2 (σ_x)^C_A ϵ_{BC} P^x_ΛL^Λ, S̄^{AB} = i 2 (σ_x)^B_C ϵ^{CA}P^x_ΛL̄^Λ, (B.2.23)

W^{aAB} = ϵ^{AB} k^a_ΛL̄^Λ + i(σ_x)^B_C ϵ^{CA}P^x_Λg^{ab∗}f̄^Λ_b∗ , W^{a∗}_{AB} = ϵ_{AB} k^{a∗}_Λ L^Λ + i(σ_x)^C_A ϵ_{BC} P^x_Λg^{a∗b}f^Λ_b , (B.2.24)

N^A_α = 2U^A_{α|u}k^u_ΛL̄^Λ, N^α_A = −2U^α_{A|u} k^u_ΛL^Λ. (B.2.25) The constraints following from the closure of the Bianchi identities are a set of differential constraints on the upper parts L^Λ, L̄^Λ, f^Λ_a and f̄^Λ_a∗ of the symplectic sections V and U_a and on C_{abc}: ∇_a∗ L^Λ = ∇_aL̄^Λ = 0, (B.2.26) f^Λ_a = ∇_aL^Λ, (B.2.27) f̄^Λ_{a∗} = ∇_{a∗}L̄^Λ, (B.2.28) ∇_d∗ C_{abc} = ∇_dC_a∗_b∗_c∗ = 0, (B.2.29) ∇_af^Λ_b = ig^{cd∗}f̄^Λ_d∗ C_{abc}. (B.2.30) These equations are the same for that of the section 2.2. Therefore the constraints (B.2.26)- (B.2.30) restrict the Hodge-Kähler manifold which we start from to be a special Kähler manifold.

Bibliography

[1] N. Seiberg and E. Witten, Electric-Magnetic Duality, Monopole Condensation, And Confinement In N=2 Supersymmetric Yang-Mills Theory, Nucl. Phys. B 426 (1994) 19 [arXiv:hep-th/9407087].

[2] N. Seiberg and E. Witten, Monopoles, Duality and Chiral Symmetry Breaking in N=2 Supersymmetric QCD, Nucl. Phys. B 431 (1994) 484 [arXiv:hep-th/9408099].

[3] R. D’Auria, S. Ferrara and P. Fre’, Special And Quaternionic Isometries: General Couplings In N=2 Supergravity And The Scalar Potential, Nucl. Phys. B 359 (1991) 705.

[4] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre’ and T. Magri, N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map, J. Geom. Phys. 23 (1997) 111, [arXiv:hep-th/9605032].

[5] I. Antoniadis, H. Partouche and T.R. Taylor, Spontaneous Breaking of N=2 Global Supersymmetry, Phys. Lett. B 372 (1996) 83, [arXiv:hep-th/9512006].

[6] I. Antoniadis and T.R. Taylor, Dual N=2 SUSY Breaking, Fortsch. Phys. 44 (1996) 487, [arXiv:hep-th/9604062].

[7] H. Partouche and B. Pioline, Partial Spontaneous Breaking of Global Supersymmetry, Nucl. Phys. Proc. Suppl. 56B (1997) 322, [arXiv:hep-th/9702115].

[8] K. Fujiwara, H. Itoyama and M. Sakaguchi, Supersymmetric U(N) Gauge Model and Partial Breaking of N=2 Supersymmetry, Prog.Theor.Phys.113 (2005), [arXiv:hep-th/0409060].

[9] K. Fujiwara, H. Itoyama and M. Sakaguchi, Partial Breaking of N=2 Supersymmetry and of Gauge Symmetry in the U(N) Gauge Model, Nucl. Phys. B 723 (2005) 33, [arXiv:hep-th/0503113].

[10] K. Fujiwara, H. Itoyama and M. Sakaguchi, Partial Supersymmetry Breaking and N=2 U(N(C)) Gauge Model with Hypermultiplets in Harmonic Superspace, [arXiv:hep-th/0510255].

[11] S. Cecotti, L. Girardello and M. Porrati, An Exceptional N=2 Supergravity with Flat Potential and Partial SuperHiggs, Phys. Lett. B 168 (1986) 83.

[12] S. Ferrara, L. Girardello and M. Porrati, Minimal Higgs Branch for the Breaking of Half of the Supersymmetries in N=2 Supergravity, Phys. Lett. B 366 (1996) 155, [arXiv:hep-th/9510074].

[13] S. Ferrara, L. Girardello and M. Porrati, Spontaneous Breaking of N=2 to N=1 in Rigid and Local Supersymmetric Theories, Phys. Lett. B 376 (1996) 253, [arXiv:hep-th/9512180].

[14] P. Fre’, L. Girardello, I. Pesando and M. Trigiante, Spontaneous N=2 → N=1 local supersymmetry breaking with surviving local gauge group, Nucl. Phys. B 493 (1997) 231, [arXiv:hep-th/9607032].

[15] M. Porrati, Spontaneous Breaking of Extended Supersymmetry in Global and Local Theories, Nucl. Phys. Proc. Suppl. 55B (1997) 240, [arXiv:hep-th/9609073].

[16] J. Louis, Aspects of Spontaneous N=2 → N=1 Supersymmetry Breaking in Supergravity, [arXiv:hep-th/0203138].

[17] L. Andrianopoli, R. D’Auria, S. Ferrara and M.A. Lledo, Duality and Spontaneously Broken Supergravity in Flat Backgrounds, Nucl. Phys. B 640 (2002) 63, [arXiv:hep-th/0204145].

[18] L. Andrianopoli, R. D’Auria, S. Ferrara and M.A. Lledo, N=2 Super-Higgs, N=1 Poincare Vacua and Quaternionic Geometry, JHEP 0301 (2003) 045, [arXiv:hep-th/0212236].

[19] J.R. David, E. Gava and K.S. Narain, Partial N = 2 → N = 1 supersymmetry breaking and gravity deformed chiral rings, JHEP 0406 (2004) 041, [arXiv:hep-th/0311086].

[20] H. Itoyama and K. Maruyoshi, U(N) Gauged N=2 Supergravity and Partial Breaking of N=2 Supersymmetry, [arXiv:hep-th/0603180].

[21] B. de Wit and A. Van Proeyen, Potentials And Symmetries Of General Gauged N=2 Supergravity - Yang-Mills Models, Nucl. Phys. B 245 (1984) 89.

[22] B. de Wit, P.G. Lauwers, R. Philippe, S.Q. Su and A. Van Proeyen, Gauge And Matter Fields Coupled To N=2 Supergravity, Phys. Lett. B 134 (1984) 37.

[23] E. Cremmer, C. Kounnas, A. Van Proeyen, J.P. Derendinger, S. Ferrara, B. de Wit and L. Girardello, Vector Multiplets Coupled To N=2 Supergravity: Superhiggs Effect, Flat Potentials And Geometric Structure, Nucl. Phys. B 250 (1985) 385.

[24] L. Castellani, R. D’Auria and S. Ferrara, Special Kähler Geometry: An Intrinsic Formulation from N=2 Space-time Supersymmetry, Phys. Lett. B 241 (1990) 57.

[25] A. Strominger, Special Geometry, Comm. Math. Phys. 133 (1990) 163.

[26] A. Ceresole, R. D’Auria, S. Ferrara and A. Van Proeyen, Duality transformations in supersymmetric Yang-Mills theories coupled to supergravity, Nucl. Phys. B 444 (1995) 92 [arXiv:hep-th/9502072].

[27] B. Craps, F. Roose, W. Troost and A. Van Proeyen, What is Special Kähler Geometry ?, Nucl. Phys. B 503 (1997) 565, [arXiv:hep-th/9703082].

[28] M. Billo, F. Denef, P. Fre, I. Pesando, W. Troost, A. Van Proeyen and D. Zanon, The rigid limit in Special Kahler geometry; From K3-fibrations to Special Riemann surfaces: a detailed case study, Class. Quant. Grav. 15 (1998) 2083, [arXiv:hep-th/9803228].

[29] P. Claus, K. Van Hoof and A. Van Proeyen, A symplectic covariant formulation of special Kahler geometry in superconformal calculus, Class. Quant. Grav. 16 (1999) 2625, [arXiv:hep-th/9904066].

[30] A. Van Proeyen, Special Kähler Geometry, [arXiv:math.DG/0002122].

[31] J. Bagger and E. Witten, Matter Couplings in N=2 Supergravity, Nucl. Phys. B 222 (1983) 1.

[32] B. de Wit, P.G. Lauwers and A. Van Proeyen, Lagrangians Of N=2 Supergravity - Matter Systems, Nucl. Phys. B 255 (1985) 569.

[33] K. Galicki, A Generalization of the Momentum Mapping Construction for Quaternionic Kähler Manifolds, Comm. Math. Phys. 108 (1987) 117.

[34] M. Nakahara, Geometry, Topology and Physics, (second edition, IOP Publishing, 2003).

[35] B. de Wit, J.W. van Holten and A. Van Proeyen, Transformation Rules Of N=2 Supergravity Multiplets, Nucl. Phys. B 167 (1980) 186.

[36] H. Itoyama, L.D. McLerran, T.R. Taylor and J.J. van der Bij, N=2 No Scale Supergravity, Nucl. Phys. B 279 (1987) 380.

[37] L. Andrianopoli, M. Bertolini, Anna Ceresole, R. D’Auria, S. Ferrara and P.

Fre’, General matter coupled N=2 supergravity, Nucl. Phys. B 476 (1996) 397 [arXiv:hep-th/9603004].

[38] L. Castellani, R. D’Auria and P. Fre’, Supergravity and Superstrings: A Geometric Perspective, (World Scientific, 1991).

[39] J. Wess and J. Bagger, Supersymmetry and Supergravity, (second edition, Princeton University Press, 1992).

[40] L. Andrianopoli, R. D’Auria and S. Ferrara, Supersymmetry reduction of N-extended supergravities in four dimensions, JHEP 0203 (2002) 025 [arXiv:hep-th/0110277].

[41] L. Andrianopoli, R. D’Auria and S. Ferrara, Consistent reduction of N=2 → N=1 four dimensional supergravity coupled to matter, Nucl. Phys. B 628 (2002) 387 [arXiv:hep-th/0112192].

[42] S. Cecotti, L. Gerardello and M. Porrati, Constraints on Partial Super-Higgs, Nucl.

Phys. B 268 (1986) 295.