arXiv:hep-th/0607116v3 9 Jan 2007

MAGNON-LIKE DISPERSION RELATION FROM M-THEORY

P. Bozhilov^⋆ and R.C. Rashkov^{†1}

⋆ Institute for Nuclear Research and Nuclear Energy, Bulgarian Academy of Sciences, 1784 Sofia, Bulgaria † Department of Physics, Sofia University, 1164 Sofia, Bulgaria

Abstract

We investigate classical rotating membranes in two different backgrounds. First, we obtain membrane solution in AdS_4 × S^7 background, analogous to the solution obtained by Hofman and Maldacena in the case of string theory. We find a magnon type dispersion relation similar to that of Hofman and Maldacena and to the one found by Dorey for the two spin case. In the appendix of the paper, we consider membrane solutions in AdS_7 × S^4, which give new relations between the conserved charges.

Keywords: M-theory, AdS-CFT correspondence, spin chains.

1 Introduction

The main directions of developments in String/M theory last years are related to their relations to the gauge theories at strong (weak) coupling. A powerful tool in searching for string/M theory description of gauge theories is AdS/CFT correspondence. One of the predictions of the correspondence is the equivalence between the spectrum of free string/M theory on AdS spaces and the spectrum of anomalous dimensions of gauge invariant operators in the planar N = 4 Supersymmetric Yang-Mills (SYM) theory. Since the string/M theory in such spaces is highly non-linear, the check of this conjecture turns out to be very nontrivial. The known tests that confirm the correspondence beyond the supergraviry approximation are based on the suggestion by Gubser, Klebanov and Polyakov [1], that one can look for certain limits where semiclassical approximation takes place and the problem becomes tractable and some comparisons on both sides of the correspondence can be made. From string/M theory point of view this means that one should consider solutions with large quantum numbers, which are related to the anomalous dimensions of gauge theory operators. While to find the spectrum from this side, although complicated, is possible, a reliable method to do it from gauge theory side was needed.

1e-mail: rash@phys.uni-sofia.bg; bozhilov@inrne.bas.bg

Minahan and Zarembo proposed a remarkable solution to this problem [2] by relating the Hamiltonian of the Heisenberg spin chain with the dilatation operator of N = 4 SYM. On other hand, in several papers, the relation between strings and spin chains was established, see for instance [3],[4],[5],[6] and references therein. This idea opened the way for a remarkable interplay between spin chains, gauge theories, string theory^2 and integrability (the integrability of classical strings on AdS_5 × S^5 was proven in [10]). One of the ways to compare these two sides of the AdS/CFT correspondence is to look for string/M theory solutions corresponding to different corners of the spectrum of the spin chains arising from string and gauge theory sides. Although there is no known direct relation of M-theory in the limit of large quantum numbers to spin chains, one can still directly relate the dispersion relations obtained from M-theory to the spectrum of gauge spin chains.

The most studied cases were spin waves in long-wave approximation, corresponding to rotating and pulsating strings in certain limits, see for instance the reviews [7],[8],[9] and references therein. Another interesting case are the low lying spin chain states corresponding to the magnon excitations. One class of string/membrane solutions already presented in a number of papers is the string/M theory on pp-wave backgrounds. The later, although interesting and important, describe point-like objects which are only part of the whole picture. The question of more general string/membrane solutions corresponding to this part of the spectrum was still unsolved.

Recently Maldacena and Hofman[11] were able to map spin chain ”magnon” states to specific rotating semiclassical string states on R × S^2. This result was soon generalized to magnon bound states ([12],[13],[14],[15][16]), dual to strings on R × S^3 and R × S^5 with two and three non-vanishing angular momenta. The relation between energy and angular momentum for the one spin giant magnon found in [11] is: E − J = √ λ π | sin p 2 |, (1.1)

where p is the magnon momentum, which on the string side is interpreted as a difference in the angle ϕ (see [11] for details). In the two spin case, the E − J relation was found both on the string [13],[14],[15] and spin chain [12] sides and looks like: E − J = √ J^2_2 + l π^2 sin^2 p 2 , (1.2)

where J_2 is the second spin of the string.

In this paper, we are looking for membrane solutions analogous to giant magnon strings. Due to the AdS/CFT correspondence, the dispersion relations are expected to give similar result to that in the case of string magnon states. Indeed, for one particular ansatz for the embedding coordinates, we find dispersion relation that is similar to those obtained from strings for the magnon part of the spectrum of the gauge theory spin chain. One may wonder about how general this solution is. Certainly there are more examples of such solutions, which we will report in the near future, rising the conjecture that this kind of dispersion relations captures an essential feature of membrane spectrum.

2For very nice reviews on the subject with a complete list of references see [7],[8],[9]

Our result give a support to the M/gauge theory correspondence previously checked for particular parts of the spectrum [17]-[26]^3. Apart from this result, we present in the Appendix different solutions for embeddings in AdS × S^1 part of the geometry. The results give different complicated dispersion relations for which, unfortunately, we don’t have conclusive interpretation from gauge theory side. We hope that these solutions might be also useful for establishing M/gauge theory duality in the future.

2 Giant magnons from M-theory

The idea we will follow in this section is inspired from the analogy with the string theory case. In the later case the magnon dispersion relations are found by considering dynamics of an arc-like string with two ends on the equator of the five sphere S^5, or spiky strings. To capture the essence of this dynamics it is important to consider the correct embedding of the string configurations. We will look for an embedding which is arc-like but extended on the second spacial coordinate of the membrane. It can be though as a continuous family of arcs parameterized by the spacial coordinate ξ^2. This analogy will allow us latter on to make reduction and compare with the string case. We will work with the following gauge fixed membrane action and constraints [26], which coincide with the usually used gauge fixed Polyakov type action and constraints after the identification [20] 2λ^0T_2 = L = const: S_{gf} = ∫ d^3ξ { 1 4λ^0 [ G_{00} − ( 2λ^0T_2

)_2 det G_{ij} ] + T_2C_{012} } , (2.1)

G_{00} + ( 2λ^0T_2

)_2

det G_{ij} = 0, (2.2) G_{0i} = 0. (2.3)

In (2.1)-(2.3), the fields induced on the membrane worldvolume G_{mn} and C_{012} are given by G_{mn} = g_{MN} ∂_mX^M ∂_nX^N , C_{012} = c_{MNP} ∂_0X^M ∂_1X^N ∂_2X^P , (2.4) ∂_m = ∂/∂ξ^m, m = (0, i) = (0, 1, 2), M = (0, 1, . . . , 10),

where g_{MN} and c_{MNP} are the target space metric and 3-form gauge field respectively. The equations of motion for X^M , following from (2.1), are as follows (G ≡ det G_{ij}) g_{LN} [ ∂^2_0 X^N − ( 2λ^0T_2

)_2 ∂_i ( GG^{ij}∂_j X^N )] (2.5) +Γ_{L,MN} [ ∂_0X^M ∂_0X^N − ( 2λ^0T_2

)_2

GG^{ij}∂_iX^M ∂_j X^N ] = 2λ^0T_2H_{LMNP} ∂_0X^M ∂_1X^N ∂_2X^P ,

where

Γ_{L,MN} = g_{LK} Γ^K_{MN} = 1 2 (∂_M g_{NL} + ∂_N g_{ML} − ∂_Lg_{MN} )

3See also [27], [28] and [29].

are the components of the symmetric connection corresponding to the metric g_{MN} and H_{LMNP} is the field strength of the 3-form field c_{MNP} .

Here, we will search for rotating M2-brane configuration, which eventually could reproduce the string theory and spin chain (field theory) results for the two spin giant magnons [12]-[15]. Namely, we are interested in deriving an energy charge relation of the type

E − J_2 = √ J^2_1 + λ π^2 sin^2 p 2 for E → ∞, J_2 → ∞, E − J_2 − finite, J_1 − finite.

This relation has been established for strings on R × S^3 [13]-[15] and AdS_3 × S^1 [15] subspaces of AdS_5 × S^5. Such subspaces also exist in M-theory backgrounds AdS_4 × S^7 and AdS_7 × S^4. However, we have not been able to find rotating M2-brane configurations with the desired properties on these subspaces of the target spaces. The experience in these computations led us to the conclusion that in order the membrane to have the needed semiclassical behavior, it must be embedded in a space with at least one dimension higher. In the case of AdS_7 × S^4, the task is more difficult to solve, because of the presence of nontrivial 3-form background gauge field for the subspace R × S^4. Hence, to simplify the problem we choose to consider M2-brane moving on the following subspace of AdS_4 × S^7

ds^2 = (2l_pR)^2 { −dt^2 + 4 [ dψ^2 + cos^2 ψdφ^2_1 + sin^2 ψ ( cos^2 θ_0dφ^2 + sin^2 θ_0dφ^2_3 )]} , where the angle θ is fixed to an arbitrary value θ_0, and for which the background 3-form field on AdS_4 vanishes.

We start with the following ansatz for the membrane

X^0(ξ^m) ≡ t(ξ^m) = Λ^0ξ^0, X^1(ξ^m) = ψ(ξ^2), X^2(ξ^m) ≡ φ_1(ξ^m) = Λ^2_0ξ^0, X^3(ξ^m) ≡ φ_2(ξ^m) = Λ^3_0ξ^0, X^4(ξ^m) = φ_3(ξ^m) = Λ^4_i ξ^i, Λ^0, . . . , Λ^4_i = constants.

It corresponds to M2-brane extended in the ψ- direction, moving with constant energy E along the t-coordinate, rotating in the planes defined by the angles φ_1, φ_2, with constant angular momenta J_1, J_2, and wrapped along φ_3.

It is easy to check that for this choice of the membrane embedding, the constraints (2.3) are identically satisfied. The remaining constraint (2.2), which for the case under consideration is first integral of the equation of motion for ψ(ξ^2) following from (2.5), takes the form

K(ψ)ψ^{′2} + V (ψ) = 0, (2.6) K(ψ) = −2^{10}(l_pR)^4(λ^0T_2Λ^4_1 sin θ_0)^2 sin^2 ψ, V (ψ) = (2l_pR)^2 { (Λ^0)^2 − 4(Λ^2_0)^2 − 4 [ (Λ^3_0)^2 cos^2 θ_0 − (Λ^2_0)^2 ] sin^2 ψ } .

From (2.6) one obtains the turning point (ψ^′ = 0) for the effective one dimensional motion

M^2 =

(Λ^0)^2 − 4(Λ^2_0)^2 4 [(Λ^3_0)^2 cos^2 θ_0 − (Λ^2_0)^2]

. (2.7)

Now, we are interested in obtaining the explicit expressions for the conserved charges, which are given by

P_μ =

Λ^ν_0 2λ^0 ∫ ∫ dξ^1dξ^2g_{μν} , μ, ν = 0, 2, 3, 4. (2.8)

For the present case P_4 = 0 because X^4 = φ_3 does not depend on ξ^0. The computation of the other three conserved quantities leads to the following expressions for them E Λ^0 = 2^5πT_2(l_pR)^3Λ^4_1 sin θ_0 [(Λ^3_0)^2 cos^2 θ_0 − (Λ^2_0)^2]^{1/2} ln ( 1 + M 1 − M ) , (2.9)

J_1 Λ^2_0 = 2^7πT_2(l_pR)^3Λ^4_1 sin θ_0 [(Λ^3_0)^2 cos^2 θ_0 − (Λ^2_0)^2]^{1/2} [ 1 − M^2 2 ln ( 1 + M 1 − M ) + M ] , (2.10)

J_2 Λ^3_0 cos^2 θ_0 = 2^7πT_2(l_pR)^3Λ^4_1 sin θ_0 [(Λ^3_0)^2 cos^2 θ_0 − (Λ^2_0)^2]^{1/2} [ 1 + M^2 2 ln ( 1 + M 1 − M ) − M ] . (2.11)

Our next task is to consider the limit, when M tends to its maximum from below: M → 1_−. In this case, by using (2.7) and (2.9)-(2.11), one arrives at the energy-charge relation E − J_2 2 cos θ_0 = 1 2 √ J^2_1 + [2^7πT_2(l_pR)^3Λ^4_1]^2 sin^2 θ_0, (2.12)

which is of the type, expected from gauge theory side.

It is clear that the subtle limit we used to obtain this dispersion relation shares the features of string derivation. Namely, while both, the energy and the momentum J_2 are infinite, their difference is finite giving rise to the magnon-like dispersion relations. Since our formalism is, although equivalent, somehow different in notations and the way of embedding, one may ask whether one can compare this result with the ones obtained in string theory. To facilitate the comparison we will use in the next section the same technique and the same notations to reproduce well know string results and compare them to ours.

Other new solutions for M2-branes living in AdS_7 × S^4 with different semiclassical behavior are obtained in the Appendix.

3 Comparison with strings on AdS_5 × S^5

For correspondence with the membrane formulae, we will use the Polyakov action and constraints in diagonal worldsheet gauge S_{gf} = ∫ d^2ξ 1 4λ^0 [ G_{00} − ( 2λ^0T

)_2

G_{11} ] , G_{00} + ( 2λ^0T

)_2

G_{11} = 0, G_{01} = 0, where G_{mn} = g_{MN} ∂_mX^M ∂_nX^N , ∂_m = ∂/∂ξ^m, m = (0, 1), M = (0, 1, . . . , 9). The usually used conformal gauge corresponds to 2λ^0T = 1.

We parameterize the metric on AdS_5 × S^5 as follows

ds^2_{AdS5} = R^2 [ − cosh^2 ρdt^2 + dρ^2 + sinh^2 ρdΩ^2_3 ] , ds^2_S5 = R^2 [ dψ^2 + cos^2 ψdφ^2_1 + sin^2 ψ ( dθ^2 + cos^2 θdφ^2 + sin^2 θdφ^2_3 )] . We will consider three examples of rotating strings moving in three different subspaces of the above background.

First, we fix ρ = 0, θ = θ_0, φ_3 = 0, and embed the string as follows X^0(ξ^m) ≡ t(ξ^m) = Λ^0ξ^0, X^1(ξ^m) = ψ(ξ^1), X^2(ξ^m) ≡ φ_1(ξ^m) = Λ^2_0ξ^0, X^3(ξ^m) ≡ φ_2(ξ^m) = Λ^3_0ξ^0, Λ^0, Λ^2_0, Λ^3_0 = constants.

This ansatz corresponds to string extended in the ψ- direction, moving with constant energy E along the t-coordinate, and rotating in the planes defined by the angles φ_1, φ_2, with constant angular momenta J_1, J_2. Calculations show that in the limit E → ∞, J_2 → ∞, E − J_2 − finite, J_1 − finite, the above string configuration is characterized by the following energy-charge relation E − J_2 cos θ_0 = √ J^2_1 + (4T R^2)^2.

This result reproduces the angular dependence on the left hand side of (2.12).

As second example, let us fix ρ = 0, θ = θ_0, φ_2 = 0, and use the ansatz X^0(ξ^m) ≡ t(ξ^m) = Λ^0ξ^0, X^1(ξ^m) = ψ(ξ^1), X^2(ξ^m) ≡ φ_1(ξ^m) = Λ^2_0ξ^0, X^3(ξ^m) ≡ φ_3(ξ^m) = Λ^3_0ξ^0.

This string configuration is of the same type as the one just considered. In the above mentioned limit one finds E − J_2 sin θ_0 = √ J^2_1 + (4T R^2)^2.

For our third example, we fix ρ = 0, ψ = ψ_0, φ_1 = 0, and choose the string embedding X^0(ξ^m) ≡ t(ξ^m) = Λ^0ξ^0, X^1(ξ^m) = θ(ξ^1), X^2(ξ^m) ≡ φ_2(ξ^m) = Λ^2_0ξ^0, X^3(ξ^m) ≡ φ_3(ξ^m) = Λ^3_0ξ^0, which is of the same type as the previous ones. Now, in the limit already pointed out, one receives energy-charge relation given by E − J_2 sin ψ_0 = ( J_1 sin ψ_0

)_2

+ (4T R^2)^2 sin^2 ψ_0.

This reproduces the angular dependence on the right hand side of (2.12).

Let us mention that in the particular cases when cos θ_0 = 1, or sin θ_0 = 1, or sin ψ_0 = 1, the obtained dispersion relations reduce to one single formula

E − J_2 = √ J^2_1 + 4λ π^2 , where we have taken into account that T R^2 = √ λ/2π. This exactly reproduces the relation (2.33) of [15]. That is why, our three energy-charge relations represent three different generalizations of the result given in (2.33) of [15] for arbitrary values of the angles θ_0 and ψ_0.

4 Concluding remarks

In this paper we studied particular membrane solutions analogous to the giant string magnons. The solution we found is supposed to cover magnon part of the spectrum of gauge spin chain. This interpretation can be think of in the light of M-theory → string theory reduction due to the effective R × S^1 topology of our considerations, which make sense in the heavy brane limit^4. The membrane configuration we consider develops spikes on one of the embedding coordinates while on the other depends linearly on membrane worldvolume coordinates. Roughly, this can be though as a continuous family of arcs parameterized by the additional spacial coordinate. Although there is no concrete membrane spin chain our solutions to map to, it was interesting to see whether one can relate the resulting dispersion relations directly to the gauge theory spin chain. Interestingly, we were able to obtain membrane configuration that has analogous to the spin chain dispersion relation. Our result supports the M/gauge theory correspondence. It also rises the question whether there exists a spin chain/ladder to which M-theory can be mapped.

One of interesting directions of development is to look for multi-spin solutions and whether these solutions have the properties analogous to the corresponding string solutions. The example considered in this paper seems to be a particular case of solutions giving rise to such kind of dispersion relations. Other particular or general solutions would shed more light on M/gauge theory duality. It would be interesting also to look for magnon type solutions in the AdS part of geometry. We hope to report on these issues in the near future.

Acknowledgments

This work is supported by NSFB grant under contract Φ1412/04 and Bulgarian NSF BUF-14/06 grant. We thank A.A. Tseytlin for comments and correspondence.

4We thank A.A. Tseytlin for comments on this point.

A Exact membrane solutions on AdS_7 × S^4 and their semiclassical behavior

A.1 First type of membrane embedding

Here, we will use the following coordinates for the background AdS_7 × S^4 metric

l^{−2}_p ds^2_{AdS7×S}4 = 4R^2 { − cosh^2 ρdt^2 + dρ^2 + sinh^2 ρ ( dψ^2_1 + cos^2 ψ_1dψ^2 + sin^2 ψ_1dΩ^2_3 ) + 1 4 [ dα^2 + cos^2 αdθ^2 + sin^2 α ( dβ^2 + cos^2 βdϕ^2 )]} , (A.1)

dΩ^2_3 = dψ^2_3 + cos^2 ψ_3dψ^2_4 + cos^2 ψ_3 cos^2 ψ_4dψ^2_5 , R^3 = πN.

If we fix

ψ_1 = π/4, ψ_3 = ψ_4 = β = ϕ = 0,

(A.1) reduces to

ds^2 = (2l_pR)^2 [ − cosh^2 ρdt^2 + dρ^2 + 1 2 sinh^2 ρ ( dψ^2 + dψ^2_5 ) + 1 4 ( dα^2 + cos^2 αdθ^2 )] .(A.2)

Let us consider the M2-brane embedding x^M = X^M (ξ^m) into (A.2) given by^5

X^0(ξ^m) ≡ t(ξ^m) = Λ^0ξ^0, X^1(ξ^m) = ρ(ξ^2), X^2(ξ^m) ≡ ψ_2(ξ^m) = Λ^2_0ξ^0 + Λ^2_1ξ^1 + Λ^2ξ^2, (A.3)

X^3(ξ^m) ≡ ψ_5(ξ^m) = Λ^3_0ξ^0 −

Λ^2_0 Λ^3_0

(Λ^2_1ξ^1 + Λ^2ξ^2),

X^4(ξ^m) = α(ξ^2), X^5(ξ^m) ≡ θ(ξ^m) = Λ^5_0ξ^0, Λ^0, . . . , Λ^5_0 = constants.

It corresponds to membrane extended in the ρ- and α- directions, moving with constant energy E along the t-coordinate, rotating in the planes defined by the angles ψ_2, ψ_5, θ, with constant angular momenta S_1, S_2, J, and also wrapped along ψ_2, ψ_5. The ansatz (A.3) is a generalization of the M2-brane embedding considered in [18]. For α = 0, one obtains the background felt by the membrane configuration considered there.

The relation between the parameters in (A.3) ensures that the constraints (2.3) are identically satisfied. Therefore, we have to solve the equations of motion (2.5) and the remaining constraint (2.2). On the ansatz (A.3), they read (the prime is used for d/dξ^2): 4 [ K^2(ρ)ρ^′ ]_′ − 1 2 dK^2(ρ) dρ ( 4ρ^{′2} + α^{′2} ) − 1 2 ∂V (ρ, α) ∂ρ = 0, [ K^2(ρ)α^′ ]_′ − 1 2 ∂V (ρ, α) ∂α = 0, (A.4)

K^2(ρ) ( 4ρ^{′2} + α^{′2} ) − V (ρ, α) = 0, 5The background 3-form on S^4 is zero for this ansatz.

where

K^2(ρ) = 8(λ^0T_2)^2(l_pR)^4 [ 1 + ( Λ^2_0/Λ^3_0

)_2]

(Λ^2_1)^2 sinh^2 ρ,

V (ρ, α) = (2l_pR)^2 { (Λ^0)^2 cosh^2 ρ − 1 2 [ 1 + ( Λ^2_0/Λ^3_0

)_2]

(Λ^3_0)^2 sinh^2 ρ − 1 4 (Λ^5_0)^2 cos^2 α } . We have not been able to find exact analytical solution of the above system of nonlinear PDEs. That is why, we restrict ourselves to the particular case Λ^5_0 = 0, i.e. θ = 0 and J = 0. Thus, the equations (A.4) reduce to

ρ^′ = 1 2K^2(ρ) √ K^2(ρ)V (ρ) − A^2, α^′ = A K^2(ρ) , A = const, (A.5) from where one gets the equation for the membrane trajectory ρ(α) dρ dα = 1 2A √ K^2(ρ)V (ρ) − A^2. (A.6)

Here, we are interested in those solutions of (A.5) and (A.6), which correspond to closed trajectories (orbiting membrane). For them, ρ ∈ (ρ_{min}, ρ_{max}), where ρ_{min} ≡ ρ_− and ρ_{max} ≡ ρ_+ are solutions of the equation K^2(ρ)V (ρ) − A^2 = 0. In the case under consideration, one obtains

x_± ≡ cosh 2ρ_± = 1 + a^2 b^2 − a^2 1 ± √ 1 − ( 2A ac )_2 b_2 − a_2

a^2 ≥ 1, b^2 − a^2 > 0, A^2 < ( ac 2 )_2 a_2

b^2 − a^2 , where

a^2 = (2l_pR)^2(Λ^0)^2, b^2 = 1 2 (2l_pR)^2 [ 1 + ( Λ^2_0/Λ^3_0

)_2]

(Λ^3_0)^2, (A.7)

c^2 = 8(λ^0T_2)^2(l_pR)^4 [ 1 + ( Λ^2_0/Λ^3_0

)_2]

(Λ^2_1)^2.

The solution for the orbit is

x(α) ≡ cosh 2ρ(α) = 1 + x_− − 1 1 −^{x+−x−}_{x+−1} sn^2 (_c 4A √ (b^2 − a^2)(x_+ − 1)(x_− + 1)α ),

where sn(u) is one of the Jacobian elliptic functions. For the solutions of the equations (A.5), one receives

ξ^2(x) =

2c(x_− − 1) √ (b^2 − a^2)(x_+ − 1)(x_− + 1) Π (φ_1, ν, k) , ξ^2(α) =

2c(x_− − 1) √ (b^2 − a^2)(x_+ − 1)(x_− + 1) Π (φ_2, −ν, k) , where Π(φ, ν, k) is one of the elliptic integrals and

φ_1 = arcsin

(x_+ − 1)(x − x_−) (x_+ − x_−)(x − 1)

, φ_2 = am ( c 4A √ (b^2 − a^2)(x_+ − 1)(x_− + 1)α ) ,

ν = x_+ − x_− x_+ − 1 , k = 2(x_+ − x_−) (x_+ − 1)(x_− + 1) . The normalization condition

2π = ∫_{2π} 0 dξ^2 = 2 ∫_{ρmax} ρ_{min} dρ ρ^′ = 4 ∫_{ρmax} ρ_{min} K^2(ρ)dρ √ K^2(ρ)V (ρ) − A^2

is given by 1 π √ c^2 b^2 − a^2 ∫_{x+} x_− √ x − 1 (x_+ − x)(x − x_−)(x + 1) dx = (A.8) √ c^2 b^2 − a^2 √ x_− − 1 x_− + 1

F_1 ( 1/2, 1/2, −1/2; 1; − x_+ − x_− x_− + 1 , − x_+ − x_− x_− − 1 ) = √ c^2 b^2 − a^2 √ x_− − 1 x_− + 1 ( 1 + x_+ − x_− x_− + 1 )_{−1/2} ( 1 + x_+ − x_− x_− − 1 )_{1/2} × F_1 1/2, 1/2, −1/2; 1; 1 1 +^{x−+1}_{x+−x−} , 1 1 +^{x−−1}_{x+−x−} = 1, where F_1(a, b_1, b_2; c; z_1, z_2) is one of the hypergeometric functions of two variables [30].

For the conserved quantities E, S_1 and S_2, on the above membrane solution, we obtain the following expressions E Λ^0 = (2l_pR)^2 2λ^0 ∫ ∫ dξ^1dξ^2 cosh^2 ρ(ξ^2) = (A.9)

(2l_pR)^2π^2c 2λ^0 √ (x_− + 1)(x_− − 1) b^2 − a^2

F_1 ( 1/2, −1/2, −1/2; 1; − x_+ − x_− x_− + 1 , − x_+ − x_− x_− − 1 ) = (2l_pR)^2π^2c 2λ^0 √ (x_− + 1)(x_− − 1) b^2 − a^2 ( 1 + x_+ − x_− x_− + 1

)_{1/2} ( 1 + x_+ − x_− x_− − 1 )_{1/2} × F_1 1/2, −1/2, −1/2; 1; 1 1 +^{x−+1}_{x+−x−} , 1 1 +^{x−−1}_{x+−x−} ,

S_1 Λ^2_0 = S_2 Λ^3_0 = (2l_pR)^2

4λ^0 ∫ ∫ dξ^1dξ^2 sinh^2 ρ(ξ^2) = (A.10)

(2l_pR)^2π^2c

4λ^0

(x_− − 1)^3

(b^2 − a^2)(x_− + 1)

F_1 ( 1/2, 1/2, −3/2; 1; − x_+ − x_− x_− + 1 , − x_+ − x_− x_− − 1 ) =

(2l_pR)^2π^2c

4λ^0

(x_− − 1)^3 (b^2 − a^2)(x_− + 1) ( 1 + x_+ − x_− x_− + 1 )_{−1/2} ( 1 + x_+ − x_− x_− − 1 )_{3/2} ×

F_1 1/2, 1/2, −3/2; 1; 1 1 +^{x−+1}_{x+−x−} , 1 1 +^{x−−1}_{x+−x−} . In the semiclassical limit (large conserved charges), which in the present case correspond to

x_+ →

2a^2 b^2 − a^2 → ∞, x_− → 1, the equalities (A.8), (A.9) and (A.10) simplify to

c^2 = b^2 − a^2, E Λ^0 = (2πl_pR)^2a^2 2λ^0(b^2 − a^2) , S_1 Λ^2_0 = S_2 Λ^3_0 = (2πl_pR)^2a^2 4λ^0(b^2 − a^2) . From here, one receives the following energy-charge relation [ 2(S^2_1 + S^2_2 ) − E^2

]_3

− 8(l_pR)^6(π^2T_2Λ^2_1)^2 ( 1 + S^2_1 S^2_2 ) E^4 = 0, (A.11)

where Λ^2_1 is wrapping parameter with integer values (see (A.3)). (A.11) is third order algebraic equation for E^2, and does not give a 2-spin generalization of the known E − S ∼ S^{1/3} relation for membranes in AdS_p × S^q backgrounds. If we set Λ^2_1 = 0, this will correspond to string-like ansatz for the membrane, because the ξ^1 worldvolume coordinate drops out from the embedding. Then we get E = √ 2(S^2_1 + S^2_2 ), which has nothing to do with the 2-spin giant magnon dispersion relations. For say S_1 = 0, it reduces to E − √ 2S_2 = 0, which should be compared with the spin chain ferromagnetic vacuum characterized by the relation E − J = 0. For S_1 << S_2, one can rewrite it as E − √ 2S_2 =

S^2_1 √ 2S_2 + . . . . Obviously, this relation does not correspond to the low energy spin waves states of the spin chain, dual to spinning strings with E − J ∼ λ J + . . . . The conclusion is that even this stringy-restricted membrane configuration does not describe any part of the exited spin chain spectrum.

Let us finally recall that the above results are obtained in the framework of the particular case θ = 0, when the background seen by the membrane is

ds^2 = (2l_pR)^2 [ − cosh^2 ρdt^2 + dρ^2 + 1 2 sinh^2 ρ ( dψ^2 + dψ^2_5 ) + 1 4 dα^2 ] , (A.12)

for which the Lagrangian density in the action (2.1), on the ansatz (A.3) (for Λ^5_0 = 0), reduces to L = − 1 4λ^0 [ K^2(ρ) ( 4ρ^{′2} + α^{′2} ) + V (ρ) ] . (A.13)

A.2 Second type of membrane embedding

Here , we intend to consider the membrane configuration described in the previous subsection from another viewpoint, by representing it as embedded in flat space-time. To this end, we rewrite the metric (2.4) induced on the membrane worldvolume in the form G_{mn} = η_{MN} ∂_{(m}Z^M ∂_{n)}Z̄^N = η_{αβ} ∂_{(m}Y^α∂_{n)}Ȳ^β + ∂_{(m}X∂_{n)}X̄, η_{αβ} = diag(−1, 1, 1), where Y^α and X are complex coordinates given by Y^0 = 2l_pRe^{it} cosh ρ, Y^1 = √ 2l_pRe^{iψ2} sinh ρ, (A.14) Y^2 = √ 2l_pRe^{iψ5} sinh ρ, X = l_pRe^{iα}, and satisfying the equalities η_{αβ} Y^αȲ^β = −(2l_pR)^2, XX̄ = (l_pR)^2. (A.15) In the coordinates (A.14), the flat target space metric ds^2_f = η_{αβ}dY^αdȲ^β + dXdX̄ coincides with the one in (A.12). In order to reproduce the reduced Lagrangian density (A.13) corresponding to the membrane solution obtained in the previous subsection, one just have to replace t, ρ, ψ_2, ψ_5 and α in (A.14) with the expressions for them given in (A.3).

Now, let us consider the membrane configuration given by the embedding y^0(ξ^0, ξ^2) = 2l_pRe^{iΛ0ξ0} r_1(ξ^2), y^1(ξ^m) = √ 2l_pRe^{i(Λ20 ξ0+Λ21ξ1+Λ2ξ2)}r_2(ξ^2), y^2(ξ^m) = √ 2l_pRe^i [ Λ^3_0ξ^0−^Λ 2 0 Λ30 (Λ^2_1ξ^1+Λ^2ξ^2) ] r_2(ξ^2), y^3(ξ^2) = l_pRe^{iα(ξ2 )}, (A.16) where in accordance with (A.15), r_1 and r_2 are constrained by^6 r^2_1 − r^2 − 1 = 0. (A.17) The corresponding reduced Lagrangian density is

L_f = 1 4λ^0 { c^2r^2 [ 4(r^{′2}_1 − r^{′2}_2 ) − α^{′2} ] − a^2r^2_1 + b^2r^2 } − Λ(r^2_1 − r^2 − 1). (A.18) Here, the constant coefficients a^2, b^2, c^2 are introduced in (A.7), and Λ is Lagrange multiplier. For the embedding (A.16), the constraints (2.3) are identically satisfied. The remaining constraint (2.2) takes the form c^2r^2 [ 4(r^{′2}_1 − r^{′2}_2 ) − α^{′2} ] + a^2r^2_1 − b^2r^2 = 0. (A.19)

6The second constraint in (A.15) is identically satisfied for this ansatz.

From (A.18), one obtains the following equations of motion^7

(r^2r^′_1)^′ = − a^2 + 4λ^0Λ 4c^2 r_1, (A.20)

(r^2r^′_2)^′ = − [ b^2 + 4λ^0Λ 4c^2

+ r^{′2}_1 − r^{′2}_2 − 1 4 α^{′2} ] r_2,

(r^2α^′)^′ = 0, r^2_1 − r^2 − 1 = 0.

The solution of the equation for α^′ is

α^′ = 2C_α r^2 , C_α = const. (A.21) The replacement of (A.21) into the equation for r^′_2 and (A.19) gives

(r^2r^′_2)^′ = − [ b^2 + 4λ^0Λ 4c^2

+ r^{′2}_1 − r^{′2}_2 −

C^2_α r^4_2 ] r_2, (A.22)

r^{′2}_1 − r^{′2}_2 =

C^2_α r^4_2 − 1 4c^2 ( a^2 r^2_1 r^2 − b^2 ) . (A.23)

With the help of (A.23) and r^2_1 − r^2 − 1 = 0, the equation (A.22) reduces to

r^′_2 = 1 2 √ 2cr^2 √ −(2b^2 − a^2 + 4λ^0Λ)r^4_2 + 2a^2r^2 + C_{r2} , (A.24)

where C_{r2} is arbitrary integration constant. By using the equality r^2_1 − r^2 = 1 once again, this time in (A.20), one derives for r^′_1 the expression

r^′_1 = 1 2 √ 2c(r^2_1 − 1) √ −(a^2 + 4λ^0Λ) [r^2_1(r^2_1 − 2) + C_{r1} ], C_{r1} = const. (A.25)

In order (A.23) to be identically satisfied on the solutions (A.24), (A.25), the integration constants must be related as follows

8c^2C^2_α + C_{r1} + C_{r2} = a^2 + 4λ^0Λ.

Of course, the condition r^2_1 − r^2 = 1 will give another relation between C_α, C_{r1} and C_{r2} .

For our further purposes, it is enough to solve one of the differential equations (A.24), (A.25), and we choose the first one. Setting r^′_2 = 0, we observe that there exist two different cases, which correspond to periodic motion, depending on the sign of C_{r2} .

First case (y ≡ r^2)

y_1 = −

B^2 | A | √ 1 + 2 | A || C | B^4 − 1 < 0,

y_{max} = y_2 =

B^2 | A | 1 + √ 1 + 2 | A || C | B^4

, therefore y_{min} = 0.

7At this stage, we fix Λ = constant.

Second case

y_{min} = y_1 =

B^2 | A | 1 − √ 1 − 2 | A || C | B^4 > 0,

y_{max} = y_2 =

B^2 | A | 1 + √ 1 − 2 | A || C | B^4 > y_{min}. For convenience, we have introduced here the notations A = − 2b^2 − a^2 + 4λ^0Λ 4c^2

< 0, B^2 = a^2 4c^2 , C = C_{r2} 8c^2 . We begin with considering the first case, for which the solution of (A.24) is

ξ^2(y) = 1 3 ( 2y^3 | A || y_1 | y_{max} )_{1/2} F_1 ( 3/2, 1/2, 1/2; 5/2; − y | y_1 | , y y_{max} ) . The normalization condition

2π = ∫_{2π} 0 dξ^2 = 2 ∫_{(r2)max} (r_2)_{min} dr_2 r^′_2 , leads to y_{max} (2^3 | A || y_1 |)^{1/2 2}

F_1 ( 3/2, 1/2; 2; − y_{max} | y_1 | ) = 1. (A.26)

For the conserved quantities E, S_1 and S_2, canonically conjugated to the coordinates t, ψ_2 and ψ_5, we obtain the expressions E Λ^0 = π 2λ^0

(2l_pR)^2(I + 2π),

S_1 Λ^2_0 = S_2 Λ^3_0 = π 4λ^0

(2l_pR)^2I, I = 3πy^2_{max} (2^5 | A || y_1 |)^{1/2 2}

F_1 ( 5/2, 1/2; 3; − y_{max} | y_1 | ) . (A.27)

In the semiclassical limit, which in the case under consideration correspond to y_{max}, | y_1 |→ 2 | C | | A | → ∞, the equalities (A.26) and (A.27) simplify to

2^5π^2 | C | Γ^8(1/4) | A |^3

= 1, I = [ 2^3π^6 | C |^3 Γ^8(3/4) | A |^5 ]_{1/4} , from where one derives the following dependence of the energy E on the charges S_1, S_2

E^2 = 4(S^2_1 + S^2_2 ) −

Γ^8(1/4)(l_pR)^2 2^4λ^0

| C_{r2} | (A.28) +Λ [ Γ^{32}(1/4) | C_{r2} |^2 2^{14}π^2(λ^0)^7(T_2Λ^2_1)^4(l_pR)^2

]_{1/3} ( 1 + S^2_1 S^2_2 )_{−2/3} .

Here, Λ^2_1 is a winding number as in the previous solution, while the integration constant C_{r2} and the Lagrange multipliers λ^0, Λ are free parameters. This is a generalization of the energy-charge relation E − S ∼ S^{−1}, unknown for M2-branes up to now.

Let us turn to the second case. The solution of (A.24) reads (Δy = y − y_{min}, Δy_m = y_{max} − y_{min}) ξ^2(y) = ( 2y_{min}Δy | A | Δy_m )_{1/2} F_1 ( 1/2, −1/2, 1/2; 3/2; − Δy y_{min} , Δy Δy_m ) . The normalization condition gives ( y_{min} 2 | A | )_{1/2} ( 1 + Δy_m y_{min} )_{1/2} 2F_1 1/2, −1/2; 1; 1 1 +^{ymin}_{Δym} = 1. (A.29)

The explicit expressions for the conserved quantities can be obtained from (A.27) by the replacement I → J, with J given by π ( 2y^3_{min} | A | )_{1/2} ( 1 + Δy_m y_{min} )_{3/2} 2F_1 1/2, −3/2; 1; 1 1 +^{ymin}_{Δym} . (A.30)

Taking the semiclassical limit, which now corresponds to y_{max} → 2B^2 | A | → ∞, y_{min} → 0, one gets the following energy charge-relation [ 1 + (2/π^2)(2l_pR)^2(2λ^0T_2Λ^2_1)^2 ( 1 + S^2_1 /S^2_2 )] E^2 (A.31) − 2^{3/2}π^3ΛE 3l_pRλ^0T_2Λ^2_1 (1 + S^2_1 /S^2_2 )^{1/2}

− 4(S^2_1 + S^2_2 ) = 0,

where E(S_1, S_2) is given by the positive root of this equation.

An interesting question is whether the membrane configuration just considered can be related to the known integrable systems appearing in the context of rigid string motion on AdS_5 ×S^5. To make such comparison, we replace the solution (A.21) for α^′ into (A.18) and obtain L = 1 4λ^0 { 4c^2r^2(r^{′2}_1 − r^{′2}_2 ) − a^2r^2_1 + b^2r^2 −

4c^2C^2_α r^2 } − Λ(r^2_1 − r^2 − 1).

This Lagrangian is similar to a particular case of the Lagrangian describing the ndimensional Neumann-Rosochatius-like integrable system with indefinite metric [31] L_{NR−l} = 1 2 η^{rs} ( r^′_rr^′_s − ω^2_r r_sr_s − u_ru_s r_rr_s ) − 1 2 Λ̃(η^{rs}r_rr_s + 1), η = diag(−, +, ..., +, −). The essential difference is that in the membrane case the kinetic term depends on the coordinate r_2. However, this does not exclude the existence of M2-brane configurations with Lagrangians of the type L_{NR−l}.

References

[1] S. S. Gubser, I. R. Klebanov, A. M. Polyakov, A semi-classical limit of the gauge/string correspondence, Nucl. Phys. B 636 (2002) 99-114, [hep-th/0204051].

[2] J. A. Minahan and K. Zarembo, The Bethe-ansatz for N = 4 super Yang-Mills, JHEP 0303, 013 (2003), [hep-th/0212208].

[3] M. Kruczenski, Spin chains and string theory, Phys. Rev. Lett. 93 (2004) 161602, [hep-th/0311203].

[4] H. Dimov and R.C. Rashkov, A note on spin chain/string duality, Int. J. Mod. Phys.

A20 (2005) 4337, [hep-th/0403121].

[5] Rafael Hernandez, Esperanza Lopez, The SU(3) spin chain sigma model and string theory, JHEP 0404 (2004) 052, [hep-th/0403139].

[6] B. Stefanski, jr., A.A. Tseytlin, Large spin limits of AdS/CFT and generalized Landau- Lifshitz equations, JHEP 0405 (2004) 042, [hep-th/0404133]; B. Stefanski, jr., A.A. Tseytlin, Super spin chain coherent state actions and AdS_5 ×S^5 superstring, Nucl.Phys. B718 (2005) 83-112, hep-th/0503185.

[7] N. Beisert, The dilatation operator of N = 4 super Yang-Mills theory and integrability, Phys. Rept. 405, 1 (2005), [hep-th/0407277].

[8] A. A. Tseytlin, Spinning strings and AdS/CFT duality, hep-th/0311139; A. A.

Tseytlin, Semiclassical Strings and AdS/CFT, hep-th/0409296.

[9] J. Plefka,Spinning strings and integrable spin chains in the AdS/CFT correspondence, hep-th/0507136.

[10] I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS_5×S^5 superstring, Phys. Rev. D 69 (2004) 046002, [hep-th/0305116].

[11] Diego M. Hofman, Juan Maldacena, Giant Magnons, hep-th/0604135.

[12] Nick Dorey, Magnon bound states and the AdS/CFT correspondence, hep-th/0604175.

[13] Heng-Yu Chen, Nick Dorey, Keisuke Okamura, Dyonic Giant Magnons, hep-th/0605155.

[14] Gleb Arutyunov, Sergey Frolov, Marija Zamaklar, Finite-size Effects from Giant Magnons, hep-th/0606126, Marcus Spradlin, Anastasia Volovich, ”Dressing the Giant Magnon”, hep-th/0607009.

[15] J.A. Minahan, A. Tirziu, A.A. Tseytlin, Infinite spin limit of semiclassical string states, hep-th/0606145.

[16] M. Kruczenski, J, Russo ans A.A. Tersytlin, Spiky strings and giant magnons on S^5, hep-th/0607044.

[17] E. Sezgin and P. Sundell, Massless higher spins and holography, Nucl. Phys. B 644 (2002) 303-370, [hep-th/0205131].

[18] M. Alishahiha and M. Ghasemkhani, Orbiting membranes in M-theory on AdS_7 × S^4 background, JHEP 08 (2002) 046, [hep-th/0206237].

[19] M. Alishahiha and A. E. Mosaffa, Circular semiclassical string solutions on confining AdS/CF T backgrounds, JHEP 10 (2002) 060, [hep-th/0210122].

[20] S. A. Hartnoll and C. Nunez, Rotating membranes on G_2 manifolds, logarithmic anomalous dimensions and N = 1 duality, JHEP 02 (2003) 049, [hep-th/0210218].

[21] P. Bozhilov, M2-brane solutions in AdS_7×S^4, JHEP 10 (2003) 032, [hep-th/0309215]. [22] J. Hoppe and S. Theisen, Spinning membranes on AdS_p × S^q, hep-th/0405170. [23] J. Brugues, J. Rojo and J. G. Russo, Non-perturbative states in type II superstring theory from classical spinning membranes, Nucl. Phys. B 710 (2005) 117-138, [hep-th/0408174].

[24] P. Bozhilov, Membrane solutions in M-theory, JHEP 08 (2005) 087, [hep-th/0507149]. [25] J. Engquist, P. Sundell, Brane Partons and Singleton Strings, hep-th/0508124. [26] P. Bozhilov, Exact rotating membrane solutions on a G_2 manifold and their semiclassical limits, JHEP 03 (2006) 001, [hep-th/0511253].

[27] Umut Gursoy, Carlos Nunez, Martin Schvellinger, RG flows from Spin(7), CY 4- fold and HK manifolds to AdS, Penrose limits and pp waves, JHEP 0206 (2002) 015, [hep-th/0203124].

[28] Martin Schvellinger, Spinning and rotating strings for N=1 SYM theory and brane constructions, JHEP 0402 (2004) 066, [hep-th/0309161].

[29] M. Axenides, E.G. Floratos, L. Perivolaropoulos, Rotating toroidal branes in supermembrane and matrix theory, Phys. Rev. D 66 (2002) 085006, [hep-th/0206116].

[30] A.P. Prudnikov, Yu.A. Brychkov, O.I. Marichev, Integrals and series. v.3: More special functions, NY, Gordon and Breach, 1990.

[31] G. Arutyunov, J. Russo, A.A. Tseytlin, Spinning strings in AdS_5 ×S^5: new integrable system relations, Phys. Rev. D 69 (2004) 086009, [hep-th/0311004].