arXiv:hep-th/0607101v3 6 Jun 2007

Rotating dyonic dipole black rings: exact solutions and thermodynamics

Stoytcho S. Yazadjiev^∗

Department of Theoretical Physics, Faculty of Physics, Sofia University,

5 James Bourchier Boulevard, Sofia 1164, Bulgaria

Abstract

New rotating dyonic dipole black ring solutions are derived in 5D Einsteindilaton gravity with antisymmetric forms. The black rings are analyzed and their thermodynamics is discussed. New dyonic black string solutions are also presented.

1 Introduction

The growing interest in higher dimensional gravity, and in higher dimensional black holes in particular, reveals itself in different aspects. One of the directions of investigations is the construction of exact solutions both analytically and numerically (see for example [1]-[84] and references therein.)

An interesting development in the black holes studies is the discovery of the black ring solutions of the five-dimensional Einstein equations by Emparan and Reall [24], [25]. These are asymptotically flat solutions with an event horizon of topology S^2 × S^1 rather the much more familiar S^3 topology. Moreover, it was shown in [25] that both the black hole and the the black ring can carry the same conserved charges, the mass and a single angular momentum, and therefore there is no uniqueness theorem in five dimensions. Since the Emparan and Reall’s discovery many explicit examples of black ring solutions were found in various gravity theories [26]-[37]. Elvang was able to apply Hassan-Sen transformation to the solution [25] to find a charged black ring in the bosonic sector of the truncated heterotic string theory[26]. This solution is the first example of black rings with dipole charges depending, however, of the other physical parameters. A supersymmetric black ring in five-dimensional minimal supergravity was derived in [27] and then generalized to the case of concentric rings in [28] and [29]. A static black ring solution of the five dimensional Einstein-Maxwell gravity was found by Ida and Uchida in [38]. In [39] Emparan derived ”dipole black rings” in Einstein-Maxwell-dilaton (EMd) theory in five dimensions. In this work Emparan showed that the black rings can exhibit novel feature with respect to the black holes.

∗E-mail: yazad@phys.uni-sofia.bg

The black rings can also carry independent nonconserved charges which can be varied continuously without altering the conserved charges. This fact leads to continuous non-uniqness. Following the same path that yields the three-charge rotating black holes [40]-[43], Elvang, Emparan and Figueras constructed a seven-parameter family of supergravity solutions that describe non-supersymmetric black rings and black tubes with three charges, three dipoles and two angular momenta [44].

The thermodynamics of the dipole black rings was studied first by Emparan in [39] and by Copsey and Horowitz in [45]. Within the framework of the quasilocal counterterm method, the thermodynamics of the dipole rings was discussed by Astefanesei and Radu [46]. The first law of black rings thermodynamics in n-dimensional Einstein dilaton gravity with (p + 1)-form field strength was derived by Rogatko in [47]. Static and asymptotically flat black ring solutions in five-dimensional EMd gravity with arbitrary dilaton coupling parameter α were presented in [48]. Asymptotically non-flat black rings immersed in external electromagnetic fields were found and discussed in [35], [48] and [49]. Using solitonic technique, Mishima and Iguchi derived the black ring solutions in 5D Einstein gravity [50],[63] (see also [52], [53],[54]). A systematical derivation of the asymptotically flat static black ring solutions in five-dimensional EMd gravity with an arbitrary dilaton coupling parameter was given in [55]. In the same paper and in [56], the author systematically derived new type static and rotating black ring solutions which are not asymptotically flat. Static dyonic black rings in 5D Einstein-dilaton gravity with antisymmetric forms were found and studied in [57].

The aim of this paper is to present new rotating dipole black ring solutions in 5D Einstein-dilaton gravity with antisymmetric forms and to study their thermodynamics. In order to achieved these goals we generalize first the solution generating method of [58] and [59] in the presence of two antisymmetric forms. Appling then the solution generating method we construct the exact rotating dipole black rings as well as boosted black strings.

2 Basic equations and solution generating

We consider the action

S = 1 16π ∫ d^5x √ −g [ R − 2g^{μν} ∂_μφ∂_ν φ − 1 4 e^{−2αφ}F_{μν} F^{μν} − 1 12 e^{−2βφ}H^{μνλ}H_{μνλ} ] (1) where H = dB and B is the Kalb–Ramond field . This action is the 5-dimensional version of the action studied by Gibbons and Maeda [85]. Let us note that the 3- form field strength H can be dualized^1 to 2-form field strength F whose contribution to the action is given by −^1_4 e^{2βφ}F_{μν} F^{μν} . In other words the theory we consider is equivalent to the Einstein-Maxwell-dilaton gravity with two distinct Maxwell fields and dilaton coupling parameters. Particular examples of the action (1)(or its dual version)

1In the same way, the 2-form F can be dualized to a 3-form H whose contribution to the action is given by −^1_{12} e^{2βφ}H^{μνλ}H_{μνλ}

with concrete values of the dilaton coupling parameters arise from string theory and supergravity via compactifications to five dimensions^2.

The action (1) yields the following field equations

R_{μν} = 2∂_μφ∂_ν φ + 1 2 e^{−2αφ} ( F_{μλ}F^λ_ν − 1 6 F_{σλ}F^{σλ}g_{μν} )

+ 1 4 e^{−2βφ} ( H_{μσλ}H^{σλ}_ν − 2 9 H_{ρσλ}H^{ρσλ}g_{μν} ) , ∇_μ∇^μφ = − α 8 e^{−2αφ}F_{σλ}F^{σλ} − β 24 e^{−2βφ}H_{ρσλ}H^{ρσλ}, (2) ∇_μ ( e^{−2αφ}F^{μν} ) = 0, ∇_μ ( e^{−2βφ}H^{μνλ} ) = 0.

In this paper we consider 5D spacetimes with three commuting Killing vectors: one timelike Killing vector T and two spacelike Killing vectors K_1 and K_2. We also assume that the Killing vector K_2 is hypersurface orthogonal.

In adapted coordinates in which K_2 = ∂/∂Y , the spacetime metric can be written in the form

ds^2 = e^{2u}dY^2 + e^{−u}h_{ij}dx^idx^j (3) where h_{ij} is a 4-dimensional metric with Lorentz signature. Both u and h_{ij} depend on the coordinates x^i only. The form field strengths are taken in the form^3

F = 2dΦ ∧ dY, (4) H = 2e^{2βφ} ⋆ (dΨ ∧ dY ). (5)

Performing dimensional reduction along the Killing vector K_2 we obtain the following effective 4D equations

D_iD^iu = − 4 3 e^{−2αφ−2u}h^{ij} D_iΦD_j Φ − 4 3 e^{2βφ−2u}h^{ij} D_iΨD_jΨ, (6) D_iD^iu = −αe^{−2αφ−2u}h^{ij} D_iΦD_j Φ + βe^{2βφ−2u}h^{ij}D_iΨD_j Ψ, (7) D_i ( e^{−2αφ−2u}D^iΦ ) = 0, (8) D_i ( e^{2βφ−2u}D^iΨ ) = 0, (9) R(h)_{ij} = 3 2 D_iuD_ju + 2D_iφD_jφ + 2e^{−2αφ−2u}D_iΦD_jΦ + 2e^{2βφ−2u}D_iΦD_j Ψ, (10)

2As a result of the compactifications, many additional fields come into play and one obtains rather complicated field models. In order to obtain a simplified (truncated) action, as the one we consider here, we must suppress the additional fields by imposing certain selfconsistent conditions (see for example [86]- [88]).

3Throughout this paper we denote the Killing vectors and their naturally corresponding 1-forms by the same letter.

where D_i and R(h)_{ij} are the covariant derivative and the Ricci tensor with respect to the 4D metric h_{ij} .

These equations can be derived form the 4D action

S = 1 16π ∫ d^4x √ −h [ R(h) − 3 2 h^{ij} D_iuD_ju − 2h^{ij} D_iφD_jφ −2e^{−2αφ−2u}h^{ij} D_iΦD_j Φ − 2e^{2βφ−2u}h^{ij}D_iΨD_j Ψ ] . (11)

It turns out that the action (11) possesses an important group of symmetries when the coupling parameters α and β satisfy^4

α_∗β_∗ = 1 (12)

where

α_∗ = √ 3 2 α, β_∗ = √ 3 2 β. (13)

In order to find the symmetries of the action (11), we define the new fields ξ = u + α_∗φ_∗ and η = u − β_∗φ_∗ and introduce the symmetric matrices

M_1 = e^{−ξ} e^{2ξ} + (1 + α^2_∗)Φ^2_∗ √ 1 + α^2_∗Φ_∗ √ 1 + α^2_∗Φ_∗ 1 , (14)

M_2 = e^{−η} e^{2η} + (1 + β^2_∗ )Ψ^2_∗ √ 1 + β^2_∗ Ψ_∗ √ 1 + β^2_∗ Ψ_∗ 1 , (15) where

φ_∗ = 2 √ 3 φ, Φ_∗ = 2 √ 3 Φ, Ψ_∗ = 2 √ 3 Ψ. (16)

The matrixes M_1 amd M_2 satisfy det M_1 = det M_2 = 1. Then the action (11) can be written in the form

S = 1 16π ∫ d^4x √ −h [ R(h) + 3 4(1 + α^2_∗) h^{ij} T r ( D_iM_1D_j M^{−1}_1 )

+ 3α^2_∗ 4(1 + α^2_∗) h^{ij} T r ( D_iM_2D_jM^{−1}_2 ) ] . (17)

It is now clear that the action is invariant under the SL(2, R) × SL(2, R) group which acts as follows

4It has to be noted that this condition fixes values of α (and β) diferent from those predicted by string theory.

M_1 → AM_1A^T , M_2 → BM_2B^T (18)

where A, B ∈ SL(2, R). Matrixes M_1 and M_2 parameterize the coset SL(2, R)/SO(2) × SL(2, R)/SO(2). Let us mention that similar non-linear σ-models coupled to the four-dimensional gravity and motivated by Kaluza-Klein and extended supergravity theories were listed in non-explicit form in [89].

Next step is to further reduce the effective 4D theory along the Killing vectors T and K_1. In this connection, it is useful to introduce the twist ω of the Killing vector T defined by

ω = − 1 2 ⋆ (h) (T ∧ dT ) (19)

were ⋆(h) is the Hodge dual with respect to the metric h_{ij} . One can show that the Ricci 1-form ℜ_h[T ] defined by

ℜ_h[T ] = R_{ij} (h)T^jdx^i, (20)

satisfies

⋆ (h) (T ∧ ℜ_h[T ]) = dω. (21) Obviously, in our case we have ℜ_h[T ] = 0, i.e. dω=0. Therefore there exists (locally) a potential f such that ω = df. (22) In adapted coordinates for the Killing vectors T = ∂/∂t and K_1 = ∂/∂X, and in the canonical coordinates ρ and z for the transverse space, the 4D metric h_{ij} can be written in the form

h_{ij} dx^idx^j = −e^{2U} (dt + AdX)^2 + e^{−2U} ρ^2dX^2 + e^{−2U} e^{2Γ}(dρ^2 + dz^2). (23)

For this form of the metric h_{ij} , combining (19) and (22), and after some algebra we find that the twist potential f satisfies

∂_ρf = − 1 2 e^{4U} ρ ∂_zA, (24) ∂_zf = 1 2 e^{4U} ρ ∂_ρA. (25)

Before writing the 2D reduced equations we shall introduce the symmetric matrix

M_3 = ( e^{2U} + 4f^2e^{−2U} 2fe^{−2U} 2fe^{−2U} e^{−2U} ) (26) with det M_2 = 1. Then the 2D reduced EM equations read

∂_ρ [ ρ∂_ρM^{−1}_1 M_1 ] + ∂_z [ ρ∂_z M^{−1}_1 M_1 ] = 0, (27) ∂_ρ [ ρ∂_ρM^{−1}_2 M_2 ] + ∂_z [ ρ∂_z M^{−1}_2 M_2 ] = 0, (28) ∂_ρ [ ρ∂_ρM^{−1}_3 M_3 ] + ∂_z [ ρ∂_z M^{−1}_3 M_3 ] = 0, (29)

ρ^{−1}∂_ρΓ = − 1 8 [ T r(∂_ρM_3∂_ρM^{−1}_3 ) − T r(∂_zM_3∂_zM^{−1}_3 ) ]

− 3 8(1 + α^2_∗) [ T r(∂_ρM_1∂_ρM^{−1}_1 ) − T r(∂_zM_1∂_zM^{−1}_1 ) ]

− 3α^2_∗ 8(1 + α^2_∗) [ T r(∂_ρM_2∂_ρM^{−1}_2 ) − T r(∂_zM_2∂_zM^{−1}_2 ) ] (30)

ρ^{−1}∂_zΓ = − 1 4 T r(∂_ρM_3∂_zM^{−1}_3 ) − 3 4(1 + α^2_∗)

T r(∂_ρM_1∂_zM^{−1}_1 ) − 3α^2_∗ 4(1 + α^2_∗)

T r(∂_ρM_2∂_z M^{−1}_2 ). (31)

As a result we find that the ”field variables” M_1, M_2 and M_3 satisfy the equations of three SL(2, R)/SO(2) σ-models in two dimensions, modified by the presence of the factor ρ. The system equations for Γ can be integrated, once a pair of solutions for the three σ-models are known. Therefore, the problem of generating solutions to equations (2) with the described symmetries reduces to the solutions of the three σ-models. It is well known that the σ-model equations are completely integrable [90, 91]. Therefore our theory with the imposed symmetries is complete integrable. The inverse scattering transform method can be used to generate solutions of the σ-model equations. However, in the present paper will proceed in different way, namely we will follow the scheme of [58] and [59] and will give a solution generating method which allows us to construct new solutions from known solutions of the 5D vacuum Einstein equations. Omitting the intermediate steps which are quite similar to those of [58] and [59], we present the final result

Proposition. Let us consider three solutions of the vacuum 5D Einstein equations

ds^2_{E(i)} = g^{E(i)}_{Y Y} dY^2 + g^{E(i)}_{00} ( dt + A^{(i)}_E dX )_2

+ g̃^{E(i)}_{XX} dX^2 + g^{E(i)}_{ρρ} (dρ^2 + dz^2) (32)

Then the following give a solution to the 5D equations (2)

ds^2 = [ |g^{E(1)}_{00} | √ g^{E(1)}_{Y Y} ] 2_{1+α2∗} [

|g^{E(2)}_{00} | √ g^{E(2)}_{Y Y} ]^{2α2}∗_{1+α2∗} dY^2 + √ g^{E(3)}_{Y Y} [ |g^{E(1)}_{00} | √ g^{E(1)}_{Y Y} ] 1_{1+α2∗} [

|g^{E(2)}_{00} | √ g^{(E2)}_{Y Y} ]^{α2}∗_{1+α2∗} [ g^{E(3)}_{00} ( dt + A^{(3)}_E dX

)_2

+ g̃^{E(3)}_{XX} dX^2

+ |g^{E(1)}_{00} |g^{E(1)}_{Y Y} g^{E(1)}_{ρρ} e^{2Ω(1)E + 2}3^{Ω(3)E} 3 1+α2∗ |g^{E(2)}_{00} |g^{E(2)}_{Y Y} g^{E(2)}_{ρρ} e^{2Ω(2)E + 2}3^{Ω(3)E} 3α2∗ 1+α2∗ g^{(3)}_{ρρ} (dρ^2 + dz^2) , (33)

e^{2αφ} =

|g^{E(1)}_{00} |^2g^{E(1)}_{Y Y} |g^{E(2)}_{00} |^2g^{E(2)}_{Y Y} α2∗ 1+α2∗ , (34)

Φ = ± √ 3 √ 1 + α^2_∗ f^{(1)}_E + const, (35)

Ψ = ± √ 3α_∗ √ 1 + α^2_∗ f^{(2)}_E + const, (36)

where f^{(i)}_E is a solution to the system

∂_ρf^{(i)}_E = − 1 2 (g^{E(i)}_{00} )^2g^{E(i)}_{Y Y} ρ ∂_zA^{(i)}_E , (37)

∂_zf^{(i)}_E = 1 2 (g^{E(i)}_{00} )^2g^{E(i)}_{Y Y} ρ ∂_ρA^{(i)}_E , (38)

and Ω^{(i)}_E satisfy

ρ^{−1}∂_ρΩ^{(i)}_E = 3 16 [( ∂_ρ ln ( g^{E(i)}_{Y Y} ))_2 − ( ∂_z ln ( g^{E(i)}_{Y Y} ))_2] , (39)

ρ^{−1}∂_zΩ^{(i)}_E = 3 8 ∂_ρ ln ( g^{E(i)}_{Y Y} ) ∂_z ln ( g^{E(i)}_{Y Y} ) . (40)

3 Exact solutions

In order to generate dipole black rings in the framework of the theory under consideration, we shall follow the scheme outlined in [58] and [59].

We take three copies of the neutral black ring solution with different parameters: the first solution is with parameters {λ_1, ν, R}, the second with parameters {λ_2, ν, R}, while the third is parameterized by {λ_3, ν, R}:

ds^2_{E(i)} = − F_{λi} (y) F_{λi} (x) ( dt + C(ν, λ_i)R 1 + y F_{λi} (y) dψ )_2

+ R^2 (x − y)^2 F_{λi} (x) [ − G(y) F_{λi} (y) dψ^2 − dy^2 G(y) + dx^2 G(x) + G(x) F_{λi} (x) dϕ^2 ] (41) where F_{λi} (x) = 1 + λ_ix, G(x) = (1 − x^2)(1 + νx), (42) and C(ν, λ_i) = √ λ_i(λ_i − ν) 1 + λ_i 1 − λ_i . (43) The coordinates x and y vary in the range − 1 ≤ x ≤ 1, −∞ < y ≤ −1. (44) It should be also noted that in the case under consideration the Killing vectors are denoted by K_1 = ∂/∂ψ, K_2 = ∂/∂ϕ. (45) The neutral black ring solution has already been written in canonical coordinates in [92], that is why we present here the final formulas:

|g^{E(i)}_{00} | =

(1 + λ_i)(1 − ν)R_1 + (1 − λ_i)(1 + ν)R_2 − 2(λ_i − ν)R_3 − λ_i(1 − ν^2)R^2 (1 + λ_i)(1 − ν)R_1 + (1 − λ_i)(1 + ν)R_2 − 2(λ_i − ν)R_3 + λ_i(1 − ν^2)R^2 , g^{E(i)}_{ΦΦ} =

(R_3 + z −^1_2 R^2)(R_2 − z +^1_2 R^2ν)

R_1 − z −^1_2 R^2ν = (R_1 + R_2 + νR^2)(R_1 − R_3 +^1_2 (1 + ν)R^2)(R_2 + R_3 −^1_2 (1 − ν)R^2) R^2((1 − ν)R_1 − (1 + ν)R_2 − 2νR_3) , g^{E(i)}_{ρρ} = [(1 + λ_i)(1 − ν)R_1 + (1 − λ_i)(1 + ν)R_2 − 2(λ_i − ν)R_3 + λ_i(1 − ν^2)R^2] × (1 − ν)R_1 + (1 + ν)R_2 + 2νR_3

8(1 − ν^2)^2R_1R_2R_3

, (46) A^{(i)}_E =

−2C(ν, λ_i)R(1 − ν)[R_3 − R_1 +^1_2 R^2(1 + ν)] (1 + λ_i)(1 − ν)R_1 + (1 − λ_i)(1 + ν)R_2 − 2(λ_i − ν)R_3 − λ_i(1 − ν^2)R^2 , where

R_1 = √ ρ^2 + (z + ν 2 R^2)^2, (47) R_2 = √ ρ^2 + (z − ν 2 R^2)^2, (48) R_3 = √ ρ^2 + (z − 1 2 R^2)^2. (49)

The functions Ω^{(i)}_E and f^{(i)}_E were found in [58] and [59] and they are given by e^{83 Ω(i)E} =

[(1 − ν)R_1 + (1 + ν)R_2 + 2νR_3]^2

8(1 − ν^2)^2R_1R_2R_3 g^{E(i)}_{ϕϕ} , (50)

f^{(i)}_E =

(1 − ν)RC(ν, λ_i)[R_1 − R_3 +^1_2 (1 + ν)R^2] (1 + λ_i)(1 − ν)R_1 + (1 − λ_i)(1 + ν)R_2 + 2(ν − λ_i)R_3 + λ_i(1 − ν^2)R^2 . Since the metric function g^E_{ϕϕ} does not depend on the parameter λ we have g^{E(1)}_{ϕϕ} = g^{E(2)}_{ϕϕ} = g^{E(2)}_{ϕϕ} which implies Ω^{(1)}_E = Ω^{(2)}_E = Ω^{(2)}_E . Taking this into account we find the following dyonic solution

ds^2 = |g^{E(1)}_{00} |^{21+α2}∗ |g^{E(2)}_{00} | 2α2∗ 1+α2∗ gE(3) Y Y dY^2 + |g^{E(1)}_{00} |^{− 11+α2}∗ |g^{E(2)}_{00} |^− α2∗ 1+α2∗ [ g^{E(3)}_{00} ( dt + A^{(3)}_E dϕ

)_2

+ g^{E(1)}_{00} g^{E(1)}_{Y Y} g^{E(1)}_{ρρ} e^83^{Ω(1)E} 3 1+α2∗ g^{E(2)}_{00} g^{E(2)}_{Y Y} g^{E(2)}_{ρρ}

e^83^{Ω(2)E} 3 1+α2∗ g^{E(3)}_{ρρ} (dρ^2 + dz^2) ,(51)

e^{2αφ} =

|g^{E(1)}_{00} | |g^{E(2)}_{00} | 2α2∗ 1+α2∗ (52)

Φ = ± √ 3 √ 1 + α^2_∗ f^{(1)}_E + const, (53)

Ψ = ± √ 3α_∗ √ 1 + α^2_∗ f^{(2)}_E + const, (54)

It is more convenient to present the solution in coordinates in which it takes simpler form. Such coordinates are the so-called C-metric coordinates given by

ρ = R^2 √ −G(x)G(y) (x − y)^2 , z = 1 2 R^2(1 − xy)(2 + νx + νy)

(x − y)^2

. (55)

Performing this coordinate change we find

ds^2 = −

F_{λ3} (y) F_{λ3} (x) ( F_{λ1} (y) F_{λ1} (x)

)_− 1_{1+α2∗} (

F_{λ2} (y) F_{λ2} (x)

)_−^{α2}∗_{1+α2∗} ( dt + C(ν, λ_3)R 1 + y F_{λ3} (y) dψ )_2

+ ( F_{λ1} (y) F_{λ1} (x)

)_− 1_{1+α2∗} (

F_{λ2} (y) F_{λ2} (x)

)_−^{α2}∗_{1+α2∗} [ − R^2 (x − y)^2 F_{λ3} (x)G(y) F_{λ3} (y) dψ^2

+ (F_{λ1} (y))^{31+α2}∗ (F_{λ2} (y)) 3α2∗ 1+α2∗ R 2F_{λ3} (x) (x − y)^2 ( dx^2 G(x) − dy^2 G(y) )]

+ ( F_{λ1} (y) F_{λ1} (x)

) 2_{1+α2∗} (

F_{λ2} (y) F_{λ2} (x)

)^{2α2}∗_{1+α2∗}

R^2G(x) (x − y)^2 dϕ^2, (56)

e^{2αφ} = [ F_{λ1} (y)F_{λ2} (x) F_{λ1} (x)F_{λ2} (y)

]^{2α2}∗_{1+α2∗}

, (57)

Φ = ± √ 3C(ν, λ_1) 2 √ 1 + α^2_∗

R(1 + x) F_{λ1} (x) + const, (58)

Ψ = ± √ 3α_∗C(ν, λ_2) 2 √ 1 + α^2_∗

R(1 + x) F_{λ2} (x) + const. (59) It is useful to give the explicit expressions of the 2-forms B and B where H = dB and^5 H = dB:

B_{tψ} = ± √ 3α_∗C(ν, λ_2) √ 1 + α^2_∗ R 1 + y F_{λ2} (y) + const, (60)

B_{tψ} = ± √ 3C(ν, λ_1) √ 1 + α^2_∗ R 1 + y F_{λ1} (y) + const. (61) For λ_2 = 0 we recover the dipole solutions in EMd gravity.

As we will see below the found solutions are specified by their mass M, their angular momentum J~_ψ and two dipole charges Q_1 and Q_2 which are not conserved charges. The dipole charges are independent of the mass and the angular momentum and are classically continuous parameters. Therefore our solutions exhibit 2-fold continuous non-uniqueness.

4 Analysis of the solutions

It is not difficult to see that F_{λi} (x) = 0 and F_{λi} (y) = 0 (i=1,2) correspond to curvature singularities. In order to get rid of them we impose

λ_1 = −μ_1, λ_2 = −μ_2 (62) where

0 ≤ μ_1 < 1, 0 ≤ μ_2 < 1. (63) The parameters λ_3 and ν satisfy

0 < ν ≤ λ_3 < 1. (64)

5We recall that H is the 3-form dual to F .

Further, the analysis of the solutions is similar to that for the neutral black ring. The possible conical singularities at x = −1 and y = −1 are avoided by setting

Δψ = Δϕ = 2π √ 1 − λ_3 1 − ν (1 + μ_1)^{32(1+α2}∗^) (1 + μ_2) 3α2∗ 2(1+α2∗) (65)

for the periods of the coordinates ψ and ϕ.

The balance between the forces in the ring is achieved when no conical singularity is present at x = 1. This requires that

Δϕ = 2π √ 1 + λ_3 1 + ν

(1 − μ_1)^{32(1+α2}∗^) (1 − μ_2) 3α2∗ 1+α2∗ . (66)

The conditions (65) and (66) are simultaneously satisfied only if ( 1 − ν 1 + ν

)_2 = 1 − λ_3 1 + λ_3 ( 1 + μ_1 1 − μ_1

) 3_{1+α2∗} (

1 + μ_2 1 − μ_2

)^{3α2}∗_{1+α2∗}

. (67)

The solutions have a regular horizon of topology S^2 × S^1 at y = −1/ν and ergosurface with the same topology at y = −1/λ_3. Also, there is a curvature singularity at y = −∞. We can see that the metric is asymptotically flat using the the change of the coordinates. Let us introduce the new coordinates r, θ, ψ̃ and ϕ̃ given by

r cos θ = R_∗ √ y^2 − 1 x − y , (68)

r sin θ = R_∗ √ 1 − x^2 x − y , (69)

ψ̃ = 2π Δψ ψ, (70)

ϕ̃ = 2π Δϕ ϕ, (71)

where

R_∗ = (1 + μ_1)^{32(1+α2}∗^) (1 + μ_2) 3α2∗ 2(1+α2∗) √ 1 − λ_3 √ 1 − ν R. (72)

We note that the new angle coordinates ψ̃ and ϕ̃ have the canonical periodicity 2π. In terms of the new coordinates and for r → ∞ (i.e. x = y = −1) we obtain

ds^2 ≈ −dt^2 + dr^2 + r^2 cos^2 θdψ̃^2 + r^2 sin^2 θdϕ̃^2. (73)

5 Thermodynamics of the dyonic dipole black rings

Profound discussion of the thermodynamics of the dipole black rings in Einstein-dilaton gravity with one antisymmetric form was given in [45] ( see also [47]). The generalization in the case of Einstein-dilaton gravity with two (or more ) antisymmetric forms is straightforward. That is why we refer reader to [45] and [47] for details.

To study the thermodynamics we have to find the conserved charges of our system first. The mass of the solutions is found from the asymptotic of g_{00}. In our case we have

g_{00} ≈ − [ 1 − ( 2λ_3 1 − λ_3 + 1 1 + α^2_∗

2μ_1 1 + μ_1 + α^2_∗ 1 + α^2_∗

2μ_2 1 + μ_2 ) R^2_∗ r^2 ] (74)

whence we determine the mass

M = 3πR^2_∗ 4 ( λ_3 1 − λ_3 + 1 1 + α^2_∗ μ_1 1 + μ_1 + α^2_∗ 1 + α^2_∗ μ_2 1 + μ_2 ) , (75)

= 3πR^2 4 (1 + μ_1)^{31+α2}∗ (1 + μ_2) 3α2∗ 1+α2∗ 1 − ν ( λ_3 + 1 1 + α^2_∗ μ_1(1 − λ_3)

1 + μ_1 + α^2_∗ 1 + α^2_∗ μ_2(1 − λ_3) 1 + μ_2 ) . In the same way, from the asymptotic

g_t~_ψ ≈

2C(ν, λ_3) (1 − λ_3) √ 1 − ν R^3_∗ cos^2 θ r^2

(76)

we find for the angular momentum

J~_ψ = − πR^3_∗ 2 C(ν, λ_3) (1 − ν) √ 1 − λ_3

(77) = − πR^3 2 C(ν, λ_3) √ 1 − λ_3 (1 − ν)^2

(1 + μ_1)^{92(1+α2}∗^) (1 + μ_2) 9α2∗ 2(1+α2∗) .

The angular velocity of the horizon can be easily calculated and the result is

ω_h = − 1 R (λ_3 − ν) √ 1 − λ_3C(ν, λ_3)

(1 + μ_1)^{− 32(1+α2}∗^) (1 + μ_2)^− 3α2∗ 2(1+α2∗) . (78)

The area of the horizon time-slice is found by a straightforward calculation

A_h = 8π^2R^3(1 + μ_1)^{31+α2}∗ (1 + μ_2) 3α2∗ 1+α2∗ √ λ_3(1 − λ^2_3) (1 + ν)(1 − ν)^2

(μ_1 + ν)^{32(1+α2}∗^) (μ_2 + ν) 3α2∗ 2(1+α2∗) .(79)

The entropy is one quarter of the horizon area

S = 1 4 A_h. (80)

The temperature can be obtained via the surface gravity

T = 1 4πR √ 1 − λ_3 λ_3(1 + λ_3) ν(1 + ν)(μ_1 + ν)^{− 32(1+α2}∗^) (μ_2 + ν)^− 3α2∗ 2(1+α2∗) . (81)

The dipole charges are defined by

Q_1 = 1 4π ∮ S^2 e^{−2βφ} ⋆ H, (82) Q_2 = 1 4π ∮ S^2 e^{2αφ} ⋆ H, (83) where the integral is over any S^2 which can be continuously deformed to an S^2 on the horizon. These dipole charges are found to be

Q_1 = ± √ 3α_∗C(ν, −μ_2) √ 1 + α^2_∗ R 1 − μ_2 √ 1 − λ_3 1 − ν (1 + μ_1)^{32(1+α2}∗^) (1 + μ_2) 3α2∗ 2(1+α2∗) , (84)

Q_2 = ± √ 3C(ν, −μ_1) √ 1 + α^2_∗ R 1 − μ_1 √ 1 − λ_3 1 − ν (1 + μ_1)^{32(1+α2}∗^) (1 + μ_2) 3α2∗ 2(1+α2∗) . (85)

Further we define the potentials χ_1 and χ_2 as the difference between the values of B and B at infinity and on the horizon

χ_1 = π 2 [ B_t~_ψ (x = y − 1) − B_t~_ψ(y = − 1 ν ) ] , (86)

χ_2 = π 2 [ B_t~_ψ(x = y − 1) − B_t~_ψ (y = − 1 ν ) ] , (87)

which give

χ_1 = ± π √ 3α_∗C(ν, −μ_2) 2 √ 1 + α^2_∗ R √ 1 − λ_3 μ_2 + ν

(1 + μ_1)^{32(1+α2}∗^) (1 + μ_2) 3α2∗ 2(1+α2∗) , (88)

χ_2 = ± π √ 3α_∗C(ν, −μ_1) 2 √ 1 + α^2_∗ R √ 1 − λ_3 μ_1 + ν

(1 + μ_1)^{32(1+α2}∗^) (1 + μ_2) 3α2∗ 2(1+α2∗) . (89)

A straightforward calculation show that the dyonic dipole black rings satisfy a Smarr-like relation

M = 3 2 ( T S + J~_ψω_h ) + 1 2 χ_1Q_1 + 1 2 χ_2Q_2. (90)

From the results of [45] and [47] generalized to our case in which two antisymmetric forms are present, follows that the firs law

dM = T dS + ω_hdJ~_ψ + χ_1dQ_1 + χ_2dQ_2 (91)

is satisfied. Of course, the first law can be also checked by direct calculations.

6 Boosted dyonic black strings

Here we consider the case when the radius of the ring grows very large. In this case, in the limit R → ∞, as one expects, we obtain boosted straight dyonic black strings. In order to see that let us define

r_0 = νR, cosh^2(σ) = λ_3 ν , μ_iR = r_0 sinh^2(γ_i) (92) and

r = − R y , cos θ = x, η = Rψ. (93)

Taking the limit R → ∞ , λ, ν, μ_i → 0 and keeping r_0, σ, γ_i and r, θ, η finite we obtain the following solution

ds^2 = h^− 1 1+α2∗ 1 h^− α2∗ 1+α2∗ 2 −f̂ ( dt − r_0 cosh(σ) sinh(σ) rf̂ dη )_2 + f f̂ dη^2 +h 2 1+α2∗ 1 h 2α2∗ 1+α2∗ 2 ( dr^2 f + r^2dΩ^2 ) , (94)

e^{2αϕ} = ( h_1 h_2

)^{2α2}∗_{1+α2∗}

, (95)

Φ = ± √ 3 √ 1 + α^2_∗ r_0 cosh(γ_1) sinh(γ_1)(1 + cos θ), (96)

Ψ = ± √ 3α_∗ √ 1 + α^2_∗ r_0 cosh(γ_2) sinh(γ_2)(1 + cos θ), (97)

where

f = 1 − r_0 r , (98)

f̂ = 1 − r^0 cosh^2(σ) r , (99) h_i = 1 + r_0 sinh^2(γ_i) r . (100)

The physical quantities characterizing the dyonic black string solutions can be found as limits of the corresponding quantities for the black rings.

The black string solutions can be derived via the solution generating method presented above. It is instructive to give this derivation explicitly. Our starting point is the vacuum solution

ds^2_E = −f̂ ( dt − r_0 cosh(σ) sinh(σ) rf̂ dη )_2 + f f̂ dη^2 + dr^2 f + r^2dΩ^2. (101)

This solution can be written in the canonical coordinates ρ and z by the coordinate change

r = L + r_0 2 , z = L cos θ (102)

cos θ = 2Δ r_0

, ρ^2 = ( L^2 − r^2_0 4 ) sin^2 θ (103)

where

L = 1 2 [√ ρ^2 + (z + r_0 2 )^2 + √ ρ^2 + (z − r_0 2 )^2 ] , (104) Δ = 1 2 [√ ρ^2 + (z + r_0 2 )^2 − √ ρ^2 + (z − r_0 2 )^2 ] . (105)

Then we obtain

g^E_{00} = −

L +^{r0}_2 − r_0 cosh^2(σ) L +^{r0}_2

, (106)

g̃^E_{ηη} =

L +^{r0}_2 L +^{r0}_2 − r_0 cosh^2(σ)

, (107)

A_E = − r_0 sinh(σ) cosh(σ) L +^{r0}_2 − r_0 cosh^2(σ)

, (108) g^E_{ρρ} = (L +^{r0}_2 )^2 L^2 − Δ^2

. (109)

For u_E we have

u_E = ln(ρ) + 1 2 ln [ L +^{r0}_2 L −^{r0}_2 ] . (110)

After tedious calculations we find

e^{83 ΩE} =

(L +^{r0}_2 )^3 (L^2 − Δ^2)(L −^{r0}_2 ) ρ^2. (111)

Further we consider three copies of the vacuum solution (101): the first with parameters {r^{(1)}_0 = −r_0, σ^{(1)} = γ_1}, the second with {r^{(2)}_0 = −r_0, σ^{(2)} = γ_2} and the third parameterized by {r^{(3)}_0 = r_0, σ^{(3)} = σ}. According to the proposition the metric and the dilaton field are given by

ds^2 = h 2 1+α2∗ 1 h 2α2∗ 1+α2∗ 2 g^{E(3)}_{ϕϕ} dϕ^2 + h^− 1 1+α2∗ 1 h^− α2∗ 1+α2∗ 2 [ g^{E(3)}_{00} ( dt + A^{(3)}_E dη

)_2

+ g̃^{E(3)}_{ηη} dη^2

+ |g^{E(1)}_{00} |g^{E(1)}_{ϕϕ} g^{E(1)}_{ρρ} e^{2Ω(1)E + 2}3^{Ω(3)E} 3 1+α2∗ |g^{E(2)}_{00} |g^{E(2)}_{ϕϕ} g^{E(2)}_{ρρ}

e^{2Ω(2)E + 2}3^{Ω(3)E} 3α2∗ 1+α2∗ g^{E(3)}_{ρρ} (dρ^2 + dz^2) ,(112)

e^{2αφ} = ( h_1 h_2

)^{2α2}∗_{1+α2∗}

, (113)

where

h_i = |g^{E(i)}_{00} | g^{E(i)}_{ϕϕ} g^{E(3)}_{ϕϕ} , i = 1, 2 . (114)

In explicit form we have

h_i =

L −^{r0}_2 + r_0 cosh^2(γ_i) L +^{r0}_2

, (115) |g^{E(i)}_{00} |g^{E(i)}_{ϕϕ} g^{E(1)}_{ρρ} e^{2Ω(i)E + 2}3^{Ω(3)E} = L −^{r0}_2 + r_0 cosh^2(γ_i) L +^{r0}_2

= h_i, (116)

where we have taken into account that L^{(1)} = L^{(2)} = L^{(3)} = L and Δ^{(1)} = Δ^{(2)} = −Δ^{(3)} = −Δ. In this way we find for the metric

ds^2 = h^− 1 1+α2∗ 1 h^− α2∗ 1+α2∗ 2 [ g^{E(3)}_{00} ( dt + A^{(3)}_E dη

)_2

+ g̃^{E(3)}_{ηη} dη^2 ]

+h 2 1+α2∗ 1 h 2α2∗ 1+α2∗ 2 [ g^{E(3)}_{ρρ} (dρ^2 + dz^2) + g^{E(3)}_{ϕϕ} dϕ^2 ] (117)

Performing the coordinate change (ρ, z) → (r, θ) using (102) we obtain

h_i = 1 + r_0 sinh^2(γ_i) r (118) which coincides with (100). Obviously, in r, θ coordinates the metric obtained via the solution generating method coincides with that found by the limiting procedure.

It remains to find f^{(i)}_E from

∂_ρf^{(i)}_E = 1 2 ρ r_0 sinh(γ_i) cosh(γ_i) L^2 −^{r2o}_4

∂_zL, (119)

∂_zf^{(i)}_E = − 1 2 ρ r_0 sinh(γ_i) cosh(γ_i) L^2 −^{r2o}_4

∂_ρL. (120)

The solution of this system is

f^{(i)}_E = −r_0 sinh(γ_i) cosh(γ_i) ( 1 + z L ) + const. (121) Hence, we find

Φ = ± √ 3 √ 1 + α^2_∗ f^{(1)}_E + const = ±r_0 sinh(γ_1) cosh(γ_1) (1 + cos θ) + const, (122)

Ψ = ± √ 3α_∗ √ 1 + α^2_∗ f^{(2)}_E + const = ±r_0 sinh(γ_2) cosh(γ_2) (1 + cos θ) + const, (123)

which coincide with those obtained by the limiting procedure.

7 Conclusion

In this paper we generalized the solution generating method of [58] and [59] in the case when two antisymmetric forms are present in the equations of the dilaton gravity. New solutions describing dyonic dipole black rings were constructed and their thermodynamics was discussed. New dyonic black string solutions were also presented.

Let us finish with some words about future investigations. It would be interesting to find black ring solutions with independent net and dipole charges in Einstein-Maxwell-dilaton gravity (and more generally in Einstein-dilaton gravity with antisymmetric forms ). The construction of such solutions, however, needs modification of the solution generating method. The results will be presented in future publications^6.

Acknowledgements

I would like to thank Prof. Ivan Todorov for the invitation to give seminars at the Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences,

6Some particular results have been already presented on seminars at the Institute of Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, 18 and 25 May, 2006.

where a part of this work was presented. My thanks also go to I. Stefanov for reading the manuscript. This work was partially supported by the Bulgarian National Science Fund under Grant MUF04/05 (MU 408) and the Sofia University Research Fund under Grant No.60.

References

[1] F. Tangherlini, Nuovo Cimento 27, 636 (1963). [2] D. Maison, Gen. Rel. Grav. 10, 717 (1979).

[3] P. Dobiasch and D. Maison, Gen. Rel. Grav. 14, 231 (1982). [4] R. Myers, and M. Perry, Ann. Phys. (N.Y.) 172, 304 (1986). [5] V. Frolov, A. Zelnikov and U. Bleyer, Ann. Phys. (Leipzig) 44, 371 (1987). [6] T. Matos, Gen. Rel. Grav. 19, 481 (1987). [7] R. Becerril and T. Matos, Phys. Rev. D46, 1540 (1992). [8] T. Matos, J. Math. Phys. 35, 1302 (1994). [9] T. Matos, Phys. Rev. D49, 4296 (1994). [10] D. Rasheed, Nucl. Phys. B454, 378 (1995). [11] M. Cvetic and D. Youm, Nucl. Phys. B476, 118 (1996). [12] D. Gal’tsov and O. Rytchkov, Phys. Rev. D58, 122001 (1998). [13] A. Herrera-Aguilar and O. Kechkin, Int. J. Mod. Phys. A13, 393 (1998). [14] A. Herrera-Aguilar and O. Kechkin, Mod. Phys. Lett. A13, 1979 (1998). [15] C.-M. Chen, D. Gal’tsov, K. Maeda and S. Sharakin, Phys. Lett. B453 7 (1999). [16] C.-M. Chen, D. Gal’tsov and S. Sharakin, Grav. Cosmol. 5, 45 (1999). [17] C.-M. Chen, D. Gal’tsov and S. Sharakin, Phys. Lett. B475 269 (2000). [18] G. Clement and D. Gal’tsov, Phys. Rev. D63 124011 (2001). [19] C.-M. Chen, D. Gal’tsov and S. Sharakin, Class. Quant. Grav. 19 347 (2002). [20] A. Herrera-Aguilar and O. Kechkin, Phys. Rev. D59, 124006 (1999). [21] M. Yurova, Phys. Rev. D64, 024022 (2001).

[22] A. Herrera-Aguilar and R. Mora-Luna, Phys. Rev. D69, 105002 (2004). [23] G. Clement, D. Gal’tsov, C. Leygnac and D. Orlov, Phys. Rev. D73, 045018 (2006).

[24] R. Emparan and H. Reall, Phys. Rev. D65, 084025 (2002). [25] R. Emparan and H. Reall, Phys. Rev. Lett. 88, 101101 (2002). [26] H. Elvang, Phys. Rev. D68, 124016 (2003). [27] H. Elvang, R. Emparan, D. Mateos

and H. Reall Phys. Rev. Lett. 93, 211302 (2004).

[28] J. Gauntlett and J. Gutowski, Phys. Rev. D71, 025013 (2005). [29] J. Gauntlett and J. Gutowski, Phys. Rev. D71, 045002 (2005). [30] H. Elvang, R. Emparan, JHEP 0311, 035 (2003).

[31] H. Elvang, R. Emparan, D. Mateos and H. Reall Phys. Rev. D71, 024033 (2004). [32] I. Bena, C. Wang and N. Warner, hep-th/0411072. [33] G. Horowitz and H. Reall, Class. Quant. Grav. 22, 1289 (2005) [34] I. Bena, P. Kraus and N. Warner, hep-th/0504142. [35] M. Ortaggio, JHEP 0505, 048 (2005). [36] T. Mishima and H. Iguchi, hep-th/0504018. [37] P. Figueras, JHEP 0507 039 (2005).

[38] D. Ida and Y. Uchida, Phys. Rev. D68, 104014 (2003). [39] R. Emparan, JHEP 0403, 064 (2004). [40] J. Breckendridge, D. Lowe, R. Myers, A. Peet,

A. Strominger and C. Vafa, Phys. Lett. B311, 423 (1996).

[41] J. Breckendridge, R. Myers, A. Peet and C. Vafa, Phys. Lett. B391, 93 (1997). [42] M. Cvetic and D. Youm, Nucl. Phys. B476, 118 (1996). [43] A. Tseytlin, Mod. Phys. Lett. A11, 689 (1996). [44] H. Elvang, R. Emparan and P. Figueras, JHEP 0502 031 (2005). [45] K. Copsey and G. Horowitz, Phys. Rev. D73, 024015 (2006). [46] D. Astefanesei and E. Radu, hep-th/0509144 . [47] M. Rogatko, hep-th/0601055, Phys. Rev. D15 in press. [48] H. Kunduri and J. Lucietti, Phys. Lett. B609, 143 (2005). [49] S. Yazadjiev, Phys. Rev. D73, 064008 (2006).

[50] T. Mishima and H. Iguchi, Phys. Rev. D73, 044030 (2006). [51] H. Iguchi and T. Mishima, Phys. Rev. D73, 121501 (2006). [52] H. Iguchi and T. Mishima, hep-th/0605090 [53] S Tomizawa, Y. Morisawa and Y. Yasui, Phys. Rev. D73, 064009 (2006). [54] S. Tomizawa and M. Nozawa, Phys. Rev. D73, 124034 (2006). [55] S. Yazadjiev, hep-th/0507097 [56] S. Yazadjiev, Phys. Rev. D72, 104014 (2005). [57] S. Yazadjiev, Phys. Rev. D73, 124032 (2006). [58] S. Yazadjiev, hep-th/0602116 , Phys. Rev. D in press [59] S. Yazadjiev, hep-th/0604140 , JHEP in press [60] A. Herrera-Aguilar, J. Paschalis and J. Tellez-Vazquez, hep-th/0512147. [61] T. Koikawa, Prog. Theor. Phys. 114, 793 (2005). [62] T. Azuma and T. Koikawa, hep-th/0512350 . [63] H. Ishihara and K. Matsuno, hep-th/0510094. [64] R.-G. Cai, L.-M. Cao and N. Ohta, hep-th/0603197.

[65] H. Ishihara, M. Kimura, K. Matsuno and S. Tomizawa, hep-th/0605030. [66] H. Maeda and N. Dadhich, hep-th/0605031. [67] S. Yazadjiev, hep-th/0605271, Phys. Rev. D, in press [68] J. Kunz, F. Navarro-Lerida and A. Petersen, Phys. Lett. B614 , 104 (2005). [69] J. Kunz and F. Navarro-Lerida, Phys. Rev. Lett. 96, 081101 (2006). [70] J. Kunz, F. Navarro-Lerida and J. Viebahn, hep-th/0605075. [71] B. Kleihaus, J. Kunz and E. Radu, hep-th/0603119. [72] R. Mann, E. Radu and C. Stelea, hep-th/0604205 [73] A. Aliev, Mod. Phys. Lett. A21, 751 (2006). [74] A. Aliev, hep-th/0604207 .

[75] A. Sheykhi and N. Riazi, hep-th/0605042 [76] T. Wang, hep-th/0605048.

[77] S. Hollands, A. Ishibashi and R. Wald, gr-qc/0605106 [78] J. Kunz, D. Maison, F. Navarro-Lerida and J. Viebahn, hep-th/0606005 [79] Y. Brihaye and E. Radu, hep-th/0606228 [80] A. Sheykhi, M. Dehghani, N. Riazi and J. Pakravan, hep-th/0606237 [81] T. Harmark, K. Kristjansson, N. Obers and P. Ronne, hep-th/0606246 [82] Z. Chong, M. Cvetic. H. Lu and C.Pope, hep-th/0606213 [83] J. Matyjasek, M. Telecka and D. Tryniecki, Phys. Rev. D73, 124016 (2006). [84] R. Emparan and H. Reall, hep-th/0608012 [85] G. Gibbons and K. Maeda, Nucl. Phys. B298, 741 (1988). [86] A. Strominger and C. Vafa, Phys. Lett. B379, 99 (1996).

[87] C. Callan, S. Gubser, I. Klebanov and A. Tseytlin, Nucl. Phys. B489, 65 (1997). [88] M. Krasnitz and I. Klebanov, Phys. Rev. D56 2173 (1997). [89] P. Breitenlohner, D. Maison and G. Gibbons, Commun. Math. Phys. 120, 295 (1988).

[90] V. Belinski and V. Zakharov, Sov. Phys. JEPT 48, 985 (1978). [91] V. Belinski and V. Zakharov, Sov. Phys. JEPT 50, 1 (1978). [92] T. Harmark, Phys. Rev. D70, 124002 (2004).